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Abstract. The main purpose of this paper is to give a sharper asymptotic formula for the mean
square value

Y Le+it, )Ll —o —it, ¥)

xmod g

where 0 < ¢ < 1. This will be derived from the functional equation of Hurwitz’s zeta-function and
the analytic methods.

1. Introduction

For integer g > 2, let y denote a typical Dirichlet character mod g, and L(s, y) be
the corresponding Dirichlet L-function. We define the function T(g, s) as follows:

T(g,5)= Y. Ls, DLl —s,7)

xmodgq
where the summation is over all Dirichlet characters modg, and s = ¢ + it,
O<o< 1.

The main purpose of this paper is to study the asymptotic property of T(g, s).
We know very little at present about this problem. Although D. R. Heath-
Brown [1] first introduced the function T(g, s), he obtained an asymptotic series
only for T(g, 1/2). Enlightened by the idea in [2], this paper, using the functional
equation of Hurwitz’s zeta-function and the analytic method, studies the
asymptotic property of T(q, s) for all 0 < ¢ < 1 and proves the following three
theorems:

THEOREM 1. Let integer q>2 and real t>3, 0<o<1, clo)=
Max(o, 1 — 0), s = 0 + it, then we have

n 2sin(ns)  fap—1 2 l_(l - s> I'(s/2)

2
1
+0 l:(qt)c(a) exp (lnrllf'z;)t)>:|
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where y is the Euler constant, ) ,,, denote the summation over all distinct prime
divisors of ¢, I'(s) is Gamma function and exp(y) = €”.

THEOREM 2. Let mod g > 2, then we have asymptotic formula

2 1
> |L(%,x)|2=¥[ln<%>+v+ “”]

xmodgq pap—1

Ing
1/2
ol i)

THEOREM 3. The asymptotic formula
. $*() qt Inp
1 2= |In(—)+2
Y LG +it, y) . 1% +2y+ ) —

xmod g
1 In(qt)
s 0[“”’ e <ln m(qt))]

holds for all mod q and real t > 2.

From the theorems we may immediately deduce the following:

1 —
COROLLARY 1. Let O<o<1, s=o+it, c=Min< 7, ”), if

1 < |t| < ¢°™¢, then we have

1—s
rl
5@ |, (4 " p 1 ( 2 > )
p 1"<E> 2t Sny) T ep—1 12 F(l - s> * e

T(q, s) ~

[\S)

where ¢ is any fixed positive number.

COROLLARY 2. If |t| < q' ¢, then

$*(q)
q

Y LG +it, I ~

xmodgq

In|gt| for all t > 3.

Corollary 2 is an improvement of result of Balasubramanian [5], who gave the
asymptotic formula in the range |t| < ¢34 =

2. Some lemmas

In this section, we shall give some basic lemmas which are necessary in the
course of proving the theorems.
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LEMMA 1. Let integer q > 2, then for any 0 < o < | and s = o + it we have
) au ( n ) < n )
T , §) = —— d) ( S, — C l_s’_
@) q (;; 3 n; q/d q/d

where (s, a) is Hurwitz zeta-function, ¢(q) is Euler function and u(n) is Mobius
Sfunction.
Proof. From the orthogonality of Dirichlet characters and

1

Lis, x) = — xa)(s, a/q)
q 1<ax q
we may get
1 L] a g a
o015 (3, () 8 (1)
) ¢ s,ﬁ>c<1_s,_>
qd 1<a<q (ag=1 q
$(a) @ (o n
T q d/qy(d)n=15<s,(1/—d>C< ' /d> =
Let

1—s+w s+ w
F( 2 >F< 2 >'sin(ns) + sin(nw)

(mk)” 2

k h h
xhzlé'<s+w,;>{<l—s+w,;>.

We then have the following.
LEMMA 2. If integer k > 2, Re(w) = 1, then

1—S+W S+ w
(S0 s
F(—w, s, k) = F(w, s, k) — 2 R 2 y Sln(277:w)

x[il C<S+W,£>C<1—S+W,—Z>+C(S+W)C(1—S+w)

k=1 y k—vy
+y;1C<S+W’E>C<1_S+W’—k >j|

F(w, s, k) =
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Proof. From the functional equation of Hurwitz zeta-function (See [3]
theorem 12.8) and the property of Gamma function we know that

h\ _(-53 1—s\. n
C(l—s,;)n 2 F( 5 )sm-z—(l—s)

(TR (g (21t

k 2

nis  2miyh t(s b4
A2 Tk "k
holds for all integers 1 < h < k.

From above and notice that

Sing(1—8+w)sin§(s+w)=iw’

lygls
o

y=1

, k if k/n
xp(2riny/k) = )Lo if k{n.

we may immediately get
l—s—w s—w
(T
k 2 2 -
F—w s k)= 3 _ N sin(zs) 2sm(nw)
k~wm U
h h
xC(l—s—w,E>C(s—w,E>
l—s+w s+w
)0

k » y_l
L e e-ren)

_ sin(mtw)

<C(s Pl —s+w+ Y C(s +w, %)
y=1
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(i)

r<1—2+w>r<s;w> '
Fiw, s, k) — .sm(nw)

(km)* 2

X[Zk: C<s+w >C(1—s+w k>+C(s+w)C(1—s+w)

k-1 y k—y
+y;1 C<S+W,£>C<1—S+W,—k >:|

This completes the proof of the lemma 2. O
LEMMA 3. Let integer k > 2,s=0 +it,0 <o < 1, then

k z _ 2 _ —1— 1+i0 g(s’ W) Sin(nw)
VZI ‘ (S’ k) : (1 > k> T 2mi J1 —iw 9(s, 0) <2 + sin(ns)>
) C<S+W,%>C<1 —s+w,%>%dw

_L. L+io g, w)sm(nW)<z C<S+WZ>C<1—S+Wk;y>

27 J1-i0 g(s, 0) sin(ms) \,=4

X
Y

=

+¢s + w1 —s + w)) i dw+ 0 <w>
w Is

where

g(s,w)=l"<1~;+w>l"<s+w>/( Ky

Proof. Let

1 1+ico ew2
I=— F(w, s, k) — dw,
27 J1—iw w

moving the line of integration in I to Re(w) = — 1, in this time the integrand has
one order pole at the point w = 0, s and 1 — s with the residues F(0, s, k) and

C@I(s ) e X Kk’
(k) T y;l <2s, E) « o

rdhra — . (1-5)% kl-o
%];()_l.__s_s)sm(n(l—s))e P (2—2s. {-)« 5
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Thus from lemma 2 and the above we may get

1 1+ioo w2 ka kl—a
I=FQ,s k) — — F=w, s, k) dw+ 015~
27 )i iw w Is|

= % r (%) r (%) sin(s) yi C<s, %) 4 (1 — 5, %)

1 1+ic0 1+zoo
- F _—
el W, s, k) + J sm(nw)

><§k:§<s+wZ ¢ 1—s+wy—dw
y=1 "k k) w

1 [1*i® g(s, w)sin(zw) y k—y
+E&£_iw——2 [ZC<s+wk>C<l—s+w,—k )

+{s + w1l —s + w):| Ei— dw+0 <u:>
w Is|

by the definition of I and F(w, s, k), and the above we immediately deduce lemma
3. O

LEMMA 4. For real number t > 3 and x > 0, we have

1 [trie _ g(s, w) sin(zw)) e*
= — w 2 ——
M) =5 L_,-m X 46 0) ( + sin(ns)> w
« t/kx, if x > (t/2nk),
1, if x < (t/2nk).

Proof. From the Stirling Formula we know that

T(B + it)) = |t~ 2 e~ w2 \/ﬂ{l +0 G)} t— 0. 1)

For w =y + iy, by (1) we may estimate

g(s, w)
g(s, 0)

If x > t/(2nk), then by (2) we may get trivial estimate

< (Itl + Iy e™ k™ )]

+ 1 Iyl eﬂ|Y| e -y?
w(x) <<J (xk) = (1t| + |y e™ (2 + nm) M1 dy

+ o0
< t/kx J e dy « t/kx.
(4]
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If x < t/(2nk), then we move the line of integration to

o 1—o¢
R = —min{ -, ——
e(w) mm<2, > ),

in this time the integrand has one order pole at the point w = 0 with the residues
2, from this and (2) we can deduce that

t —min{6/2),(1 -0)/2)] f+w 5
wx) <1+ (— f e? 1= dy

kx —®

«1 + (t/kx) ™ minl(@/2).(1 o))} o

Combining above two cases we immediately deduce the lemma 4. OJ

LEMMA 5. For integer k and real t > 2, we have

_ 1 [1+ieo g(s, w) sin(nw) e”’
= krtaw 2 1+2w)—d
My =0 Jl_iw 46, 0) (  Sintrs) ) T2 e
k 1/T((1 —s)/2) TI'(s/2) T
- bl i 2
k [m (;:) *3 (r((l 92 TTe2)) " 2sinms) T
+ 0(k%) + O(k' =)
Proof. Moving the line of integration in M, to Re(w) = —1, this time the
integrand has two order poles at point w = 0 and the one order pole at the
points w = —s and w = —(1 — s) with the residues:

1+2w 95 W) sin(nw) i
53(8) [k g(s, 0) <2 - sin(7s) > Wil + 2wpe }

_ E 1 't —s)2) T'(s/2) i
-k [I“ <n> T2 <r«1 —92) " r(s/z)> T sin(ns)]

and the residues:

2k~ B(kn)fT(E — s)U(1 — 2s)es/(—s- g(s, 0)) < k' 79,
2 k' 7207 9(km)! ST (s — 3) e 7925 — DA—(1 — 5)-g(s, 0))

«<Kk°.
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For w= —1 + iy, |y| <t/2, from the estimate (2) we may get

+20 (S, W) sin(nw) e’
ke g(s, 0) (2 * sin(7s) ) 1 +2w) W

k 2
«<k™1 ‘(;)‘I((—l +2iy) (1 + [y~ e
«emhl =y, ?3)

It is clear that the estimate (3) also holds for |y| > t/2. From the residues and
estimates (3), and notice that

+
J e?™=dy « 1

— oo

we may immediately deduce lemma 5. O

LEMMA 6. For any fixed 0 <o <1 and real number t > 2, we have the
asymptotic formula

(e + it) T, 1
L Tivol2
Te+in "' T2'™ (z)

Proof. (See [4], Lemma 3). O

LEMMA 7. For integer k and real number t > 2,let 0 < o < 1,s = ¢ + it, then
we have the asymptotic formula

& Y Y _ k b4
v; ¢ (s’ %) ¢ (1 -5 E) =k [m (E) + 27+ 3 i)

L(T(1-9/2) T2 -
"2 (F((l —5)/2) + T(s/2) ):l + O((kt)*In t)

where ¢(o) = max(g, 1 — o).
Proof. From the definition of W(x) and {(s, ), and apply lemma 3 we may get

L y N _ L [tHi®g(s, w) sin(ntw)
yz"l C<S’ ;> ‘ (1 oY %> T 2mi L—m g(s, 0) (2 i Sin(m)>

k y y) e
xy;C(s-I-w,k)C(l s+w,k> ” dw
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_ _1_ L+io g(s, w) sin(nw_)
27 J1-iw g(s, 0) sin(ms)

kol Y k—y\]e”
+y;1C(S+W,E>C<1 s+ w,—— | |- dw

+0(k?) + O(k' ™)
= A(k, s) — B(k, s) + O(k*) “4)

|:C(s +w)l(l —s+ w)+

Now we estimate A(k, s) and B(k, s) respectively, we have

1 1+i00 : w2
Atk s) = 5~ j i +2w 965 W) (2 + S‘"(”W)> (1 + 2w) 67 dw

1-io g(s, 0) sin(ms)
) 0 k 1
+ 353 v ((r+ D) (m+ D))
R ) ()
=M, +M, (5)

Let ¢(o) = max(o, 1 — o), by lemma 4 we may get

© k 1 t

M, « zw E Z - = min |1,
m=0 n=0 y=1 Y 14 14 4
m#n <n+;> <m+E> k<n+E><m+§>

5, 5 [ e emin (1)
< ———— 4+ ————|xmin{ 1, —
nzl yzl [n”)?l a nl v,ya ,yn

00

ke k° k
<<Z<al—a+;lT.yd>+ Z e

yn<t ny mn<t/k ml_
m#n
© ko[ ke ke t
+ —a =t T3
nzl Zl (no',yl a nl d,yo'> yn

t

+k < (kt)Int

ngt/k m2 on1+ak
m¥*n

(6)
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For Re(w) = 1, we have trivial estimate
k=1 k—
Y C(s+w,—y>C(1 —s+w,z>
»=1 k k

k—1 k 1+a<k>l—a+l
< - -
y; <k - v) ?
« klte@ (7

from (2), (7) and the definition of B(k, s) we get

©° ¢ e"b’l e—yz
P o K e dy <« ke 8)
_o ke

B(k, s) «
k) f 1+ ]yl

Combining (4), (5), (6), (8) and lemma 5 we may obtain

Se(sp)e(-23)
_ k T 111 —9/2)  T'(s/2)
=k [l“ <n> T2 TenG) T2 <r((1 Z92) T T6R) ﬂ

+0((qt)*Int)

This completes the proof of the lemma 7. O

3. Proof of the theorems

In this section, we shall give the proof of the theorems. First we prove theorem 1;
by lemma 1 and lemma 7 we may get

_ ¢(q) q q T
g 2 ud {2 |:ln <E> *3 sin(7s) +2

d/q

LT —92) T g\
"2 (r«l —92) T Ten) >] *0 <<E> to t>}

_9°@ [ln <q> Py —T 1 <F’(S/2) LA =972 >]

q T 2sin(ns) 2 \I(s/2) = T(1 — s)/2)
_ %9 q pd)ind + 0[(qt)“” Inty Iu(d)l]
q pla d djq
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Notice that

pdind g
;/q d q pz/qp I

> ) < exp( ng )

Inlng

From (9) we may immediately obtain

$*(q) q n Inp
T =—|In|— 2
@ 9) q "z + y+2sin(ns)+p2/,;,p—1
L1 =s)2)  TI's/2) In(q1)
— 0 t ()
2 <r((1 —2 Tt ) | T4 P
This completes the proof of the theorem 1.
Notice that L(3 + it, y)L(3 — it, ¥) = |L(3 + it, y)|, from theorem 1 and lemma

6 we can ecasily deduce theorem 3.
From the properties of Gamma function we may get

rd re_ reg) T
—7 and
18- "™ TeTTe

= —2y—2In8

Applying the method of proving theorem 1 and above we can deduce

S ILG ) = ¢(q)[ <>+2+ +1"(%) Zlnp]

xmodgq G maP—1

Ing
+0 [q”z exp <———1n ” q>:|
A q Ingq
“T[l <8>+ +§‘/qp 1]+0[ eXp(lnlnq)]

This completes the proof.
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