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Abstract. The paper is a continuation of my earlier paper on this subject. We prove analogous
congruences, as in that paper, but modulo larger powers of 2.

0. Introduction

For the discriminant d of a real quadratic field, denote ky(d) = By if d # 5, 8
and k,(5) = k,(8) = 4. The Birch-Tate conjecture for real quadratic fields F with
the discriminant d states that

|K20F| = kz(d)-

Here K,, O, (4) and B, , denote the Milnor functor, the ring of integers of F,
the Kronecker symbol and the kth Bernoulli number respectively. For the
discriminant d of an imaginary quadratic field, let h(d) denote the class number
of this field.

We have found in [8] some connections between k,(d) and class numbers of
appropriate imaginary quadratic fields of the Lerch-Berndt type (see [5] and
[1]). From the obtained formulas we have got appropriate congruences for k,(d)
modulo powers of 2 (4, 8, 16, 32 and 64). It is the purpose of this paper to prove
analogous congruences modulo larger powers of 2.

For the discriminant D of a quadratic field and a square-free natural number
N > 1 prime to D, let

=11 (-(2)

and

n-1(-(2)
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where the products are taken over all prime factors of N. Set ¢ (1) = ¥p(1) = 1.

Note that ¢,(N) and ¥, (N) are products of Euler’s factors. Denote by ¢ Euler’s
totient function.

Let d and e, e|d be the odd discriminants of quadratic fields. For De { —8e,
—de, e, 8e}, set

e

K(d, D) = —(%) @p(ld/eky(D), if D >0,

and

H(d, D) = (W%I) ¥p(ld/eDh(D), if D <O.

We shall prove the following:

THEOREM. Let d be the odd discriminant of a quadratic field having n prime
factors. We have in the above notation:

e% <K(d, 8e) — <34 — <§>) K(d, e)>+
e>1

e=1(mod4)

+ ¥ <K(d, —8e) + <§> K(d, —4e)> + K(d)
eld
e<0

e=1(mod 4)

= 2ld| ( y (G) H(d, —4e) + H(d, —8e)>
eld

e>1
e=1(mod 4)

+ ¥ ((1 - (g)) H(d, ¢) — H(d, 8e)> + H(d))
e|ld

e<0
e=1(mod 4)

(mod 2"*°). Here
H(d) = {—1)"¢(d)) + A(d)) + ©(d),

where A(|d)) is defined in Lemma 3 (see the section 2), and

—13H(d, —3), if3]|d
@ — 3 ) ) )
C {O, otherwise.
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Moreover
K(d) = 5o(d) — 204(d) + v(d),

where

28K(d, 5), if 5|d,
0, otherwise.

v(tﬂ={

For illustration we give the following:

COROLLARY. Let p, p > 5 be a prime number and let f,(x) for s€ {1, 3, 5,7} be
the polynomial defined as follows:

fi(x) = ax* + bx + c,

where

a= —

9

1
2

()
S

We have for p = s(mod 8), se {1, 3, 5, 7}:

() if p = 1(mod 4), then:
—k2(8p)+(34-<§>> kz(p)szp«;) h(—4p)+h(—8p))+fs(p) (mod 128),
(ii) if p = 3 (mod 4), then:

—ky(8p) — (;) kaldp) = 2p (( - (g)) W(—p) — h(—8) + £(p) (mod 128).

This corollary (Theorem for n = 1) can be a consequence of Theorems 1, 2 [8],
too. All the congruences obtained for n > 2 are new.
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Let us note that in our notation Theorem of [4] states:

Y (<f> H(d, —4e) + H(d, —8e)>
eld 2

e>1
e=1(mod 4)

+ Y <<5 _ <§>) H(d, ¢) — H(d, 8e)> + H,(d) = 0 (mod 2"*?),
eld
e<0

e=1(mod 4)
where
Hy(d) = X—1y'¢(d)) + A(d)) + 130(d).

In the present paper we extend the results of [4] and [3] using ideas of [4].
Similar problems were also dealt with in [2] and [7].

1. Lemmas of the Lerch-Berndt type
Let e be the odd discriminant of a quadratic field. Denote for k =1,2,..., 8
I, = ((k — 1)lel/8, klel/8).

Let

=Y <5> and S,= Y <f>l.
lelx ! lelx [

LEMMA 1 ([5], [1]). We have:

()h( 4e) + 1h(—8e), if e >0,
T, =

<5 — —> h(e) — th(8e) — Ae), if e <O,

(2 f) W—de) — Lh(—8e),  if e>0,
- 2

< > h(e) + $h(8e) + AMe), if e <O,

( 2— f) W(—4e) + th(—8e), if e >0,
T, = 2

(1 g) he) + 3h(8e) — A(e), if e <O,
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1 <§> h(—4e) — Lh(—8e), if e>0,
T, = .
3 (1 - 5) h(e) — %h(8e) — Ale), if e<O,

where Me) = 1, if e = —3, and Me) = 0, otherwise.
Moreover we have for k =5, 6,7, 8

Tk(1>T9k O

LEMMA 2 ([8]). We have:
( e
daky(8e) — 6—14(34— 5) k)

+ Le ((g) h(—4e) + h(—8e)> + Twle), if e>0,
Sy =«

saky(—8e) + 64( ) 2(— 4e)

— e <<1 - g) W) h(se)) ~W,  ife<o,
\

— deky(8e) + —(2 —3 (§)> ks(e)

+35e ((4 — —)) h(—4e) — h(— 8e)> —3w(e), ife>0,

S,= e
— &k, (—8e) + 6—14<4 — 5) k,(—4e)
k —3—12e(5<——1 + >h(e)+h(8e)>+5v(e) if e<O,
( e
64k2(8e) %( 5) k,(e)
+3—12e<<——4—3§>h(—4e) + 3h(—8e)> + 3w(e), ife>0,
Ss=<

e
dak(—8e) — 6—14(4 B 5) k(—4e)

\ — e (7 (1 — §> h(e) + 3h(8e)> — Tv(e), if e<0,
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(
saka(8e) — é_i(z - g) k,(e)
e
+ﬁe<3 <§> h(—4e) - 3h(-8e)) +9fe), if e>0,

— gakay(—8e) + &(g) k,(—4e)

L —3_12e<13<1 - ;) h(e) — 3h(8e)> ~13ue), if e<0O,

where w(e) =1, if e =5, w(e) = 0, otherwise, and v(e) =4, if e = —3, v(e) =0,
otherwise. Moreover we have for k =5, 6,7, 8
e
S =eTo_y — <_—1> So—i- |

2. Lemma of the Nagell type

Let N be a natural number. In [6] (see also [4]) the explicit formulas for

1

0<k<N/8
*N)y=1

are found. Now, we shall determine the sum

J(N) = Z k
0<k<N/8
*k,N)=1
in the cases that are of our interest.
We shall prove the following:

LEMMA 3. Take the notation of Introduction. Let x, y, z, u be respectively the
numbers of prime divisors of an odd natural square-free number N, N > 1, of the
form8t + 1,8 — 1,8 +3,8—3. Setn=x+y+z+u Then:

98 = (~ 17 22 ey — 1)+ (-1 P 1y A

128 32
where
0, fx>00rx=0,y20,2z>0u>0,
2", ifx=0,y20,z=0,u>0,
AN =) o1, Zi:o,igo,po,u:o,

3:-2771 ifx=0,y>0,z=0,u=0.
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Proof. We have

N8/
JIN= > k ¥ uN=Y uf) Y k= #(f)fk;k

0<k<N/8  JIGm) /TN 0<}I<kN/8 SN
8 8
= 5w IV 1y 50 M) et ey 4
i 2 2 i f
(1N 2 (f—s(f—s+8)
128 s; ZN o f

sodd r_ sf(rlnod 8)

CUN- 5 s2 — 8s
D L X MOUHA—9 T )

sodd f=s(mod8)

—1)'N "N Z
= s SN Sy s e
SIN fIN
s °dd f=s(mod 8)
LEUN S s M),
128 s=1 f'N
sodd f=s(mod 8)

Therefore by the table

s 4—5 52 —8s

1 3 -7

3 1 —15

5 -1 —15

7 -3 -7
we obtain

_(=1yN (=N Z -8
JIN) = 3 ”Nu(f)f+ < s; ZN u(f)(T>+

sodd f=s(mod8)
( 1)"N U -8 —4 M(=1'N < u(f)
P, ‘“”((T)*(T))‘ 08 A S
odd f_s(modS)

(=N { 1) 8)) _ (=1"N
b X P00 ol

sodd f=s(mod 8)

w2 (7)1 g (7)+(F)-

_H(=1'N & u(f) (1)"N f)( (8>)
128 /v f ST '
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Now we shall use the well-known formula

.1% Hd)F(d) = Illv (1 —F(p) 2.1

that is true for a multiplicative arithmetical function F. In this formula the sum

and the product are extended over all divisors and over all prime factors of N
respectively.

We get

=t e+ S L -()

PIN

(—1N —4 11(—1)"N
e ﬂ(“(?)) pw( p)

VAN (g 4 D (SN

32 T 3 AW

where

=11 (0-G) s 50-G)
pIN 2 pTw 14
Finally, it suffices to observe that
11 (1- —_8 _ 2" ifx=z.=0,
PIN )4 0, otherwise,
and
""4 2" 1 = =
I—[ (=) = , if x u 0,
PIN p 0, otherwise,
and Lemma 3 follows.

3. Proof of Theorem

We shall start with the following congruence (see (2.3) of [4]).

Zf(—l)"”( y <f>k)50(mod ), (.1)
eld 0 <kSlays k



Connections between B, , for even quadratic Dirichlet characters y = 279

where the asterisk over the sum means that it is taken over all divisors, negative
or positive, of d such that e = 1(mod 4). Here 1(e) denotes the number of distinct

prime factors of e.
Denote for e|d, e = 1(mod 4), e # 1

S=Sde= Y (5> k.
o<k<lays \k
(k,d)=1

We have (for details see (2.7), (2.8), (2.9) and the page 268 of [4]):

S = z (_l)r(f) z (E>k= Z (_1)t(f)<£>f Z <E> L
71 del o<k<lays \k 1(Tel f)7 o<1Sayss \U

Hence we obtain

S=R+U, (3.2)

where for t = [%], ¢ = [%:I

R=R@= ¥ (-1 (})f'z' (

S1ld/

- ®

)i

= —plehle) ¥ (=1 (3>ft|e1,
7 f

[1d/el

0, ife>0,
p(e) = %—’ if e = _3’
1, otherwise,
and

U=UG= ¥ ()7 <§>fl 5 <§> L

riTa =del+1
because

0, ife>0,

tle|
<f>l= —t,  ife=—3,
=1 l

teh(e), otherwise.
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First, we shall deal with U(d, ¢). We find

l=t§+1 < ) th <%> (m + tlel)
-3 ( )m+t|e! z"(%)

Moreover we have

where (|d/e|/f) = s(mod 8), se {1, 3, 5, 7} (for details see p. 268 of [4]) and
t'—|ejt e s
—Jm= S
mz=:1 <m> kzl k
where 7, and S, are defined in the section 2.
Therefore

U= (& : ;
fl%:/el ( D (f)f(k; Sic F flel kzl ’I;‘)
_ v (S s

S1ld/el

g T (- <§) (d) - silf) 3. T,
SAREORINE

3 (- 1)f‘f)< ) %, T (53

As for R(d, e) for e < 0 we have

1
R= —3 phle) Y (—1)y¥ (%) (Il — sle| f). 3.4)

Sld/el
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Now we shall use Lemmas 1 and 2. We have for s = 1, 3, 5 and 7
1/—4\/e 1/-8 .
Z‘: . 7 <T><§> h(—4e) + 1 <T> h(—8e), ife>0,
= - 1 e 1/8 .
2 (5 — (§>> h(e) — ) <§> h(8e) — Ae), ife <O,
(see (2.22) of [4] or Lemma 1), and from Lemma 2
(1 /8 1
7 <§> k,(8e) — <34 ( >> k,(e)+
. +§% <<_T4>< >h( 4 )+< )h( 89)>+7m(e), if e >0,
k;S"=J1<—8> s+ L (=4)®) s
64 \ 5 ka(—8e) + 6 <—><§> 2(—4e)
- % (( 1— (;)) h(e) — (g) h(8e)) — sv(e), if e < 0.

From the last two formulas we get that

\

> s-My g
k=1 8 k=1
L (3) ke 34— () ko) + 7 ife >0
) als 2(8e) — 64 2 2e) + Twle), e >0,
6_14<_Tg> kz(_se)+6i4<%4><§> kz(-4e)+88—eh(e)+2sv(e), if e < 0.

Hence, from (3.2) and (3.3) we obtain for ¢ > 0:

64(— 1)7/Og — (_ 1)eldre) ) i) << )
H=DFES = (=1 5 D (f I\\iarayy ) *289~
—<34—(5)> ka(e) + 64-7a)(e)> +2ldl(— 1@ Y (1 (3>
2 71Tl f

((u/ l/f>< )”( de) + (,d/ ,Z) h(—8e)).

Therefore we have for e > 0:

64(— 19S5 = b,(d, e)k,(8e) + b,(d, e)ky(e) + bs(d, e)+
+2ld|(c,(d, e)h(—4e) + c,(d, e)h(—8e)), 3.5)
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where in view of (2.1)

=i () 3 o (5)s
—(pye <%> pul_al/el <1 _(%e> p> <Id/ I) pslld/el),
by(d, &) = —(— 1)“"’9’( B @) i T <Je’>
= (sa-(3) 11, (1))
_ _<34 _ @)(l = |> o.djel),

bsd,e)=0 ife+#5 and bsd,5) =167 (ﬁ) o5(1d/5)).

¢,(d, e) and c,(d, e) are the same as in [4] i.e.

0=(3)am) J1, (- ()
=<e>(l 7o |> Vaelld/e),
o= <|dje|> Y (1 ) <—78e>> <ld/ |> Vadlde
Similarly, from (3.2), (3.3) and (4.3) we find for e < O:
S=U+R= “%M (— 1) G) f (6_14 <ﬁ) k,(—8e)+
)
i g Y-

8
<|d/ |/f> Hee) - 4“‘”)‘

G I (?) (] + sef)

S 1djel
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L — 1) (i) (‘_8>
“ga (=8 2 VL) gy ) *
1 [e _ _ r(f)(i) ( _4>
64 <2) k4o o CONT) s )

+é ehle) Y (-1 (%) fs+2ve) > (—10 <%> fs+

S1ld/el S1l1d/e]|

1 e . e
e ()
— K8 1 E)( 8 )_

@) 2, Y (f d/el/f

—4e) Y (— <§> —4plee) Y (— 1 (ﬁ»—

I Majel S Tdel S

+

e

—gepene ¥ (-1 () g

[1d/e]

Since for any e < 0

S1ldel 1d/e]

%h(e)e >, (=) (%) fs + 2v(e) flz (-1 G) fs—
1 e
N hi —1yW { —
g POHEe D> (1) ( f> =0

we obtain for e < 0

64(— 1)"/9S = b,(d, e)k,(—8e) + by(d, e)k,(—4e)+
+2|d|(c3(d, e)h(e) + c4(d, e)h(8e) + c5(d, e)), (3.6)

where in virtue of (2.1)

b= o 5 (<)(5)
d,e)=(—1) ”%/el( 1) (f fld/el/f

oG 6 )
(=1 (Id/el A 5)e

=(ﬁ> 0 _ge(ld/e),
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_(_qyae [ € _en (& _4>
bald, &) = (= 1" <2> oY (f)f (Id/el/f
—4 —4e
t(d/e) —_
=(=D ()(Id/d) Al (1 ( > >”>
= ()(ir) -t

Moreover similarly as in [4]

a1~ Qfe) 1 (-9)- (- () o
() L) e

cs(d,e)=0 ife# —3, and csd, —3)= — (ld/3|> _3(|d/e}).

Now we get from (3.1)

(=1 Y (—1)964S(d, &)+ (—1) Y (—1)64S(d, )+

eld eld
e>1 e<0
e=1(mod 4) e=1(mod 4)

+(—1)"64J(d]) = 0 (mod 2"*9).

Hence, from (3.5), (3.6) and Lemma 3, Theorem follows. O
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