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Spherical Functions on a family of quantum 3-spheres
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Abstract. A quantum space M which can be regarded as a total space of a family of quantum 3-
spheres is introduced. By the action of the quantum group SU,(2), its algebra of functions is
decomposed into irreducible components. Its spherical functions are explicitly described in terms of
the big g-Jacobi polynomials and the g-Hahn polynomials.

0. Introduction

We introduce a new quantum space, denoted by M, which has the structure of a
(G, K)-space over the quantum group G = SU,(2) and K = U(1). Its algebra of
functions A(M) is the C-algebra generated by four elements X, &, 9, y with the
fundamental relations

% = qXii, U% = q%b, Vi = qity, §o = qvy, JX — Xy = qvii — q~ Liib.

1

This algebra has a x-operation such that x* = y, #* = —q ™~ '$. In this *-algebra

we define the two self-adjoint elements d and ¢ by
d:i=(q—q ") '®u— ), c:=%Xy — q 'ud —d = yx — qvii — d.

The element ¢ belongs to the center of A(M) while d does not. With respect to the
action of G and K, the elements ¢ and d are invariant. In this sense the quantum
space M is the total space of a “family of G-spaces” with parameters (c, d).
Although the element d does not belong to the center of A(M), we will regard M
as a deformation family of quantum 3-spheres. In fact, by the specialization
(c,d) = (1,0), A(M) reduces to the algebra of functions on SU,(2), regarded as a
quantum 3-sphere.

In this article, we study the spherical functions on this quantum (G, K)-space
M. The algebra of functions of A(M) contains a family of irreducible represen-
tations ®;,, of SU,(2) indexed by je3N and nel; = {j,j— 1,..., —j}. Here the
subspace ®;,, is a (2j + 1)-dimensional irreducible A(G)-comodule consisting of
right relative K-invariants of weight 2n. Moreover the algebra A(M) is
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decomposed into the direct sum

A(M) = C_D (_B (Dj;n®-@’

jesN nel;

where # = C[c, d] is the subring of (G, K)-invariants (Theorem 3.4). For each
je3N and nelj, the vector space ®;,, has a basis (¢}, Such that ¢, are
relatively invariant under the left action of the diagonal subgroup K = U(1) of
SU,(2). We call the elements ¢},, the spherical functions on M.

Until now, some g-orthogonal polynomials are interpreted by quantum
groups ([VS, K, MO, V, KK, KR etc]). In this article, we will give two
expressions of the spherical functions ¢/, on the quantum space M in terms of
the g-orthogonal polynomials; one by the big g-Jacobi polynomials (Theorem
3.5) and the other by the g-Hahn polynomials (Theorem 3.6). From the
viewpoint of geometric interpretation, these are generalization of our previous
work on the quantum 2-spheres [NMO]. More precisely, the big g-Jacobi
polynomials of general type P®#)(z; c, d:q) (o, B e N) appear as the zonal parts of
spherical functions ¢}, on the quantum space M, while on the quantum 2-
spheres SZ(c, d) appeared those of symmetric type P%™®(z;c, d:q). The quantum
space M has a unique (G, K)-invariant #-linear mapping hy: A(M) - # with
hy (1) = 1. This invariant measure h,, is represented by the Jackson integral on
the g-interval [ —d, ¢] (Theorem 4.1). The spherical functions ¢}, are orthogonal
under the hermitian form ¢ , ), defined by h,, (Theorem 4.2). This gives the
orthogonality relation for the big g-Jacobi polynomials. On the other hand, the
matrix ® = (¢4,,),., is unitary up to a diagonal matrix with entries in #. This
property of ®/ leads to the orthogonality relation for the g-Hahn polynomials.
Our interpretation of the g-Hahn polynomials is an extension of that of
Koornwinder’s g-Krawtchouk polynomials [K] on SU(2).

In the last section, we give a realization of the algebra A(M) as a subalgebra of
the tensor product of A(G) and a non-commutative Laurent polynomial ring
%[, A~ 1]. In this construction, we give explicit formulas for the connection
coefficients c/,, between the spherical functions ¢/, and the matrix elements w,,
of the irreducible unitary representations of SU,(2). As the connection coeffi-
cients, Stanton’s g-Krawtchouk polynomials are interpreted.

Throughout this article, we fix a non-zero real number g with 0 < g < 1, and
denote by G the quantum group SU,(2).

The main results in this article are announced in [NM1].

The authors are grateful to the referee for his valuable suggestions.

1. Preliminaries

Let A(G) = C[x, u, v, y] be the *-Hopf algebra on the quantum group
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G = SU,(2). The defining relations of the C-algebra A(G) are given by

gxu = ux, gxv = vX, quy = yu, quy = yv (w1
uv = vu, xy — q_ uv = yx — quv = 1. ’

The coproduct A: A(G) = A(G) Q¢ A(G) is the C-algebra homomorphism sat-
isfying Ax) =x®x +u®v, Au)=x@u+u®y, Ap) =v®x + y®v and
A(y) = v®u + y ® y. The *-structure is defined by x* = y, u* = —q~'v. The

quantum group G has a diagonal subgroup K determined by the C-algebra
homomorphism ngz: A(G) —» A(K) = C[t,t~ '] such that

X u t O
nx(v y>=<0 t“)’ (1.2)

The quantum universal enveloping algebra U = U,(su(2)) is a C-algebra
generated by four elements k, k™!, e and f with the defining relations

kz_k—z
kk ' =k k=1, kek ! =qe, kfk™! = q 'f, ef — fe =—q—ta_—l~. 1.3)

Its *-structure is given by e* = f, f* = e and k* = k. The algebra U also has a
structure of Hopf algebra. We take the coproduct A:U - U ® U such that

Ak)=k®@k, Ae)=e@k+k '®@e, A(f)=fRk+k '® [ (1.4
The algebra U can be realized in the dual space Homg(A(G), C) of A(G) through

the vector representation. The element k is a C-algebra homomorphism
A(G) — C such that

X u q'? 0
k = . 1.5
(v y) ( 0 q'2 (3
The elements e and f are twisted derivations of type (k™ !, k) in the sense that

e(@y) = k™ (@le(y) + e(@)k(¥), (1.6.2)
flo¥) = k™) f(¥) + f(@)k(), (1.6.b)

for all ¢, Y € A(G). At the generators of A(G), they take the following values:

e<;‘ :>=<g <1)> / <Z Z>=<(1) 8) (17
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The multiplication in U is connected with the coproduct of A(G) by the formula
(a-b)p) =(a®b)eA(p) for a, beU, e A(G). (1.8)
Any finite dimensional representation of G is completely reducible and

unitarizable. The irreducible representations are parametrized by the half
integers je3N and are realized as the left A(G)-subcomodules V; of A(G):

. 25 1oL
";=@Céfn;éin=[. ] Xty T m(mel)). (1.9)

mel J+m 42

N
Here I; = {—j, —j + 1,...,j} and the symbol [ k:| stands for Gauss’ binomial

q

coefficient
N (@:9n N-1
=—————, (a;q)y = 1—ag¥ (NeN). ‘
[k]q (DG DN« (@ ka( aq) (NeN) (1.10)

Note that the left 4(G)-comodule structure of V; is induced by the coproduct A.
The suffix m of &, corresponds to its weight with respect to K. This convention
of suffices is different from that of [M0, M1]: In the notation of [M1], &, = &9 |
We define the matrix elements wj,, of V; with respect to the basis &, (mel;) by

AE) =Y wh,®& formel; (1.11)
nel j

Then we have the direct sum decomposition of A(G) as a two-sided A(G)-
comodule (Peter-Weyl theorem):

AG) =@ W, W= @ Cwl,and W, >V,®@ V*. (1.12)

jeIN m,nel j

In [M1], the matrix elements wi,, are written as w?,, _,.

The Haar measure hg on A(G) is represented in terms of the Jackson integral.
The subalgebra of two-sided K-invariants in 4(G) is generated by { = —q~ 'uv.
For any polynomial f({)e C[{], we have

he(f () = Jt fQdgl = (1 - g% kzo f@a*. (1.13)

The Haar measure hg induces the positive definite hermitian forms < , ), and

<’>R:

@, YL =he(o*¥) and <o, YOr = he(ey*) for ¢, Y e A(G). (1.14)
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Decomposition (1.12) is an orthogonal decomposition with respect to the
hermitian form { , >; or { , >i.

The matrix elements w/,, can be expressed by the little g-Jacobi polynomials
defined by

q—n qa+[i+n+1
pf,“””(x;q)=z<p1< PRTEENL qX>. (1.15)

Here the symbol ,,¢,, -, stands for the basic hypergeometric series

o ((11, Ayy ooy am; 4 x> 0 (al; q)k(az; ‘I)k (am;q)k .

3 x .
by, ... by y K0 (¢ @by @ (bm—15 Qi

For details on the arguments in this section, we refer the reader to [M0, M1].

2. Quantum (G, K)-space M

A quantum space X will be called a quantum (G, K)-space if the algebra
of functions A(X) has a left A(G)-comodule structure Lg;: A(X) — A(G) ® A(X)
and a right A(K)-comodule structure Ry: A(X) — A(X) ® A(K) such that Lg
and Ry are C-algebra homomorphisms compatible in the sense
(Lg ®id)°Rg = (id ® Rg)° L.

We now introduce a quantum (G, K)-space, which will be denoted by M
throughout this paper. We define its algebra of functions A(M) as the C-algebra
C[X, @, D, y] generated by four elements X, &, ¥,  with the fundamental relations

X = qxii, X = qX0, i = quiy, o = qby, X — Xy = qvu — q~ *ud. 2.1
We define the elements ¢ and d in A(M) by

d:i=(q—q Y '(®u — D), c:=Xy —q 'ud —d = yx — qvi — d. (2.21)
Then it is easily checked that d has the commutation relations

dx = q*xd, dv = q*vd, iid = q*dii, yd = q*dy (2.2b)

and that ¢ belongs to the center of A(M). The algebra A(M) also has a *-structure
determined by the condition

= -1

F*=79, @*=—q ', c*=c¢ d*=4d. 23)
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This quantum space M has a structure of (G, K)-space with respect to
G = SU,(2) and its diagonal subgroup K = U(1). By direct verification, we see
that there exist two C-algebra homomorphisms Lg: A(M) —» A(G) ® A(M) and
Rg: A(M) - A(M) ® A(K) such that

L, (’:‘ ‘:‘)=(’° “)@(’:‘ “) Le(©) = 1®6, Lo(d) = 1@ d. 2.4
vy vy vy

and
X u X u t 0

Rx<5 y)=(5 Q@(O t_1>,RK(c)=c®1,RK<d>=d®1, @5)

respectively. The above formulas mean Lg(X) = x ® X + u ® D etc. It is easy to
see that the quantum space M becomes a quantum (G, K)-space with these L,
and Rg. We remark that L; and Ri are compatible with the *-structure.

The left A(G)-comodule structure L induces a right U,(su(2))-module
structure of A(M): ¢-a = (a®id)° Ls(p) for ae U, (su(2)) and ¢ € A(M). The
action of the generators of U (su(2)) is explicitly described as follows:

x w\, (4" O X 1 _ _

(5 y>.k—(0 q‘1/2>(5 ~),c.k—c, d.k=d, (2.6)

X 0 1\/x @

<l~) y).e = (0 0><5 j;>, ce=d.e=0, 2.7
and

<x ':‘>.f=<0 0)(’:‘ l:’),c.f=d.f=0. (2.8)

vy 1 O\ y

Here .k is an algebra automorphism of A(M) and both .e and .f are twisted
derivations on A(M):

(@y).e = (@.e)Y-k) + (@.k™).e), 2.9
(@¥).f = (@-f)P.K) + (@-k™ ). f), (2.10)

for any ¢, Y € A(M).

First we remark that the algebra of functions A(M) contains the commutative
subalgebra # = C[c,d] = A(M). Note that ¢ and d are (G, K)-invariant and that
c* = c and d* = d. We will see in Section 3 that this subalgebra £ is isomorphic
to the polynomial ring in two (commuting) indeterminates and that # coincides
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with the subalgebra of all (G, K)-invariants in A(M). The algebra £ is regarded
as the algebra of functions on the euclidean space R?. Although the element d
does not belong to the center of A(M), we consider the quantum space M as the
total space of a family M — R? of quantum (G, K)-spaces. In fact, the algebra
A(M) contains a quadratic relation which corresponds to a family of 3-spheres.
To be precise, define the ‘real coordinates’ (o, &5, &,, £3) in A(M) by

1 1 1 1
Co=5(F+ %), =5 &% L=s@+a%) =5 @—a%)211)

Then one sees that (2.1) and (2.2) imply the equation

(@+q ")

B+ +31+¢)E3+E)=c+ 1

d. (2.12)
In this sense, the quantum space M will be considered as the total space of a
family of quantum 3-spheres with deformation parameters (c,d). It does not
mean, however, that the parameters (c,d) can be freely specialized. We only
remark that the algebra A(M) reduces to the algebra of function on G = SU,(2)
by the specialization (c,d) =(1,0). In fact there exists a unique surjective
homomorphism 7: A(M) - A(G) of *-algebras such that n(X) = x, n(it) = u,
(d) = v, 7(y) = y, n(c) = 1, n(d) = 0. This homomorphism 7 is also compatible
with comodule structures over A(G) and A(K).

The algebra A(M) has a left A(K)-comodule structure Lg=
(g ®id) o Lg: A(M) - A(K) ®¢ A(M) induced by the projection 7y in (1.2). In
the rest of this section, we study the two-sided A(K)-comodule structure of A(M).

The following lemma is directly proved by using the Diamond Lemma [B]
(see also Lemma 1.4 in [M1]).

LEMMA 2.1. The algebra A(M) is a free left or right #-module with basis
{5y i, j, r, seN, i =0 or s = 0}. O

For each m, ne Z, we define the C-vector subspace A(M)[m, n] of A(M) by
AM)[m, n] = {ae AM) Lyg(a) =t"®a and Rg(a) =a®t"} (2.13)

Note that the C-subspace A(K\M/K) = A[0,0] of all two-sided K-invariants
form a C-subalgebra of A(M) and each A(M)[m,n] becomes a A(M)[0,0]-
bimodule.

PROPOSITION 2.2. (1) The C-algebra A(M) is decomposed into the direct sum

AM)= @ AM)[m, n] (2.14)

mneZ
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(2) The subalgebra A(K\M/K) of A(M) is a polynomial ring £[z] = C[c, d, z]

where the element z is defined by
z=c—%Xy = —d — q id. (2.15)
O

For each couple of integers (m,n)eZ? with m = n(mod 2), we define an
element e,,, of A(M)[m,n] as follows:

@ eun =X fm+n=20,m<n,

Im ep=xu" fm+n=20m=n,

(1) e, =@ ifm+n<0,m>n, 219
av) ep=0"ifm+n<0,m<n,

where u

PROPOSITION 2.3. If m = n(mod 2), A(M)[m, n] is a free left or right #[z]-
module of rank one with basis e,,,:

AM)[m, n] = R[2]en, = e RLZ]. 2.17)

Unless m = n (mod 2), A(M)[m, n] = 0. O
Propositions 2.2 and 2.3 follow immediately from Lemma 2.1.

LEMMA 2.4. (1) The element z commutes with @i, D, ¢ and d.
(2) zx = q°%z, jz = q*zy.
Q) Wi = q"(—d)(—z/d; q?),, T"W" = (= d)(— q°2/d ¢°),,

~n~

XY = c"(z/c; 97 2),, VX" = ¢"(q%z/c; q?), for neN. O

Note that the right hand sides of (3) are polynomials in z with coefficients in
R = C[c,d]. Lemma 2.4 will be used in the calculation of spherical functions.

3. Spherical functions ¢/,

For each jeiN, nel; = {—j, —j + 1,...,j}, we define the element ¢/, of A(M)
by

1/2

. 2j -
@ =[/‘ J J Xt e AM)[2), 2n]. (3.1
+n 42
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Since Ls(¥})=x®X+u® v and Lg(#) =x® it +u® y, one can uniquely
determine a family of elements ¢}, € A(M) (mel)) satisfying

LG((pjn) = Z wj:m ® (0{,.,.5 (3.2)
mel;
where
. 1/2
W}m _ l:’ 2] ] xj+muj*m. (3.3)
+m 42

Here the elements w’,, are the matrix elements of irreducible representations of
G, defined in (1.11).

LEMMA 3.1.

LG((P{nn) = Z w{nk ® (p{m for m, nEIj- (34)
k

Proof. This follow, from the left A(G)-comodule structure of the algebra A(M).
Indeed we have

(A ®id)° Lg(ehy) = ; AWh) ® ol

= Zk wjm@ Wink@ (me for nte’ (3’5)

(id ® Lg)° Le(@h) = Y. Whn ® Le(9m,) for nel;. (3.6)

m

Since (A ®id)° Ls = (id ® Lg)° Lg, linear independence of the elements wi,
implies (3.4). O

LEMMA 3.2. (1) ¢},,€ A(MM)[2m, 2n] for m, nel,;.
(2) With the notation of Proposition 2.3, each ¢}, (j€3N,m,nel)) is uniquely
written in the form

(p{nn = e2m,2nf{nn(z) = g{nn(z)eZm,Zm (3'7)

where f1..(2), ghn(2) € R[2] (z = ¢ — XJ). Both f1,,(z) and g’,,(z) have the following
expression:

k
agZ* + Y a;z* 7" with a,eC*, a;,e R, (3.8)
i=1
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for k=min{j+m,j—m,j+n,j—n}
Proof. (1) By Lemma 3.1, we have

(id ® Rg)° L(¢n) = 3 Win ® Ri(@hn). (3.9)

By (3.1) and (3.2) we get
(Le ®1id)° RK(‘Pf:n) =(Le® id)((Pj:n ® t?")

= Lo(¢l) ® 1" =Y. W, ® ¢}, ® t". (3.10)

m

Since (id ® Rg)o Lg = (Lg ® id)° Ry, linear independence of wi, implies the
relation

Ry(oh,) = @b, ® t*" for m, nel;. (3.11)

Similar argument shows the relations

(id ® Ly)° L(o),) = ; Win @ L(Phn) (3.12)
and

(id ® Ly)° Lg(¢)y) = (id ® 1x ® id) ° (A ® id) > Lg(])

=(id ® 7, ®id) (; Awl,) ® <p{u> = W @ 2" ® P (3.13)

m

Here we used the property (id ® nx) ° A(W,) = wi, ® t*™. Therefore we have the
relation

Lg(oh,) = t*"® @i, for m, nel;. (3.19)
(2) This statement follows from the explicit description of the spherical

elements ¢}, in Theorem 3.5 below. O

PROPOSITION 3.3. (1) For eachje}N, the elements ¢},,(m,nel)) are linearly
independent over A.
(2) For each je3N, define the C-vector space ®;,, as follows:

®;,= > Co¢l, for Nel;. (3.15)

mel j
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Then each ®;,, is an irreducible left A(G)-comodule.

Proof. (1) Linear independence of the spherical functions ¢?,, follows from
Proposition 2.2 and Lemma 3.2.

(2) By Lemma 3.1, the C-vector space ®;, is a left A(G)-comodule with
respresentation matrix W/ = (W) er,- Irreducibility is implied by the classifi-
cation of the irreducible left A(G)-comodule in [M1]. O

In view of Propositions 3.2 and 3.3, we call the elements ¢/, spherical
functions on M. Combining Lemma 3.2 (2) with Proposition 2.3, one sees that,
for each m,neiN with m — nez,

AM)2m, 2n] = D RPpn = D o, (3.16)

where the index j ranges over the set {je3N;m,nel;}. Hence, by Proposition
2.2 we see that the spherical functions ¢},, (je3N, m, nel;) form a #-basis for
A(M). Thus we have

THEOREM 3.4. The algebra A(M) is a free left or right #-module with basis ¢,
(m,nel;,jeiN). The algebra A(M) is decomposed into the direct sum of left A(G)-
comodules

AM)=D D 0,2 (3.17)

jEsN  nel;

O

The spherical functions ¢},, (j€3N, m, neI;) are described in terms of the big
g-Jacobi polynomials in the variable z = ¢ — XJ. The big g-Jacobi polynomials
are defined by

-n nta+p+1 a+1 /C
PPz ¢, d: g) = 30, (1 72 4 7 qq) 31
( q) 392 < qa+1, _q¢+ ld/C >4, 9 ( 8)

We remark here that our notation P& is different from that of [AA] by a
normalization constant.

THEOREM 3.5. For each «, B, neN, define the polynomial F®Pz;c, d: q) in
A[z] by

FeP(zs ¢, d: g) = (—1yq-tncxtsrarn| @+ | Lt ftm]t
" 04 q o a

xc"(—q**1dfc; q),PYP(z; ¢, d: q). (3.19)

Then the spherical functions ¢, (m, nel;, je3N) are expressed as follows:
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Case (I)
@y = XPERFmAR ™z 0 d @), ifm+n>0,m<n,
Case (II)
@l = XTIz 0, d ), ifm+n=0,m>n,
Case (III)
@y = WmTOFGIT (g e, d @Ry, fm A n<O,m>n,
Case (IV)
@iy = Fiammn=m(z; ¢, d: g?)p" "y, ifm+n<O,m<n

Proof. By using the g-binomial theorem, one computes

2% 17 e >
J) — nz—ﬂﬁ]—n;‘ n
Le(¢3jn) LG(I:,. + n:Lz q

Z_jZ 2j 1/2 ~ ~ j—n ~ ~ j+”
=4q" . x®uU+u®P)  "x®X +u®7D)
+n 42

2 T, . S
=2 [, :| Xyl @ gl =Y wh, ® ¢l

melj +m q2 mel j

where

ol = g <(q2; 4)+m(d% tf),~_,..>”2
™ @% 42)j+n(@® 0)i-n

x z |:j+n:| [j_n] qr(i'n—s)ﬁsj)j—n—sir5j+n—r.
r+s=j+m ro g N 42

(3.20)

By (3.20) it is easy to see that (¢},)* = (—q)" "¢’ . _,(cf. (4.14) in [K]). Hence
the cases (IT) and (III) are equivalent to (IV) and (I), respectively. Since these two
cases (IV) and (I) can be proved similarly, we study only the case (IV) hereafter.

Under condition (IV): m + n < 0, m < n, by Lemma 2.4, one has

as;j—n—siri')j+n-—r = qsz—(n—m+s)(m+n)cr(_d)s

X (—z/d; 7 ?)(q*?1 "™ "z/c; BBy

(3.21)
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Thus we rewrite (3.20) into
(—d j+m
(@5 9% —m—n
N ((qz; 4%);-m(a% qz)j-..>”2
(@% @) +n(@% 4% m

2—j—-my 2(—j- —m-
gHIm, g g meny
X 302 gHomTnt D gm0 U
b

(m+ j)(m—n)

Phn =4 (=g ™™z/d; 47); 4 m

_q2(n+ 1 +j)c/d> f)n_mjl_m_".

By using the transformation formula ((1.30) in [AW])
q" a,d/b GDn .,  (a"abd
54, b = " s 49, > .

3(p2<aq"‘“/c,d q q/C) T AT L (3.23)
we get the desired result:

(—o*m
@ ) -m-n
gt mamtn=1 ) ((qz; 4%);-mld%; qz),--..)"2

(@ 4%);+m(@% 4°)j+n

2(—j-m) 2(1+j—-m) ,2(1—-m—n)
q 4 > 4q Z/C ~n—my,—m—n
X 3‘/’2( q2a=mmm _g2-memg %, ‘12> vty . (3.24)

d

REMARKS. (1) When (c,d) = (1,0), F*#(z; ¢, d: q) is expressed in terms of the
little g-Jacobi polynomials:

Phn = (—g** ™7 "d/c; q%)j 4 m

pE9(z; g). (3.25)

1/2 1/2
Fﬁ“’m(Z; 1, 0’ q) — q—nﬂ/z I:ﬂ + n:l |:a + B + n]

B B
(2) The big g-Jacobi polynomials have a symmetry with respect to the

transformation (o, B, ¢, d)— (B, «, —d, —c). The above F*P(z;c,d;q) have the
symmetry

q q

F&P(z; ¢, d: q) = ¢"@~PP2FEz; —d, —c:q). (3.26)

This follows from the identity

q7" ay, ay e <b1b2>" (¢' "a/by; 9)q" ""ar/by; q),
(p bl bl -
32(@@ qu a (613 Dn(bz; D

—n 1—n
q7" ay, 9" ""aja,/b;b,
54,9 ) 3.27
X 3(»02 ( ql_"al/bl, ql_nal/bz q q) ( )
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which is a special case of Sears’ transformation formula (see (1.28) in [AW]).
The spherical functions ¢}, (m, ne1;, je4N) are also rewritten in terms of the
g-Hahn polynomials defined by

q—n’ ab n+ 1, X
Qu(x; a, b, N: q) = 3<pz< aq :11‘" s 4, q)- (3.28)

For the statement of the next theorem, we will use the notation ¢ = yj~¢ with
deN to refer an element @ in A(M) such that ¢j¢ = ¢. By Proposition 2.3, one
can easily check that the right multiplication ¢ — @7 A(M) — A(M) is injective.
This justifies the notation yJ ¢ in the sense that, if there exists an element
@ € A(M) with @3 =y, then such a ¢ is uniquely determined.

THEOREM 3.6. For jeiN and m, nel;, we have the expression

) L ) 2]' 1/2 21 1/2
j — 2(j+n)j
Pmn =4 [, + n]qz m (3.29)
X WP, (g2, —2/d, g7 2c/z; 2 @I (3:29)

Proof. To get the above formula, we use the transformation formula

q7", a,, a, a,a,\" (biby/a,ay; q),
(Y 5 4q, =
? 2( by, b, 4 q) < b, ) (b2; )n

q7" by/a,, bl/az,
X303, < bl, blbz/alaz 49,4 ), (3‘30)

which is also a special case of the Sears’ transformation formula. Recall that

F&P(z; ¢, d: q) = (—1)kg~H2arbrkr iz [“ + k:lm I:“ +h+ k]m

* g o q

-k ktat+p+1 a+1
N 954 , 4" z/c
x c(—g**d/c q) 3¢2< L —gtide b q]- (3.31)

Applying (3.30) to (3.31) with n = k and b, = ¢**!, we obtain

F&P(z; ¢, d: q) = (—1)egbrk+vi2 [0‘ + k]m [a + B+ k]”2

o a o q

q_k, q_(ﬁ+k), C/Z . >

k(_ ,—B+K) g/,
Xz ( q d/Z, q)k 392 <qu+1, _q-(p+k)d/z, q, 9 | (332)
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Next we apply (3.27) to (3.32) with n = k, a; = g~ #*¥, so that

o+ B+ 2k]1/2 I:oz + B+ Zk]”2

(@.B)( - C N — kB2
Fk (Z’C,d'q) q |: k ﬂ+k

q q

—k —(B+k) —(a+k)
- 44 » —q c/d,
X(—d)k(_Z/da q 1)k 3P2 ( q‘.(a+ﬂ+2k)’ —ql_kz/d s 4, q>- (3.33)
First we consider the matrix element ¢/, in the cases (III) with x = —m —n,

fp=m-—nk=j+nand(IV)witha = —m —n,f =n — m,k =j + m. Ineither
case, we have {k, p + k} = {j + m,j + n}. Then one can easily check that

. 1/2 H 1/2
(Pj j)j+n — q42(n+j)j 2-] 2]
m i +n 42 i+ m 22

—2(j+m), q_20+"’, —qz(“'")c/d

. g2, q* | vt 3.34
4, g2/ ,q,q)v ) (3.34)

X WP 0, (q

by using (3.33) and Lemma 2.4. This gives the expression (3.29) for cases (III) and
(IV). Using the symmetry (3.26), we can rewrite (3.33) into the form
1/2 1/2
FEP( o, d: g) = (— 1)~ [a + B+ 2k] [oc + B+ Zk]

a+B+k |, a+k |,

—k —(a+k) __ —(ﬂ+k)d
9% q , —q Jc. ’q) (335)

—(@+B+2k) 1k ’
q (@+p )’

xcMz/c; 7 302 ( T

Applying (3.30) to (3.35) with n = a + k, b; = g~ @*#*20_we obtain
a+B+2k|"2[a+ B+ 2k
a+p+k o+ k

(_d)a+k(_z/d; qil)a+k <q—(a+k)’ q—(a+ﬁ+k)’ _qf(uz+k)c/d‘ . q)
c*(qz/c; @) I\ qrerprh, _gloerhgg 0

F}ca,ﬂ)(z; c, d: q) — q—kﬁ/2+a(a+k)|:

q q

(3.36)

We now consider the matrix element ¢/, in the cases (I) with &« =m + n,
Bp=n—m k=j—nand (II) witha =m+n, f =m — n, k =j — m. In either
case, we have {a + k,a + f + k} = {j + m,j + n}. Then one can derive (3.29) for
these cases by (3.36). O

We emphasize here that each spherical function @i, (jeiN,m,mel ;) is
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the eigenfunction for the right action of the Casimir element
C =(qk* + q k2 —2)/(qg — g~ ') + fe of the quantum universal enveloping
algebra U (su(2)). Through the expression in Theorem 3.5, this property of ¢},
gives an interpretation of the g-difference equation for the big g-Jacobi
polynomials:

[(c—q*"'2)d + ¢"" 12T, — (1 + g)ed — q{c(1 + ¢*) — d(1 + ¢)}z

+q 7 "L+ P2+ gle — 2)d + )T, ' IPEP(z; ¢, d: q) = 0,
(3.37)

where T, is the g-shift operator defined by (T, f)z) = f(qz). This equation is
proved by the same argument as in [M1]. We also get the Rodrigues formula
stated in Appendix of [NMO] by analysing the action of U,(su(2)) on A(M).

4. Invariant measure and orthogonality

Let hy, be the projection A(M)—> R = ®,,,# in the decomposition (3.17) of
A(M). 1t is clear that h,, is a homomorphism of two-sided #-modules with
hy(1) = 1 and is (G, K)-invariant: For any ¢ € A(M),

(id ® hy) © Lg(g) = 1-hy(@) in A(G)® £, .1

(hy ®id) > Rg(9) = hy (@)1 in & A(K). 4.2)

We call this Z£-homomorphism h,,: A(M) - # = C[c, d] the invariant measure
on M. Note that the above property characterizes h,;. Moreover, this measure
hy is compatible with the Haar measure hg: A(G) > C on G in the sense that

(he ®id)° L(9) = hy(p)-1 in AM) (4.3)
for any ¢ € A(M).
The invariant measure h,, can be represented by the Jackson integral on the g-

interval [ —d, c]. Recall that Jackson integral on the g-interval [ —d, c] is defined
by

0

J " F2)d,z = J Fo)d,z — J P,z (4.4)
d 0

where

J "Fodz=cl—q Y Fleqha 4.5)
0 k=0
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THEOREM 4.1. The invariant measure hy, is factored through the projection
A(M) - A(M)[0,0] = #[z] in decomposition (2.14). Furthermore, the values of
hy, on R[z] are represented by the Jackson integral:

hp(F(2)) = c%z f C_d F(z)d,:z for F(z)e R[z]. 4.6)

Proof. The former half follows from (4.1) and (4.2). To prove (4.6), we use the
action of U (su(2)) on A(M). Direct calculation shows that

(xtiz").e

2n 2(n+1)

) . l—q o l—q . l—qZ(n+2) .\
—q 122 {—l—qz cdz ’+———1—jq2—(c—d)z —WZ“ .

By (4.1), we have hy(¢.a) = hy(p)a(1)1 for any peA(M) and ae U, (su(2)). This
1— q2(n+ 1)

—qz—hM(z"), we obtain a

implies h,((X#z").e) = 0. Hence, by setting a, = -

recurrence relation

ay+1 —(c—d)a, —cda,_, =0 forneN. @4.7)

Then we have

Cn+1_(_d)n+1 ) .
a, = T, 1.C. hM(Z ) =

cn+1_(_d)n+1 l_qz
c+d 1 — g** -

4.8)

a

The invariant measure hy,: A(M) — & gives rise to the two hermitian forms
{, >rand < , >g on A(M) with values in %:

@, Yo = hy(@*¥), <@, ¥)r = hy(@y*) for ¢, Y € AM). 4.9)

Note that the hermitian form ¢ , ), is conjugate linear in the left argument and
{, Yg in the right.

THEOREM 4.2. (1) The spherical functions ¢}, (m, ne 1}, je3N) are orthogonal
with respect to the hermitian forms { , >, and { , Dx.
(2) The square lengths of ¢, with respect to the Hermitian forms { , >, and
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{, Yy are given by

1 2
<q)mm (pmn> - qz(l ™ 1_7(2le1)_ H—J+n$k<)+n k#O(c + qde) (410)
S . 1—¢°
{Omns PrnPR = g?itm 1—_72,_“‘) M cksj-nkzolC + q**d). (4.11)

Proof. The left A(G)-comodule structure gives the relation

LG((p.'I'"lrnl (p{.nzznz) = Z r;:lh mzkz ® (p‘}clll;u (pkznz (412)

ki,k2

By the compatibility (4.3), we have the equality

<(P{n,np (p:nzn2>L Z <%1k19 w{nzkz>L(P{nn1(pk2n2 (4'13)

The right hand side of (4.13) is calculated as follows by use of Theorem 3.7 in
[(M1]:

1 - q2 2(j1 —my) 1x
<(pm1n1’ m2n2>L 1112 m1m2 I—_W q v kzl: (annl(pkmz (414)

Moreover, the orthogonality

<¢mm1’ <0m1n2>L = 0 lf nl ;é n2 (415)

follows from the fact ¢}ir, @i . € AM)[0,2(n, — n,)] and Theorem 4.1. Equ-
alities (4.14) and (4.15) prove the assertion (1) for ¢ , »,. The square length
{ @l @i>r is calculated as follows. First, we calculate the square length
{@h, 9>, . Lemma 2.4 gives

L 2j imeitme mn eme
<p§n<p§n=[,.+n]2(—q D Tyt
q

2j o . .
=[,. Jr]n] q UMDt n(g2z/c ¢2) 1w d? T (— 4P 2/d; ¢P) - -
qZ

(4.16)
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Theorem 4.1 and Theorem 1 in [AA1] lead the formula

hy(ci*™(a%z/c; %)+ nd? ™" (—P2/d; 4°);-,)

(4% 99)1(@% 49)j4n@ @Di-n i .
= ‘(qz. N I i~ g2dfc; ¢4 pd?"(—qPc/d; q7);- .
Py 2j+1

4.17)
Thus, by (4.16) and (4.17), we have
Ol Ol = T ey T jracnsgomana(c + ) @1
On the other hand, we have the equality
G O = " T S o, @19
by (4.14). Hence,
{Pns P> = 429 Pl @hDL- (4.20)

Therefore, by combining (4.18) and (4.20), we deduce the desired result. The
statements for { , >y are proved by an argument similar to that in Proposition
4 of [NMO]. O

Combining Theorem 3.5, Theorem 4.1 and Theorem 4.2, we get the orthogon-
ality relation for the big g-Jacobi polynomials.

f P3Pz ¢, d: q)PTPA(z; ¢, d: qNqz/c; @) x (—qz/d; q)pdgz =0, if m # n.
d

As a corollary to the proof of Theorem 4.2, we have

PROPOSITION 4.3. For any je3N and m, nel;, one has

zk: Pl Pl = Omn Il pn<k<jenirolc + q**d). (4.21)
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Theorem 3.6 and Proposition 4.3 imply the orthogonality relation for the g-
Hahn polynomials:

(ag; P(bg; Dn—x
*=0
(4 D« D« (aq)

0.(g™% a, b, N; 90,(q™ % a, b, N; q)

=

X

for integers m, n and N such that m # n and 0 < m, n < N. This generalizes the
interpretation of a g-analogue of Krawtchouk polynomials, due to
Koornwinder [K], to the g-Hahn polynomials.

REMARK. By means of the realization of A(M) in Section 5, it is also possible
to give an interpretation of the dual g-Hahn polynomials. It seems difficult to
carry this out within this algebra A(M).

5. Realization of A(M) on SU (2)

The algebra A(M) can be constructed from the algebra of functions A(G) on
G = SU,(2) by extending the coefficient ring.

We consider the polynomial ring ¥ = C[a, §,7,0] with four commuting
indeterminates «, §, y and  and define the *-structure of € by a* = 4, g* = —7.
Let A: % — € be the C-algebra automorphism of ¢ such that

« B « gp

’ <v 5) <qv s ) D
By adjoining this automorphism A to %, we construct a noncommutative
Laurent polynomial ring 4[4, A" '] = € ®¢ C[4, A~ !] with the commutation
relation A.a = A(a)a.A for ae%. Then the algebra €[4, A~ '] has a natural x-
structure characterized by the condition A* = 171,

Next we consider the extension A(G)®c%[4, A~ !] of the C-algebra
A(G) = A(SU,(2)). Here we define the algebra structure of A(G) ®¢ €[4, A7'] so
that the elements of A(G) commute with those of €[4, A~!']. Note that the
algebra A(G) ® #[4, A~ '] has a natural *-structure induced from those of A(G)
and €[4, 4~ ']. In what follows, we consider A(G) and €[4, A~ '] as subalgebras
of A(G)®c%[4, A~ '] and use frequently the abbreviation ¢.a instead of ¢ ® a
for o€ A(G) and ae %[, A" 1].

It should be emphasized that some operations on A(G) are naturally extended
to A(G) ®¢ €[4, 4~ ']. For example, we have the following three €[4, 1™ ']-
homomorphisms:

A®id: A(G)®F[4, A~ '] - A(G) ® A(G)® ¥[4, A~ 1], (5.2)
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e®id: AG)® €[4, A~ 1] > E[4, 4711, (5.3)

he ® id: A(G) ® €[4, A~ ] > €[4, A~']. (5.4)
Note that the first two are algebra homomorphisms. The algebra
A(G) ® €[4, A~ 1] becomes a left A(G)-comodule endowed with the homomor-
phism A ® id of (5.2).

We can realize the algebra A(M) defined in Section 2 as a C-subalgebra of
A(G) ®¢ €[4, A~ 1]. First, define the four elements X, U, Vand Y of A(G) ® ¥ by

X U _ (X uw\(« [3. (5.5)
V'Y v y)\y o
THEOREM  5.1. There exists a unique C-algebra homomorphism
p: AM) = A(G) ®¢c €[4, A~ ] such that

p(X)=XA"1 p@) = UL, p@) =Vi?', pF) =7YA plc)=0ad pd=—Pp
(5.6)

Moreover p is compatible with the *-structure.

Proof. Let 1:A4(G) > A(G) be the C-algebra automorphism defined by
©(x) = ¢~ 'x, ©(u) = u, ©(v) = v, ©(y) = qy. Then one can directly show that

ot(Y) — Yt(p)eC (5.7)
if ¢ and Y are linear combinations of the generators x, u, v, y. Moreover one has
MX) = qu(X), A" Y(U) = «(U), AV) = o«(V), 2~ 1(Y) = ¢~ '«(Y) (58)

where A and 7 are regarded as automorphisms of A(G) ® ¥. By using formulas
(5.7) and (5.8), one can directly check that the set of elements XA~ !, UA, VA1,
YA in A(G) ® ¢ €[4, A~ '] satisfies the defining relations of A(M). Compatibility
with the *-structure is also directly verified. O

By the definition (2.4), it is clear that p is a homomorphism of left A(G)-
comodules. Note also that the commutative subalgebra # = C[c, d] of A(M) is
identified with the subalgebra p(#) = C[ad, —fy] of €, so that p is a %-
homomorphism of two-sided #-modules.

PROPOSITION 5.2. (1) The invariant measure h,; on A(M) is compatible with
hg ®id of (5.4). Namely one has

hy(@) = (hg ® id)° p(@)  for all p € A(M). (5.9)
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(2) The homomorphism p: AM)— A(G) ®¢c €[4, A~ 1] defined by (5.6) is
injective.

Proof. (1) Since p: A(M) - A(G) ® €[4, A~ '] is a homomorphism of left A(G)-
comodules, we have p(®;,) cw;® €[4, A" '] for all jeiN, nel ;- Hence
(he ® id)° p(¢},,) = 0 for j > 0 and m, ne I;. This shows that equality (5.9) holds
for any ¢@eA(M) since (hg®id)ep is an Z-homomorphism and
(h ®1d)ep(1) = 1.

Equality (5.9) implies that

@, ¥ 1 = (he ® id)(p(@)*p(¥)) (5.10)

for any ¢, € A(M). Hereafter, we regard # as the subalgebra C[ad, — fy] of
%[, A~ 1]. Suppose that ¢ is a finite sum

®=Y Qhnth, withda,eR. (5.11)

Jsm,n

Then by using Theorem 4.2 and (5.10), we have

{Pns Prun)1Gn = (h @ 1d)(p(P}n)* (). (5.12)

Thus we have a’,, = 0 for all j, m, n if p(¢) = 0, which shows that p is injective.
O

Proposition 5.2.(2) means that the subalgebra of A(G) ® c €[4, 1~ '] generated
by the six elements in (5.6) is isomorphic to 4(M). In what follows, we identify
the algebra A(M) with this *-subalgebra of A(G) ®¢%[4, 4™ ']. Under this
identification, we have L; = A ® id and h,, = h; ® id. We remark that the C-
algebra homomorphism ¢ ® id: A(M) » €[4, A~'] induced from (5.3) is de-
scribed as

i—l
) - (:/1“ gi) (e®id)(c) = a0, (e ®@id)d) = —fBy.  (5.13)

In this realization of A(M), we can consider the connection formula between
¢, and wi,. The connection coefficients are expressed by Stanton’s g-
Krawtchouk polynomials [S] defined by

-k - k+1
q9 .49 ", —¢q
54,9 ), 14
0, g™ qq) (5.14)

X

K@ % ¢, N: q) = 30, <

where k and N are integers such that 0 < k < N.
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THEOREM 5.3. For each jeiN and m, nel;, we have

Pn = kZI: Wik ® cl,  in AG)®F[4A71], (5.15)
where
. 1/2 .
Cl = gm=mitmm =12 =ntn=1)2 [’ % ] : [’ Y ]1/2 (5.16)
+m 42 +n 42

X QMK (20 g 208 By, g7 g

Proof. Since Lg; = A ® id, we have

(A @ id)(@}) = ; Wi ® b, in A(G)® A(G) ® €[4, 4™ '] (5.17)
by (3.4). Applying the operator id ® ¢ ® id on the both sides, we have

Pn = ; Whie ® Clny  Whete chy = (¢ ® id)(@)- (5.18)

The above expression (5.16) of ¢, is thus obtained from Theorem 3.6 by using
(5.13). O

Combining Theorem 5.3 and Proposition 4.3, we get the orthogonality
relation for the Stanton’s g-Krawtchouk polynomials.

PROPOSITION 5.4. Letk,j and N be integers such that 0 < k,j < N. Then we
have

3 —x x (@ 9, . . .
Y Kia™5 e NigKy(a™5 6 Ny g) == (- =0 ifk #). (5.19)

a
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