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1. Introduction
It is the purpose of this paper to prove a generalization to (7-compact
manifolds of a well known result due to M. Brown (see [4]), which asserts
the existence of a special kind of continuous, "non-pathological" surjections
from the unit n-dimensional cube onto a given compact connected manifold
Mn.
In the more general setting when Mn is (7-compact., the space E(M) of ends
of Mn plays an important role: Since E(M) is a totally disconnected, compact, metrizable space, a set E contained in the boundary of the unit cube
In can be constructed in such a way that E is homeomorphic to 6(M ). Now
InBE and Mn are two manifolds with the same set of ends. Broadly speaking,
our result states that Mn is the identification space obtained from ¡nBE by

identifying points within the boundary of InBE alone.
The set 9(M) is empty exactly when M is compact. In this case, the
arguments are reduced to those given by M. Brown for compact manifolds.
Some applications are mentioned afterwards.
§1.

The set of ends

The concept of the set of ends of a space is due to Freudenthal. Here we
recall some basic notions.
Let X be a locally compact, Hausdorff space. Denote by K(X) the set of
all compact subsets of X partially ordered by inclusion. If K E K(X), denote
by L(XBK) the set of connected components of XBK considered as a discrete

topological
If K, L
function

E

space.

K(X) with K

c

L, then there is

a

well defined continuous
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such that for each V E L(XBL), !!i(V) is the
containing V. In this manner, the collection

constitutes
set

an

inverse system of

unique component of XBK

topological spaces indexed over the directed

K(X).

An end of X is, by definition, a point in the inverse limit space of this
system. In other words, an end of X is a function e which assigns to
each compact set K of X a non-empty connected component e(K) of
XBK, in such a way that K1 c K2 implies e(K2) c e(KI ). Let E(X) be
the set of all ends. There is a topology on X u 6(X) having as a basis
of neighbourhoods of eo E 6(X) the NK(e0)
e0(K) ~ {ends e|e(K) =
With
is a Hausdorff space
K
E
this
X
u
K(X).
6(X)
topology
e0(K)},
its
a
closed
with
inverse
limit
as
(nowhere dense)
topology,
containing E(X),
=

subspace.
If. f : X - Y is a continuous proper function (i.e., F c Y compact implies
f-1(F) compact), then f is extended uniquely and continuously to a function

such that for e E 6(X ) and F c Y compacta (e)F is the (unique) component
of YBF containing f(e(f-1(F))).
Let X be a space, and let K E K(X). A connected component V of XBK
is said to be bounded if its closure is compact, and otherwise we say that V
is unbounded. Define

The proof of the following lemma may be found in Berlanga and Epstein

[2].

1.1 LEMMA. Let X be a connected, locally connected, locally compact,
Hausdorff space and let KE K(X). Then XBK has only finitely many
unbounded components and K is compact.
1.2 REMARK. It follows that E(X) is compact since (X) =
KE K(X)}
It
in
is
finite.
is
is cofinal K(X) and each L(XB)
also known that X u 9(X)
is compact and that E(X) is totally disconnected. Also if X is metric
X u g(X) is metrizable.

{|
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§2.

Definitions

Let X be a subset of a topological space Y. We define X and Cl X to be,
respectively, the topological interior and the topological closure of X in Y.
Call X a (closed) n-cell if X is homeomorphic to the unit n-cube In = [0, 1]n.
For a subset X of a manifold M we define Int X to be (MBôM) n X, where
ôM denotes the boundary of M.

§3.

The main theorem

Let M" be a connected, second countable manifold of dimension n. Then there
exists a compact set E c ôl’ and a continuous proper surjections : 1’BE -+ M
such that
IIntln: Int ln ~ 03C8 (Int ln) is a homeomorphism;

(1)(2)03C803C8 (Int In) ~ 03C8(~InBE) = ~;

(3) 03C8 extends naturally to : In M ~ E(M) in such a way that IE is a
homeomorphism from E onto E(M).
Furthermore, if n 2 then E can be chosen to be contained in [1/3, 2/3] x
1/2, 1)}.
{(1/2, 1/2,
-

...

,

§4. Definitions,

lemmas and

proof of the

main theorem

4.1. DEFINITIONS. An (n - 1)-dimensional submanifold B of an n-manifold
M is bicollared in M if there is a homeomorphism P of B
- 1, 1) onto
a neighbourhood of B in M such that P(b, 0)
b, for all b E B. If B is
closed in M we require also that P can be extended to a closed embedding
of B x [1, 1] into M.
If B is the boundary of an n-dimensional submanifold C of M, then
B
-1, 0] and B x [0, 1) denote the inner and outer collars of B. In
- 1, 1&#x3E; from P((b, t)).
general, we will not distinguish (b, t) e B
Define e(M) to be the group of homeomorphisms of M onto itself. If
h : M - M is a homeomorphism, then supp h denotes the support of h, that
is, the closure of the set of points of M which are actually moved
=

by h.
The following result is a straightforward generalization of Lemma 2 in
M. Brown [4] (or Lemma 6 in Berlanga and Epstein [2]).
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3 and let d be a metric on M. Let
4.2. LEMMA. Let Mn be a manifold with n
Cn be a closed n-dimensional manifold with bicollared boundary aC in M.
Lete &#x3E; 0 be given and suppose A
{Dj}j~J is a locally fznite, f ’amily of sets
in M such that each Dj is a closed n-cell of diameter less than e/2 whose interior
intersects C. Let X
{xi}i~L be a locally finite set of points in Uj Int Dj.
1. Then there is an e-homeomorphismf in H(M) such
Suppose that 0 y
that f(C) ~ f() ~ C u X and supp f c (Ujlnt DjBC) ~ OC
-03B3, 03B3&#x3E;.
In particular, f fixes pointwise the inner n-manifold bounded by DC
{- 03B3}.
=

=

4.3 LEMMA. Let M be a connected, second countable, n-dimensional manifold
with n
3 and let X c Int M be a locallyfinite set of points. Then there
exists a compact set E ~ [1/3, 2/3] x {(1/2, 1/2,
1/2, 1)} caIn, and
a proper embedding t/1 * : InBE ~ M with bicollared boundary such that
In ~ M ~ E(M) in such a
03C8* (Int In) :D X and t/1 * extends naturally
E
is
a
onto
that
homeomorphism from
E(M).
way
lE
...

,

to *:

*

Proo, f :
[0, 03B2]n

Define a clean
+ v, for some fi

([0, 03B2]n-1

X

{03B2})

+

cube C of the form
In and C naIn =
Rn, such that C

(closed) n-cube
&#x3E;

0 and

v E

in I n to be

a

c

v.

Observe that if CI, ... , Ck is a disjoint collection of clean cubes then
CI (InBU¡ci) is homeomorphic to In . We divide the proof in three steps.

Step 1. Let {Ki}i~N be any collection of Ki E Y(M) such thàt M = UiKi and
Ki ~ i+1; further properties of the Ki will be specified in Step 2. It is not
difficult now to define a sequence {Li}i~N of n-cells in In with Li c i+1and
such that
(a) The complement of Li is the finite disjoint union of clean cubes of
diameter less or equal 1/2i, and such that, for each A E L(InBLi), we
have, A n [1/3, 2/3] x {(1/2, 1/2,
1/2, I)j ~. Hence, E
x
in
is
contained
[1/3,
2/3]
1/2, 1)};
InBLi
~i
{(1/2, 1/2,
N
i
E
there
exists
a
For
each
(b)
bijection 03BBi: L(InBLi) W(MBÊi) such that
the diagrams
=

...

,

...,

commute

(i j).
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The reader

can

readily verify the following

assertion:

~iInBLi, E(InBE) and E(M) are homeomorphic. Furthermore, the identity map InBE ~ InBE extends naturally to a homeomorphism
of In = (InBE) ~ E onto (InBE) ~ E(InBE).
Assertion. E

We

now

=

proceed

into

Step

2 of this lemma.

Let the Ki be constructed as to satisfy also the following properties:
is
connected;
- i
MBKi has exactly the same number of components as i+1Bi.
If gio : In ~ Ko is an embedding with bicollared boundary, then there exists
a homeomorphism hl of M with compact support such that

Step 2.

-

(1)
(2)
(3)

supp h1 n 03C80(L0) =
supp h1 c
If A E L(InBL1) then

~;

Kl ;

(a) h1(03C80(A)) ~ 03BB0(10(A));
(b) h1(03C80(A)) and Â(A) are not separated in M by h1(03C80(InBA)) ~ Ko ,
(that is, h, (03C80(A)) and ÀI (A) lie in the same connected component of
MB(h(03C80(InBA)) ~ 0).
A1, A2 , ... , Ak be the components of InBL1. It is not difficult to
family of disjoint arcs, say {03B3i:[0, 2] M| 1 i k} and a
family {Ui|1 i k} of disjoint connected open sets in K, such that, for
each i,

Proof.

Let

construct

a

~

This can be done because MB03C80(In) is connected and
manifold cannot be disconnected by a set of dimension n
and Wallman [5]).

an
-

2

n-dimensional
(see Hurewicz
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Since the group of compactly supported homeomorphisms of a connected
manifold acts transitively on interior points, we can find, for each i, a
homeomorphism h1,i compactly supported on Ui which sends yi(O) to 03B3i(1).
For each i
1, 2,
k, let i; E [1, 2] be the last parameter such that
its image under yi lies in h1,i(03C80(In)).
Consequently, there is a unique xi in ôIn n Ai with 03B3i(03C4i) h1,(03C80(xi)).
Now choose a clean closed cube Bi such that xi E Bi c Ai and h1,i(03C8 (Bi )) c
=

...

,

=

Ào (Q6 (Ai».
With a homeomorphism of M sending 03C80(In)onto itself and supported in
a small neighbourhood of 03C80(Cl Ai) we can shrink 03C80(Cl Ai) onto 03C80(Bi)
before applying h1,i. Therefore, without loss of generality we can assume that
Ai = Bi and that supp h1,i n supp h1J = 0 for i ~ j. Hence, h1,i(03C80(Ai)) ~
Ào(Q6(A;)) and h1,i(03C80(Ai)), 03BB1 (Ai ) are not separated in M by h1,i(03C80(InBAi)) ~

0.
Finally, the homeomorphism h1 = hl,l h1,2
properties.
o

o

...

o

hl,k

has the

required

Step 3. By induction, we can construct a sequence {hi}i~N of homeomorphisms with compact support such that, for each i,
(1) supp hi+1 ~ (hi o hi-1
h1 ° 03C80(Li)) = ~;
(2) supp hi+1 ~ Ki+1;
(3) supp hi+1 ki - 1 0;
(4) If A E L(InBLi+1) then
(a) hi+1 ° hi ° ... ° h1 ° 03C80(A) ~ 03BBi(i+1i(A));
(b) hi+1 ~... ~ h1 ~ 03C80(A) and 03BBi+1(A) are not separated in M by
°

...

°

hi+1 ~ hi ~ ... ~ h1 ~ 03C80 (InBA) ~ i.
Define
hold:

t/Ji

hi 0 ... ° h1 ° 03C80,

=

i ~ N.

Therefore, the following properties

(5) t/Ji ILl
t/Ji+k ILl for all i, k ~ N;
(6) 03C8i+k(A) ~ Ài(Q:+I(A)) for all i E N,
=

It follows that

(7) 03C8*|Ll

=

limi~~03C8i = 03C8*

kE
exists in

~iLi

03C8i|Ll for all i E N;
03BBi(i+1i(A)) for all i E N and all A

(8) 03C8*(A) ~

(9) 03C8-1*(i) ~

and all A E L(InBLi+1).
and is such that

NB{0},
E

L((InBE)BLi+ 1);

Li+1.

says that 03C8* is continuous and injective. Property (9) (which
follows from (8)) tells us that 03C8* : InBE ~ M is proper, and therefore induces
a map 03C8* ~ 03C803B5:(InBE) ~ E(InBE) = In - M ~ 9(M) such that if e is an
end of InBE, 03C803B5(e)i is the component of MBKi containing 03C8*(e(03C8-1*(i))),
hence, by (9), it is equal to the component of MBKi containing 03C8*(e(Li+1)),
but, by (8), this is just 03BBi(i+1i(e(Li+1)))
03BBi(e(Li)). That is, we have proved
that the following diagram commutes:

Property (7)

=
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Since each îi is bijective, 03C803B5 must be a homeomorphism. Therefore, we have
constructed a proper embedding 03C8*: InBE ~ M inducing a homeomorphism on ends.
In order to complete the proof of Lemma 4.3 we need to produce a
bicollar of t/J * (è¡nBE) and we need to "expand" the image C of I"BE in M
as to contain X in its interior.
E’
Let E’ be the projection of E into In-1,so E
{1}. It is not difficult
x
T = W n In are
to see that the spaces W
and
[ -1, 2]nB(E’ [1/2, 2])
T
~
to
that
inclusion
and
the
W
is a proper map
map
homeomorphic InBE
inducing a homeomorphism on ends.
Therefore without loss of generality, we can assume that the domain of
the map t/J * is W. But now 03C8*|T has the same properties of 03C8* with the
advantage that ô T has a natural bicollar contained in M.
It now only remains to "expand" the image of 03C8*. To this purpose we can
construct a locally finite family Ao = {Dj}j~J of closed n-cells such that X is
contained in Uj Int 11 and Int 11 n C ~ 0 for all j E J.
Therefore, by an application of Lemma 4.2, say with y = 1/2 and E
oo ,
we get the desired expansion.
=

=

=

Proof o, f the main theorem. When the dimension of the manifold M is less
equal two, the theorem follows from the classification of second countable manifolds of dimensions one and two (see Ahlfors and Sario [1]).
Assume now that the dimension of M is greater or equal to three:
Let d be a complete metric on M. Let A, , A2,
be a sequence of
locally finite covers of M such that each element of Ai is a closed n-cell of
diameter less than 1/2i+1and Int M = ~{Int DD E AJ. For each i, let X
be a locally finite set of points such that Xi c Int M and Int D ~ Xi ~ 0
if D E Ai.
Let CI be the image under 03C8* where 03C8* is the embedding given by the
above lemma, and assume that XI c Int C1. Applying Lemma 4.2 with
X
X2, A = Ai and y small, we get a 1/2-homeomorphism f1 of M onto

4.4.
or

...

=

itself such that
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where

Repeated applications of 4.2 give a sequence
of M such that for each m E NB{0},
- fm is a (1/2)"’-homeomorphism;

So that

when 03C8

is restricted to

CI

we

f1, f2, ... of homeomorphisms

get the required map.

4.5 REMARK. Let 03C8 : InBE ~ M be a mapping given by the main theorem
above. Then, measures (having the boundary of the unit n-cube as a null set)
and homeomorphisms of the unit n-cube fixing ajn point-wise can be
thrown, respectively, into measures and homeomorphisms of M via 03C8. This
provides us with a tool for the topological and algebraic study of various
groups of (measure preserving) homeomorphisms of M (see [3]).
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