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1. Introduction

In 1972, Birch and Merriman [2] proved that there are only finitely many
equivalence classes of binary forms with integral coefficients of given degree and
given discriminant. Here equivalence is defined by transformations in GL(2, Z).
They extended their result to binary forms whose coefficients belong to the ring
of S-integers of an algebraic number field. Birch and Merriman proved their
results in an ineffective way. In this paper we give an effective proof of the result
of Birch and Merriman on binary forms with S-integral coefficients. Further, we

give applications of this result to binary forms, algebraic numbers of given
discriminant and discriminant form equations. Our results are formulated in a
quantitative form.
Each binary form F(X, Y) = 03A3ri=0 aiXr-iYi factors as 03A0rj=1(03B1jX - 03B2jY) in

some finite extension of Q( au, ... , ar). The discriminant of F is defined by

D(F) = n (aiPj - 03B1j03B2i)2.
1  i  j  r

The discriminant has the following properties: D(F) ~ Z[a0,..., ar];

D(À,F = 03BB2r-2D(F) for each constant 03BB; if A = (a b) is any 2 x 2-matrix, then
the transformed binary form FA(X, Y) = F(aX + b l§ cX + dY) has discriminant

D(FA) = (det A)r(r-1)D(F).
Let R be an integral domain with unit group R*. The group of 2 x 2-matrices

with entries in R and determinant 1 is denoted by SL(2, R). Two binary forms
F, G in R[X, Y] are called R-equivalent if there is a matrix U in SL(2, R) and
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2The research of the second author has been supported in part by Grant 273 from the Hungarian
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03B5 E R*, such that

From the properties of the discriminant mentioned above, it follows easily, that
when F, G are R-equivalent binary forms in R[X, Y], then there is an e in R*
such that D(G) = eD(F).
In 1773, Lagrange [17] proved that there are only finitely many Z-

equivalence classes of binary quadratic forms in Z[X, Y] of given discriminant.
In 1851, Hermite [15] proved the same for binary cubic forms in Z[X, Y]. The
proofs of Lagrange and Hermite were eff ’ective, in the sense that they provided
an algorithm to determine a full system of representatives for the Z-equivalence
classes of binary forms involved.

In 1972, Birch and Merriman [2] proved that for arbitrary r  4, there are
only finitely many Z-equivalence classes of binary forms in Z[X, Y] of degree r
and given discriminant. Their proof was ineffective. The main tool in the proof of
Birch and Merriman was the finiteness of the number of solutions of the so-

called unit equation ax + 03B2y = 1 in units x, y of the ring of integers of some
given algebraic number field (implicitly proved by Siegel in 1926 [24]). Using
Baker’s method on linear forms in logarithms one can solve unit equations
effectively (cf. [1], [11]) but this is not sufficient to make the proof of Birch and
Merriman effective.

Independently of Birch and Merriman, Györy obtained some effective results
on equivalence classes of polynomials of given discriminant. Two polynomials
f(X), g(X)~Z[X] are called Z-equivalent if g(X) = f(X + a) for some a~ Z.

Note that two Z-equivalent polynomials have the same leading coefficient. In
1973, Györy [7] proved that every monic polynomial f(X)~Z[X] of degree
r  2 and discriminant D ~ 0 has degree r  C1(D) and is Z-equivalent to a
polynomial g(X)=Xr+g1Xr-1+ ... + gr such that max(|g1|,..., |gr|)  C2(D),
where C1(D) and C2(D) are effectively computable numbers depending only on
D. Later, Györy [8] showed that C1(D)=3+2log|D|/log 3 and C2(D) =
exp exp{4(log|3D|)13} can be taken. This implies that one can effectively
determine a full set of representatives for the Z-equivalence classes of monic
polynomials in Z[X] of degree  2 and given discriminant.

In this paper, we give an effective proof for the result of Birch and Merriman:

THEOREM 1. Let F(X, Y)~Z[X, Y] be a binary form of degree r  2 and
discrimina-nt D * 0. Then F is Z-equivalent to a form G(X, Y) = goxr +
g1Xr-1Y + ... + grYr for which

where cl, C2 are effectively computable, absolute constants.

By a result of Gybry ([8], Theorem 1), every binary form Fin Z[X, Y] with non-
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zero discriminant D has degree at most 3 + 2 log IDI/log 3. By substituting this
for r into Theorem 1 we obtain:

COROLLARY 1. Every binary form F in Z[X, Y] of degree  2 with discrimi-
nant D =1- 0 is Z-equivalent to a form G(X, Y) = goXr + ··· + grYr for which

max(|g0|,..., Igrl)  exp exp{c3(log 31DI)4 log log(31DI)I,
where C3 is an effectively computable, absolute constant.

Corollary 1 implies that there are only finitely many Z-equivalence classes of
binary forms of degree  2 with discriminant D ~ 0, and that a full set of

representatives of these classes can be effectively determined.
We mention that our results do not imply those of Györy on polynomials of

given discriminant. In our proof of Theorem 1 we used an effective result on the
unit equation, but apart from that, our approach is different from that of Birch
and Merriman.

Theorem 1 can be applied to algebraic numbers. To every algebraic number a
we can associate a binary form Fa(X, Y)~Z[X, Y] such that: Fa(a, 1) = 0; Fa is
irreducible; F03B1(1,0) &#x3E; 0; and the coefficients of Fa have gcd 1. Let H(a) be the
maximum of the absolute values of the coefficients of F,,, and define the
discriminaEnt D(a) of a to be the discriminant D(Fa) of Fa. Two algebraic numbers
a, fi are called equivalent if there are tu, b, c, d e Z with ad - bc = 1 such that

It is easy to check that oc is equivalent to fi if and only if Fa is Z-equivalent to Fp;
in that case, D(03B1) = D(03B2). Now Theorem 1 implies at once:

COROLLARY 2. Every algebraic number a of degree r  2 and discriminant D is
equivalent to an algebraic number fi with

In [8], Györy proved a similar result for algebraic integers a, but with a stronger
notion of equivalence: two algebraic integers a, pare called strongly equivalent if
fl = a + b for some b~Z.

Let K be an algebraic number field, and S a finite set of places on K. The ring
of S-integers US is the set of those a in K which are integral at every finite place
outside S; (9* is the unit group of (9s. In their same paper [2] of 1972, Birch and
Merriman proved that for every r  3, there are only finitely many (9s-
equivalence classes of binary forms of degree r with discriminant in (9*. In 1978,
Györy [9] (see also [13]) extended his result on polynomials of given
discriminant to (9s in the following way: let r  3 and 03B4~OsB{0}; then for every
monic polynomial f(X) e (9s [X] of degree r with discriminant in



172

03B4O*S = {03B403B5:03B5~O*S} there are ~ ~ O*S, 03B1 ~ OS such that the polynomial
g(X) = ~-r. f(~X + a) has height (cf. §2)  C, where C is an effectively com-
putable number depending only on K, S, r and ô. Györy also gave an explicit
expression for C. In this paper we shall prove that every binary form in
OS[X, Y] of degree r  2 with discriminant in 03B4O*S is OS-equivalent to a binary
form whose height is bounded above by an effectively computable number C’
depending only on K, S, rand b (cf. Theorem 3, §2). We also give an explicit
expression for C’.
We mention that in 1984, Györy [13] succeeded in generalizing some of his

effective results on polynomials in (9s [X] of given discriminant to the case that
the coefficients of the polynomials involved belong to some ring R which is
finitely generated over Z but may contain transcendental numbers. We do not
know, if our results can be generalized to that extent.

2. Results

Before we state our results, we have to introduce some terminology. Let K be an
algebraic number field and (9, its ring of integers. Put d = [K : Q]. Let MK be the
collection of places (equivalence classes of multiplicative valuations) on K.
Each infinite place v on K contains a valuation |03C3(·)|, where 03C3 is a Q-
isomorphism : K 4 C and H is the ordinary absolute value on C. We call v a real
place if u(K) c R and a complex place if a(K) 94- R. lu 1 (.)1 and lu 2(.)1 belong to the
same place if and only if 03C32(03B1) = u 1 (rx) for all oc E K. If the infinite place v contains
lu(. )1, then put

There is a one-to-one correspondence between the finite places on K and the
prime ideals of (9K and we shall identify them. For every prime ideal p we define
the discrete valuation 1 - Ip by

where NK/,Q(P) is the norm of p and ordp(a) the exponent of p in the prime ideal
decomposition of the ideal generated by a. For every a E K there are only finitely
many places v with locl, =1- 1.

Let A be the field of algebraic numbers. The height h(a) of ce E A is defined as
follows: take K = Q(a); then

The height h(F) of a polynomial F in A[X1,..., Xn] is defined as the maximum
of the heights of the coefficients of F.
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Let S be a finite set of places on K (which by convention contains all infinite
places on K). Then the ring of S-integers (9s and the group of S-units Wg are
defined by

respectively. By an (9s-ideal we mean a finitely generated (9s-submodule of K
and by an integral (9s-ideal, an (9s-ideal that is contained in (9s. The (9s-ideal
generated by 03B11,..., 03B1n is denoted by (a 1, ... , (Xn)S. If F E K [X 1,..., Xn] then (F)s
denotes the (9s-ideal generated by the coefficients of F. We consequently replace
the subscript S by K when S is just the set of infinite places on K.
For a c- K we put

There is a unique (9K-ideal a*, composed of «9,K)-prime ideals outside S, such that

(03B1)s = a*Os. From (2.1), (2.2) it follows that |03B1|s = NK/Q(a*)1/d. More generally if
a is an (9s-ideal, and a* is the (9,K-ideal composed of prime ideals outside S such
that a = a*(9s, we put

First we state a result about weakly OS-equivalent binary forms. Two binary
forms F, G ~ K [X, Y] are called weakly OS-equivalent if there is a matrix U in
SL(2, US) and Â E K* such that

Suppose that F is a square-free binary form in K[X, Y], that is a binary form
without multiple factors. Define the so-called S-discriminant of F by the OS-ideal

Note that (F)i1 consists of the numbers a c- K such that 03B1F ~ OS[X, Y]. Further,
D(aF) = a2r- 2 D(F). Hence ds(F) is the (9s-ideal generated by the discriminants
D(H) of those forms H = aF(a E K*) whose coefficients belong to OS. Therefore,
the (9s-ideal ds(F) is integral. Now assume that F, G are two weakly (9s-
equivalent binary forms; then G = 03BB.FU for some 03BB~K*, U~SL(2, Os). Let
H = aF(a E K*) be a binary form with coefficients in (9s. Then Hu has its

coefficients in (9s and Hu = (03B1/03BB)G. Hence D(HU)~ds(G). But D(H) = D(Hu).
Hence D(H) E dS(G). This implies that d(F) z ds (G). Similarly, dS(G) ~ ds (F). We
conclude that if F, G are two weakly (9s-equivalent binary forms in K[X, Y],
then
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In the results mentioned below, the following notation is used: d = [K : Q], D,
is the discriminant of K, s is the cardinality of S, t is the number of finite places in
S, P is the largest of the prime numbers lying below the finite places of S, P = 1 if
t = 0, and r is an integer  2. Further, c4, c5,..., cl 1 are effectively computable
absolute constants.

THEOREM 2. Every square-free binary form F ~ K[X, Y] of degree r with

ds(F) = d is weakly OS-equivalent to a form G in OS[X, Y] for which

From this theorem we shall derive a similar result for OS-equivalent forms.

THEOREM 3. Let 03B4 E OSB{0}, and let F E (9s [X, Y] be a binary form of degree r
with D(F)~03B4O*S. Then F is OS-equivalent to a-form G in OS[X, Y] for which

Theorem 1 follows at once from Theorem 3, by substituting d = 1, s = 1, t = 0,
P = 1 and DK = 1. Theorems 2 and 3 can be generalized to binary forms with
multiple factors, provided that the definition of the discriminant is appropriately
modified. We shall not work this out. We shall derive Theorem 3 from Theorem

2, but it is not difficult to show that the statements of Theorems 2 and 3 are in
fact equivalent. The form G in Theorem 3 can be expressed as s. Gu, where e E (9*
and U E SL(2, (9s). A slight variation on Theorem 3, which is easy to derive from
Theorem 3, states that for every binary form F ~ (9s [X, Y] of degree r and with
D(F) = 03B4, there is a matrix U E SL(2, (9s) such that h(FU)  C, where C is the
same expression as the upper bound for h(G) in Theorem 3, but with |03B4|S replaced
by h(b) and c6, c7 by other constants. This implies an (ineffective) result of Birch
and Merriman ([2], Thm. 2), that up to transformations by matrices in SL(2, (9K),
there are only finitely many binary forms in OK[X, Y] of given degree r and
given discriminant 03B4.

Theorem 3 can be used to compute a representative from each (9s-equivalence
class, provided that the elements of K are representable in such a way that one
can do computations in K. For this we assume that an irreducible polynomial
f (X) E Z[X] is given such that K = Q(a) for some zero a of f. Then every 03B2 in K
can be expressed uniquely as (03A3d-1i=0 ai 03B1i)/c, with a0,..., ad-1, c~Z, c &#x3E; 0 and
gcd (ao, ... , ad-1, c) = 1. The tuple (a0,..., ad-1, c) is called a representation for
fi. By saying that certain numbers of K are given (or computable), we mean that
representations for these numbers are given (or computable). Thus, if 03B21, 03B22~K
are given, then 03B21 + 03B22, 03B21 - 03B22, 03B21 · 03B22 and Pl/P2 (if 03B22 =1- 0) are computable.
For every C  1 it is possible to compute a finite subset of K such that each a in
K with h(03B1)  C belongs to that subset. We assume that for every prime ideal in
S, a set of generators is given. Then for any given P in K it can be decided
whether 03B2~OS.
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COROLLARY 3. Let r  2 be an integer, and 03B4~OSB{0}. Then there are only
finitely many OS-equivalence classes of binary forms F in OS[X, Y] of degree r with
D(F) E 03B4O*S, and there exists an algorithm that computes a -set consisting of exactly
one form from each class.

Corollary 3 does not follow at once from Theorem 3 since some of the forms G
with small height mentioned in Theorem 3 might be OS-equivalent. In §7 we
prove Corollary 3 by showing that there exists an algorithm that can decide
whether two given binary forms are OS-equivalent.

Every binary form F(X, Y) E K [X, Y] can be factored as

where À. E K* and F1, ... , Fm are irreducible forms in K[X, Y]. For j = 1,..., m,
let Mj=K(03B1j) where cej is one of the zeros of Fj(X, i), Mj=K if Fj= Y.

(M1,..., Mm) is called a system of fields associated to F and it is determined by F
up to conjugation over K. If we restrict ourselves to binary forms associated to a
given system of fields, then the bounds in Theorems 2 and 3 can be replaced by
bounds depending only polynomially on Idls, |03B4|S, respectively. In the statements
below, DM denotes the discriminant of the extension M/Q.

THEOREM 2’. Let F(X, Y)~K[X, Y] be a binary form of degree r  2 with
ds(F) = d, and suppose that F is associated to the system of fields (M1,..., Mm).
Put D = |DM1 ··· DMm|. Then F is weakly OS-equivalent to a-form G in (9s[X, Y]
for which

THEOREM 3’. Let F(X, Y) E (9s [X, Y] be a binary form of degree r  2 with
D(F) E ô(9*, where b E O*S, and let M1,..., Mm, D have the same meaning as in
Theorem 2. Then F is OS-equivalent to a form G for which

In the proof of Theorem 2’, we reduce the problem of finding all weak US-
equivalence classes of binary forms F ~ K[X, Y] of degree r, associated to

(M1,..., Mm), with ds(F) = d, to solving a number of equations of the form
ax + 03B2y = 1 in x, y~O*T, where T is the set of places on some finite extension of
K lying above S. Using Baker’s theory on linear forms in logarithms and its p-
adic analogue, it is possible to compute an upper bound for the heights of the
solutions of such equations (this was already implicitly proved in [3], but Györy
([10], Lemma 6) was the first to work this out in detail). From these effective
upper bounds we derive Theorem 2’ (cf. §5). Theorem 3’ will be derived from
Theorem 2’. We shall derive Theorems 2 and 3 from Theorems 2’ and 3’ by
estimating D from above in terms of r, s, t, P, |DK| and ldls (cf. §6).

In our proof of Theorem 2’, we do not need the effective result on the T-unit
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equations mentioned above for r = 2, 3, hence in that case, a much better upper
bound for h(G) can be obtained which depends only polynomially on D; thus
one gets upper bounds in Theorems 2 and 3 depending only polynomially on
Idls, Ibis, respectively. We do not work this out. To prove Theorem 2’ for r  4, it
seems necessary to apply some effective result for certain T-unit equations. In
fact, one gets back an effective upper bound for the heights of the solutions of
03BE+~=1 in 03BE, ~~O*S by applying Theorem 2’ to the binary forms

XY(X + Y)(03BEX - ~Y) with discriminant {03BE~(03BE+~)}2~O*S. We work this out in
more detail in §10. The upper bound in Theorem 2’ depends, among others, on r.
It is possible to estimate r from above in terms of d = ds (F) and the splitting field
of F (the composite of M1,..., Mm and their conjugates) over K. If a is an
integral (9s-ideal, then it can be expressed uniquely as

where q1,..., qu are distinct prime ideals outside S and k1,..., ku~Z&#x3E;0. Put
03A9S(a) = k, + ··· + ku, cvs(a) = u. Then we have

THEOREM 4. Let F(X, Y) E K[X, Y] be asquare- free binaryform of degree r
and splitting field L over K, and put g = [L: K], d = ds(F). Then

The proof of Theorem 4 is based on a result of the first author, [4] on the
number of solutions of the equation ax + 03B2y = 1 in x, y E (9 s *. If q1,..., q. are the
prime ideals outside S that divide d, and S’ = S u {q,..., q.1, then 03A9S’(d) = 0.
Hence, by Theorem 4 with S’ instead of S, we get

Theorem 4 is useless for irreducible F, but it is of some interest for instance
when F factors into linear forms over K in which case g = 1. The upper bound in

Theorem 4 can not be replaced by one depending only on Idls. Let, for example,
K = Q, S = {~, Pl, where oo is the infinite place on Q and p is an odd prime,
Lt = Q(e203C0i/pt), £(X) is the pt-cyclotomic polynomial, and

Then

(cf. [18], Chap. 4, §1, Thms. 1,3). Hence deg(Ft) ~ oo as t- oo, and

Id(Ft)ls = ID(Ft))Is = 1 for t = 1, 2, 3 .... Theorem 4 will be proved in §8.

3. Applications

In this section we give some applications of the results mentioned in §2. The
results mentioned in §3 will be proved in §9. K, d, DK, S, s, t, P will have the same
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meaning as in the statements of Theorems 2 and 3. Further, whenever F is a
binary form associated to the system of fields (M 1, ... , Mm), we put

c 12(...), c13(...), ... will denote positive effectively computable numbers depend-
ing only on the parameters between the parentheses; if there are no parameters,
these numbers are absolute constants.

The first application concerns the following problem. Suppose that F is a
binary form in K[X, Y] and that

where q1,..., qu are prime ideals outside S and k1,..., Ku~Z&#x3E;0; put

Cs(F) is called the S-conductor of F. Can we give an upper bound for Ids(F)ls in
terms of K, S, CS(F)? In general, such a bound need not exist, but such a bound
does exist when F has minimal S-discriminant. This means that with

T = S ~ {q1,..., qu,} we have

for every binary form G that is weakly (9,-equivalent to F. In the proof of the
corollary below we used that

COROLLARY 4. Let F(X, Y) E K [X, Y] be a binary form of degree r  2 with
minimal S-discriminant, and put u = 03C9S(dS(F)). Then

Corollary 4 provides some information about the arithmetical properties of
minimal S-discriminants.

The second application deals with the problem to find a value of a binary
form with "small" height.

COROLLARY 5. Let F ~ OS[X, Y] be a square-free binary form of degree r  3,
and put ps(F) = min{h(F(x, y)) : x, y E OS, F(x, y) ~ 0}. Then

and

Much better upper bounds are known for the quantity

which is defined for binary forms F E R[X, Y] of degree r = 2 or 3 and with
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discriminant D ~ 0: 03BB(F)  (-D/3)1/2 for r = 2, D  0 [6]; 03BB(F)  (D/5)1/2 for
r = 2, D &#x3E; 0 [16], [22]; 03BB(F)  (-D/23)1/4 for r = 3, D  0 [23]; 03BB(F) 
(D/49)1/4 for r = 3, D &#x3E; 0 [23]. These bounds are best possible.
A consequence of Theorem 2 concerns equivalence of algebraic numbers. Two

numbers 01, e2 E A* are called OS-equivalent if there are a, fi, y, ô E (9s, with
03B103B4-03B203B3=1, such that

To every 0 E A* of degree r  1 over K we can associate the binary form

where 03B8(1) = 0, 0(2), ..., 03B8(r) are the conjugates of 0 over K. It is easy to check that
01, 02 are US-equivalent if and only if Fel and F03B82 are weakly OS-equivalent. We
define the S-discriminant of 0 E A* by

Thus, OS-equivalent numbers have the same S-discriminant.

COROLLARY 6. Let 03B8~A* have degree r  1 over K and put ds(O) = d,
IDK(8)1 = Do- Then 0 is OS-equivalent to a number 03B8* ~ 0 for which

and

Corollaries 3 and 6 imply that there are only finitely many (9s-equivalence
classes of algebraic numbers of degree r and discriminant d, and that a set of
distinct representatives for these classes can be determined effectively. We
mention that Corollary 4 has an analogue for algebraic numbers.
Two algebraic numbers 01, 03B82 are called strongly OS-equivalent if there are

03B1 ~ OS, 03B5~O*S such that 03B82 = 801 + a. Györy [9] (see also [13]) proved that every
algebraic number 0 of degree r  3 over K that is integral over (9s is strongly (9s-
equivalent to a number 0* for which h(03B8*)  C, where C is an effectively
computable number of a similar form as the first bound in Corollary 6.

Let M/K be a finite extension and let {03C91,..., 03C9r} be a K-basis of M. Then
every a E M can be expressed uniquely as x103C91 + ..- + xr03C9r with x1,···, Xr E K.
Put A = max1irh(03C9i). We consider the discriminant form inequality

Two solutions x = (x 1, ... , xr), y = (y 1, ... , yr) cf. (3.2) are called OS-equivalent if
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there are a, fi, y, ô E (9s such that ab - fly = 1 and

From Corollary 6 we shall derive

COROLLARY 7. Every solution x = (x,, ... , xr) of (3.2) is OS-equivalent to a
solution x* = (xi, ... , x*r) for which

We mention that previously, Györy and Papp [14] considered inequalities
similar to (3.2) but with unknowns x 1, ... , xr in OS. One of their results implies
the following: assume that col = 1, and that cv2, ... , cor are integral over (9s; then
for every solution (x1,..., xr)~ OrS of (3.2) with xi = 0, there is an e E (9 s * such that

maxi2h(03B5xi)  C2, where C2 is an effectively computable number of a similar
form as the upper bound in Corollary 7.

4. Auxiliary results

In this section we state and prove some auxiliary results that will be used
throughout this paper. Let K be an algebraic number field and |·|v (v~MK) the
valuations defined by (2.1), (2.2). It is easy to check that these valuations satisfy
the product formula

Further, they satisfy the extension formula: if L/K is a finite extension, then

where the product is taken over all places w on L lying above v. Using the
extension formula one can show that if a E A and K is any finite extension of

Q(a), then

We recall that the height h(F) of a polynomial F ~ A[X,..., Xn] is the maximum
of the heights of the coefficients of F. Similarly, we define the heights h(a), h(A) of
a vector a and a matrix A with algebraic entries, respectively, as the maxima of
the heights of the entries of a, A, respectively. The maximum of the absolute
values of the conjugates of an algebraic number a is denoted by ral.
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LEMMA 1. (i) If a, fi, 03B11,..., an are algebrak numbers with 03B1 ~ 0, then

(ii) If F(X1,..., Xn) E A[X1,..., Xn] has exactly R non-zero coefficients and
degree dj in Xj for j = 1,..., n, then

(iii) If a, fi are conjugate algebraic numbers over Q, then h(a) = h(03B2).
(iv) If a is a non-zero algebraic integer, then h(03B1)  |03B1|.
(v) If K is an algebraic number field, S is afinite set of places on K and a E K,

then lais  h(a).
(vi) If F(X) E A[X] and F(8) = 0, then h(03B8)  {4h(F)}deg F+ 1.

Proof. Choose a number field K containing all numbers, coefficients of

polynomials etc., appearing in the statement of the lemma.

(i) In [ 19], p. 51, it is proved that h(a -1 ) = h(a), h(an) = h(a)" for n~Z, n  0,
and h(03B103B2)  h(03B1)h(03B2). These results imply that h(an) = h(a)lnl for n~Z, and

h(03B2/03B1)  h(03B1).h(03B2). The last inequality of (i) is a special case of (ii).
(ii) Put s(v) = 1/[K : Q] if v is a real place, s(v) = 2/[K : Q] if v is complex and

s(v) = 0 if v is finite. Then

and

Suppose that F(X1,..., Xn) = 03A3Ri=1 aiXk(i,1)1 ··· Xk(i,n)n, where ci ~ K* and

0  k(i,j)  dj for i = 1,..., R, j = 1,..., n. It is easy to check that

Hence

Now (ii) follows, by taking the product over all v.
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(iii) Suppose that « has degree d over Q and let

be its minimal polynomial, with ad &#x3E; 0, and gcd(ao, ..., ad) = 1. If 03B11, ···, ad are
the zeros of f, then

(cf. [19], Remark pp. 53-54). This implies that h(a) = h(f3).
(iv), (v) Straightforward consequences of definitions of valuations and height.
(vi) Let F(X) = adXd +... + ao and put (F) = TIveMK max(|a0|v,... ,|ad|v).
By [19], Lemma 2.2, p. 57, we have

Now (vi) follows from the obvious inequality (F)  h(F)d + 1. D

In what follows, K will be an algebraic number field of degree d and
discriminant DK and S is a finite set of places on K. Letting lais (for a E K) and lais
(for (9s-ideals a) be the quantities defined by (2.3) and (2.4), respectively, we have

lals = |(03B1)S|S. Hence IBis = 1 for every S-unit e. If F is a polynomial in

K [X1,..., Xn], then (F)s denotes the OS-ideal generated by the coefficients of F
and we put |F|S:= |(F)S|S. Similarly, if a E K" is a vector, then (a)s is the (9s-ideal
generated by the coordinates of a and we put |a|S:= I(ffuls. We shall frequently
use that for every two (9s-ideals a, b,

Further, if L/K is a finite extension and T is the set of places on L lying above
those in S, then

LEMMA 2 (Gauss’ Lemma). Let F, GEK[X1,...,XnJ. Then

Proof. Letting cl, ... , cr be the non-zero coefficients of F, we put

for every finite place v on K. We define IGiv similarly. Then IF. Glv = IFIv’ IGIV for
every finite place v (cf. [19], p. 55, Prop. 2.1). By applying this for v E MKBS we get
(i). We obtain (ii) by applying (4.1) to (i). D

LEMMA 3. Let F(X, Y)~K[X, Y] be a- square-free binary form of degree r.



182

Then

Proof. It suffices to prove Lemma 3 for the case that S is the set of infinite
places on K. For assume that

and let d* be the (9,-ideal, composed of prime ideals outside S, such that

ds(F) = d*(9s. Then d* is an integral (!)K-ideal dividing dK(F), hence

We now prove (4.3). By (4.1) and the definition of dK(F) we have

We shall estimate both terms in the right-hand side from above. Let

and put

By the definition of |F|K and (2.2) we have

where the product is taken over all prime ideals p of (9,. Hence

We now estimate |D(F)|K from above. By (2.3) we have

Fix an infinite place v on K and put s(v) = Ild if v is real and s(v) = 2/d if v is
complex. Then we may assume that |·|1/s(v)v is the ordinary absolute value 1.1 on R
or C. By using arguments of Lewis and Mahler (cf. [20], p. 335, formula (1)) we
obtain

hence

By combining this with (4.4), (4.5), we get
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It is easy to check that |F|v  03A0ri=1 max(l, lailv) for u E MK, whence

This proves Lemma 3. ~

LEMMA 4. Let a be an OS-ideal. Then there is an a E a with oc :0 0 and

Proof. If S is the set of infinite places on K, then Lemma 4 follows from the fact
that every (9,-ideal a contains an 03B1 ~ 0 for which |NK/Q(03B1)|  |DK|1/2NK/Q(a) (cf.
[ 18], p. 119, for a better estimate). Suppose that S contains also finite places, and
let a* be the OK-ideal, composed of prime ideals outside S, such that a = a*.OS.
Choose a E a* with 03B1 ~ 0 such that |03B1|K  |DK|1/2d.|a*|K. Then ord p(03B1)  0 for
p~S, ptoo, hence |03B1|S  lalx. Further la*IK=lals. Now Lemma 4 follows by
combining these inequalities. D

LEMMA 5. Let a be an integral (9K-ideal. Then K has aQ-basis {03C91,..., (Odl
such that Wi E a and 03C9i  IDKI1/2 .lalK for i = 1,..., d.

Proof. This is a special case of Satz 6 of [21]. ~

In the following lemmas we write a ~ 03B2 mod a, if 03B1 - 03B2 belongs to the (9s-ideal
a, and a ~ 03B2 mod y if 03B1 - 03B2 E (y)s.

LEMMA 6. Let a be an integral OS-ideal and fi E (9s. Then there is an a E (9K such
that

Proof. We assume that S is the set of infinite places on K. According to an
argument in the proof of Lemma 2 of [5], this is no restriction. Let a be an
integral Ok-ideal, 03B2~OK and {03C91,..., 03C9d} a Q-basis of K satisfying the

conditions of Lemma 5. Then 03B2 = 03A3di=1 xi03C9i for certain x 1, ... , Xd E Q. Choose
y1,..., yd~Q such that 0  yi  1 and xi-yi~Z for i=1,..., d and put
a = 03A3di=1 yi03C9i. Then a - 03B2 = 03A3di=1(yi - xi)03C9i~a. Further, by Lemma 5 and
Lemma 1, (iv),

The next lemma is a more explicit version of Lemma 3 of [5]. The set of
m x n-matrices with entries in some set R is denoted by Rm,n. For convenience,

we shall dénote the matrix (; fi by (a, fi; y, ô).
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LEMMA 7. Let A E O2,2S have determinant 0394 ~ 0. Then there is a matrix U in
SL(2, (!) s) such that

Proof. We only indicate where the arguments in the proof of Lemma 3 of [5]
have to be modified. All matrices we shall consider belong to O2,2S. We write
(a, 03B2; y, 03B4) ~ (aI’ 03B21; 03B31,03B41) if there is a U in SL(2, OS) such that

Let A = (03B1, 03B2; 03B3, 03B4). From the arguments in step 1 of the proof of Lemma 3 of
[5] it follows that for every 0e (a, y)s and for every 03B11 ~OS with 03B11 ~ 03B1 mod 03B82,
oei 1 ~ 0 there are 03B2(1), y(1), 03B4(1)~OS such that (03B1, 03B2; 03B3, 03B4)~(03B1, 03B2(1); 03B3, 03B4(1)). From
the arguments in step 2 of the proof of that lemma we infer that for every y 1 ~OS
with yl - 03B3(1) mod 03B11, there are fJ(2), 03B4(2)~OS such that

Finally, from the arguments in step 3 of the proof of Lemma 3 of [5], we
conclude that for every 03B21 ~ OS with 03B21 == 03B2(2) mod 039403B11, there is a 03B41 ~ OS such
that (03B11, 03B2(2); 03B31, 03B4(2))~ (03B11, 03B21; 03B31, 03B41).
Note that A ~(03B1, y)s, and that |0394|S  h(A) by Lemma 1, (v). By Lemma 6 we can

choose 03B11, 03B21, YI i such that

Lemma 1, (i) implies that

This proves Lemma 7. D

We need some estimates for S-units. c25,..., c33 denote effectively com-
putable, positive absolute constants. Let hK, RK be the class number and

regulator of K, respectively. We assume that S has cardinality s, that S contains
exactly t finite places and that P is the largest prime number lying below a finite
place of S with the convention that P = 1 if t = 0. We need the following
estimates for hK and RK in terms of d and DK .
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LEMMA 8.

Proof. The first inequality follows from [25], Satz 1, the second from [28]
Korollar, p. 375, and the third is a trivial consequence of the first two

inequalities. D

LEMMA 9. Let 03B1~OS/{0}, n~N. Then there is a 03C0~O*S such that

Proof. Let p 1, ... , p, be the prime ideals in S. There are integers k1,..., kt and
an integral (9K-ideal a* composed of prime ideals outside S, such that

where (03B1)K is the OK-ideal generated by a. Define integers ai, bi by

There is a 03C0~O*S such that (03C0)K=(p-a11 ··· p-att)kK. For this 03C0,

Hence n"ot E (9,. Further, by (2.4)

LEMMA 10. Put C(d) = (6d3)d. Then for every 03B1~OSB{0} and n E N, there is an
e E O*S such that

Proof. We first prove this for the case that S consists only of the infinite places
of K. So let a E OKB{0} and put M = |03B1|K = |NK/Q(03B1)|1/d. Denote the conjugates of
03B2~K by 03B2(1) = 03B2,..., 03B2(d). By Lemma 3 of [11] there is an 03B5~O*K such that

Putting s(v) = 1/d if v is real, s(v) = 2/d if v is complex, this implies, by (2.1),

Hence
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Now assume that 03B1~OSB{0}. By Lemma 9 there is an S-unit 03C0 such that
7T" ’ a E (9, and |03C0n03B1|K  pnthK· .Ials. By what we just proved, there is an 1 E (9* such
that

This implies the first estimate of Lemma 10 with e = qn. The second estimate
follows by using the estimates for hK and RK in Lemma 8. Q

The main tool in our proofs is an effective result of Gyöbry ([10], Lemma 6) on
the homogeneous S-unit equation in three variables. We give a slight re-

formulation of Gyory’s result.

LEMMA 11. Let A  1, and let xo, xi, x2 be non-zero S-integers such that

Then, for every e &#x3E; 0,

Proof. Gybry’s result applies to equations of the form

with

and fixed N, and we shall transform (4.6) into such an equation. By Lemma 9,
there are no, ni’ n2 e O*S such that vi:= nixi e OKB{0} and |NK/Q(vi)|  ptdhKAa for
i = 0,1, 2. Choose n E O*S such that M, := n/ni e UK ~ O*S for i = 0,1, 2. Then

and

By Lemma 6 of [10], there are 03C3~OK and PO, 03C11, 03C12~OK ~ O*S such that

where
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By (4.7), (4.8), (4.9) and Lemma 1 this gives, for i, j E {0, 1, 2},

We can estimate C(N) from above by using the inequalities from Lemma 8.
Further, we can remove all logarithmic factors by using the inequality

(log x)B  (B/2E)BxE for B &#x3E; 0, x &#x3E; 0, e &#x3E; 0.

Thus we obtain the upper bound for h(xi/xj) mentioned in the statement of
Lemma 11. D

We mention that results similar to Lemmas 9, 10 and 11 were proved in [12].

5. Proofs of Theorems 2’ and 3’

We use the same notation as before: K is an algebraic number field of degree d
with discriminant DK, S is a finite set of places on K of cardinality s, t is the
number of finite places in S, and P is the largest of the prime numbers lying
below the prime ideals in S, P = 1 if t = 0. It will be convenient to express a

binary form F(X, Y) as F(X) or À 03A0ri=1 (ai, X), where À is a non-zero constant,
a 1, ... , ar are two-dimensional column vectors, X denotes the column vector

(X, Y)T, and (.,.) is the scalar product of two column vectors. If a=(03B1, fi)’ has
its coordinates in some extension L of K, and a is a K-isomorphism of L, then we
put 03C3(a) = (03C3(03B1), 03C3(03B2))T.

Let F(X, Y) E K[X, Y] be a square-free binary form of degree r  2, associated
to the system of fields (M 1, ... , Mm). Then F can be expressed as

where /L e K* and Fj = Y or Fj~K[X, Y] is an irreducible binary form such that
Mj contains a zero of Fj(X, 1) ( j = 1,..., m). Put rj=deg Fi= [Mj: K]. Further,
let Ujl, ..., 03C3j,rj be the distinct K-isomorphisms of Mj, where Uj, is the identity.
For convenience we introduce a function f, such that

is a permutation of (1,..., r) and f(j, 1) = j for j = 1,..., m. Define the fields
M 1, ... , Mr by Mf(j,k) = 03C3jk(Mj) for j = 1,..., m, k = 1,..., rj. By changing À if
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necessary, we can find vectors aI, ... , ar such that

Obviously, we may assume that

Any tuple of vectors (ai,... , ar) satisfying (5.2) for some A E K* is called a proper
factorization of F. We shall prove that F has a proper factorization with certain
prescribed properties. Put

Further, let T be the set of places on Mi lying above the places in S. c34,..., C41
denote effectively computable, absolute constants.

LEMMA 12. F has a properfactorization (a1,..., ar) such that

Proof. Let (b1,..., br) be any proper factorization of F. By Lemma 4, we can

choose 03B4j~(bj)-1Tj, 03B4j ~ 0 for j = 1,..., m such that

Define 03B4m+1,..., 03B4r by 03B4f(j,k) = 03C3jk(03B4j) for j = 1,..., m, k = 2, ... , rj, and put
ci = bibi for i = 1,..., r. Then (CI’ ..., c,) is a proper factorization of F such that

Put (X)=03A0ri=1(ci, X). Since |(ci, X)|Ti = |ci|Ti for i=1,..., m we have, by
Lemma 2, (ii), (4.2) and (5.4), that

Together with (D())S=dS()()2r-2S=ds(F)c()2r-2S and (4.1) this implies that

Put yi = TIk* i det(ci, Ck). In the remainder of the proof, we distinguish between
the cases r = 2 and r &#x3E; 2.
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r = 2. Note that D()~OS. Hence by Lemma 10, there is an 03B5~O*S such that

Together with (5.5) and |DK|  D, this implies that

Put ai = 8Cl, a2 = 8C2- Then (ai , a2) is a proper factorization of F with ai e O2Ti for
i=1, 2. Further, 03B12 = -03B11 and A=03B1103B12=-03B54D(). Hence

and, by (5.5),

Then

Since 
~ ~X, ~ ~Y~K[X, Y] and thé coordinates of c1,..., cr are intégral over OS,

we have y, e (9,, for i = 1,..., r. By Lemma 10, there are 03B5j e O*Tj ( j = 1,..., m)
such that

where rj = [Mj: K]. Since 03B31,..., Yr are integral over (9s and D()=03B31 ··· Yr we
have 03B3j|D() in 0 Tj . Hence, by (4.1), (4.2), (5.5)

Further, rj  r, |DMj|  D. Hence, for j = 1,..., m,

By (5.6) we have 03B3f(i,k) = aik (Yi) for j = 1,..., m, k = 2,..., rj. Put 03B5f(j,k) = 03C3jk(03B5j)
for j = 1,..., m, k = 2,..., rj. Thus, 03B5i ~ O*Ti for i = 1, ... , r. Now Lemma 1, (iii)
implies that (5.7) is also true for j = m + 1,..., r. Put

Since 03B5f(j,K) = 03C3jk(03B5j) for j = 1,..., m, k = 2,..., rj, the product 03B51 ··· 03B5r belongs to
(9*. Hence (a1,..., ar) is a proper factorization of F, with ai E (9’.. Further,
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Hence h(03B1i) is bounded above by the right-hand side of (5.7), for i=1,..., r.
Further, by (5.5),

This proves Lemma 12 for r &#x3E; 2. D

In the sequel, (a,, ..., ar) will be a proper factorization of F with the properties
stated in Lemma 12. The following lemma is the part of our proof of Theorem 1
in which we apply Gydry’s effective result on the S-unit equation. We recall that
0394ij:= det(ai, aj) for i,j~{1,..., r}.

LEMMA 13. Assume that r  4. Then for each subset {i, j, k, Il of {1,..., r} we
have

Proof. We use the identity 0394ijak + 0394jkai + 0394kiaj = 0. By taking the determinant
of the left-hand side with a1, we get

Let M be the extension of K generated by the coordinates of ai, aj, ak, al, and let
T be the set of places on M lying above the places in S. Since the coordinates of
ai , ... , ar are integral over US, each determinant Apq is integral over OS. Hence
the three terms in (5.9) all divide A. Together with (4.1), (4.2), Lemma 12, this
implies that

We apply Lemma 11 to (5.9). Put f(r) = r(r-1)(r-2)(r-3). Then [: Q] 
f(r)d, t has cardinality at most f (r)s, and T contains at most f(r)t finite places.
By a result of Stark ([26], Lemma 7) we have

Obviously, [M: Mp]  (r-1)(r-2)(r-3), and Mp is a conjugate over K of one
of the fields M1,..., Mm for p = i, j, k, 1. Hence

Now Lemma 13 follows by applying Lemma 11 to (5.9), (5.10) and replacing the
parameters d, s, t, |DK| in the upper bound in Lemma 10 by the upper estimates
obtained above for [M : Q], the cardinality of T, the number of finite places in T
and |D|, respectively. D
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We now turn to the proof of Theorem 2’. C1,..., C 12 will denote expressions
of the same form as the upper bound in Theorem 2’ (and hence as the right-hand
side of (5.8)), but with other effectively computable numbers instead of c8, c9 (or
C46, c47). We recall that the height h(a) of a vector a with algebraic coordinates is
the maximum of the heights of the coordinates of a.

Proof of Theorem 2’. We have to prove that F is weakly OS-equivalent to a
binary form G in (!)s[X, Y] for which h(G)  C1. To this end, we first prove that
there are vectors b1, b2 ~ O2S, and algebraic numbers 03BBi1, 03BBi2, such that

To this end, we use for r  3 the identity

for i,j ~{1,..., r}, i ~ j, where the product 1-I * is taken over all pairs (k, h) with
k ~ h, k ~ i, j and h ~ i, j. By Lemma 12, we have h(03B1k)  C4 for k = 1,..., r, and
by Lemma 13 we have h(0394kh0394ij/0394ik0394jh)  Cs for all k, h. Together with (5.12) and
Lemma 1, (ii) this implies that for r  3,

Formula (5.13) is also true for r = 2 since 039412 = C(1. First suppose that

a,, a2 E O2S. We have

By (5.13) and Lemma 1, (i), we have h(03942i/039421)  C7, h(0394i1/039421)  C7 and
h(det(a1, a2)) = h(039412)  C6 . Now (5.11) follows at once.
Now suppose that one of the vectors a1, a2, a1 say, does not belong to O2S.

Denote the conjugates of 03B1 ~ M1 by 03B1(1) = 03B1,..., 03B1(r1), where r1 = [M1:K], and
consequently denote the conjugates of aI by a(1)1,..., a(r)1. By Lemma 5, M1 has a
Q-basis {03C91,..., 03C9r1d} such that 03C9i~OM1 and 03C9i  |DM1|1/2, for i = 1,..., r1d.
We may assume that {03C91,..., 03C9r1} is a K-basis of Mi, and this basis satisfies

There are vectors dl, ... , drl E K2 such that a1 = 03A3r1i=1 cvidi. Hence

Put 0394={det(03C9(j)i)}2 and bi = 0394di for i=1,..., r1. Further, denote the matri:



192

0394(03C9(j)i)-1 by (03C9ij). Then bk ~ K2, each 03C9ij is an algebraic integer and, by (5.16),

Hence bi ~ O2S for i = 1,..., r1. By (5.15) and Lemma 1, (iv), we have

h(03C9(j)i)  D1/2 for i = 1,..., r1, j = 1,..., r1. Each number co’j is the product of
two determinants of sizes r - 1 and r, respectively, with entries from the set of
03C9(j)i. Together with Lemma 1, (ii) this implies that h(03C9ij)  C8 for all i, j. By
substituting (5.14) into (5.17), using that each vector a(j)1 is equal to some ai, and
applying (5.13) and Lemma 1, (i), we get

We may assume that {b1, b2j are linearly independent. Then (5.18) and Lemma
1, (i) imply that ai = 03BB11b1 + 03BB12b2, a2 = 03BB21b1 + Î22b2 for certain 03BB11,..., Â22
with height  C10. By substituting this into (5.14) and applying Lemma 1, (i)
again, we get

Further, 039412=det(a1,a2)=(03BB1103BB22-03BB1203BB21)det(b1,b2). Together with (5.13)
and Lemma 1, (i) this implies that h(det(b1,b2))  C3. This proves (5.11).

Let B be the matrix with columns bl, b2. By Lemma 7 and (5.11), there is a
matrix U E SL(2, OS) such that h(UB)  Cl 1. By Lemma 12, the form

belongs to (!)s[X, Y] and is weakly OS-equivalent to F. Further, by (5.11),

We have h(Ub1)  Cll, h(Ub2)  Cll. Together with h(Ài1)’ h(03BBi2)  C2 (cf.
(5.11)) and Lemma 1, (i) this implies that h(Uai)  C 12 for i = 1,..., r. Each
coefficient of G(X) is a homogeneous polynomial of degree r in the coordinates of
Ual,..., Uar. Together with Lemma 1, (ii) this implies that h(G)  C1. This
proves Theorem 2’. 0

Proof of Theorem 3’. Assume that F(X) is a binary form of degree r  2 with
coefficients in US, and with D(F) E 03B4O*S, where ô E OS/{0} is fixed. We have to
prove that F is OS-equivalent to a form G, with h(G)  C13, where C13 is the
upper bound of h(G) in Theorem 3’. C14,..., C17 will denote expressions of the
same form as C13, but with other effectively computable absolute constants
instead of c10, cl 1. By (4.1) we have

Together with Theorem 2’ this implies that there are a binary form
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H ~ OS[X, Y], a matrix UESL(2,(!)s) and 03BB~K* such that

By (4.1) and the fact that ds (F) is an integral (9s-ideal, we have

Together with (5.19) and the fact that HU~OS[X, Y], this yields

Let 03B2 be a non-zero coefficient of H. Then, by (5.19) and Lemma 1, (v), we have
|03B2|Sh(03B2)C14. Together with (5.20) this implies that |03BB03B2|SC15. Note that
Âfl E (9s. Hence by Lemma 10, there is an 03B5 ~ O*S such that h(03B503BB03B2)  C 16 . Together
with h(03B2)  C 14 and Lemma 1, (i) this implies that

Put G(X) = 03B503BBH(X). Then Gu = eF, hence F and G are OS-equivalent. Further,
by (5.21), (5.19) and Lemma 1, (i), we have h(G)  C13. This completes the proof
of Theorem 3’. D

6. Proof of Theorems 2 and 3

We use the same notation as in §5, so K, d, S, s, t, P and D have the same

meaning as before. We derive Theorems 2 and 3 from Theorems 2’ and 3’ by
estimating D from above. We need some basic results from algebraic number
theory whose proofs do not seem to be available in the literature.

Let Mo /K be any finite extension with [Mo : K] = ro, and let To be a set of
places in Mo lying above the places in S. Put dT0/S = dM0/KOS, where dM0/K is the
relative discriminant of Mo/K, dMo/K = (1)K if Mo = K.

LEMMA 14. |DM0|  {|DK|1/d(r0P)t}r0d|dT0/S|dS·
Proof. Let p 1, ... , p, be the prime ideals in S. First we have

and second

where k1,..., kt are non-negative integers and a is an integral (9,-ideal
composed of prime ideals outside S. By (2.4) we have N K/Q(a) = |dT0/S|dS. Hence it
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suffices to prove that

Take a prime ideal p from {p1,..., pj and suppose that p lies above the prime
number p. Let ep, fp be the ramification index and residue class degree,
respectively, of p over p. Further, let P1,..., P9 be the prime ideals in Mo lying
above p, and denote the ramification index and residue class degree of Pi over p
by ei and f , respectively. Then the exponent of p, in the prime ideal

decomposition of the different DMolK of Mo/K satisfies (cf. [27]. Thm. 3-7-23,
p. 113)

Since dmolk = N Mo/K(DMo/K) this implies

Hence

Let F(X, Y)~K[X, Y] be a square-free binary form of degree r and let

M1,..., Mm, Tl , ... , Tm have the same meaning as in the beginning of §5.

LEMMA 15. dS(F) ~ dT1/S ··· dTm/S.
Proof. We use the notation of §5. Let (aI,..., ar) be a proper factorization of F

and define 03BB E K* by F(X) = 03BB 03A0rj= 1 (aj, X). Further, let Cj be the set of subscripts
{f(j, k): k = 1,..., rj}, so that the sets C1,..., Cm are pairwise disjoint. Then the
forms

are irreducible in K [X, Y], and one of the vectors ak(k~Cj) belongs to M? 
Further, F = 03BBF1 ··· Fm . Let L/K be the extension generated by the coordinates
of al, ... , ar and T the set of places on L lying above those in S. Then Lemma 2,
(i) implies that (F), = (03BB)T(a1)T ··· (ar)T . Define the (9T-ideals
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Then

Similarly,

Each (9,-ideal dij is integral. Hence

where we put dS(Fj) = (1)S if Fj is linear. Therefore, it suffices to show that

Fix a subscript j for which [Mj: K] = 2 (if Mj = K, then (6.2) is trivial). Write
F’, M’, T’, r’ instead of Fj, Mj, 1), rj. In §2 we remarked that ds(F’) is the OS-ideal
generated by the discriminants D(G) of the binary forms G = 03BBF with 03BB E K*,
03BBF E OS[X, Y]. Hence it suffices to prove the following: let G(X, Y) ~ (9s[X, Y] be
an irreducible binary form and suppose that there is a number 0 with G(O, 1) = 0,
M’ = K(O). Then

Put G(X, Y) = a0Xr’ + al Xr’- 1 y + ... + a, V. Arguing similarly as in the

proof of Lemma 3 in [2], we infer that

is a K-basis of M - consisting of elements from the integral closure (9T of (!)s in
M’, and the discriminant of this basis is just D(G). Hence D(G) belongs to the
discriminant of (9T’ over (9s, which is dT’Is. This proves (6.3). 0

Proof of Theorems 2 and 3. Suppose that dS(F) = d. Using that rj  r for

j = 1,...,m,weget

Now Theorems 2 and 3 follow by inserting this upper bound for D into the
upper bounds in the statements of Theorems 2’ and 3’, respectively. D
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7. Proof of Corollary 3

K and S have the same meaning as before. We shall derive Corollary 3 from the
following lemma.

LEMMA 16. Let F, G be two OS-equivalent binary forms of non-zero discrimi-
nant. Then there are e E O*S and U E SL(2, OS) such that

where CI is an effectively computable number depending only on F and G.
Proof. In what follows, C2,..., C21 will denote effectively computable

numbers depending only on F and G. F and G have the same splitting field, L
say, and one has [L: Q]  C2 and |DL|  C3. Let T be the set of places on L
lying above the places in S. By assumption, there are eo E (9* and Uo E SL(2, (9s)
such that G = GoF Uo. We first show that F has a proper factorization (cf. §5)
(a 1, ... , ar), and G has a proper factorization (b 1, ... , br) such that

where Àl, ... , Âr E L*. It is obvious that F has a proper factorization (cl , ... , c,)
such that either ci = (o,1)T or ci = (1, Bi)T for some 03B8i~L. By Lemma 1, (vi) we
have h(ci)  CS for i = 1,..., r. F has a non-zero coefficient, 0 say, such that

ai:= 03B8ci~O2T for i = 1, ... , r. Now Lemma 1, (i) implies that h(ai)  C4 for
i = 1, ... , r. G(X) is a constant multiple of 03A0ri=1(ai, U0X) = 03A0ri=1(UT0ai, X).
Hence G has a proper factorization (dl, ... , dr) such that either di = (0, l)T or
di = (1, 03BAi)T for some xi E L, and di is a constant multiple of UT ai . Now construct
the proper factorization (b1,..., br) from (d1,..., dr) in a similar way as

(a1,..., ar) from (cl, ... , c,). Then (7.1) is obviously satisfied.
We shall frequently use the following. Since det Uo = 1, we have

det(Â,bi, Àjb) = det(ai, aj) hence 03BBi03BBj = det(ai, aj)/det(bi, bj). Together with

Lemma 1, (i) and (7.1) this implies that

We distinguish between the cases r = 2 and r &#x3E; 2.

r = 2. We have either L = K or [L: K] = 2. In the latter case, 03BB1, À2 are each
other’s conjugates over K. There is a positive integer R  C7 such that for every
~ ~ O*T:

Since Uo e SL(2, OS) and a;, b; e O2T for i =1, 2 we have, by (4.1), (7.1) and Lemma
1, (v),
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Letting f3i be a non-zero coordinate of bi we have, by (7.1) and Lemma 1, (v), that
Àif3i E OT/{0} and IÀif3ï1T  Cg for i = 1, 2. Now Lemma 10 implies that there are
03B51, 03B52 ~ O*T such that

Together with (7.1) this implies that

By Lemma 1, (iii) we may assume that if [L: K] = 2, then E1, 82 are each other’s
conjugates over K. Now Lemma 1, (i) implies that

On using (7.2) and Lemma 1, (i) again, we get

Put ’1i = 03B52i/03B5103B52 for i = 1, 2. Then (7.4), (7.5) and Lemma 1, (i) yield

’11, ’12 are each other’s conjugates over K if [L: K] = 2. (7.6)

Let B 1 be the matrix with columns b1, b2 , and B2 the matrix with columns ’1fbl,
~R2b2. We claim that B2B-11~SL(2, OS). First, B2B-11~K2,2. This is obvious if
L = K; if [L: K] = 2, this follows from the fact that ~1, ~2 are each other’s
conjugates over K. Second, det(B2B-11) = 1 since ’11’12 = 1. Third, by (7.3) there
is a matrix C ~ O2,2T such that B2 = B1 + det(B1)C1. Hence, if 1 is the identity
matrix, then

This proves our claim. Putting 03BCi=~Ri03BBi (i=1, 2), U = U0(B2B-11)T we obtain,
by (7.6),

Together with Lemma 1 (i) and (7.1) this implies h(U)  C16. Further,
U E SL(2, (!)s). Note that (a1, X)(a2, X) is a constant multiple of F, hence

(UTa, X)(UTa2, X) = (a1, UX)(a2, UX) is a constant multiple of Fu. Further,
(bl,X)(b2, X) is a constant multiple of G. Now (7.7) implies that G = 03BBFU for
some 03BB E K*. But (G)s = (GoF uo)s = (F uo)s = (F)S, (FU)S = (F)s. Hence (03BB)S = (1)s.
This implies that 03BB =:03B5~O*S. This proves Lemma 16 for r = 2.

r &#x3E; 2. There are otl, (X2, Pl, 03B22~L such that

and by Lemma 1, (i) and (7.1) we have
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Again by (7.1) we have

Hence Âl/Â3 = 03B21/03B11, 03BB2/03BB3 = f’2/a2 Together with (7.8) and Lemma 1, (i), this
implies that

By (7.2) we have h(03BB103BB2)  C6. Together with (7.9) and Lemma 1, (i), this implies
that

By (7.1) we have 03BBibi = UÕai, h(ai), h(bi)  C4 for i = 1, 2. Now Lemma 1, (i) gives

This proves Lemma 16 also for r &#x3E; 2. D

Proof of Corollary 3. Assume that an irreducible polynomial f(X) E Z[X] is
given such that K = Q(a) for some zero a of f, and that for each prime ideal in S
a set of generators is given. By Theorem 3 (and the remarks made in §2 before the
statement of Corollary 3), there is an effectively computable finite set of binary
forms in K[X, Y] of degree r  2 such that every binary form F in (9s[X, Y] of
degree r with D(F) E US is OS-equivalent to one of these forms. For each form in
the finite set it can be checked whether its coefficients belong to (9s and its
discriminant belongs to ô(9*. Thus we get a finite set of binary forms containing
at least (but possibly more than) one form from each (9s-equivalent class. We can
decide in the following way whether any two binary forms F, G in that finite set
are OS-equivalent. Compute a finite set of matrices U E K2’2, containing all
matrices with h(U)  C 1, where Ci is the constant in Lemma 16, and check for
each of these matrices U whether U E SL(2, (!) s) and there is an 03B5~K* with

S = 03B5FU; then check if e E (9s. In this way, one can compute a set of binary forms,
containing exactly one form from each class. ~

8. Proof of Theorem 4

K, d, S, s have the same meaning as in §2. F is a square free binary form in
K[X, Y] with deg F = r and the splitting field L of F over K has degree g over K.
It suffices to prove Theorem 4 for L = K. For assume that Theorem 4 holds in

this case. Let T be the set of places on L lying above those in S. Then, by our

assumption with L instead of K,

where S2T is defined similarly as S2S. Now Theorem 4 follows in full generality by
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inserting the inequalities [L: Q] = gd, |T|  gs and 03A9T(dT(F))  gn,(ds(F» into
(8.1 ).

So from now on, we assume that F factors into linear forms in K[X, Y] (and
hence that g = 1), and we shall prove Theorem 4 in this case. Further, we assume
that r  4 which is obviously no restriction. Put

We need the following lemma.

LEMMA 17. Let a, b be fixed OS-ideals. Then the number of pairs (x, y) with

is at most 3 x 7d+2s.

Proof. Suppose that (8.2) is solvable, and fix a solution (03B1, 03B2) of (8.2). Then
every solution (x, y) of (8.2) can be expressed uniquely as x = 03B103BE, y = 03B2~ with
03BE, ~~O*S. Now Lemma 17 follows at once from Theorem 1 of [4], which states
that 03B103BE + 03B2~ = 1 in 03BE, ~ e US has at most 3  7d+2s solutions. D

Proof of Theorem 4. By our assumption, F can be expressed as

with ai~K2. Put 0394ij = det(ai, aj) and define the (9s-ideals

Then each ideal dij is OS-integral. Further, by (6.1) (cf. proof of Lemma 15) we
have

For each triple 1  i  j  k  r, we define the integral (9,-ideal

Then, by (8.3)

Put c = c(l,2,3). We assume that

which is no restriction, by the fact that 03A9S(ab) = 03A9S(a)03A9S(b) for any two integral
(9s-ideals a, b.
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We partition {1,..., r} into three sets:

For each 1 in A3 we have 1 a 4 and 03A9S(d1ld2ld3l)  1. Together with (8.4) and
the additivity of 03A9S this implies that

We now estimate Ild2l from above. By (5.9) (cf. proof of Lemma 13) we have

or

where

Note that

Hence

The pairs (xl, YI), (l E .912) are distinct. Indeed, suppose that (xp, yp) = (xq, yq) for
some p, q ~ A2. Then xp/yp = xq/yq, whence 03941p/03942p = Al,/A2,. But

Hence ap, aq are linearly dependent. This implies that p = q. Now Lemma 17
implies, in view of (8.6), (8.7), that

By combining this with (8.5), we get

or
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This yields

as required. D

9. Proof of Corollaries 4, 5, 6, and 7

K, d, S, s will have the same meaning as in §3. Further, if F(X, Y) E K[X, Y] is a

binary form associated to the system of fields (MI, ..., Mm), then we put

Of Corollaries 4, 5, and 6 we shall prove only the parts (ii), by using Theorems 2’
or 3’; the parts (i) can be derived in the same way from Theorems 2 or 3. 

Proof of Corollary 4. C1,..., C6 denote effectively computable numbers
depending only K, S, r, D. Let F(X, Y)~K[X, Y] be a binary form of degree
r  2 with minimal S-discriminant and put u = ws(ds(F)). Let T and Cs(F) have
the same meaning as in the statement of Corollary 4. Further, let Q be the largest
of the prime numbers lying below the prime ideals in T. Note that dT(F) = (1),.
By Theorem 2’, F is weakly (9 T-equivalent to a binary form G E K[X, Y] for
which

Together with the inequality u  C3 log(3Cs(F»Ilog log(3CS(F)) and the obvious

inequality log Q  C4 log(3Cs(F)), this gives

By Lemma 3, we have |dS(G)|S  r2r- lh(G)2r2 -2. Further, |dS(F)|S  Ids(G)ls
since F has minimal S-discriminant. By combining these inequalities with (9.1),
we get

as required. D

Proof of Corollary 5. Let CI, ... , C4 be effectively computable numbers of the
same form as the upper bound for h(G) in Theorem 3’, but with other absolute
constants. Let F(X, Y) ~ OS[X, Y] be a binary form of degree r  2 with
discriminant D(F) ~ 0. By Theorem 3’, there are an 5-unit a matrix
U e SL(2, (9s), and a binary form G ~ (!)s[X, Y], such that Fu = eG, h(G)  CI. By
Lemma 10, there are yl , Y2 E O*S such that
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Put G’ = ~1G. Then F~-12U = G’ and h(G’)  C3. There is a rational integer a
with 0  a  r such that G(1,a) ~ 0. Let (xo, Yo)T = q2 1U(1, a)T . Then, by
Lemma 1, (ii),

Proof of Corollary 6. CI,..., C6 will be effectively computable numbers of the
same form as the upper bound for h(03B8*) in Corollary 6, (ii), but with other
absolute constants. First we assume that 8 has degree r  2 over K. By Theorem
2’, the binary form F,, (cf. (3.1)) is weakly OS-equivalent to a form G with
h(G)  C1. One of the zeros of the polynomial G(X, 1), 03B8* say, must be (9s-
equivalent to 0 and by Lemma 1, (vi) we have h(03B8*)  C2.
Now suppose that 0eK*. By Lemma 4, the (9s-ideal a = (1, 03B8)S-1 contains a

number 03B1 ~ 0 with |03B1|S  IDKll/2dlals, where d = [K : Q]. Put y = ao, b = (a, y)s.
Then b ~ (9s and Ibls  IDKll/2d. Again by Lemma 4, b contains a non-zero
number 03C9 with Icols  |DK|1/d. By Lemma 10, there is an 8 E O*S such that
h(03B503C9)  C3 . Put A = 8ro. Then 0394~(03B1, 03B3)S, hence there are 03B2, 03B4 ~ OS such that

03B103B4 - 03B203B3 = 0394. Let A = (03B1 03B2). By Lemma 7, there is a matrix U ~ SL(2, OS) such
that h(UA)  C4. At least one of the matrices UA, (1 1) UA, 1 0 UA has
the property that the two entries of its first column are both non-zero. Together
with Lemma 1, (i), this implies that there is a matrix VIE SL(2, (9s) such that
h(U1A)  C5, and the entries in the first column of U 1 A, 03B11, 03B31, say, are both

non-zero. Put 0* = 03B31/03B11. Then o* is (9s-equivalent to y/a = 0, and h(03B8*)  C6
by Lemma 1, (i). D

Proof of Corollory 7. Let M/K be an extension of degree r, and {03C91,..., 03C9r} a
K-basis of M. Let C 1, ... , C4 be effectively computable numbers of the same
form as the upper bound in Corollary 7, but with other absolute constants. By
Corollary 6, every solution x = (x1,..., xr) ~ Kr of (3.2) is (9s-equivalent to a
solution x* = (x*1,..., x*) E Kr of (3.2) for which

Let 03C31,..., 6r be the K-isomorphisms of M, and let 1 = (Ui(W)). Then by (9.2)
and Lemma 1, (ii),

Note that det(03A3) ~ 0. Hence, by Lemma 1, h(03A3-1)  C3. Now another appli-
cation of Lemma 1, yields that
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10. Relationship between binary forms of given discriminant and S-unit
equations

Let K be an algebraic number field and S a finite set of places on K. Cl, C2, C3
are effectively computable numbers depending only on K and S. We shall show
that Theorem 2 with r  4 implies that every solution of the S-unit equation

satisfies max(h(03BE), h(~))  Ci. We use some properties of cross ratios. The cross
ratio of a binary form F(X) = 03BB I1i= 1 (ai, X) of degree 4 is defined by

Note that p(F) is independent of the choice of aI" .., a4. Further, for each
constant a and each non-singular 2 x 2-matrix A one has p(aFA) = p(F). Each a
can be chosen as (0, 1)T or (1, 03B8i)T. Hence if F has algebraic coefficients then by
Lemma 1, (i), (vi), h(p(F)) can be effectively estimated from above in terms of h(F).
To each solution (03BE, ~) of (10.1) we associate the binary form

F(X, Y) = XY(X + Y)(03BEX - ~ Y). This form has discriminant

By Theorem 2, there are a binary form G E K [X, Y], 03BB ~ K* and U E SL(2, OS)
such that

Hence

But 03C1(F) = -03BE/~, hence h(03BE/~)  C3. Together with (10.1) and Lemma 1, (i) this
implies that max(h(03BE), h(~))  C1. D
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