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ON THE QUASICONVEX EXPOSED POINTS

KEWEI ZHANG!

Abstract. The notion of quasiconvex exposed points is introduced for compact sets of matrices, moti-
vated from the variational approach to material microstructures. We apply the notion to give geometric
descriptions of the quasiconvex extreme points for a compact set. A weak version of Straszewicz type
density theorem in convex analysis is established for quasiconvex extreme points. Some examples are
examined by using known explicit quasiconvex functions.
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1. INTRODUCTION AND MAIN RESULTS

In this paper we define quasiconvex exposed points and continue our study on quasiconvex extreme points [35].
We try to determine quasiconvex extreme points by using quasiconvex functions instead of homogeneous Young
measures. In other words, we seek geometric descriptions of quasiconvex extreme points, rather than analytical
ones. After we prove that the notion of quasiconvex exposed points is a well defined one, that is, it is independent
of the generator of quasiconvex set, we establish a Straszewicz type theorem by showing that for a compact
set in the space of matrices, the set of quasiconvex exposed points is dense in the set of quasiconvex extreme
points. Then we examine the quasiconvex exposed points and quasiconvex extreme points for various examples
of known quasiconvex sets or generators of quasiconvex sets used in modelling material microstructures. Finally,
we consider the sub-level sets for the explicit quasiconvex relaxation of the squared distance function to a special
two point set obtained by Kohn [20]. We study the quasiconvex extreme points of the sub-level sets of this
function in details.

Krain-Milman theorem says that a compact convex set is the closed convex hulls of its extreme points [26].
Suppose K C R™ is compact and convex, then K = C(K,.) where K, is the set of its extreme points. It is also
true that the set K. is the smallest generator of the convex set K in the sense that for every compact W C K
such that C(W) = K, we have K. C W. In [35] a similar notion for quasiconvex sets was introduced and a
Krain-Milman type theorem was established.

A related geometric notion to the extreme points in convex analysis is the so called (convex) exposed points.
Straszewicz’s theorem says that the set of (convex) exposed points is dense in the set of extreme points [25]. In
this paper, we try to explore the possibility of defining a similar notion for quasiconvex hulls and quasiconvex
sets. There are several difficulties we encounter if we wish to do so. In convex analysis, hyperplanes and
affine functions can be viewed as basic building blocks for convex sets and convex functions [21,25]. However,
for quasiconvex sets and quasiconvex functions, it is not clear whether there are simple classes of quasiconvex
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sets and quasiconvex functions which can form general ones. Intuitively, since one uses affine functions to
define convex exposed points, one would think that the proper functions to describe quasiconvex exposed points
would be the so called quasi-affine functions (or null Lagrangians), or slightly more complicated, the polyconvex
functions [4]. However, since in some situations such as in the case of spaces without rank-one matrices (Th. 1.3),
we know that certain simple quasiconvex quadratic functions are not polyconvex [7]. So we need to enlarge
the class of allowed “test” functions to all everywhere finite quasiconvex functions. Therefore we define the
quasiconvex exposed points in a very general way by using several quasiconvex functions (see Def. 1.3 below).
It is then easy to establish a Straszewicz type density result by using quasiconvex exposed points.

For a compact subset K C MY*" we may define its quasiconvex hull Q(K) by cosets of quasiconvex
functions [27], or alternatively, by direct quasiconvex relaxations of the distance functions to the set [33].
One way of defining quasiconvex sets is by the sub-level sets of quasiconvex functions, that is, a compact set
K c MN*" is quasiconvex if there is a quasiconvex function f : MV*" — R and a real number « such that

K={PecM"N*" f(P)<a}-

The study of quasiconvex hulls and quasiconvex sets is motivated by the variational approach to martensitic
phase transitions and material microstructures [8,9,11,23,29]. Recently, the notions of quasiconvex sets and
quasiconvex hulls have found their applications in the fast developing area of implicit nonlinear systems and
general attainment problems [13—-17]. A natural question in the study of quasiconvex sets or quasiconvex hulls
of a given set is to ask whether there exists a “smallest” subset Ky of a quasiconvex set K such that Q(Ky) = K.
This problem was resolved in [35] where the notion of quasiconvex extreme points was introduced (see Def. 1.2
below).
The following are two equivalent definitions for the quasiconvex hull of a compact set.

Definition 1.1. For a compact subset K of M~ X" the quasiconver hull Q(K) of K is defined by

QK) = {X € MY f(X) < sup f(Y), for every quasiconvex f:MN*" — R} (1.1)
YeK

[29] or equivalently
Q(K)={Ae MM Qdist’(A,K) =0} (1.2)

[33] for every p with 1 < p < oo, where @ dist?(-, K) being the quasiconvexification of the p-distance function
dist? (-, K) to K.
If Q(K) = K, then K is called a quasiconvex set.

In [35] we showed that the following set turns out to be the smallest generator of the quasiconvex hull Q(K).

Definition 1.2. (see [35]) Let K C M™*" be non-empty and compact. P € K is called a quasiconvex
extreme point of K if for every gradient homogeneous Young measure v supported in K with | e Adv(N) = P,
then v = §p — the Dirac mass supported at P.

The set of all quasiconvex extreme points of K is denoted by K.

The gradient homogeneous Young measure (see Lem. 2.2 below) was defined in [19] based on an approximation
lemma in [32], which localizes the oscillation of the sequence of gradients of a bounded sequence in W1,
Intuitively, the gradient Young measure represents the oscillation of a weakly (weak-x) convergent sequence
while the quasiconvex hull of a set consists of all possible averages of the Young measures supported in the
set [6-9,19]. Quasiconvex extreme points are those which can only be represented by themselves, that is, by
Dirac masses. The definition of quasicovex extreme points by using gradient homogeneous Young measures
is an analytic way of describing such points. In the abstract setting for convex sets, Choquet points and the
Choquet boundary are defined by using probability measures [1]. However, it is interesting to know whether
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we can find some sort of geometric descriptions of the quasiconvex extreme points. We make an attempt to
address this issue in the present paper.

In [35], we established that K. is independent of the choice of closed generators of Q(K) and is the
smallest generator of Q(K) in the sense that Q(K,.) = Q(K), and if W C Q(K) is a closed generator of
Q(K), then K,. C W. We also showed that for the two-well set Ky = SO(n) U SO(n)H and three-well set
K3 =50(n)USO(n)H; USO(n)H; used in the modelling of martensitic phase transformations (K2)q.. = Ko,
and either (K3)q.. = K3 or (K3)q,. consists of a subset consists of two wells.

In order to describe quasiconvex extreme points by quasiconvex functions, we need the following definition
of quasiconvex exposed points, which is motivated from convex analysis.

Definition 1.3. Let K C MY*" be quasiconvex. We set Ko = K. P € K is called a level-k quasiconvex
exposed point of K if there are k compact subsets Ky, Ko, ---, K such that

K=K 2K 2K;2 2 Ky={P},
and quasiconvex functions f1, f2, -, fx such that
Ki+1 Z{AEK,L', fi+1(A) :max{fi+1(B), BGKi}}, 1=0,1,---,k—1.

We denote by K j all those quasiconvex exposed points of a compact set K which are of levels less than or equal
to k. The set of all quasiconvex exposed points of finite levels is denoted by Ky ex, we have Ky ex = Up2 1 K k.

For simplicity, we call a quasiconvex exposed point of at most level k as k_ quasiconvex exposed point. Since
Ky C Kqc for all k > 1 (see Rem. 1.1 below), we see that K, cx C Kq.. We can prove that K, = Ky
(see Th. 1.1). In fact, we have a stronger result: K o = K.

g

)

Remark 1.1. It is not hard to see that every level k quasiconvex exposed point is a quasiconvex extreme point.
In fact, since it is well-known (see, for example [7,19]) that for everywhere finite quasiconvex function and every
gradient homogeneous Young measure, Jensen’s inequality holds

Now, suppose P € K is a quasiconvex exposed point of level k. Then for every gradient homogeneous Young
measure v supported in K = Kj, such that fsuppy Adv(A) = P, we can prove that v = dp. We proceed as
follows. Since

/ AN = fi(P),
supp v
and
Pe K, = {A € Ko, f1(A) = max fl(B)} ;

we see that v is supported in K;. Similarly, we can show that v is supported in K5 and so on. Therefore v is
supported in K = {P}. Hence v =6p and P € K ..

In Definition 1.3, we denote by K| the set of quasiconvex exposed points up to level k rather than the set
of quasiconvex exposed points of exactly level k. This is because in general, it is very difficult to prove that a
given quasiconvex exposed point is exactly of level k, rather than of level £ — 1. The set K, for k =1,2,... is
designed to estimate how many quasiconvex functions are needed to isolate a quasiconvex extreme point. The
problem of finding the minimum number of quasiconvex functions needed to describe a given extreme point
seems very difficult at the moment.

In convex analysis, P is an exposed point of a compact convex set K if there is a supporting plane E of
K such that K N E = {P}. Therefore there is an affine function [(-), such that | < 0 in K and the equality
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holds in K only at P. This can be viewed as a description of exposed points by using convex functions. This
also shows that a convex exposed point is a quasiconvex exposed point of level 1. Hence for every non-empty
compact set K C MN*" K, 1 # 0.

A natural question concerning Definition 1.3 is whether the level of a quasiconvex exposed point depends on
different generator of a quasiconvex set. We have

Proposition 1.1. Let K C MYN*" be compact. Then [Q(K)|gr = Kq.k-

It was proved in [35] that the extreme points of the convex hull C'(K) are also quasiconvex extreme points
of Q(K). We have

Proposition 1.2. Let K ¢ M™ N be compact. Then every convex extreme point of K is an Nn_ quasiconvex
exposed point.

The following is the main result on quasiconvex exposed points for general compact sets in MY*". It is a
weak version of Straszewicz’s theorem for convex extreme points.

Theorem 1.1. Let K C MNX" be a compact set and let P be a quasiconvex extreme point of K. Then K
is either a 2_ quasiconvex exposed point or the limit of a sequence of 2_ quasiconvex exposed points. In other
words, K, 2 1s dense in K.

Remark 1.2. At the moment, I can neither improve Theorem 1.1 to show that K, ; is dense in K, . nor prove
or disprove that a every quasiconvex extreme is a quasiconvex exposed point of finite level, in other words, I do
not know whether K, . = Ky cx.

If we do not require the quasiconvex functions used in the definition of quasiconvex exposed points to be
everywhere finite, it is easy to see that every quasiconvex extreme point is then a quasiconvex exposed point
of level 1. In fact, suppose Py € Ky, we let B, = {P, |P — Py| < 1/n}, we see that K \ B,, # () for large n,
say when n > ng > 1. We define the quasiconvex functions f,(P) = Qdist?(-, K \ B,). Then f,(Py) > 0.
Otherwise Lemma 2.3 below shows that Py ¢ K.. Now if we let

oo - P
f(P) B Z ;’L((PO))7

n=ng

we see that f > 0 is quasiconvex, f(P) < oo if P € K, P # Py, and f(Py) = +00.
Corollary 1.1. Suppose K C MN*" is a finite set. Then K, .= Kg1.

Theorem 1.2. Let f: MN*" — R. We assume that

(i) f coercive in the sense that f(P) — —+oo if and only if |P| — oo;
(ii) f can be written as f = F + G, where G is strictly convezx (see Def. 2.2) and F is quasiconvet.

For every a > inf 4 pvxn f(A), let
Ko={PeMN*" f(P)<a}

be the sub-level set of f. Then
(1) the set (Ka)q,e of all quasiconvex extreme points is exactly the boundary 0K, of Ko, that is

(Ka)q,e = {P € MNX"a f(P) = 04} )

and
(2) every quasiconvex extreme point is a level 1 quasiconvezr exposed point, that is

(Ka)qﬁe = (Ka)qyl-
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Corollary 1.2. Let d(-,-) be the Hausdorff distance (see Def. 2.3) on compact sets of MN*". Suppose K
C MNX" s compact and quasiconvex. Then for every e > 0, there is a coercive quasiconvex function f. and
some « > 0, such that the sub-level set

Ka:{PeMNXn’ f(P)Sa},
contains K, d(K,,K) < e, and
(Ka)ge = 0Ko = {P e MN*"  f(P)=a}-

Furthermore (Ko)g,e = (Ka)g,1-

Remark 1.3. The first assertion of Theorem 1.2 is still true under a weaker assumption that f is strictly
quasiconvex in the sense that

/ FNdv > f(P) (1.3)
MNxn

for every P € MN*" every homogeneous gradient Young measure v supported in MY *" with 7 = P, and the
equality holds only when v = dp. However, I do not know how to prove the second assertion under the strictly
quasiconvexity condition.

Corollary 1.3. Suppose f : MN*" — R is striclty quasiconver as defined in Remark 1.8 and satisfies (1.3).
Suppose

Ko ={PeMN*" f(P)<a}

s mot empty and compact, then
(Ka)ge = 0Ko = {P € MN*" f(P)=a}-

One simple example of uniformly strictly quasiconvex functions is a quadratic form in MV *" satisfying Legendre-
Hamdamard strong ellipticity condition

fla®b) > colal?b]?, co >0

for a € RN, b e R™.

Theorems 1.1, 1.2 and their corollaries can be viewed as some general results for quasiconvex exposed points.
Let us now examine some more restricted situations and use various quasiconvex functions to estimate the level
of a quasiconvex exposed point.

Let us first consider a compact K contained in a subspace E of MV X" without rank-one matrices. In this
case every point in K is a quasiconvex extreme point. We show that every point in K is in fact a quasiconvex
exposed point of level one. We construct a quasiconvex function to achieve this by using a simple rank-one
convex quadratic function plus an affine function.

Theorem 1.3. Suppose E C MN*" is a subspace without rank-one matrices. Then for every compact set
KCE, QK)=K, Kje=Kgex, and Kge = K4 1.

The proof of the following result uses a similar method, although the result is much more general in M?2*?2
comparing with Theorem 1.3.

Proposition 1.3. Suppose K C M?*2 is compact, connected and does not have rank-one connections. Then
K=Kge=Kg.
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Let us consider the two well set in the modelling of martensitic phase transitions [8,9]. Let K = SO(n)
USO(n)H. It was established in [35] that K4 . = K. We have:

Theorem 1.4. Let K = SO(n)USO(n)H, where SO(n) is the set of all rotations in M™™ with determinant 1,
and H € M"™*"™ is positive definite with H # I, — (the unit matriz). Then K = Kq. = Ky 2.

Sversk [27,28] solved the three matrix problem by reducing the problem to the 2 x 2 case and by considering
the compact subsets of the following

K={PeM*? P"=P detP=1}-
He further showed that the following functions f,, f_ defined on M?*? are quasiconvex:

det P, P =PT Pis+ definite,

0, otherwise.

fﬂ:(P)_{

We can establish the following result by using these functions and Theorem 1.3.

Theorem 1.5. Let

_J(xz+h ] _Jfz—h Yy
L"r_{( Yy l’+h>’ xayeR}a L—_{< Y l’h)) xayeR}a

where h > 1 is a constant. Let

. r+t Y B )
M—{< y a:+t>’ z, y €R, hgtgh}

We define K as
K=Mn{PeM>? P" =P detP>1}-

Then
Kge=Kg3=0K=(Mn{PeM>? P" =P detP=1})

U[LsUL)yn{PeM>? P" =P detP >1}]-

Remark 1.4. It is easy to see that if we replace the constraint det P > 1 by det P > « for any fixed a@ > 0,
with proper choice of h, we can draw the same conclusion. In particular,

(0K)g,e = (0K )q,2 = OK.
We need this remark in the proof of Proposition 1.5 below.
It is easy to see that for a given non-quasiconvex continuous function f : MN*" — R satisfying
a|PlP = Cy < f(P) < C3(1 +|PIP),

the quasiconvex relaxation is not strictly quasiconvex. In fact, if at some P, Q f(P) < f(P), there is a nontrivial
p-homogeneous Young measure v supported in MY > such that

/M fNdv(A) = / QFNdV(A) = QF(P):

1\/IN><7L

Therefore, for the relaxed function @ f, if we let

Ko ={P, Qf(P) <o}
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be a sub-level set, in general, we have
(Ka)ge G 0K,.

This means some points on the boundary are not quasiconvex extreme point (compare Cor. 1.3). For the
quasiconvex relaxtion of the p-distnace function @ dist? (-, K), it is interesting to know the location of quasiconvex
extreme points of its sub-level sets.

If we consider the convex case, we have a simple formula for convexification of p-distance function: Cdist? (P,K)
= dist?(P,C(K)). The following result says that we can identify the convex extreme points for a sub-level set
C(K)4 of the convex relaxation of the p-distance function. We identify the set of extreme points by a simple
relation which depends only on the information in the sub-level set K, of dist” (P, C'(K)). We will establish the
result in the case p = 1. the proof for the general case can be obtained by taking p-th root.

Proposition 1.4. Suppose K C R" is compact and satisfies K = K.. Let
Cdist?(-, K) = dist? (-, C(K))
be the convex relaxation of dist? (-, K) for some real number p > 1. We define

Ko ={P eR", dist’(P,K) < a},
[C(K)]a ={P eR", dist’(P,C(K)) < a},

K, ={P eR" dist?(P, K) = dist?(P,C(K)) = o}
for a > 0. Then .
(C(K)a)e =0K,NIC(K)y = K.

This result gives a geometric discription of convex extreme points for K, that is, they are those points P for
which the value dist”(P, K) cannot be pushed down by convex relaxation. However, in the case of quasiconvex
relaxation, this is not the case. We will show this as part of the claims of the following explicit calculation of
a double well quasiconvex function obtained by Kohn [20]. An interesting geometric feature is that the relaxed
functions still maintains the double-well structure.

Proposition 1.5. Let K = { } C M?*2. Let

1 1
~ 1 51
F(P)=dist*(P,K), f(P)=QF(P) PeM**?

where f(P) is explicitly given by [20] (for a much more general case) as

0 0o L L 0 0 +
1 5 E2 == 1 \65 5 E3 - \65 —1 5 E4 - 1 \65 .
V2 V2 V2 V2

forms an orthonormal basis in M>*2. We write a general element in M?**? as

Let

S

o

Then {E;, i=1,...4

- O

P =tFE| + sEy + xFE3 + yEy, (t,s,x,y) € R,
and let Py = toE1 4+ soFE2 + xoEs + yoF4. Let

Ka:{P€M2X27 f(P)ga}7
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for a >0, then,

(1) Py € [Kppylgs if Po € My ={P, [to| = 1/2};

(2) Py € [Ky(pylga if Po € My ={Py, [to] <1/2, t§ > x§ + y3};

(3) Po & [Ks(py)lge if Po € M3 ={Py, [to] <1/2, t§ < af + y5}.
Moreover,

(4) Ko C My if a < 1/4,

(5) Ko N My #0, fork=1,2, if a > 1/4; Ko, C M1 UMs if « <1/2, and

MsC {P, f(P)>1/2}, MsNKa.#0 ifa>1/2

(6) in My U Ms, Qdist*(Py, K) < dist?(Py, K).

In the proof of Proposition 1.5, we will see that points in My are in the relaxed set where f(P) < F(P) and
they are also quasiconvex extreme points as stated in (2) above. Therefore, if we let

Ko = {P e MVN*", dist?(P,K) = Qdist’(P, K) = a},
Ko ={P e M"*" Qdist’(P,K) < a},
0Ky ={P e MN*", Qdist’(P,K) = a} -

Then, in general ~
Q(Ka) - Q(aKa) = K.
Therefore, a similar statemet as Proposition 1.4 is not true in general for quasiconvex relaxations of
the p-distance function.
An interesting feature of Part (6) is that the level set 9K, is the set of quasiconvex extreme points only when
a < 1/2 while o« = 2 is the critical value of f with critical point 0, where the level sets change their topological
type. When a > 1/2, 9K« is homeomorphic to a sphere. When « < 1/2, it is a union of two disjoint sphere.

2. PRELIMINARY RESULTS

We denote by MY X" the space of all real N x n matrices with RN™ norm. If E C MN*" is a linear subspace,
we write Pr and Pg. as the orthogonal projections from M™*" to E and its orthogonal complement E-+
respectively. meas(U) is the Lebesgue measure of a measurable subset U C R™ and

dist(Q, K) = inf |Q - P|

denotes the distance function from a point Q@ € MNVN*™ to a set K ¢ MYN*". From now on  denotes a
non-empty, open and bounded subset of R”. For a given set K C R®, int K, K and 0K denote its interior,
closure and boundary. We denote by Du the gradient of a (vector-valued) function u and we define the space
CE(Q,RY), the LP spaces and Sobolev spaces WP in the usual way. We say that K C MY *" has a rank-one
connection if there exist A, B € K such that rank(A — B) = 1. The support of a measure v is denoted by
supp v, and let 7 = fsupp Adv(N).

Let f : MN*" — R be a continuous function. f is quasiconvex (cf. [4,12,22]) in M *" if for every open and
bounded subset  of R", every P € MN*" and every ¢ € C5°(Q,RY),

/ f(P+ Do(z))dz > / F(P)dz.
Q Q

The class of quasiconvex functions is independent of the choice of €2. It is well known now that I(u) = [, f(Du)dx
is lower semicontinuous in the Sobolev space W1>°(Q, RY), in the weak-* sense if and only if f is quasiconvex
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(see [2,4,22]). Suppose in addition, f satisfies 0 < f(P) < C(1+|P|P) for P € MN*"_ for some constants C' > 0
and p > 1, then I(-) is weakly lower semicontinuous in W1?(Q, RY) if and only if f is quasiconvex (see [2] for
the general statements and proofs).

For a given function, we can consider its quasiconvexification (quasiconvex relaxation):

Definition 2.1. [12] Suppose f : MVN*" — R is continuous. The quasiconvexification of f is defined by
sup{g < f; g quasiconvex}

and will be denoted by Qf.
Proposition 2.2. (see [12]) Suppose f : MN*" — R is continuous, then

1
P) = inf _
QIP) ¢6031<>129;RN) meas(2)

/Q f(P+ Do(x)) dz, (2.1)

where Q C R™ is a bounded domain. Qf is quasiconvex. In particular the infimum in (2.1) is independent of
the choice of €.

In the variational approach to martensitic phase transitions, the integrand f is sometimes in a special form
where f > 0, and f(P) = 0 if and only if P € K, where K C M~ *" is a compact set (see [7-9,11]).
Such functions are in general not quasiconvex. Suppose (u;) is a bounded sequence in the Sobolev space
WLP(Q,RY), such that I(u;) — 0, as j — oo, we are interested in the oscillating behaviour of the sequence
(Du;) and the possible “microstructures” it may generate. The notion of Young measures is a useful way of
describing microstructures.

Lemma 2.1 (Young measures). (See, for example [5,31].) Suppose (Uy) is a bounded sequence in L>°(€); R*),
and for some compact set K C R*, meas({x € Q : Ug(z) ¢ G}) — 0 as k — oo for every open set G D K.
Then there exists a subsequence (still denoted by Uy ) and an associated family of probability measures v, on R®
such that (i) vy is supported on K for almost every x € Q; (ii) for any continuous function ¥ on R®, 1(Uy)
converges in the weak-x sense to the function x — [p. Y(X)dvy(X).

In the above definition, if the sequence Uy has the form Uy = Duj, where Q C R™ is open and bounded,
and (uy) is a bounded sequence in W1°°(Q, R®), then the corresponding Young measure v, is called Young
measure limit of gradients or gradient Young measure (see [7,19]). The Young measure is ¢rivial if v, is
a Dirac measure for a.e. z. In this case there exists a function u such that v, is the Dirac measure at Du(x),
and up to a subsequence, Duy — Du almost everywhere. In general, the Young measure may be nontrivial.

One of the restrictions of Young measure limit of gradients is that for every quasiconvex function f : MN*"

— R,
/ fN)dvy > f (/ Advz) (2.2)
Supp Va Supp Va

for almost every x € § (see for example [7,10,19]).

Lemma 2.2 (gradient homogeneous Young measures). (See [19] for a more general statement.)
Let {vy}acq be a family of gradient Young measures {vy}pcq with bounded supports, that is suppv, C K,
where K is a compact subset of MN*" and fK Advg, (N) = Py for almost every xo € Q. Then for almost every
xo € Q, there exists a bounded sequence (Pi) in WOI’OO(D,RN) such that the corresponding family of gradient
Young measures {v,} of the squence (Py + D¢y,) satisfy Uy = vy, for almost every y € D, where D is the unit
open hypercube in R". U, is called a gradient homogeneous Young measure.

From now on, we mean by homogeneous Young measures as gradient homogeneous Young measure (we write
HYM for simplicity) by v and write its integral average on its compact support K as vy := f e AdU(A).
The following result ([35], Lem. 3.1) is useful for describing the quasiconvex hull of a compact set.
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Lemma 2.3. Suppose K C MN*" is compact and let P € Q(K). Then there exists a HYM v supported in K
such that v = P. In particular, when P € Q(K)\ K, v # 0p.

The following is a result for quasiconvex hulls of sets contained in a plane without rank-one connections. It
is a consequence of [7] (Th. 4.1). For the proof, see [33].

Proposition 2.3. Suppose K ¢ E C MN*" is compact. Then

Q(K) = K.

Definition 2.2. A convex function G : R™ — R is called strictly convex at z( there is an affine function
g :R™ — R, such that G(y) > g(y) for all y € R™, and the equality holds only when y = xy. A convex function
G : R™ — R is called strictly convex if it is strictly convex at every point x € R™.

We conclude this section by giving the definition of the Hausdorff metric.
Definition 2.3. Suppose K, S C R" are nonempty compact sets. The Hausdorff metric between K and S is
defined by
d(K,S) =inf{é >0, K C S5, S C Ks},
where K5 and Ss are the closed d-neighbourhoods of K and S respectively (see [18]).
3. PROOFS OF THE MAIN RESULTS

In this section, we prove our main results.
Proof of Proposition 1.1. Let Py € K4 . By definition, we have
K2Ki 2K 2 -2 Ky ={R}
for some s with 1 < s < k.
K, = {A € K, fi(4) = sup fl(X)}'
XeK

From Definition 1.1 (1.1), we see that

sup f1(X)= sup fi(X).
XeK XeQ(K)

Let

XeQ(K)

we see that Ky C f(l and Py € f(l. Now we show that f(l C Q(K7) so that the proof can go further. If the
claim was not true, there is some P; € K1 \ Q(K1). Let us then consider the set

fﬁ:{AEK, fi(A) = sup fl(X)}a

W= {Y € Ky, Qdist(Y,Q(K1)) = sup Qdist(X,Q(K;)) > o} :

Xef(l

Noticing that Q dist(X,Q(K;)) = 0 if and only if X € Q(K)), we see that W N K; = ). Let P, € W be a
quasiconvex extreme point, we see that P» € [Q(K)]g.c, hence P, € K, .. Thus P, € K; C K,. This is a
contradiction.

Now on K7, we have

Pye Ky = {A € K1, f2(A) = Sup fz(X)}
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and

sup f(X)= sup f(X)= sup f(X).
Xek, XeR, X€Q(K1)

Let
Ky = {AEIN{Lf(A) = sup f(X)}'

Xef(l
If we repeat the argument in the previous step, we see that

K2 C IN(Q C Q(KQ)

Hence inductively, we may find K; withi=1,2,...,s, such that

QK)DK, DKy D---DK,
with K; C f(i C Q(KZ) and
Ki =¢Ac Ki—h fi(A)= sup f(X);,
Xeki—l

for i =1,2,...,s. Here we set Ko = Q(K). Now since K, = {Py}, we have Q(K,) = K, so that K, = {Pp}.
Hence Py € [Q(K)]q,s C [Q(K)]q.k- Therefore Ky i C [Q(K)]q.k-

Let us now prove the other inclusion [Q(K)]sx C Kqk. Let Py € [Q(K)]q k. From the definition of qua-
siconvex exposed points, we see that Py is a quasiconvex extreme point of Q(K), Py € [Q(K)]qe so that
Py € K4 C K. From the Definition 1.3, there are

QE)=Ko 2K 2K:2+ 2 K, ={P},

for some s with 1 < s < k, such that

K; = {A € Ki_1, fi(A) = sup f(X)} ;

XeK; 1

fori=1,2,...,s with f; quasiconvex. Now we define Ky = K,

K;= {A € K1, fi(A) = sup f(X)} )

XeK;_1

As in the proof of the previous part, we can easily see that K; C K; C Q(K;) and we also have

sup f(X)= sup f(X)= sup f(X),
XeK;—1 XeK;_1 XeQ(Ki—1)
and
K=KyDK1DKyD---DK,={P}
The proof is complete. O

Proof of Proposition 1.2. Let P € K.. We can use at most Nn affine functions to isolate P € K. as follows.
Let E; be a supporting plane of C(K) [25], passing through P. Let K; = C(K) N E;. There exists an affine
function I;(-), such that I;(A) < 0 in K and the equality holds only when A € K;. Obviously, P € K;. If
K; = {P}, then P is a convex exposed point and the proof is finished. If Ky # {P}, we may repeat the previous
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argument to obtain Ky, lo(-) and so on. Since the dimension of C'(K) is less than or equal to Nn, we need at
most Nn steps. O

Proof of Theorem 1.1. Suppose P € (Ky ¢\ K, 2). Then for every € > 0, we seek to prove that there is P’ € K o,
such that |[P—P’| < e. Let B(P, ¢) be the open ball in M~ *" centred at P with radius e. Set K(¢) = K\ B(P,¢).
Now let us consider the quasiconvex function fi(A4) = Qdist(A, K(¢)), A € MY*". We claim that f;(P) > 0.
Otherwise @ dist(P, K.) = 0. Lemma 2.3 implies that there is a HYM v supported in K(¢) such that ¥ = P.
Obviously v # dp. This contradicts to the fact that P € K .. Now let

K1 = {A € K, Qdist(A, K(e)) = max{Q dist(P, K (¢)), P € K}},

then Ky C B(P,e), K1 N K(e) = 0. If K; consists only one point B, then B # P because B € K1 C Ky
by definition. So let P’ = B, we have P’ € K, and |P — P’| < e. If K consists of more than one point, we
may claim that there is an convex exposed point P’ # P of K;. Since P’ € (K1)4,1, we see that P’ € K, o and
|P — P'| < e. The prove is complete. O

Proof of Corollary 1.1. We only need to prove that Ky . C K41. For Py € K, as in the proof of Theorem 1.1,
we consider the quasiconvex function f(A4) = Qdist(A, K \ {Py}) defined for A € MYN*", Because K is finite,
we claim that f(Fy) > 0. Otherwise Py ¢ Ky .. Since f(A) =0 when A € K\ {Py}, we see that Py € Ky 1.

O

Proof of Theorem 1.2. Tt is easy to see that (K, )qe C 0K, because for every interior point P of K, there is a
rank-one matrix R, and two numbers ¢; > 0 and t5 < 0 such that A =P+ t;R € 0K,, B=P +t:R € 0K,.
We see that rank(A — B) = 1 and P is a convex combination of A and B. Therefore P is not a quasiconvex
extreme point.

Now we prove that 0K, C (Kq)q,1 and reach our conclusions. Let A € 0K,. From the definition of K, we
see that f(A) = a. Since f = F + G with F quasiconvex and G strictly convex, by Definition 2.2, there is an
affine function g : MV*" — R, such that G(P) > g(P) for all P € M~ *" and the equality holds only when
P = A. Now let f1(P) = g(P) + F(P) for all P € MN*", It is obvious that f; is quasiconvex, f(P) < f(P)
and the equality holds only when P = A. Now, we check that A is the only maximum point of fi in K,.
Suppose B € K, B # A we have f(B) < «, so that

a= fi(A) = f(A) = f(B) > f1(B).
By definition, A € (K4 )q,1. The proof is complete. a

Proof of Corollary 1.2. We define f(P) = Qdist(P,K) and fs = 6|P|*> + f(P) for P € MN*". Since K is
quasiconvex, we have that f(P) = 0 if and only if P € K. Setting a = max{|P|?, P € K}, we see that

max{ fs(P), P € K} = ad.

Now we define
Kus = {P € MNX”; f5 < a(s} '

It is easily seen that K C K,s. Since K is compact and f is continuous, we can easily prove that d(K, K,5) — 0
as § — 04. Therefore for any ¢ > 0, there is a d9 > 0, such that d(K, Kus) < € when 0 < § < dp. It is easy to
see that f5 satisfies the assumptions of Theorem 1.2, for every § > 0, hence

(Kazi)q,e - aKaé - (Kaé)qﬁl'

The proof is complete if we restrict § to satisfy 0 < § < dg. O
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Proof of Corollary 1.3. As in the proof of Theorem 1.2, we see that (Ka)g. C 9(K4). Let P € 0(K,), and
let v be a homogeneous Young measure supported in K, with # = P. Since f(P) = « and for every A € K,,,
we have f(A) < a. Hence v C 9(K,). Now we have

/ Fd () = £(P).
O(Ka)

Now we use the strict quasiconvexity property of f to conclude that v = §p. |

Proof of Theorem 1.3. We define a quasiconvex function to reach our conclusion. Let Py € K C E, where
E c MN*" is a subspace without rank-one matrices. Let E+ be its orthogonal complement and let Pg and
Py be the orthogonal projection on E and E+ respectively. We define

ap = min{|PEL(a®b)|2, acRY |a|=1, beR", |b| = 1}-
Then ag > 0. Now we define a function on E as F(B) = —ag|B — P|? for B € E and let
f(A) = F(P(A)) + | Pgs(A)]?

for A € MN*", We see that on E, f = F and F(-) reaches its maximum 0 in E only at Py. In order to show
that Py € K41, we only need to prove that f is quasiconvex. We have

f(A) = —ap|Pp(A) = Rol* +|PpL(A)f? = [|Pes (A — ap|Pp(A)P] + [205(Pe(4) - o) — ap|Pol?]
= H(A) + 9(A),

where

H(4) = |Ppi(A)) —ap|Pe(A)P,
9(A) = 2ap(Pe(A)-Py) — ap| R

Since g(A) is affine in A, it is quasiconvex. Since H(A) is a quadratic form in A, to show that it is quasiconvex,
we only need to show that it satisfies the Legendre-Hamdamard ellipticity condition H(a®b) > 0 for all a € RY,
b € R™. we have

H(a®b) =|Pg(a@b)]> - ap|Pe(a®b)> > agla®|b)? — ap|Pe(a® b)|?
=agl|(a® b|2 —ap|Pr(a® b)|2 > 0.

Therefore H(-) is quasiconvex, so that f(-) is quasiconvex. Thus Py € K 1. The proof is finished. O

When K C M?*? is connected and does not have rank-one connections, Sverdk [30] observed that det(A
—B) >0forall A, Be K, A# Bordet(A— B) <0 forall A, B € K, A+# B respectively. He used this
observation to prove Tartar’s conjecture in the M?*? case. Among his results, he established that if we use the
notion of quasiconvex extreme point, K = K .. It was established in [33] that this type of sets are Lipschitz
graphs on a two dimension subspace.

Proof of Proposition 1.3. From [30], we see that either (i) det(A — B) > 0 for all A, B € K, A # B or (ii)
det(A—B) <0forall A, Be K, A# B. Let us fix Py € K and consider

f(A) = —det(A — Py), Aec MNxm

when (i) happens, or
f(A) =det(A - Py), Ae MV
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when (ii) happens. In both cases, we have that f is quasiconvex and f(A) < 0 when A € K. The equality holds
only when A = Fy. Therefore Py C Kg,1. The conclusion follows. O

Before we prove Theorem 1.4, let us examine the set SO(n), it is well known and easy to prove that SO(n)
is a strict convex surface. The tangent plane at any point P on SO(n) touches the set at P only. Therefore
every point in SO(n) is a convex exposed point.

Proof of Theorem 1.4. Tt is known [35] that Q dist?(-, SO(n)) and Q dist*(-, SO(n)H) are both left invariant
and vanishes on SO(n) and SO(n)H respectively. For every P € SO(n)H, we have

Qdist?(P, SO(n)) = Qdist*>(H,SO(n)) := a3 > 0

which is independent of P. Therefore, if v is a homogeneous Young measures supported in K, such that
v =P € SO(n)H, we have suppr C SO(n)H. Since SO(n)H is also strictly convex, P is a convex exposed
point of C(SO(n)H). Therefore there is a affine function I(-) such that [(A) < 0 in C(SO(n)H) and the equality
holds only when A = P. Hence P € K, 5. A similar argument as above gives that every A € SO(n) is contained
in K42 as well. g

Obviously, the convex exposed points of K = SO(n) U SO(n)H belong to K,:. Theorem 4.1 gives a
description of general quasiconvex extreme points by means of quasiconvex exposed points. I do not know
whether K. = K 1.

Proof of Theorem 1.5. The set K can be written as the union of two disjoint sets K = K U K_, where
K, ={P € K, P is positive definite}, and K_ = {P € K, P is negative definite}-

Also if we consider K as a set in the space S5 of 2 x 2 symmetric matrices, then K is the closure of its relative
interior.
We first show that the quasiconvex extreme points are contained in the relative boundary of K in Ss, that is

Kye COK={PeK,detP=1}U[KN(LyUL_)|.

Since So contains rank-one matrices, for example Ag = diag(1, 0), if P is an interior point relative to Sz, we
can find t; > 0, t5 < 0, such that P+ t1Ag € 0K, P+ t3 Ay € 0K, so that P is a convex combination of two
rank-one connected matrices. Hence P ¢ K, ..

Now we prove that K N (Ly UL_) C Kg2. Since Ly and L_ are both supporting planes of C(K). If
Py € KN Ly, there is an affine function I (which is of course, quasiconvex) such that I (P) < 0 when
P € K and the equality holds only when P € K N Ly. Since Ly is a two-dimensional plane without rank-
one connections, we can prove, as in the proof of Theorem 1.3 (by translating the plane to a two-dimensional
subspace without rank-one connections) that Py € (K N Ly)g,1. Therefore Py € K, 2. The case for points on
K N L_ is similar.

Next we prove that if Py € {P € K, det P =1} \ (Ly UL_), then Py € K, 3. Let

fi(P)=1—detP

for P € M?*2. we see that f; is quasiconvex and if we let
K, = {A € K, fi(4) = sup fl(X)}a
XeK

we see that

Ki={PecK,detP=1}, and sup fi(X)=0.
XeK



ON THE QUASICONVEX EXPOSED POINTS 15

Now suppose Py € K, we use Sverdk’s quasiconvex function

det P, P =PT, Pis positive definite,
fo(P) =

0, otherwise.
We have
P 1, itPeKynN{PeK, detP=1},
f(P) = 0, iftPe K_N{PeK, detP =1}

Therefore Ko = K. N{P € K, det P =1}, where

Ky = {A € K1, f2(A) = sup fz(X)}'

XeK,

Finally, since K5 is a strictly convex surface, therefore the tangent plane of K5 passing through Py intersects
K5 only at Py. Therefore there is an affine function fs, such that f3(P) < 0 on Ky with equality holds only at
P = Py. Hence Py € Kq,3.

If Py e K_N{P € K, det P = 1}, we notice that we can replace fy above by

det P, P = PT, P is negative definite,
f-(P) = .
0, otherwise,

and finish the proof in a similar way. a

Proof of Proposition 1.4. We prove the result in three simple steps.

Step 1. We show that C(K;) = C(K):, hence [C(K)i]. = [K¢]e for every t > 0. Since K C C(K), we see
that K; C C(K); so that C(K;) C C(K); because C(K); is convex. Let Py € C(K);. There is A € C(K)
such that dist(FPy, C(K)) = |Py — A| < t. Carathéodory’s theorem implies that there are By € K, and A\, > 0,
k=1,2,--- ,n+ 1, such that

n+1 n+1
D =1, A=) MNB:
k=1 k=1
Therefore,
n+1 n+1

Py = (PO — A) + Z Mo B = Z Ak[(PO — A) + Bk]
k=1 k=1
Since By € K and |Py — A] < t, we have
t>|Py— Al =|(Po— A+ By) — By| > dist(Py — A + By, K),

Py — A+ By € K, so that Py € C(K)y.

Step 2. [K{. C K;. Let Py € [K]. = [(C(K)t]e. We see that Py € O[(C(K):] N O[K:]. We see that
dist(Py, C(K)) = dist(Py, K) = t, hence Py € K;.

Step 3. f{t C (Kt)e. Let Py € f{t. If P, is not a convex extreme point, there are Ay, By € f{t and 0 < A <1,
such that Py = Mg + (1 — A\)By. Since dist(-, C(K)) is a convex function and

dist(Ao + (1 — \) By, C(K)) = dist(Ag, C(K)) = dist(Bo, C(K)) = t,

we see that dist(sAo + (1 — ) By, C(K)) =t for every s € [0, 1].
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Now, from the nearst-point property of compact convex sets and the definition of K, there are P, A, B € K,

such that

dist(Py, K) = dist(Py, C(K)) = |Py — P| = ¢,

dist(Ag, K) = dist(A4y, C(K)) = |4Ap — A| =,

dist(By, K) = dist(By, C(K)) = |By — B| = t.
We can easily see that P, A, B are three distinct points. We further claim that P is a convex combination of A
and B so that P is not an extreme point of K. This contradicts K = K.. In fact, if P, A and B forms a
non-degenerate triangle, let us consider the orthogonal projection of the line sigment

LQZ{SAo—F(l—S)Bo,OSSSl}

to the two-dimensional plane formed by the triangle. Therefore the distance between the three projected points
from Ay, By and Py to the A, B and P are the same. This easily leads to a contradiction in Euclidean geometry.
If A, B and P lie in a straight line L, we claim that L is paralell to Ly so that P is not an end-point of the line
sigment formed by these three points. This is easy to see, hence P is a convex comination of A and B. The
proof is complete. O

Proof of Proposition 1.5. Let us rewrite the functions F and f. We denote the orthogonal complement of
span[E;] as Ei, and let Pg, and Pp. be the orthogonal projection to span[E1] and Ej respectively.

2

)

F(P) = dist®(P, K) = min{‘P +—=1I|, |P-

1 12

— _1) = min {|Pg, (P) + E1|, |Pg, (P) — E1|*} + | Py (P))?
7 51| b = min {176 (P B 1P (P) B 4 1P (P)
=min {[t+ 1], [t — 1]*} +s° + 2 + ¢°.

Here we have used the notition P = tE; + sFEs + xE3 + yEy. It is not difficult to see that we can write f = QF
as
f(P)=g(t) —t* + s> + 22 + 4>
where
if ¢ <

)

1
27

N =

1
gty =< (t— 1)+t ift> 5

1
(t+1)2+¢% ift < -5
We see that f(P) = F(P) if |t| > 1/2. Notice that g(¢) is locally strictly convex if |t| > 1/2. So we can write f
in another form

F(P) = g(t) + 25 + (2% + 4> — 12 — 5?) = g(t) + 25* — 2det P = G(P) — det P,

where G(P) = g(t) + 2s®. We see that f is the sum of a convex function G and a quasiconvex function (null
lagrangian) — det P. We then can use the idea in the proof of Theorem 1.2.

Proof of (1). Suppose Py € My and |tg| > 1/2, we let
h(P) = g(to) + ¢'(to)(t — to) + 253 +4s0(s — so).

We see that h is an affine function and G(P) > h(P) and the equality holds in Ky (p, if and only if ¢t = t,
s = sg. Let

Kl = {Pa f(P) zsup{f(A), Ae Kf(P())}}?
we see that K1 = 0K(p,).
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Let
Ky ={P, h(P) =sup{h(4), Aec K1}},
we have
Ky ={P, s=3sg, t=tg, P€ K1}
so that f(Py) = f(P), t = tg, s = sg, hence 2% + y? = 22 + y2. We obtain

Ky ={PeM>? t=ty,s=s0, 2" +y° =3 +y3}-

Since (70, yo) is on a circle, we see that Py € (K2)q,1, hence Py € (Kf(p,))q,3-
The case |tg| = 1/2 will be dealt with in Part (2) and Part (3).

Proof of (2). If Py € My = { Py, |to] < 1/2, 13 > 23 + y3}, G(-) is degenate when P € M>. We consider
h(P) = g(to) + 253(s — s0)-

We see that G(P) > h(P) in Ky(p,) and the equality hold only when [t[ < 1/2 and s = s¢. If we let

K1 :{P, f(P>:Sup{f(A)a AGKf(PO)}}’

as in the proof of Part (1), we have Ky = 0K(p,).
Let
Ky ={P, h(P) =sup{h(A), A € K1}},
we have s = s, [t| < 1/2 and f(P) = f(Pp). Since g(t) = 1/2 when |¢| < 1/2. These restrictions give

1 1
gt tsi Tty =5 -t sg ety

with || < 1/2. Hence we have

1
KQZ{PGMQXQ, t2 = 2?4 9% + (12 — 22 +92), 5 = s0, |t|<§}-

New we write P € Ko as

1
PZtE1+80E2+$E3+yE4:E<

t+ax

y tyac) + sob,

and we obtain
det(P — soE) = t? — a? — oy =2 — a2 — 2.
We see that K5 is a translation of the set of symetric 2 x 2 matrices in Theorem 1.5 and Remark 1.4. In fact,
if we define fi(P) = fi(P — soE,), where fi are the quasiconvex function constructed by Sverdk (¢f. proof
of Th. 1.5), we see that Py € (K2)4,2. Therefore Py € (K¢ (py))q,4-
If [to] = 1/2 and t3 > 23 + y2, then P, is on the boundary of K» as a two-dimensional manifold. We see
that Py then is an convex exposed point of Ko, hence Py € (K2)q,1, so Py € (Kf(po))qﬁg.

Proof of (3). When Py € Mjz, we may conclude that Py ¢ (Kf(p,))q,. if we can show that Py is a convex
combination of two rank-one connected matrices in Ky(p,). We can restrict our search in K C Ky(p,) used in
the proof of Part (2):

1
Kz—{PeMM, =2 +y? + (8 — 25 + 43), 5= s, |t|<§}-
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However, this time, we have t2 — 3 — y2 < 0. Therefore K> is part of a one sheet hyperbola

=2 +y"+ (5 —ad+y5), s=s0, |t| < %,

if t2 — 22 —y2 < 0. In this case It is easy to see that the two lines on the hyperbola passing through are rank-one
connected lines in the sense that any two points on one line are rank-one connected. Therefore P, is a convex
combination of two rank-one connected points in Ks.

If t2 — 22 — y2 = 0, K5 is part of a symetric cone, there is a line passing through Py which is rank-one
connected. Therefore we can conclude, in both cases that P is not a quasiconvex extreme point of Ky p,)-.

Let us complete the the case [tg| = 1/2 for Part (1) when t2 < 22 + y2. We see as in the proof of Part (2)
that Py is on the boundary of K5 as a two-dimensional surface. Hence P, is an convex exposed point of Ks.
Thus Py € (Kf(po))%g.

Proof of Part (4). When f(P) <1/4, we will see that |t| > 1/2. For [t| < 1/2,

1 1 1
P)= - _42 2 2 25 2 425 2,
f(P) 5 +s oty > o >

Therefore P € M.

Proof of (5). If we take P(t) = tE;, and let t > 1/2 we see that f(P(t)) = g(t) — t*> = (¢t — 1])%. Therefore
MiNK, #0.
If we take P(t,s) = tE1 + sEy for |t| < 1/2 and s € R, we see that

inf{f(P(t,s)), [t| <1/2,s e R} =1/4
and f(P(t) =1/4 when t = +1/2.
sup{£(P(t, ), [t < 1/2, s € R} = .

Also, since z = y = 0, when ¢ # 0, [t| < 1/2, P(t,s) € Ma. We conclude that K, N Ms # (), when o > 1/4.
If Pe M3, t2<2%+y? and |t| < 1,

1
f(P):§+sQ+(:c2+y2—t2)z

N | =

Let us take to = 1/4, 29 = 1/(4v/2), yo = 1/(4v/2). We have t2 = 22 + y2. Therefore, if we let P;
= toE1 + sEy + zoEs + yoEy, with s € R, we have P; € M3 and f(Ps) = % + 52, Hence M3 N K, # 0
as a > 1/2.

Proof of Part (6). We have in general f(P) < F(P) for P € M?*2. We can also see that f(P) = F(P) when
[t| > 1/2. Now if |t| < 1/2, P € My U M3 and we let 0 < ¢ < 1/2, then

o)~ =5~ < (-1 < (417

Similarly, if —1/2 <t <0

g(t) —t? = % < (t+1)2< (- 1)
We have L

f(P)= 3 —t?+ 2+ 22+ <min{(t —1)% (t+1)*} + s> +2° +y* = F(P).
Thus f(P) < F(P) if and only if |t| < 1/2. The proof is complete. O
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