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ON THE REPRESENTATION OF EFFECTIVE ENERGY DENSITIES

CHRISTOPHER J. LARSEN!

Abstract. We consider the question raised in [1] of whether relaxed energy densities involving both
bulk and surface energies can be written as a sum of two functions, one depending on the net gradient
of admissible functions, and the other on net singular part. We show that, in general, they cannot. In
particular, if the bulk density is quasiconvex but not convex, there exists a convex and homogeneous
of degree 1 function of the jump such that there is no such representation.
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INTRODUCTION

This paper was motivated by a conjecture in [1] concerning the representation of effective energy densities.
Though the statement of the conjecture is limited to densities corresponding to “structured deformations”, it
raises an interesting question about all densities that result from relaxation in BV, as we explain below. The
question can be described as follows: suppose we have an energy

E(u) = /Q W(Vu)dz + /S o([u], v)dHN

where 0 C RY is Lipschitz, u € SBV(Q;R™), Vu is the Radon-Nikodym derivative of Du with respect to £V,
Sy is the complement of the set of Lebesgue points of u, [u] is the jump in w across S, v is the normal to S,
HN~1is the N — 1 dimensional Hausdorff measure, and W, ¢ are continuous with some growth assumptions.

We seek to minimize this energy (perhaps subject to some boundary conditions), and so we consider a
minimizing sequence {u,}, which will converge to some u. w may not be a minimizer, but in a sense it does
reflect energetic optimality, being the limit of an optimal sequence. We associate the limiting energy of the
sequence {uy} with u, and call this the relaxzed or effective energy I(u). That is, I(u) = limy,—e0 E(uy). I(u)
can be defined similarly even if u is not the limit of a minimizing sequence, as follows:

I(u) := inf {liminf E(un) : up — u} .

n—oo
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A basic question in relaxation theory is to characterize I(u), especially as an integral of new densities: an
effective bulk density W*, an effective interfacial density ¢*, and perhaps others, so that, for example,

I(u):/QW*(Vu)da:Jr/S o* ([u], v)dHN 1L,

The model proposed in [4] concerns the fact that Vu may differ from the appropriate limit of {Vu,}. The
reason for this is that the functions u, may have a considerable proportion of their variation on their jump
sets Sy, , so that Vu, does not reflect their variation, yet the limit v may be smooth, or at least smooth in
regions in which u,, are not smooth. The point is that when the functions u: ) — R™ represent deformations,
the difference Vu — lim,, .o, Vu, can be considered to be a measure of deformation due to “disarrangements”.
It is then natural to consider one energy density on these disarrangements and a separate density on smooth
deformation, reflected in lim, . Vu,. Motivated by this point of view [1] formulated the relaxation explicitly
in terms of the limit of {Vu,}. With the function G representing a possible limit of {Vu,}, they define

I(u,G) := inf {liminfE(un) Aun} € SBV(Q;R™), u,, — u in LY(Q;R™), Vu, — G as measures} ,
where we have ignored some technical requirements on the admissible sequences {u,}. They show that the
effective bulk term is

/ H(Vu(z), Gx))de
Q
and if ¢ is homogeneous of degree one, the effective bulk density H is given by

H(A,B) :=inf {E(u) cu € SBV(Q;R™), ulag = Az, and / Vudr = B} , (0.1)
Q

where A, B € M™*Y | the space of m x N matrices, and Q is a unit cube in RV.

The conjecture is that this density is a sum of a function of G(z) (representing the limit of the elastic parts
of the deformations {u,}) and a function of Vu(x) — G(z) (representing the limit of the disarrangement parts
of the deformations). Precisely, H(A, B) = F1(B) 4+ F2(A — B) for some functions F; and Fb.

The consequences for general effective energies stem from the fact that typically, the effective bulk density
W* is of the form

W*(A) =inf{E(u) : v € SBV(Q;R™),ulag = Az},
which is evidently the same as
inf{H(A,B): BcM™N}.

Since H is generally continuous, any representation for H would translate into a representation for W*. A
similar result holds for effective interfacial densities ¢*.

We show that in general, there cannot be such a representation. The idea is the following. From (0.1), we see
that A reflects the net total derivative of the admissible functions, while B gives the net gradient of admissible
functions. A — B is then the net singular part of admissible functions. The point is that the presence of some
singular part of Du can allow a decrease in f 0 W(Vu)dzx, even without a change in the net gradient. This is due
to the fact that “gradients” of BV functions need not be curl-free — they are not true gradients. fQ W (Vu)dx

can then approach the convex envelope of W at B, whereas if there is no singular part, the BV “gradient” is
a true gradient, and fQ W (Vu)dz cannot be less than W(B) if W is quasiconvex. But W (B) may be strictly
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greater than the convex envelope of W at B. Once it makes sense to have some singular part of Du, there is no
reason to expect it to be energetically optimal to have zero net singular part, yet this is a consequence of the
representation.

Consistent with the assumptions in [1], we assume that W, ¢ > 0, W(0) = ¢(0,v) = 0, and both functions
are continuous. For simplicity, we take N = m = 2, though the proof is straightforward to extend to higher
dimensions. The first step is to prove

Lemma 0.1. If H(A, B) = F1(B) + F2(A — B) for some functions Fy, Fy, then
min H(-,B) = H(B, B)

for all B € M?*2,

The contradiction to the representation then follows from

Theorem 0.2. If W:M?*2 =R is quasiconvex but not convex and has growth p > 1, there exists B € M?*?
and a function ¢:R? x S' =R that is linearly coercive, positive homogeneous of degree 1, and subadditive in the
first variable such that

min H(-, B) # H(B, B).

These are proved in Section 3 below. Section 1 contains some preliminaries, and Section 2 develops some analysis
on sequences in BV that we use to prove Theorem 0.2.

1. PRELIMINARIES

We consider a bounded, open set 2 C RY with Lipschitz boundary, and we define the spaces LP(Q; R™), the
Sobolev spaces WP (Q; R™), and the space BV (Q; R™) in the usual way (see, e.g. [5]). For u € BV (;R™), we
define |Du|(Q) := Y| |Du;|(€2). From now on, we will usually just write LP($2) for LP(€2;R™), and similarly
for WP and BV.

For u € BV (Q), we write Du = Dyc.u 4+ Dsu, where Dy.u and Dgu stand for, respectively, the absolutely
continuous and singular part of Du with respect to £. We also consider the set S, of points which are not
Lebesgue points for u, and recall that S, is N — 1-rectifiable, and so it has a normal, v, HV ~1-a.e. We use the
representations Dgcu = VulY and (Dsu)| S, = [u] @ vHN 1| S, so we have the decomposition

Du = VulN + [u] @ vHN 1S, + O(u),
where C(u) := (Dsu)| (Q\Sw), [u] is the jump in u across Sy, i.e. [u] = ut —u~, where ut and u~ are the
traces of u on either side of S,. If C(u) = 0, then we say u is a special function of bounded variation, and we
write u € SBV(2). This space was introduced in [3].

We denote the space of m x N matrices by M"™*Y  and we consider W :M™*N SR and ¢:R™ x SN-1 SR,
For u € BV ({;R™), we define

E(u) := / W (Vu)dx +/ é([u], v)dHN L.
Q Su
We say W (and also E) has growth p if there exist positive constants ¢; and ¢y such that
1
AP — - <W(A) <c|[AP +1)
1

for all A € M™*N,
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Recall that a function W:M™*¥ —R with growth p is quasiconvez if
W (4) < / W (Vep)da
s

for all ¢ € Az + Wy (S;R™) and all A € M™*N | where S € RY is open and satisfies £V (S) =1 (see [2]).

Throughout, we use ¢ to designate a constant that may change from line to line, depending only on N, m,
and perhaps established uniform bounds. We will also use the fact that for u,v € BV (), Vu = Vv £V almost
everywhere in the set {u = v}.

2. SEQUENCES IN BV

We begin with some analysis of sequences in BV that will be useful in proving Theorem 0.2. The following
is an extension of Lemma 1.2 in [6] to certain sequences in BV.

Lemma 2.1. Let {u;} be a bounded sequence in BV () such that {Vu;} is bounded in LP(Q?) for some p > 1
and |Dsu;|(Q) — 0. Then there exists a sequence {w;} bounded in WP (Q) such that {|Vw;|P} is equiintegrable
and

EN({ui # w; or Vu; # Vw;}) — 0.

Proof. The proof is based on ideas from Theorem 2 in Section 6.6.2 and Theorem 3 in Section 6.6.3 of [5],
together with Lemma 1.2 of [6]. We first define

1
R = xeﬂzi/ d|Duil <\ ¥r >0
{ LB ) o " }

and
N A
St i=5U IEGQ:|VUi|(IE)>§ ,

where S; has measure zero and satisfies |Dsu;|(S;) = |Dsu;|(£2). For each i € N, we see from Vitali’s covering
theorem that there exists a countable set of disjoint balls B(xz;,r;) such that

Q\R} C U2, B(xj, 5r;)

and

),
- d|Du;| > M.
ENB(0)) S,y NP0

We then have
ALN(US2 By, 7)) < [Dugl (32, B(xg,75)). (2.2)
Now write

| Dus| (U521 B, 75)) = | Dl (S7 N U2y Blxg,75)) + [Dus | ([2\S}] N U2 B(aj, 7)),
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and it follows from the definition of S;* that
| Dus|([\SF] N USE, B, 7)) < EN( Uiz1B(z;,75))-

We therefore have, from (2.2),

1 A
A< Du;|(S} NU, B(xj,75)) + =
IO Bl IS N B ) + 5
and so
A< 2 |Dus (S N U2, By, 1))
w; Tj,T;
~ LN(U, Bz, ) e
and

EN(U;‘;lB(J;j,Tj)) |Du1|(S mUj 1B($J7TJ))

>/|l\3

‘We now have that

C C
LYO\RY) < eL (U3, Blay,ri))< 5 IDwl(8) N U5, By, )< 5 [|Dsui|<m+ R

<< [|Dsul|(Q) + (/ |Vui|pdx> EN(S?)I;].
)\ Si)\

We are given that / |Vu;[Pdz < M for some M > 0, and from the definition of S} we have that
SA

P
[ v = 24 (3) ,
s 2

so that

N« ©
L) <

‘We now have

P
LYQ\RY) < T [1Dauil(@) + ( / |w|de> < SIDaul () + -
s}

Hence,
N LN (Q\RY) < NP Dgug| () + ¢
We then choose A(7) such that

AP D] () = 1

933
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and \(i)PLN (Q\R?(i)) is then bounded. From the proof of Theorem 2 in Section 6.6.2 of [5], we know that
there exist Lipschitz functions v; with Lip(v;) < ¢A(i) and v; = u; on R;\ @ Hence,

[t [ vuas s exip e @)
0 R?(i)

and {Vv;} is bounded in LP(2). Note that since {u; # v;} C Q\R;\(i), we have
LY ({ui # vi}) — 0.

It now follows from the fact that {u;} is bounded in L'(2) and the Poincaré inequality that {v;} is bounded

in WHP(Q). To see this, suppose ||v;||, — co. Set y; := m’ so ||lyillp =1 and ||Vy;||, — 0. Hence, y; — Yo

in LP, and yo is a constant. Now set z; := qsr—. Then LN({zi # yi}) — 0 and ||2]|1 — 0. Therefore, yo, = 0,
illp

contradicting ||y;||, = 1.
By Lemma 1.2 in [6], there is a sequence {w;} bounded in W1P(Q) with

LY ({vi # wi}) =0

and {|Vw; [P} is equiintegrable. We then also have £V ({u; # w;}) — 0, and {w;} satisfies the conclusion of the
lemma.

O

The following is an easy consequence. Note that the conclusion below is false when p = 1, the idea being
that concentrations in {|Vu;|} can serve a purpose — they can cause nonsmooth variations in the limit, whereas
effects of concentrations only in {|Vu;|P} disappear in the limit.

Remark 2.2. If {u;} is a sequence in BV (Q) with |Dsu;|(Q) — 0 and minimizing an energy with growth p > 1,
then {|Vu;|P} is equiintegrable.

We first note that a sequence {u;} in W () minimizing an energy with growth p > 1 satisfies the hypotheses
of the remark, but equiintegrability for that case could be proved directly from Lemma 1.2 in [6], with no need
for Lemma 2.1 here.

To see the conclusion of the remark, suppose we have a sequence {u; } such that {|Vu;|P} is not equiintegrable.
Then there exists ¢ > 0 and a sequence of sets {E;} such that fEl |Vu;|Pdz > § and LY (E;) — 0. We then use

Lemma 2.1 to find {w;} equiintegrable and such that, for T} := {u; # w;}, we have L (T};) — 0. Then

E;UT;

/W(Vui)d:n :/ W(Vwi)d:nJr/ W(Vu;)dx
Q Q\(ELUTL)

:/QW(Vwi)dm— W(Vwi)dx+/ W(Vu;)dx

E;UT; E;UT;

1
> / W(le)dm — 02/ |Vwi|pd:£ — CQEN(Ei @] Ti) + 16 — —,CN(EZ‘ @] Tz)
Q E;UT; C1
so that, since {|Vw;|P} is equiintegrable,

hminf/ W(Vu;)dz > liminf/ W (Vw;)dx + ¢16
Q )

1— 00 1— 00

and {u;} is not minimizing.
We now have the following, which is key to proving Theorem 0.2.
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Lemma 2.3. Let 3 > 0, W quasiconvex with growth p > 1, and A € M™*N be given. Then there exists C > 0
such that if w € BV(Q) and

Z) u|@Q:Aac
1 W (Vu)de < W(A) — 3,
)/Q (Vu)dr < W(A) - 8

then |Dsul(Q) > C.

Proof. We suppose to the contrary that for ¢ € N there exists u; € BV (Q) satisfying i) and ii), but |Dsu;|(Q) <

%. If p > 1, then {u;} satisfies the hypotheses of Lemma 2.1, and so we choose a sequence {w;} as allowed

by that lemma. Since {w;} is bounded in WP(Q), there is a subsequence such that w; — w in W1P(Q) for
some w. Since a subsequence of {u;} converges in L!({2) to the same function with |Dsu;|(Q) — 0 and {Vu;}
bounded in LP(2), we have

w|g}Q = Az.

Yet, since £V ({u; # w;}) — 0 and {|Vw;|P} is equiintegrable, we have

lim inf / W (Vaw;)de < lim inf / W (Vuy)de < W(A) — 3.
Q Q

71— 00 71— 00

From the weak lower semicontinuity of integrals of quasiconvex functions, we then get

—00

W(A) < /QW(Vw)da: < liminf/Q W (Vw;)dx < W(A) — 3,

a contradiction. We note that, as pointed out by the referee, this case also follows from results in [7], without
the need for Lemma 2.1.
For the case p = 1, we get the same contradiction using Lemma 3.1 in [8] and rescaling {u;} so that the
rescaled sequence converges to Az in L({)) without changing fQ W (Vu;)dz.
O

3. THE REPRESENTATION THEOREM

We now use the previous analysis of BV sequences to prove Theorem 0.2. The contradiction to the repre-
sentation will come from the following.

Lemma 0.1 If H(A, B) = F1(B) + F2(A — B) for some functions Fy, Fs, then
min H(-, B) = H(B, B) (3.3)

for all B € M?*2,

Proof. Suppose there are such F; and F. It is immediate from the definition (0.1) and the fact that W, ¢ > 0
with W(0) = ¢(0,v) = 0 that H > 0 and H(0,0) = 0. It follows that F1(0) + F»(0) = 0, or F1(0) = —F5(0).
We can then assume that

F1(0) = F2(0) =0
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since by considering
Fl(4) = Fi(A) - F(0)
and corresponding F3, we have the representation
H(A,B) = F{(B) + F3(A — B)

with F}(0) = F3(0) = 0.
Now, since

H >0,

H(B, B) = F1(B) + F»(0) = F1(B),
and
H(A,0) = F1(0) + F3(A) = F>(A),
it follows that F; > 0 and F5 > 0. Therefore,
H(A,B)=Fi(B)+ F,(A—B) > F1(B) = H(B,B)

which gives (3.3).
O

Below we show that (3.3) is not, in general, true. We first note that from [9], we know that there exists a
quasiconvex function W that is homogeneous of degree 1 but not convex, and so W satisfies the hypotheses of
Theorem 0.2.

Theorem 0.2. If W : M?*2 — R is quasiconvexr bul not convexr and has growth p > 1, then there exists
B € M?*2 and a continuous function ¢:R? x S'—R that is linearly coercive, positive homogeneous of degree 1,
and subadditive in the first variable such that

min H (-, B) # H(B, B).

Proof. For e, K > 0 to be chosen later, set

j=1L k=1 k=1

which is linearly coercive, homogeneous of degree one, and subadditive in £&. We then choose B € M?*? such
that CW(B) < W(B), where CW is the convex hull of W. Then we can write B as a convex combination of
B;’s, B =Y \;B;, with A; rational and such that > \,\W(B;) < W(B). We will now use this B to construct
matrices A and B’ and a function v" admissible for H(A, B) with energy less than H(B’, B').

Set v, := max; ||B£€x||Loo(Q), where BF is the kth row of B;, k = 1,2, and Q is the cube (0,1)2. We then
set v := maxy yx. Put an n X n grid on @, where n is a multiple of all the denominators of the A\; and will be
chosen later. We now define v € SBV(Q;R?). For I = 1,... ,n, define v on (=2, 1) x (0, %) by Vv = B;, and,

n ’'n
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writing v in terms of its components, v = (v, v2), we have minv; = minve = %7. Here the B;, are chosen
so that for [ = 1,... ,\in we have B;, = Bj, and so on, so that each B; is the gradient of v in A\;n of the n
squares (%, %) x (0, %), Il=1,...,n. We then extend v to (0,1) x (%, 1) by vg(z) := vg(z — 177162) + %7,
k=1,2forze(0,1)x (21, L) 1=2,... n

From the definition of v and the construction of v, it follows that [vg]v - e; > 0 for j,k = 1,2. Notice that,
setting A to be the 2 x 2 matrix with every entry v, we have |[v — Az|[p~g) < 22. It also follows that
|Dsv|(Q) < 8y. To see this, notice that the variation of each component vj, (by which we mean sup vy — inf vy)
in each square of the grid is at most %, and by construction of v, the variation over two adjacent squares is at
most 2. Therefore, |[v]| < 21 between adjacent squares. Furthermore, since

Sy C [{1/71, 2/n,...,(n—1)/n} x (0,1)} U [(0,1) x{1/n,2/n,...,(n— 1)/n}],

we have H'(S,,) < 2(n — 1). Hence, |Dyv|(Q) < 222(n — 1) < 4y and |D,v|(Q) < 8.

We extend v outside @ by v(z) = Az, and for 6 > 0, define vs(z) := v((1 + §){x — T} + Z), where Z is the
center of Q. Then W ([, Vvsdz) — W(B) and [, W(Vvs)dz — 35, \iW(B;) as § — 0. We choose § so that
W(fQ Vusdz) > fQ W (Vvs)dz and rename this vs v’

Set o := W ([, Vv'dz) — [, W(Vv')dz and B’ := [, Vv'dz. We now have that v' is admissible for H(A, B')
and

o([V'], v)dH! < 2¢|Dy|(Q) + 8K%,
S,

where the last term comes from the fact that ||v — Az||p~ gy < 2.

n
‘We choose € > 0 such that

2e| Dyl (Q) <

w|e

Now, any u admissible for H(B’, B’) requires zero net jump, and so the jumps will be just as much in the minus
e; directions as in the positive. That is,
/ dDsu =10
Q

implies

/ [uglv - e;dH' =0

Q
so that
R Ry K s
Q Q
for 7,k € {1,2}. Hence
1

E(u) > §K|D5u|(Q).

From Lemma 2.3 with 8 = ¢, there exists C' > 0 such that if v is admissible for H(B’, B’) and satisfies

/ W (Vu)de < W(B') — %
Q
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then [Dyul(Q) > C. An easy calculation shows that if K > Z2(W(B’) — %), then u € SBV(Q;R?) with trace
B’z and fQ Vudz = B’ implies

E(u) > W(B') — %

Choosing n large enough so that 8KX < & gives H(A,B') < W(B') — § with H(B',B') > W(B') — ¢,
contradicting min H(-, B’) = H(B’, B’) from Lemma 0.1.
O
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