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1. Introduction

Let Q = (0;) be an n x n matrix with nonnegative integer entries. If

z = (z 1’...’ Zn) is a point of Cn, we define a transformation S2: Cn ~ Cn by

Let K be an algebraic number field and f,(z), ...,f.(z) convergent power series
of n variables with coefficients in K. We say that fl(z), ... , fm(z) are Mahler
functions if they satisfy

where A(z) and B(z) are respectively an n x n matrix and an n-dimensional
vector with entries in the rational function field K (z) = K (z 1 ,..., zn). Mahler
[11], [12], [13] started to study the algebraic independence of the values
f1(03B1),...,fm(03B1) at an algebraic point 03B1 = (’:11’...’’:1n) and later Kubota [5],
Loxton and van der Poorten [6-10] extended Mahler’s method. It is our aim
here to give an extension in another direction by using Evertse’s theorem [3]
on S-unit equations. Before mentioning our results, we shall briefly summarize
the results which have been obtained up to now. In case n = 1, the following
theorem is proved by using Nesterenko’s method [15].

THEOREM A. Suppose that S2 = (d) with a single entry d &#x3E; 1. Let Y be an

algebraic number such that 0  lai  1, A(03B1dk), B(03B1dk) are defined and A(03B1dk) is

non-singular for all k  0, and f1(03B1), ..., fm(03B1) converge. Then we have
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Further in Amou [1], Becker [2], Nishioka [16], [17], [18], the algebraic
independence measures and the algebraic independence at a transcendental
number are studied. For the general case n ~ 2, we can only treat diagonal
matrices as A(z). Summarizing the results by Kubota, Loxton and van der
Poorten, we have the following. Let Q be a nonsingular matrix such that none
of its eigenvalues is a root of unity, and p the maximum of the absolute values
of the eigenvalues of Q. Then p &#x3E; 1 and p is an eigenvalue of Q (see [4]). We
suppose that all the eigenvalues of modulus p are simple roots of the minimal
polynomial of Q. Let

each ai(z) defined and nonzero at z = 0.

THEOREM B. Suppose that Dt = (03B1 1,... Y,,) is an algebraic point which satisfies
the following three properties.

(i) None of xi is zero, A(z) and B(z) are defined at Qk’:l, A(03A9k03B1) is nonsingular
for all k ~ 0, and f1(z), ..., fm(z) converge at 03B1.

(ii) For all sufficiently large k ~ N,

where 03A9k03B1 = (03B1(k)1,..., 03B1(k)n) and c is a positive constant.
(iii) If f (z) is a convergent power series with coinplex coefficients such that

f(Qk(X) = 0 for all sufficiently large k ~ N, then f (z) - 0.
If fl(z), ... , fm(z) are algebraically independent over K(z), then fl(x), ..., fm(03B1)

are algebraically independent.

In connection with assumption (iii), Masser [14] proves the following,
improving Kubota’s result [5] which is proved by using Baker’s theorem on
linear forms in the logarithms of algebraic numbers.

THEOREM C. In the abore notation, a necessary and sufficient condition for
x not to satisfy the property (iii) is that there exists a nonzero difference of
monomials D(z) and an arithmetic progression R such that D(03A9k03B1) = 0 for all
kER.
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One of the simplest examples of Mahler function is f 03A3~h=0zrh,r ~ 2,
which satisfies fr(z) - fr(zr) + z. By the results above, we see that

fr(03B11),..., j,. (’:1 n) are algebraically independent if 03B11,..., xn are multiplicatively
independent algebraic numbers with 0  |03B1i|  1, i = 1,..., n. (A more precise
result is proved in [9].) But we can not deduce the algebraic independence of
the values f2(x), f3(x), f4(03B1),..., from the results above. Further, as far as we
know, it has not been determined whether the functions fr(z) (r ~ 2) are

algebraically independent over C(z). These problems are treated in [9], but
their proofs of Theorem 1 and Lemma 5 therein are unreadable.

The objective of this paper is thus to prove a general theorem which includes
the algebraic independence of fr(03B1) (r ~ 2). Evertse’s theorem [3] plays an
essential role in the proof.

2. The main theorem

Let 03A9i, i = 1,..., t, be ni x ni matrices with nonnegative integer entries, and the
characteristic polynomials of S2i irreducible over Q. We assume that for each
i, 03A9i has a real and positive eigenvalue pi which is a simple root of the
characteristic polynomial and exceeds the moduli of all the other eigenvalues.
Let K be an algebraic number field and fi1,...,fiMi (1 ~ i ~ t) power series
belonging to K[zi] = K[zi1,...,zinl], and satisfy

where aij(Zi) and bij(z J are in the rational function field K (z J and aij(O) = 1.

Let a be an algebraic number with 0  lai  1. We call a vector 13 = (03B21,..., 13n)
an a-point, if each Pi is a nonnegative power of a and at least one of 03B21, ... , 13n
is not unity.

THEOREM 1. Suppose that log pi/log Pj Í Q for any distinct i, j (1 ~ i, j ~ t).
Let 03B21,..., 13t be a-points such that aij and bij are defined at 03A9ki03B2i, aij(03A9ki03B2i) =1= 0

for all k ~ 0, and fij(zi) converges at 13i for every i, j. If fi1(zi), ..., fiMi(zi) are
algebraically independent over K (z J for every i, then the values

are algebraically independent.

COROLLARY. Let log pi/log 03C1j~Q for any distinct i, j (1 ~ i, j ~ t), and put
N = max1~i~tni. If the functions fi1(z 1,..., znl),...,fiMl(z1,..., Zn,) are algebraic-
ally independent over K(z 1, ..., znl) for every i, then the functions
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are algebraically independent over K (z J, ..., ZN).

This is deduced from the theorem by taking 03B2i = (03B1r1,..., 03B1rnl), where Y is a
nonzero algebraic number and r1,..., rN are suitable natural numbers.

PROPOSITION. Let fr(z) - Lh=Ozrh and gr(z) - Oh=0(1 - zrh), r ~ 2. Let

{03C9i}i~ 1 be a set of real quadratic irrational numbers such that 0(wi) :0 0(w j) if
i :0 j and put F03C9l(z) - 03A3~h=1[h03C9i]zh. Then for any algebraic number 1Yv with

0  |03B1|  1,

are algebraically independent.

3. A vanishing theorem

We prepare some notations and lemmas. In what follows K denotes an

algebraic number field. An equivalence class of nontrivial valuations on K is
called a prime on K. SK and S x denote the set of all primes and the set of all
infinite primes on K, respectively. For every prime v on K lying above a prime
p on Q, we choose a valuation | |v such that

where KL and CD p denote the completions of K at v and Q at p, respectively.
Then we have the product formula

For any projective point x = (xo: x1:-. -:xn) in P"(K), we define the height of x
by

which is well-defined because of the product formula. We put

Then we have the fundamental inequality
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where S is any subset of SK . If 03B1 ~ K, then h(03B1) = 1 if and only if 03B1 is a root of
unity or 0, h(y) = h(03B1-1), and h(03B1m) = h(03B1)m. Furthermore, if ’:/.1’ ... , ’:/.m E K,

Let S be a finite subset of SK including S x and let c, d be constants with
c &#x3E; 0, d ~ 0. A projective point x ~ Pn(K) is called (c, d, S)-admissible if its

homogeneous coordinates xo, x 1, ... , xn can be chosen such that all xi are

S-integers, i.e., |xi|r ~ 1 for u ~ S, and

The following theorem is due to Evertse [3]: Let c, d be constants with c &#x3E; 0,
0 ~ d  1. Then there are only finitely many (c, d, S)-admissible points x =

(xo : x1:···: xj E P"(K) satisfying

but

for each proper, non-empty subset {i0, i1,...,is} of {0, 1,...,n}.

LEMMA 1 (Nishioka-Shiokawa-Tamura [19], Lemma 4). Let 03C9 be real and

irrational. If Y and 03B2 are nonzero elements in an algebraic number field K such
that at least one of Y and fi is not a root of unity, then

for some v E SK.

LEMMA 2. Let 03C11,..., 03C1n be nonzero elements of K and none of them a root of
unity. Let {ei(k)}~k=1 (1  i ~ n) be sequences of positive integers with

limk~~ ei(k) = oc (1 ~ i ~ n) such that for each i :f= 1, e1(k)/ei(k) converges to
an irrational number as k ~ ~. Let {Ai(k)}~k=1 (1 ~ i ~ n) be sequences of
elements in K satisfying the following conditions (i) and (ii);
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Let 0  7  1. Then we have

for all large k.

Proof. We may assume leK and | |2=||vo for some v0~S~. Let S be a
finite subset of SK containing S x and all the divisors of 03C1i (1 ~ i ~ n). We may
assume without loss of generality that all Ai(k) (1 ~ i ~ n, k ~ 1) are algebraic
integers, since for each k there is an integer Dk with 1 ~ Dk _ ni= 1 h(Ai(k))
such that DkA1(k), ...,DkAn(k) are algebraic integers. Therefore Ai(k)03C1ei(k)i
(1 ~i~n, k ~ 1) are S-integers. We prove the lemma by induction on n. If

n = 1, the statement follows from (i), (ii) and the fundamental inequality. Let
n  2. We assume that

holds for all k belonging to an infinite set A 1 of positive integers. By the
induction hypothesis, no proper subsum of the left-hand side of (3) vanishes,
provided k E A is large. In particular, Ai(k) ~ 0 (1 ~ i ~ n) for all large k ~ ^1.
Then, putting

we have

for all large k E A 1. Here we can find a constant C &#x3E; 1 independent of k such
that

holds for all large k. Inded, it follows from Lemma 1 that
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for some u ~ SK, where oi = limk~~ e2(k)/e 1(k). If Ip2ll’ &#x3E; 1, we choose q &#x3E; 0

such that |03C11|v &#x3E; |03C12|03C9+2~v. Then

for all large k. If Ip2ll. = 1, then

Finally, if |03C12|v  1, we choose ~ &#x3E; 0 such that |03C11|v &#x3E; |03C12|03C9-2~v. Then

for all large k. In any case, we can choose a constant C &#x3E; 1 satisfying (5).
Combining (4), (5) and (ii), we have

Therefore it follows from Evertse’s theorem that (A1(k)03C1e1(k)1:···:An(k)03C1en(k)n) is

not (1, 1/2, S)-admissible; namely

for all large k ~ ^1. This together with (4) and (5) implies that

for all large k ~ ^1, which contradicts the condition (ii). Therefore we have

for all large k. Now we assume that the inequality
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holds for all k belonging to an infinite set A2 of positive integers. Let ôk be
defined by

Then ô, is an S-integer. By the induction hypothesis, (6) and (7), no proper
subsum of the left-hand side of (8) vanishes for any sufficiently large k ~ ^2.
Noticing that Ai(k) ~ 0 (1 ~ i ~ n) for all large k E A2, we have again (4), which
together with (5) and (ii) yields lim¡B23k- x Hk = oo, so that

It follows from Evertse’s theorem that, if 0  8  1, then

is not (1, 1 - e, S)-admissible, namely

for all large k E A2. Here we have

and by (7), (8)

so that the left-hand side of the inequality (9) is not greater than

for all large k E A2- This together with (4) and (9) implies that
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holds for all large k E A2. Therefore, using the condition (ii), we get

Noticing that (log H(03C1e1(k)1:···:03C1en(k)n))/e1(k) is bounded and letting 03B5~0, we
obtain

which contradicts the assumption 0  1  1.

In the notation introduced in Section 2, we define

If z = (z1,...,zt) is a point of Cn1+···+nt, we define transformations

03A9(k):Cn1+···+nt~Cn1+···nt(k0) by

Now we prove the vanishing theorem.

THEOREM 2. Let log pi/log 03C1j~Q for any distinct i, j and f3 = (03B21,..., f3t) with
03B21,...,03B2t being Y-points. If f (z) is a convergent power series with complex
coeffcients such that f(o’(k)f3) = 0 for all sufficiently large k ~ N, then f (z) ~ 0.

Proof. Choose a real number y such that 0  1  1 and for each i, Pii is

larger than 1 and than the modulus of any other eigenvalues of 03A9i. From
Mahler [11], Chap. 1, we have

where Bi, B(i)1p and B(i)q1 are positive algebraic numbers and B(i)11,..., B(i)1nl are

linearly independent over Q. Let 03B2i = (03B1rl1»,..., 03B1rinl) and hi = (hi1,..., hinl) E Zn,.
Then we have

Therefore
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where

by Lemma 2. Let f(z) - 03A3h~0 chZh (Ch E C). Assume that the set S = {h|1 Ch =1= 01
is not empty. By Lemma 3 in Kubota [5], S has a finite subset T such that
every element of S majorizes some element of T. We can choose an element
ho E T and an infinite subset A of N such that if h is an element of T distinct
from ho,

If h ~ T, 03A3h~h1 ch(03A9(k)03B2)h-h1 is bounded independently of k. Therefore

which completes the proof.

4. Algebraic independence of functions

Let C be a field of characteristic zero, L and M the rational function field

C(z1,...,zn) and the quotient field C((z1,...,zn)) of the ring of formal power
series, respectively, in n indeterminants over C. Let Q be a nonsingular n x n
matrix with nonnegative integer entries such that none of its eigenvalues is a
root of unity. We define an endmorphism i of the field M by

and the subgroup H of L" by
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Although the following theorem is essentially equivalent to Theorem 2 in

Kubota [5], here we shall prove it in a different way.

THEOREM 3. In the above notation, let fij (1 ~ i ~ h, 1 ~ j ~ n(i)) be a family
of elements of M satisfying

where aia-1j ~ H for all i =l=j (1 ~ i, j ~ h). Let f (h + 1 ~ i ~ m) be a famil y of
elements of M x satisfying

Suppose that bij and ai satisfying the following properties.
(i) If cij E C (1 ~ j ~ n(i)) are not all zero, then there exists no element g of L

such that

(ii) ah 1 an are multiplicatively independent modulo H. Then the functions
fij (1 ~ i ~ h, 1 ~ j ~ n(i)) and f (h + 1 ~ i ~ m) are algebraically independent
over L.

LEMMA 3 (Loxton-van der Poorten [8], Lemma 1). Let c be a nonzero

constant. If g E M and gt - cg, then g E C.

Proof of Theorem 3. First we prove that fu (1  i ~ h, 1 ~ j ~ n(i)) are

algebraically independent over L by induction on L7= 1n(i). Let X ij (1 ~ i  h,
1 ~ j ~ n(i)) be indeterminants and define an endmorphism T of the poly-
nomial ring L[{Xij}] by

We assume that {fij} are algebraically dependent over L. Then there exists a
nonconstant polynomial F E L[{Xij}] such that

We may assume F is irreducible. By the equality (11), we get
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By the induction hypothesis, F divides TF. Comparing the degrees of F and
TF, we know that

Let P be a polynomial with the least total degree among the nonconstant
elements of L[{Xij}] satisfying (13). We denote by Dij the derivation 8/8Xij.
Then we have

Since the total degree of DijP is less than that of P, DijP must belong to L for
all i, j, which implies

Hence

Comparing the coefficients of the both sides, we get

Since P is not constant, we may assume that ci.j. = 1 for some io, jo. Therefore

By Lemma 3, we conclude cioj ~ C for j = 1,..., n(io). If i ~ io, by (14)

Since aia-1io ~ H, cij must be zero for any i distinct from io. Hence by (14)
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where cioj~C, Ciojo = 1, and c ~ L. This contradicts (i), and so 1 fij 1 are

algebraically independent over L.
Next, we prove by induction fh+1,...,fm are algebraically independent over

R = L({fij}) which is the subfield of M generated by {fij} over L. Let

Xh+1,...,Xm be indeterminants and define an endmorphism T of the poly-
nomial ring R [Xh + 1, ... , Xm] by

We assume that fh+1,...,fm are algebraically dependent over the field R. Then
there exists a nonconstant element F of R[Xh+ 1, ... , X.] such that

We may assume F is irreducible, and so F must divide IF in the same way as
above. Put

where bih+1···im = bI~R. We may assume bJ = 1 for some J = (jh+1,...,jm).
Then we have

Comparing the coefficients of both sides above, we get

Since none of f is zero, there exists I distinct from J with bI =1= 0. We have a
representation

where A, B ~ L[Xij}] and A, B are relatively prime. By (15) we obtain

Since {fij} are algebraically independent over L, we have
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and so A and B divide TA and TB, respectively. In the same fashion as the
first part of the proof, we can conclude that A, B E L. This with (15) contradicts
(ii), which completes the proof.

Now we shall prove that in the main theorem, we may assume without loss

of generality, the power series 03A0~k=0 aij(03A9kizi) (1 ~ j ~ Mi) are power products
of fi,ml + 1, - . - , fiMt (mi ~ 0), which satisfy

We assume that Q has a real eigenvalue p which is greater than any of the
absolute values of the other eigenvalues of Q. Let K be an algebraic number
field and f1,...,fm convergent power series belonging to K[z1,...,zn] and
satisfying

We assume ai(0) = 1. Since ai(z) - ai(03A9z) mod H, replacing Q with any
convenient power of Q, we may assume the subgroup of L’IH generated by
a1,...,am is torsion free. Let 03B2 be an Y-point, ai, bi defined at 03A9k03B2 and
ai(03A9k03B2) =1= 0 for all k ~ 0. Suppose that fl, ... , fm are algebraically independent
over L. If aia-1j = a03C4a-1 for some a E L, then

Put a = A/B, where A, B are relatively prime elements of K[z1,...,zn]. We
assert A(03A9k03B2) ~ 0 and B(03A9k03B2) ~ 0 for all k ~ 0. Assume the assertion was

false, i.e., for example A(03A9k03B2) = 0 for a certain k ~ 0. Then there is a prime
divisor P of A such that P(03A9k03B2) = 0, and so P must divide A’, since

aia-1j = (AtB)/(ABt), ai(03A9k03B2) ~ 0 and aj(03A9k03B2) ~ 0. Therefore

Continuing this, we obtain

By Theorem 2, A = 0, which is a contradiction. Replacing fj by afj, we may
assume {fi}1~i~m = {fij}1~i~h,1~j~n(i), where hj satisfies
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and aia-1j~H for all i =1= j. Suppose that there are cij ~ K (1 ~ j ~ n(1)) not all
zero such that

We may assume cin(i) = 1. Putting

we obtain f = aifi. In the same way as above, we can see that g is defined at
03A9k03B2 for all k ~ 0. We put n’(i) = n(i) - 1 in this case, n’(i) = n(i), otherwise. It
is easily seen that the functions {fij}1~i~h,1~j~n’(i) have the property (i ) in

Theorem 3, since the functions {fij}1~i~h,1~j~n’(i) ~ {fi}n’(i)~n(i) are algebraically
independent over L. Let {e1,...,eS} be a base of the subgroup generated by
a1,...,ah in L /H. We may assume ei(0) = 1 and ei(03A9k03B2) ~ 0 for all k ~ 0.
Putting

we have gi(z) ~ K[z1,...,zn] and

Since el, ... , es are multiplicatively independent modulo H, by Theorem 3, the

functions {fij}1~i~h,1~j~n’(i) ~ {gi}1~i~s are algebraically independent over L.
We may assume that al,.--,ah are power products of e1,...,eS. Therefore
03A0~k=0 ai(03A9kz) (1 ~i~h) are power products of g1,...,gS. By the equality
f = aih and Lemma 3, we know that f equals Ilf= 0 ai (QkZ) - multiplied by
an element of K. These complete the proof.

5. Proof of the main theorem

In addition to the assumption of Theorem 1, we suppose that
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are power products of fi,ml+1,..., fiMl(mi ~ 0), which satisfy

Define the transformation 03A9(k) as in Theorem 2. We assume that fij(03B2i)
(1 ~i~t, 1 ~j~Mi) are algebraically dependent. There is a relation of

algebraic dependence

where wl1 are nonzero rational integers. To each of the finitely many wl1’
associate a new indeterminant w03BC and define

Iterating the functional equation of fij, we get

where

We define w(k) = (w(k)03BC)03BC and W(k) = (03C9(k)03BC)03BC by

Substituting (18) into (17), we have

and by (16)
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DEFINITION 1. If P(z;w) ~ K[z,w] is a polynomial, then we write

P(z;w) ~ O(03B2;03C9) to indicate that for all sufficiently large integers k,
P(03A9(k)03B2 ; W(k») = 0.
The negation is written P(z ; w) ~ O(03B2 ; 03C9).

LEMMA 4. The set V(03C9) of polynomials P(z; w) satisfying P(z; w) - 0(fi: w) is
independent of the choice of Y-point fi and is a prime ideal of K [z, w] with basis
in K [w].

Proof. Clearly V(03C9) is an ideal of K [z, w]. Put

By assumption Aij(z) and A03BC(z) are power products of fij, 1~i~t,
mi + 1 ~j~ Mi, and

where Q03B203BB are rational functions in indeterminants X11,..., XtMt with complex
coefficients. Put

By Theorem 2, P(z ; w) E V(03C9) if and only if Q03B2(z) ~ 0. Since f11(z1),..., ftMt(zt)
are algebraically independent over C(z), Q03B2(z) == 0 if and only if QPÀ = 0 for all
03BB. We define new indeterminants Yij by

where Mij({Yij}) are power products of Yij (1 ~ i :9 t, mi + 1  j ~ Mi) such
that Aij(z)-1 = Mij({fij}). By (22) we obtain
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where Q; are rational functions independent of 03B2. The lemma follows easily by
these facts.

DEFINITION 2. If P(z; w) = 03A303BBP03BB(w)z03BB ~ K[w][z] is a power series, then
the index of P(z; w) is defined to be the least integer h for which there

are nonnegative integers h 11, ... , htnt satisfying h11+···+ htnt = h and

Ph11,...,htnt(W) ~ 0(fi; w). If there are no such integers, we define the index of
P(z; w) is oo.

By Lemma 4, we have

LEMMA 5. The power series F(z; w) defined by (17) is of finite index.
Proof. Substituting w = 03C9 into F(z ; w), we get a nonzero power series

F(z;03C9), since f11(z1),...,ftMt(zt) are algebraically independent over C(z). By
Theorem 2, there exists a nonnegative integer ko such that F(03A9(k0)03B2;03C9) ~ 0.
Here fi’ = 03A9(k0)03B2 is also an Y-point. Suppose that index F(z; w) = 00. If

F(z ; w) = 03A303BBF03BB(w)z03BB, then F03BB(w) ~ 0 (fi’; co) for all ;.. We define W,(k) substitu-

ting z = 03B2’ and w = 03C9 into (20). Since the ideal V(03C9) n K [w] is finitely
generated, if k is sufficiently large, then F03BB(03C9’(k)) = 0 for all ;.. Therefore

This is a contradiction.

Let p be a nonnegative integer, R(p) the K-vector space of polynomials in
K [w] of degree at most p in each wu, and d(p) the dimension over K of the
factor space R(p)/(R (p) n V(w)).

LEMMA 6. Let |{w03BC}| = M. Then

Proof. Every polynomial P(w) E R(2p) can be written in the form

where 8 ranges through the 2M functions into the set {0, 1} and Q,(w) E R(p).
The lemma follows from this.
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LEMMA 7. Let N = 03A3ti=1 ni, and p be a sufficiently large natural number.
Then there are polynomials P0(z;w),...,Pp(z;w)~K[z,w] with algebraic
integer coefficients and degrees at most p in each zij and each w Il such that

Po(z ; w) ~ O(03B2; cv) and such that the index I of

is at least cl(p + 1)1 + N -’@ where cl is a positive constant not depending on p.
Proof. The coset of a polynomial P(w) of R(p) in R(p) - R(p)/(R (p) n V(w»

is denoted by P(w). Letting Qpi(w) for i = 1,..., d(p), be a K-basis of R(p), the
typical polynomial Ph(z ; w) can be expressed in the form

where the variables qh03BBi range through K. Since F(z; w) is a linear form in the

W., the polynomials E03BB(w) are all in R(2p). Substituting the equation (24) into
the equation (23), we obtain expressions for the E03BB(w) which can be written in
terms of the Q2pj(w). The coefficients of Q2pj(w) as j = d(2p) are a system
of d(2p) homogeneous linear expressions in the qh03BBi whose simultaneous

vanishing is equivalent to E03BB(w) = 0. In particular, if we wish E(z ; w) to have
index at least equal to J = [2-MN-l(p + 1)1+N-1]-1, then we need to solve a

system of J+N- 1 d(2p) (~JNd(2p)) homogeneous linear equations in

(p + 1)N+1d(p) variables qhai. By Lemma 6, we have JNd(2p) ~ JN2Md(p) 
( p + 1)N+1d(p). This implies that there is a function E (z ; w) of the form

(23) with index I~J and such that Ph(z ; w) ~ O(03B2;03C9) for at least one

value of h. By construction, we know that there is a least index r such that

Pr(z ; w) ~ O(03B2; w). Let

Since the index of E(z ; w) - F(z ; w/Eo(z ; w) is 00, the function F(z ; w)rE o(z ; w)
must have the same index 7 as E(z; w). If Io denotes the index of Eo(z ; w), then
we have I = r (index F(z ; w)) + 10 by Lemma 5. Therefore, if p is taken

sufficiently large, then

We can take Eo(z ; w) as E(z ; w) in the lemma.
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In what follows, C2, c3, ... denote positive constants which do not depend on
p, k.

LEMMA 8. If k is larger than a certain constant depending on p, then

Proof. By (22) we have

Since the power series hj converge at 03B2i, using (17) and (23) we have

where Sp is a positive constant depending on p. By (10) we get

These imply

if k is larger than a certain constant depending on p.

By construction of E(z ; w), E(Q(k)/3 ; W(k») = P0(03A9(k)03B2 ; W(k») and there exists
an infinite set A of natural numbers such that P o(Q(k)/3 ; 03C9(k)) ~ 0 for any k e A.

LEMMA 9. If k is larger than a certain constant depending on p, then

Proof. If we put

then
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Therefore, by the inequality (1),

by (19) and (21). On the other hand

Therefore

where Tp is a positive constant depending only on p. This implies the lemma.

If k E A is larger than a certain constant depending on p, then Lemma 8,
Lemma 9 and the fundamental inequality imply the inequality

Dividing both sides above by p 1, we obtain

This is a contradiction if p is sufficiently large. Hence we complete the proof of
Theorem 1.

6. Proof of proposition

First we shall prove that the functions fr, f,.2,..., f,.fI have the property (i) in

Theorem 3. Put N = n !. Since frj(zrj) = frj(z) - z, we get
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Assume that there are cj ~ Q not all zero such that

for some g E Q(z). The function g can be written in the form g = P/Q, where P
and Q are relatively prime polynomials in z. Hence we have

Since P(zrN) and Q(zrN) are relatively prime, Q(zrN) divides Q(z). Then we may
assume Q(z) - 1, which implies

This is a contradiction, since the degree of bj(z) is r’ - i for each j.
Second we shall prove that the functions gr, gr2, ..., grn have the property (ii)

in Theorem 3. Put N = n !. Since gr(z) = (1 - z)gr(zr), we obtain

Suppose that for some integers j1,...,jn not all zero and a(z) ~ Q(z) x, the

equality

holds. We write a(z) - P(z)/Q (z), where P and Q are relatively prime poly-
nomials in z. Then we have

Assume the degree of P is positive and Ç is a root of P(z) such that the

argument 03B8 (0  03B8 ~ 203C0) of 03B6 is least among the roots of P(z). Since 03B61/rV
(0  arg. 03B61/rV = 03B8/rN ~ 203C0/rN) is a root of p(zrB) and P(zrV), Q(zrV are relative-
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ly prime, by (25) 03B61/rN must be a root of ai(z) for some i. This is a contradiction,
since any root of ai(z) is an rN-ith root of unity. Therefore P(z) ~ Q . In the

same way, Q (z) 6Q)B Then the right-hand side of (25) is constant. Let h be the
least number with jh ~ 0. Then any primitive rN-hth root of unity is a zero or
a pole of the left-hand side of (25), which is a contradiction.

Third we consider the power series

where F03C9l(z) = Froi(Z, 1). Let w be expanded in the continued fraction

Define el, e2, ... by

Because of the equality (see Mahler [11])

where qv/pv is the vth convergent of 03C9, we may assume that each of mi is

expanded in a purely periodic continued fraction. Let vi be an even period of

the continued fraction of Wi and 03A9i = pvi pvi-1 qvi qvi-1 . Then we have

The eigenvalue pi = p,,l + pvi-1 03C9i &#x3E; 1 of S2i is greater than the other eigenvalue
of 03A9i. Since each pi is a nontrivial unit of Q(03C9i), log pi /log pj e 0 for all i =1= j.
Now we can prove the proposition applying Theorem 1 to the above

functions.
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