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REGULARIZATION OF LINEAR LEAST SQUARES
PROBLEMS BY TOTAL BOUNDED VARIATION

G. CHAVENT AND K. KUNISCH

ABSTRACT. We consider the problem
(P) Minimize %|Tu —z 3+ % |72 —I—ﬁ/ |Vu| over u € K N X,
Q

where & > 0, 2 > 0, K is a closed convex subset of L?(2), and the
last additive term denotes the BV-seminorm of u, T'is a linear operator
from L? N BV into the observation space Y. We formulate necessary
optimality conditions for (P). Then we show that (P) admits, for given
regularization parameters « and g3, solutions which depend in a stable
manner on the data z. Finally we study the asymptotic behavior when
@ = 3 — 0. The regularized solutions @z of (P) converge to the L? N
BV minimal norm solution of the unregularized problem.The rate of
convergence is 3 % when the minimum-norm solution @ is smooth enough.

1. PROBLEM STATEMENT AND FUNCTIONS OF BOUNDED VARIATION

We consider the problem of finding approximate solutions to
Tu=z (1.1)

where T’ is a bounded linear operator from L?(Q) to a Hilbert space Y
by using regularization techniques based on bounded variation functionals.
Here € is a bounded domain in R™ with Lipschitzian boundary and z € Y.
The operator T is not assumed to be injective and it may be compact. In
this case approximate solutions that are stable with respect to z can be
obtained by solving the regularized problem.

g8

.1
min §|Tu — 2+ §|u|%2 (1.2)

or
1
min §|Tu — 23 + §|Vu|%2, (1.3)

for example. In (1.2) and (1.3) one refers to § > 0 as the regularization
parameter. Regularization by the square of a Hilbertian norm or seminorm
asin (1.2) and (1.3) is well-studied. We refer to [2], [7], [8] and the references
given there. While (1.2) and (1.3) have attractive analytical properties con-
cerning the stability of their solution with respect to perturbations in the
data z and their asymptotic behavior as 3 — 0 they can have serious prac-
tical disadvantages. The L2-regularization term in (1.2) is not satisfactory
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360 G. CHAVENT AND K. KUNISCH

to dampen undesired oscillations in the solution w which result from highly
noisy data and/or compactness of T. Regularization with the square of
the gradient as in (1.3) reduces these oscillations but it overregularizes the
solution in the neighborhood of edges and corners. This is well-known in
the context of image enhancement, see for example [11] and the references
given there, and one can quickly convince oneself of this fact by a short
MATLAB-code even with T = identity. Due to these shortcomings with
(1.2) and (1.3) regularization based on total bounded variation function-
als has recently been investigated in several publications [3], [11], [13], for
example. In this case the regularized problems are given by (variations of)

min%|Tu—z|§,+ﬁ/ IVul, (1.4)
Q

where [, |[Vu| denotes the bounded variation seminorm, which will be de-
scribed at the end of this section. For the moment we may think of the term
Jo IVul as the WH(Q) seminorm. In the context of image enhancement
(1.4) has proved to be extremely effective. Comparing (1.4) to (1.2) or (1.3)
we immediately recognize that while (1.2) and (1.3) are quadratic, (1.4) is
not. In fact, (1.4) is highly nonlinear and this results in interesting problems
both analytically and numerically. In [3] basic facts concerning existence of
solutions to (1.4), the optimality system, approximation of (1.4) by finite
dimensional problems and algorithms that are specifically adapted for the
nonlinear structure of problem (1.4) were presented. In the present analysis
we focus on the problem of stability of the solutions to (1.4) with respect to
perturbations in the data z and on the asymptotic behavior as 3 — 07.
Let us now specify the problem to be investigated:

1
min§|Tu—z|%/—|—%|u|%2—|—ﬁ/|Vu|0veru€KﬁX7 (P)
Q

where @ > 0,3 > 0, K is a closed, convex subset of L?(Q), X = L*(Q) N
BV (Q), and BV () denotes the space of bounded variation functions to be
defined below. The space X endowed with the norm |u|x = |u|r2+|u|py is a
Banach space. We shall see that due to the assumption that € is bounded X
and BV () are equivalent if n < 2. The use of the quadratic regularization
term serves two purposes. First, for & > 0 it provides a coercive term for the
subspace of constant functions which are in the kernel of the V-operator (and
can be in the kernel of T') and secondly it gives the possibility to distinguish
the structure of stability results for quadratic regularization terms from that
of the nonquadratic BV -term.

Let us now summarize results from the theory of functions of bounded
variation that are relevant to our work. We refer to [3], [6], [12] for de-
tails. As mentioned above €2 is a bounded domain in R™ with Lipschitzian
boundary. A function v € L1() is said to be of bounded variation if

sup {/Qu(x) div v(z)dz : v € C(Q)", |v(z)|eo < 1, 2 € Q} <oo. (1.5)

Here | - |» denotes the [*-norm on R™. The sup in (1.5) will be denoted
by [ IVu|. The space of all functions in L'(Q2) with bounded variation is
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REGULARIZATION OF LINEAR LEAST SQUARES PROBLEMS 361

abbreviated by BV (). Endowed with

|va:|mp+1/|vm, (1.6)
Q

BV (Q) is a Banach space. Equivalently BV (£2) can be introduced in terms
of measures. Let M () denote the space of real Borel measures on 2 which
is a Banach space when endowed with the norm

|wm:AwweM®,

|| = ™ + = being the total variation measure associated to p and |u|(£2)
is the total variation of p in €, [10]. It is known that M () is the dual space
of Cy(R2), the space of continuous function vanishing on the boundary of €2

and
/hd—mm{/ ole)du(a) 0 € Co(@), Ileray < 1}

Thus BV () can equivalently be expressed as the space of functions u €
L1 () for Wthh Jz;u € M(Q), for every 1 <7 < n, with the partial deriva-
tives J,, understood in the distributional sense. If the vector valued measure
space M"(Q) is endowed with the /!-norm, in the sense that

/7 = / ﬁ\z ’ ﬁ\e M™(Q )
I > 1% )
then

Q =1 Q2

If instead of the {**-norm on R" in (1.5) one uses the {P-norm, 1 < p < oo,
then this induces an equivalent norm on BV ().

ProrosiTION 1.1.
a) If {u;}>2, C BV(Q) and limuj = u in L'(Q) then

/|Vu|<hm1nf/ |Vu;|.

b) For every u € BV(Q)NL"(Q),r € [1,00) there exists {u;};2, C C*(Q)
such that

limu; =wu in L"(Q) and lim/ |0 5| :/ |0z, ul, 1 <7< n.
Q

c) For every bounded sequence {u;}:2, C BV () there exisls a subse-
quence {uj, },_ and u € BV (Q) such that limu;, = u in LP(Q),p €
[1,-25), if n > 2, and limuj, = u in LP,p € [1,00), if n = 1. (Com-
pactness).

d) There exists a constant C' = C'(n) such that

(/ |u—ﬂ|#dx) ' §C’/|Vu|7 for all w € BV (Q),
Q Q

with @ = ﬁ Jqudz. (Sobolev inequality). If n =1, then the L/n-1.
norm is understood to be the L -norm.
Esaim: Cocv, DECEMBER 1997, VoL. 2, PP. 359-376



362 G. CHAVENT AND K. KUNISCH

As a consequence of Proposition 1.1 d) we have the following

COROLLARY 1.2. If n =1 or 2 then BV (Q) and X are equivalent Banach
spaces.

Sketch of proof of Proposition 1.1. The assertions of Proposition 1.1 are
small modification of results given in [6]. The semicontinuity of the bounded
variation functional asserted in a) is proved in ([6], Theorem 1.9). As for b)
the proof of Theorem 1.17 in [6] can be generalized from r = 1 to arbitrary
r € [1,00). An application of Rellich’s Theorem, see ([6], Theorem 1.19)
implies ¢). Finally d) is well-known for v € C*°(Q) [9]. For arbitrary
u € BV (Q) there exists as a consequence of b) a sequence u; € C'°°(£2) such
that u; — win L'(Q) and [, [Vu;| — [, [Vul. Applying d) to the sequence
{u;} we obtain that {u]‘}(;il is bounded in L#(Q) and hence u; converges

weakly to w in L#(Q) and lim @; = a. It follows that
lu— | oy <lim uj — ;] < limC/Q |Vu;| = C/Q |Vul.

The subsequent sections are organized as follows. In Section 2 sufficient
conditions for existence of a unique solution to (P) and the optimality sys-
tem are given. Section 3 is dedicated to the stability of the solutions with
respect to the data z. The asymptotic behavior of the solutions to (P) as
o — 0,5 — 0 is analyzed in Section 4.

2. EXISTENCE AND OPTIMALITY CONDITIONS

We shall use the following hypothesis.
One of the following properties holds:
(i) a>0,
(i) n=1o0rn =2, and const ¢ ker T, (H)
(iii) K is bounded in L?(Q).
THEOREM 2.1. If (H) holds, then there exists a solution to (P). If moreover
a > 0 or T is injective then the solution is unique.

Proof. Let {u;}?2, be a minimizing sequence. If (H) (i) or (iii) hold, then
{u;} is bounded in L%*(2). In the case of (H) (ii) boundedness of {u;} in
L%(Q) follows from Proposition 1.1 d) and the fact that 8 > 0. Thus in either
case (H) and the form of the cost functional imply that {u;} is bounded in
X. By Proposition 1.1 ¢) there exists a subsequence of {u;} denoted by the
same symbol and @ € X, such that {u;} converges to u strongly in L'(Q)
and weakly in L?(Q). It follows that u € K. Moreover, T maps weakly
convergent sequence in L2(€2) into weakly convergent sequences in Y. By
Proposition 1.1 a) we find

1
3ITa= s+ S al+5 [ val
2 2 o
. 1 2 @ 2
<liminf § = |Tu; — 2"+ = |u; 7. + 8 | |Vu;|
2 2 o

1
<inf {—|Tu—z|2—|—g|u|%2—|—ﬁ/ |Vu|:u€K}
2 2 o
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REGULARIZATION OF LINEAR LEAST SQUARES PROBLEMS 363

and thus @ is a solution to (P). Concerning uniqueness we note that in
the case av > 0 the cost functional of (P) is strictly convex and hence u is
unique. In the case of injectivity of T the cost functional of (P) is again
strictly convex and uniqueness of u follows. O

We now specify the optimality system for (P).
THEOREM 2.2. Let u € KN X. Then u is a solution of (P) if and only if
there exists A in the dual space of M"™(Q) such that

(I (Tu - 2) + a t,u— )2 g — B{div A\, u— ) gy gy = 0 (2.1)

forallue KNX
o= Vg + [ IVl < [l for all e Mm@). (22
! Q Q

Here T* denotes the adjoint of T € L(L*(R2),Y) and - div stands for the
conjugate of V : BV (Q) — M"™(Q), i.e.

<- div ;\,u> = <;\,Vu>

BV* BV = By for v e BV(Q).

Mno*

The proof can be obtained with only minor modifications from that of
([3], Theorem 2.2) and it is therefore omitted. Let us note that (2.2) is
equivalent to

(A, Va) = /Q vl (2.3)

and
(A p) < / |p| for all p € M"™(Q). (2.4)
Q

Alternatively (2.2) can be expressed as A € dp(Vi) where d¢ is the subd-
ifferential of ¢: M"™(2) — R given by

o(p) = Z/Q |

Note that (2.4) implies that the restriction to L} of p — (A, u) can be
identified with an element A in L2°(2) with |Alr. < 1.

The Lagrange multiplier A of Theorem 2.2 is not unique. In the following
theorem we give a necessary and sufficient optimality system that involves
a unique Lagrange multiplier ¢ € H'(Q). Let us recall some function spaces
involving the divergence operator [5]:

H(div) = {v € L2(Q) : div v € L2(Q)},

which is a Hilbert space for the norm

‘ 1/2
Ol rqdivy = (19125 +1div ol32)
and the closed subspace of H (div):
Hy(div) = D(Q)",

where D(Q)" denotes the space of infinitely differentiable vector-valued func-
tions with support in © and the closure is taken in the norm of H(div). The
trace operator 7(v) = v-n|I' can be extended as continuous linear operator
from H (div) to H=Y2(T) ([5], §2). Here n denotes the outer unit normal to
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364 G. CHAVENT AND K. KUNISCH

the Lipschitzian boundary I' of Q. The space Hy(div) can be characterized
as

Hy(div) = {v € H(div) : 7(v) = 0}.
THEOREM 2.3. Let K = X and let u be a solution to (P). Then there exists
a unique ¢ € HY(Q) with [, qde = 0 such that for X = V§ we have X €
Hy (div), |/~\|L% < /meas (),

(T*T 4 )i — T*z = 3 div X in L*(Q) (2.5)

(= div A\, u — U)r2(q) —I—/ |IVa| < / |Vul for all uw € X. (2.6)
Q Q

Conversely, if there exists a pair (4, \) € X x Hy (div) such that (2.5), (2.6)
hold, then w is a solution to (P).

REMARK 2.4. From the proof it will follow that A of Theorem 2.3 is ob-
tained from the Lagrange multiplier A of Theorem 2.2 by restriction of the
functional g — (X, ) prns are to L2(Q) and subsequent projection of A onto
the orthogonal complement in L2 (Q) of the divergence-free space. We recall
the decomposition of L2(Q) as

L2Q)=HaoH*Y,

where H = {v € Hg(div) : divv = 0}, and HL denotes the orthogonal
complement of H in L2(Q). Accordingly the restriction to L2(2) of A of
Theorem 2.2 can be decomposed as A\; + Ay € H & H* and Ay can be
identified with the Lagrange multiplier A of Theorem 2.3.

Proof of Theorem 2.3. By Theorem 2.2 there exists A € M"(Q)*, the dual
of M"™(2), such that (2.1) and (2.2) hold. Since K = X we find
(T*THa)u—T2,0) o = = (A, V), 10s 1yn forall ve X, (2.7)

Let us consider the restriction of the functional g — (X, u)arnx arm to LZ(€2).
By the Riesz representation theorem it can be identified with an element of
L2 () which we denote by A. Due to (2.4) we find that [\ |z < /meas ().

Taking the distributional derivative in
(T*T+a)u—T"z,v), = —B(A, Vv) 2 forall v € HY(Q),

it follows thatA div A\ can be considered as bounded linear functional on
L%(€2). Hence A can be identified with an element of H (div) and

(T"T +a)u—T*z=§ div Ain L*(Q). (2.8)
Combining (2.7) and (2.8) it follows that
(div A, U)L2 = —(}, Vv>Mn7*7Mn for all v € X. (2.9)

Let us argue that A € Hy (div). By Green’s formula and (2.9) we have

(div /A\,U)L2 + (;\,VU)L2 = /Fv;\nds = 0 for every v € D(9Q).
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REGULARIZATION OF LINEAR LEAST SQUARES PROBLEMS 365

Hence the trace of A satisfies 7(A\) = 0 and A € Hy(div). Let H = {v €
Ho(div) : div v = 0}. Since H is a closed subspace of L2(), we have

L} =Hg ot (2.10)

with H+ the orthogonal complement of H in L2(£2). It is well-known that
HY ={Vq:qec HY(Q)} [5]. Let us decompose

A=M+XIeH®H,
with div Ay = 0 and Ay = V§. The element ¢ is unique when normalized
by [ gdz = 0. Then (2.5) follows from (2.8). To verify (2.6) let us observe
that by (2.2)
AV (= )Yy 1 +/ Val< / IV u for all ue X
’ Q Q
and by (2.9)
(— div Ao, u — 1) ;2 —I—/ IVaul| < / |V u| forall ue X.
Q Q
Finally concerning the L2-norm of Ay we have due to the orthogonal decom-
position (2.10)
Mol < IA|is < y/meas ().

This concludes the first part of the proof with A=A,
Conversely assume that (2, A) € X x Hy(div) satisfies (2.5), (2.6), and let
u be an arbitrary element in X. Let F' denote the cost functional in (P).

Then by (2.5), (2.6)
Flu) = F(@) 2 (" T+ a)nu =)o+ 5 [ [Ful=5 [ v
= f(div A u— u) — p(div ;\,u—ﬂ) >0

and u is a solution to (P).

COROLLARY 2.5. Under the assumptions of Theorem 2.3, q is the unique
variational solution satisfying fQ gdx =0 to the Neumann problem

{—ﬁAq = (T"T+a)u+T*z in Q

2.11
= = 0onl. ( )

The compatibility condition is clearly satisfied since
/ (I"TH+a)u—T"2)de =0
Q

by (2.7) with v = 1. If the boundary of Q is Ctt-smooth then g € H*(Q).
COROLLARY 2.6. Under the assumption of Theorem 2.3

—div \, = / Vi 2.12

( ) ooy = |17 (2.12)
and

div X\, u < Vu orall weX. 2.13

(div o), o < [1vul (213

Equality (2.12) follows from (2.6) with v = 0 and v = 2u. By (2.6) and
(2.12) one obtains (2.13).
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366 G. CHAVENT AND K. KUNISCH

3. STABILITY WITH RESPECT TO DATA

This section is dedicated to the analysis of the stability of the solution to
(P) with respect to the data z. It will be convenient to denote (P) by (P.)
and solutions to (P,) by u,. Let us first give the stability result that can be
attained from a-priori estimates.

THEOREM 3.1. Assume that (H) holds, let {z,} be a sequence of observa-
tions in'Y converging to z, and let {u,,} denote a sequence of solutions to
(P.,). Then there exists a subsequence {u., } of {u.,} andu, € L2(Q) such
that

lim wu,, =u, weakly in L*(Q) and lim/ |V, |:/ |Vu. |, (3.1
g Q g Q

and every such sequence has the property that u, is a solution to (P). If
(H) (i) holds then lim u., = u. strongly in L*().

Proof. For simplicity let us denote u,, = u,,. We have for every u € K
1 o 1
31T = zalp o+ Slunliat 8 [ [Vunl < STu-nfp (32
2 2 Q 2

+3|u|%2+ﬁ/ Vul.
2 Q

If (H) (i) or (iii) hold then it follows directly that {u,} is bounded in X. In
the case of (H) (ii) boundedness of {u, } in X follows from Proposition 1.1 d).
Thus there exists a subsequence of {u,} denoted, for simplicity by the same
symbol and u. € L*(Q) such that

lim w, = u, weakly in L*(Q) and lim u, = u, in L'(Q). (3.3)
It follows that u, € K and

lim Tu, = Tu, weakly in ¥ and / |Vu, | < h_m/ |V, |.
Q Q
We can now pass to the limit in (3.2) to obtain
1 « 1 «
SITu =B+ St [ [Vu| < 51 Tu=cf+ S+ s [ 190
2 2 o 2 2

for every w € K and hence u, is a solution to (P,). Let us show next the
second convergence statement in (3.1). We have

1 _
—|Tuz—z|2+3|uz|2+nmﬂ/ IV, |
2 2 0

1 _
2 2 Q
— (1 9 o 2
Shm _|Tun_zn| +_|un| —I_ﬁ |vun|
2 2 Q
— /(1
< Tim (—|Tuz—zn|2+3|uz|2+ﬂ/|vuz|)
2 2 Q

1 o
:—|Tuz—z|2+—|uz|2+ﬂ/|Vuz|,
2 2 q
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REGULARIZATION OF LINEAR LEAST SQUARES PROBLEMS 367

and hence lim [, |Vu,| < [,|Vu.|, which together with [,|Vu.|

< lim [o, |Vu, | implies the second statement in (3.1). If (H) (i) holds then

one shows similarly that lim |w, |;2 = |u, |, which together with weak con-

vergence implies strong convergence in L?(2) of u,, to u.. O
The following lemma will be useful.

LEMMA 3.2. For every pair of solutions u, and us with associated Lagrange
multipliers A, and A5 we have

(As = Az, V(us — uz)) ppms pyn 2 0.

Proof. Since X, € 9¢(Vu.) and A; € d¢(Vuz) the Lemma follows from a
wellknown property of subdifferentials. O
THEOREM 3.3. Let (H) (i) hold. Then for every pair z,Z € Y
1 _
|, —uz |2 < - I T lleeyy 2= 2y

Proof. From (2.1) of Theorem 2.2 we have

(T*T 4+ a)u, =Tz = [ div A\,,uz —uy) >0
(T"T 4+ a)uz — T2 — f div Az, u, — uz) > 0.
The duality pairing (-, -) must be interpreted as in (2.1) and hence
(T*"T+ a)(uy —uz) = T"(z— 2) = f div (A, — Az),uz — uy) > 0.

Lemma 3.2 implies that
(T*T+ a)(uy —uz) —=T"(z — 2),u, —uz) < BN, — Az, V(uz — uy)) <0,
and hence
alus —uz [P < T ws = ua || 2 - 2],

and the result follows. O

Let B, denote the ball with center at the origin and radius r in Y.
THEOREM 3.4. Let (H) (i) hold and let r > 0. Then

r 1
8 [ 1Vl = [ Veel] s—(2+—) maz (1] T[]z — 2|,
Q Q (87 (87
for every z,z € B,.

Proof. From Theorem 3.3 we conclude that
| w2 < L || T forevery z € B,. (3.4)
o

Utilizing the fact that u, is a solution to (P,) we find

1
B (/ |V u, |—/ |Vuz|) < < [|Tus—2* = |Tu, — 2P +alus|*—alu.|?] .
Q Q 2

Similarly, since uz is a solution to (Fs)

1
I’ (/ |Vuz|—/ |Vuz|) < = [|Tuz—2|2—|Tu5—2|2—|—04|u2|2—04|u5|2] .
Q Q 2
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368 G. CHAVENT AND K. KUNISCH

Combining these two inequalities implies by Theorem 3.3 and (3.4) that
o
81 [ 190l = [ 1Vusl 1< 5w = weust s
Q Q

1
—|—§|Tuz —Tusz| (| Tuy 4+ Tuz |+ 2r)

r r
SENTI =21+ TP Jus = s (= +7)
o o
r 1
G I LA P!
o o
and the desired estimate follows. O

The last aspect that we address in this section is the stability of the dual

variable A = A, with respect to perturbations in the data z. It will be
assumed that (H) (i) is satisfied. This implies existence of a unique solution
u, to (P.) for every z € Y.
THEOREM 3.5. Assume that (H) (i) holds and that K = X. Let {z,} be
a sequence in Y with limit z, and let (u,,,\.,) be the solutions and La-
grange multipliers to (P.,) according to Theorem 2.2. Then u,, converges
strongly in L*(2) to the solution u, of (P.) and lim [, |[Vu., | = [, [Vu.|.
Furthermore there exists a subsequence {A,, } of {A.,} converging weakly
in H (div) and weak™ in L>°(2) to some A, € L;°(Q)NHo(div) and for every
such cluster point we have

(T*T + a)u, = T*2 + 3 div A, in L*(Q), (3.5)
—(div A, us) 2 :/ |Vu, |, and (3.6)
Q
(Asy ) oo g1 < / | | da, for all p € LL(Q). (3.7)
’ Q

Proof. The first part of the claim follows from Theorem 3.1. For simplicity
we shall write (u,,A,) in place of (u,,,A.,). The optimality systems for
(P,,) are given by

(T"T 4+ a)u, =Tz + § div A, (3.8)

N A (3.9)

(Ans 1) g ppn < / ||, for all p € M™(Q). (3.10)
Q

Since LL(Q) C M™(Q), the restrictions of g — (A, ) pnx pm to LE(Q) can
be identified with elements in L£°(Q2) with the property that [ A, [pe < 1
for all n, by (3.10). From (3.8) it follows that {A,} is bounded in Hy(div)
and thus there exists a subsequence of {)\,} denoted by the same symbol
and A, € L7°(2) N Ho(div) such that | . [pe < 1, A, = A, weak™ in Ly°(Q)
and A, — A, weakly in Hy(div). Taking the limit in (3.8) implies (3.5) and
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REGULARIZATION OF LINEAR LEAST SQUARES PROBLEMS 369

(3.7) is equivalent to | A; |re0 < 1. To verify (3.6) one argues as in the proof
of Theorem 2.3 — see (2.9) — that (3.9) implies

—(div Ay, up) g2 = / |V, |. (3.11)

Taking the limit in (3.11) one obtains (3.6). O

It is simple to pass to the limit in the optimality system (2.5), (2.6) and
to obtain the following result.

THEOREM 3.6. Let the assumptions of Theorem 3.5 hold and let (u.,, ;\n)
denote the solutions to (P,,) with the associated Lagrange multipliers ac-

cording to Theorem 2.3. Then X, converges strongly in L2(Q) to A, =V,
and weakly in Hy(div) and

(T*T + a)u, = T*z+ 3 div A, in L*(Q)

(—div ;\Z,u—uZ)Lz)—l—/|Vuz|§/|Vu|f0r all w e X.
Q Q

4. ASYMPTOTIC ANALYSIS

In this section convergence and rate of convergence of the solutions of
the regularized problems as the regularization parameter tends to zero is
analyzed. We consider the case where o« = 3 and for convenience we repeat
the problem formulation:

1
min§|Tu—z|%/—|—§|u|%2—|—ﬂ/|Vu|0veru€KﬂX. (Pﬁ)
Q

From Theorem 2.1 it is known that (Pﬁ) admits a unique solution ug for
every > 0 and z € Y. The unregularized least squares problem is given

by
1
min§|Tu—z|%/overu€KﬂX. (Pg)

Let us henceforth assume that z € YV is fixed and that z has a projection
2 €Y onrange T(KNX). Since K is assumed to be convex this projection
is necessarily unique. It then follows that (Pj) admits a solution and we
define the set of solutions

S={ue KNX :Tu=z}.

Let us introduce the notion of minimal solution to (Pjy) in §. For that
purpose we consider

1
win 3 uff+ [ [Vul, ues. ®
Q

By Proposition 1.1 it is simple to argue the existence of a solution to (Q).
Due to the strict convexity of the L?-part of the cost functional in (Q) this
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solution is unique. It will be denoted by #. and it is called the minimal
solution of (Py).

ProposITION 4.1. There exists A, in the dual of M™(Q2) such that
(ayu —tz)pe — (div As,u— ) gyw gy >0 forall uweS,
Aoyt = Vi) ypne ppn + fq IV | < folu| for all € M™(Q).
Here, as in Section 2, —div is the adjoint to V : BV (Q) — M™ ().
Let us give a first result on the behavior of the solutions ug as a function
of 3.
PRrROPOSITION 4.2,
L1 1 .
0 3luslte+ [ Vus| < 5lalta+ [ |V
2 Q 2 Q
(i) |Ta, —zly <|Tug— zly, for every > 0,

U

, for every 5 > 0,

. A . n . N .
(iii) ﬁli}rgl_l_ ug = U, strongly in LP(Q2),p < —t ﬁli}rgl_l_ ug = U, weakly in

L*(Q) and lim Tug = T, strongly in'Y.
B—07+
(iv) If z € range (T), then |Tug — z| = o (\/B).

Proof. The second assertion follows from the fact that @, € . To verify (i)
we use (i) and the fact that

1 s

3| Tus= 2P+ S sl 45 [ 19us]

2 2 0

S+ 5 [ Vil
Q

From (i) it can be deduced that {| ug|x}s>0 is bounded. Hence there exists

a subsequence of {ug}gso, denoted by the same symbol and v € X such

that ug — v strongly in L?(Q2), p < -5, and weakly in L*(Q) as 3 — 0. By
Proposition 1.1 and (i)

1 1
310t [ Vol < Jtim s o+l | (Vs
Q Q

1
§§|T&Z—z|§/—|— i (4.1)

— /1 1, .
<t (Glualt+ [ Vuol) < laftot [ 90l (42
2 Q 2 Q
Taking the limit with respect to 5 — 0% in (4.1) we obtain
| Tv—z|y <|Tu,— zly. (4.3)

Combining (4.2) and (4.3) we find that v is a minimal solution to (Py). But
the minimal solution to (Pj) is necessarily unique and therefore @, = v.
Since Tug — T, weakly in Y and |Tug — 2| — | T4, — 2| it follows that
Tug — T, strongly in Y. If z € range (T'|K) then T4, = z and (iv) follows
from (4.1) and (4.2). O

We consider now the case where noise is admitted in the data. To obtain
convergence and convergence rate of ug to ., additional assumptions will
be used. We consider

1
min—|Tu—25|2—|—ﬁ|u|%2—|—ﬁ/|Vu|overu€KﬂX (Pg 5
2 2 o B,
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where
|z = zly <6 (4.4)

The solution to (Pﬁ 5) will again be denoted by ug, i.e. we omit the depen-

dence on 4.

To interpret properly the assumptions that will be used below we recon-
sider the optimality condition for the minimal solution u,. For a convex set
C'in X the tangent cone to C' at u € C' is defined by

T(Cvu):{veX:aneC, A, > 0 with lim /\n(vn—u):q]}7

n—0oo

the limit being taken in X, and the negative polar cone N(C,u) C X* at
u € C is given by

N(Cou)=T(C,u)” = {v € X" (v,u)xx x <O0forall ue T(C,u)}.

Note that @, — div A, defines an element of X* which we denote by the
same symbol. The action of @, — div A, on ¢ € X = L%(Q) x BV (Q) is
given by

(i, — div A, @) x*x = (U, @) 12 + (A, Vo) Mnox .
Referring to Proposition 4.1 we have
div A, —a, €T (S, a,) . (4.5)

We shall denote the intersections of kerT" and K with BV by kergy T’ and
Kpy respectively. It is simple to argue that

T(S,u,)” CT(Kpv,u.)N kergy T. (4.6)
DEFINITION 4.3. The minimal solution i, is called qualified if
T(S, i) = T (Kpv, @) N kergy T.
Clearly @, is qualified if kergy 1" = {0} or if Kpy = BV (Q). If
0¢ int (Kpy — kergy T)
then 4, is qualified [1]. If
Kpy ={uve X : fi(u) <b,i=1,...,M},

with M fixed, f; € X*, b; € R, then one can proceed as in ([4], Prop. 3) to
show that every element of Kpgy is qualified.

ProprosiTION 4.4. If 4., is qualified then

X
divA, —a, €T (I(BV7 ﬂz)_ + (keI’BV T)_ ,

where the bar with index X* denotes closure in X*.

Proof. Due to (4.5) and the qualification condition

*

X
div A, — 1, € (T (I(BV7 ﬁz) N kergy T)_ =T (I(BV7 ﬂz)_ + (keI’BV T)_ ,

the last identity being well-known for polar cones ([1], p. 175). O
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Let us note that (kergy 1')~ cannot be replaced by Rg(1") since X is
not reflexive and hence Rg(7”) may be a strict subset of (kergy 17')~. Here
T":Y* — X* denotes the conjugate of T'|X € L£(X,Y). Let us also note
that due to the assumption that T € £(L?(2),Y) the elements in the range
of T’ can be identified with elements of L?. The condition, which insures
strong convergence of ug to 4, is given by (H1)

L
—i, € —div A, + T (Kpy, i) + RgT* . (H1)

Here the bar with index L, denotes the closure in L2. Since RgT* C
L?(Q), it is assumed implicitly in (H1) that T(Kpv,@,)” — div A, can be
identified with a subset of L%(Q). If T(Kpv,i.)” equals {0}, it is thus
required that div A, can be identified with an element of L?(2). We shall
discuss this requirement after Theorem 4.6. Under the additional assump-
tion that

—i, € —div A, + T (Kpy,@.)” + RgT*, (H2)

rate of convergence can be proved.
THEOREM 4.5.

i) If (H1) holds and 3 — 0%,82/53(8) — 0 then the solutions ug to (Pﬁ, 5/

converge strongly to i, in L*(Q).

i) If (H2) holds and 3 — 0%, 3 ~ §, then

|uﬁ_ﬁz|L2:O(\/B)v

and
| Tug — 2]y = O ().
Proof. By the definition of ug
1 s
§|TUﬁ—25|§+§|Uﬁ|%2+ﬂ/ Vg |
Q

2, +ﬁ/ Vi
Q

uZ 9

L. B
S §|Tuz_25|%/+§
and hence
1
I Tuy =2+ D — i P

1
|TuZ—25|2—|—§|Tu5—2

1
2 2
— 2| Tus —
2| ug — 25 |

U

T A
bt Slus— - SusP+p ([ (v
Q
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Using a? + b% — la+b |2 = —2(a,b) twice yields

| 2

élﬂﬁ—ﬁz
2

§(Tu5—2725—2)y—|—ﬁ(&z,&z—u5)—|—ﬁ(/ |V, —/|Vu5|)
Q
< (Tug— 2,25 —2)+ (Tug — 2,2 — 2) + (U, Uy — ug)

w ([ vl = [ 19 (17)
< (Tug — 3,25 — 2) + B (8, s — ug) —|—ﬁ(/Q|V&Z —/Q|vuﬁ|).

Let ¢ > 0 be arbitrary and by (H1) choose w € Y,n € T(Kpv,u.)™,
w € L?(Q) such that

U, =divA, —n+T "w4p, |plp<e.

The L2%-inner product (., @, — ug) can be interpreted as duality pairing
(@z, 4, — ug) x= x and hence

B )
§|Uﬁ—uz|%2

< (Tu5 — 2,25 — Z) + B (T w, @, — “ﬁ)X*,X

B (s — X*Xw(/m /Wum)

<@+ Blwly) | Tug = 2[+ Be|ug — a. |12

The following argument is now standard [4]. The last inequality can be
expressed as

a? +b? < 2Aa + 2Bb, (4.9)
=+ Flwly) and B=+/PBe.

where a = | Tug — 2|, b = /B lug — .|,
It is simple to argue that (4.9) implies

a<2A4+ Band b< A+ 28,
and (i) follows. If (H2) holds then one can take g = 0 and (4.8) implies
2<200 4 Blwly) [ Tus — 2]

[ Tus— 23+ Blug — i
If § ~ 3 then the asymptotic behavior asserted in (ii) follows. O

Since the regularization term involves an L?- as well as a BV-part we
aim in the final result of this paper to improve the convergence properties
of Theorem 4.5. We cannot expect convergence of [, [Vug — Vii, |. In fact,
let us assume that © = (0,1), and let ug be Heaviside functions with jump
at $+8,8 € (0,1). Then ug € BV(0,1) and |ug—u |2 — 0, | [q|Vug|—
Jo IVu|| = 0 where @ is the Heaviside function with jump at 3. On the
other hand [ |Vug— Vu|=2forall g € (0,3).
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THEOREM 4.6. In addition to the assumptions of Theorem 4.5 (ii) assume
that div A, € X* can be identified with an element of L*(Q). Then

|/|wﬁ|—/|vaz||s1<'|uﬁ—uz|p

for a constant K independent of 5 € (0,1]. In particular
[ vusi= [ 19i11=0 (V).

Proof. By Proposition 4.1 we have

| v
Q

and further by (2.2) it follows that

/|vuﬁ|—/ Vi,
Q Q

. 1. .
= (up, &t — ug) + 3 (T™(Tug — 25), 0. — ug)

— /Q |Vug| < (div A, ug — a,) < | div Ay|p2 |lug — @,  (4.10)

< ; (T"T 4+ ﬁ)?w, i, — UQ) — %(T*Zg, U, — uﬁ)

1
< |u§|L2|fLZ — u5|L2 + B (T*(TUQ —Z+4+ (2’ — Z) +z - 2’5)7?12 — uﬁ)

. 1 . .
< Juplpz|i: —ugl2 + BHTH,C(B,Y)UTW — 2|+ [z — 26) | — ug|

= C|?ALZ - U5|L2

for some constant C' independent of 3 > 0. Combined with (4.10) this gives
the desired result. O

REMARK 4.7. We consider several examples illustrating the condition
div A, € L*(Q), where A, satisfies the second condition stated in Propo-
sition 4.1, i.e.

(Nevtt = Vidygnen+ [ V] < [ ] for al o € M7(@),
Q Q

which can equivalently be expressed as

(e Vi agn = / Vi,
Q

: (4.11)

and
(Asy ) pgms pgn < / || for all € M™ (). (4.12)
Q

While these examples will be one-dimensional with € = (0, 1), higher di-
mensional examples can be obtained by extending the functions by constant
values in the remaining directions.

Let us briefly discuss the requirements that are imposed on A, by (4.11),
(4.12) and A,, div A, € L*(Q) in the one-dimensional case. First of all this
necessitates that A, € H1(Q) C C(Q). Satisfying (4.11) amounts, formally,
to setting A, = sign @, at points where 4. is smooth but nonconstant.
Since A, € C'(2), condition (4.12) necessitates by the definition of M () as
the dual of C'(2) to choose A, € C'(2) such that |A,(z)| <1 for all z € Q.
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Summarizing we see that (at least for piecewise smooth @,) the existence
of A, satisfying the specified requirements depends on the possibility of
extending the graph of {(z, sgn @ (2)) :  such that @/ (2) # 0} to a graph
with domain € and |@(2)| < 1 for all 2 € Q. We now give three examples
which illustrate the existence of A, - or the lack thereof.

(i) Let
3 on (0,1/4)
. 4 on (1/4,1/2)
U= 2 on (1/2,3/4)

11—z on (3/4,1),

then A, can be chosen as a C°°(Q)-function with |A,|c < 1 (so that
(4.12) is satisfied) and such that it equals
e 1 in a neighborhood of 1/4
e - 1 in a neighborhood of 1/2
e - 1 in a neighborhood of 3/4
e - lon (3/4,1).
Then A, thus defined satisfies (4.11), (4.12) and div A, € L*(Q).
(ii) If @, is chosen asin (i) but with @, = 2 —1 on (3/4, 1) instead of 1 —z,
then satisfying (4.11) requires that A, equals
e 1 in a neighborhood of 1/4
e - 1 in a neighborhood of 1/2
e - 1 in a neighborhood of 3/4
e lon (3/4,1),
which can clearly not be satisfied by any function in C'*°(€2). So in this
case there exists no regular A, satisfying (4.11) and (4.12).
(iii) For u. given by

sin Tea  on (07 %)
U, = 1 on [% 1- %]
sin (a(z—1)+1) on (1-5-,1),
with a € (1,00) one chooses A, € C™(Q2),|A;|c < 1 such that

B 1 on (0,%)
AZ‘{—1on(1—211).

2a°

Clearly A, satisfies (4.11), (4.12) and div A, € L*(2). For @ = 1 no
such A, can be found.
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