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THE DIFFERENTIAL SPECTRUM OF A RING

by Paulo RIBENBOIM

CAHIERS DE TOPOLOGIE

ET GEOMETRIE DI FFERENTI EL LE

Vol. XIV-2

Abstract

We continue the general study of higher-order derivations of rings,
initiated in [2] . We consider filtered derivations of filtered rings, deriva-
tions of ringed spaces and show the existence of the ringed space of glo-
bal differentials of a given ringed space. Then we specialize to the case

of affine schemes. The category of rings with derivations as morphisms is

isomorphic to the dual of the category of ringed spaces with local stalks,
the morphisms being the derivations which induce filtered derivations on

the stalks. It is shown that the presheaf of rings of differentials of an affi-

ne scheme is already a sheaf, which is called the differential spectrum of

order s of the corresponding ring. The paper concludes with a comparison
between the differential spectra of A and of A*.
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1. Der ivat i on s of F i Itered Rings

Let N be the set of natural numbers, S = N or S = {0, 1, ..., s }

with 0s=sup S&#x3E;°°.
Let A be an (associative commutative) ring (with unit element ) .

A family of subgroups (A (n) n &#x3E;0 of A defines a f iltration on A when

A = A(0) ) A(1) ) A(2) )... and A(m)A(n) C A(m+n) .

Then each A(n) is an ideal of A . A ring A , together with a filtration

(A (n))n&#x3E;0 , is called a filtered ring. If A and B are tow filtered rings,
a homomorphism h : A -&#x3E; B such that b(A(n))CB(n) is called a filtered

homomorphism. Every filtration on A defines a topology, compatible with

the ring operations; (A(n)) n &#x3E; 0 is a fundamental system of open neigh-

borhoods of 0 ; it follows that each A (n) is also a closed subset of A .

A is a Hausdorff space if and only if n A (n)=0. A mapping h :A - B
n&#x3E;0

between filtered rings is continuous when for every m &#x3E; 0 there exists

n h 0 such that b(A(n))CB(m); every filtered homomorphism is conti-

nuous.

DEFINITION 1 . If A , B are filtered rings, a derivation d E D ers ( A , B )
is called a filtered derivation when

vE S.

If d E Der s (A, B), d’ E Der s (B , C) are filtered derivations then

d’ o d = ( d’v) v E S E Ders ( A , C ) is also a filtered derivation (we recall

that for every v E S ) .

If h E Hom (A , B) is a filtered homomorphism and d = ( d v) v E S, 
d0 = h, dv = 0 , then d E Ders (A, B) is a filtered derivation.

If I is an ideal of A , J an ideal of B and d E Der s (A , B ) is

such that d0 ( I ) ÇJ, then d is a filtered derivation ( where A has the I-

adic filtration and B has the J-adic filtration). Indeed, if a1 , ... , an E I
then

if n &#x3E; v then at least n --v indices are equal to 0 , so each summand is
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; this proves that

If A is a filtered ring, B a ring, d E Ders ( A , B) such that B =

1m ( D) ( subring generated by U d v(A)), then the filtration on A deter-

mines a filtration on B in the following way: For every n &#x3E; 0 let G(n) be

the union (for s &#x3E; 1) of the sets dk 1 (A (n 1 
+ k1 

), ..., dks (A(ns+ks)), 
where in. = n and k. &#x3E; 0 . Let B(n) be the ideal generated by G (n); then

i=1 

B = B(0) ) B(1) )B (2) )... and B (m). B (n) C B(m+n) 
With respect to this filtration d is a filtered derivation, because

Let ns( A ) = A * be the ring of differentials of order s of A and

6 E Der s (A , ns (A)) the universal derivation; by definition, for every

ring B and derivation d E Ders ( A , B ) there exists a unique homomorphism

h : A * -&#x3E; B such that b o 8 x d .

If A is a filtered ring, since Im ( d ) = A * then A * has also a fil-

tration induced by that of A and d is a filtered derivation. Moreover, for

every filtered ring B and filtered derivation d E Der s ( A, B ) there exists

a unique homomorphism h E Hom (A*, B) such that h o 6 = d . Indeed, we

know already that there exists a unique homomorphism h E Hom ( A *, B )

such that h o 8 = d and we shall prove that h is filtered, that is

( for every n &#x3E; 0 ) .

Every element of A*(n) is in the ideal of A* generated by

since h (sk (a)) = dk (a) E B(n) for every a E A(n+k) then h (A*(n) C B(n).

2. Derivations of Ringed Spaces

Let (X, OX) be a presheaf of rings over the topological space
X . If U ) V are open sets of X , Pu V :OX (U) -&#x3E; OX (V) denotes the

restriction homomorphism and Ox, x the stalk of Ox at the point x E X .

D E F IN ITI O N 2. A derivation of order s from the presheaf of rings (X,

OX) to the presheaf of rings ( Y, (9y ) is a couple
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cp : X - Y is a continuous map,

for every open set U of Y,

are open sets of Y then

, for every n E S . Then (

morphism from 

For every x c X the derivation (O, d) induces a derivation dx E

Ders (OY, O(x), OX, x) - This follows from [2], page 261.
In order to define a derivation it is sufficient to give the deriva-

tions dU, for open sets V, belonging to a basis of open sets of Y. More
precisely, let (Ui) i E I be a basis of open sets of Y, let O.X-&#x3E;Y be a

continuous map and for every i E I let d (i)E Der s
such that if Ui D U i then

Then there exists a unique derivation of order s , (O, ( dU)U open in Y)
from (X,Ox) to ( Y, C9y ) such that d z=d(z)(for every iEI). Th e

proof is lengthy but easy.

(z, (9z )), we define a derivation

follows :

explicitly for every n E S :

It is easy to verify that (T), f ) is indeed a derivation from presheaves of

rings. With this composition of derivations, we have the category of pre-
sheaves of rings with morphisms being the derivations of order s .

Every homomorphism (O,h):(X,O)-&#x3E;(Y,Oy) may be viewed

as a derivation of order s, namely (cp, d), with dg = h U, dnU = 0 (for

0  n E S ) for every open set U of Y .

Hence we may consider the composition of a derivation and a ho-
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momorphism.
A presheaf of rings (X, OX) is called a ringed space if it is a

a sheaf of rings. We denote by sh (X, OX) the sheaf of rings canonically
associated with the presheaf of rings ( X, OX); it is theisheaf of continuous
sections T( U, Ox) of (X,OX).

If (O, 6) E Ders ( ( X, (Ox) , (Y, O y)) it induces a derivation

Explicitly for every open set U of Y,

is defined by

where

PR O P OS ITION 1 . I f ( X , OX) is a ringed space, there exists a ringed spa-
ce (X*, OX*) and a derivation (O*, 6*) E Ders ( ( X *, O*X*), *) , (X, OX))
such that f or every ringed s pace (Y, OY) and every derivation (y;, 8) E

Ders ((Y,OY), (X, Ox )) there exists a unique homomorphism (8 , h):

(Y, Oy)-&#x3E;X*, Ô*X*) such that (O*, 6* ) o ( 8 , h) = ( Y, E) . Moreover,

(X *, Ô * X *) and (O *, 6*) are unique ( up to a unique isomorphism) with
the above property.

PROOF. We take X* = X , and for every open set U of X let O*f’U)= 
T (U, OX)* ( the ring of differentials of order s of the ring T’ ( U, OX)) .
Let 6 U E Der s (T (U, OX), O* X (U)) be the universal derivation . If U ) V
are open sets of X , there exists a unique homomorphism pU*, V such

that the diagram commutes :
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Thus ( O*X (U))U op en in X is a presheaf of rings over X. Let

(X,O*X) be the sheaf associated with this presheaf, so T (U, O*X)=
O*x(U)=T(U, Ox)*. It is now straightforward to verify that (X,O*X)
and the induced derivation T’ (idX,6) = (idX, 6*) from (X, O*X to

( X, (9X ) satisfy the universal property of the statement.

The ringed space (X, (9*x ) constructed above is called the ring-
ed space of global differentials of order s of (X, (9x (idX, 6*) is the

universal derivation of ( X , (9x ).
3. Derivations of affine schemes

We consider the category whose objects are (commutative) rings

(with unit element) and whose morphisms are derivations of order s .

Let SPec (A)=(X,OX), Spec (B Y, C9y be the affine sche-

mes belonging to the rings A , B .

If 8 E Ders ( A , B ) it induces a derivation ( I o , 8) E Ders ( Spec B ,
Spec A), where E0 : Y -&#x3E; X is defined by lo ( y ) = x when E0-1(Qv) = Px
(Qy prime ideal of B , Px prime ideal of A ) ; it is a continuous map.

To define Z it suffices to define ’8U (I) where f E A and

because {U ( f) l f E A } is a basis of open sets of X. But

and

hence there exists a unique derivation 8/ E Ders ( Af, B E0 (f)) such that the
diagram commutes f see [2] page 258 ):

By the uniqueness, we conclude that, if U(f) ) U(g), then 8/, 69 com-
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mute with the canonical restriction homomorphisms. Thus, the derivations

( 81 ) 1 EA suffice to determine the derivation (E0, 8).
For every y E Y , let x = E0 (y) so E-10 (Qy) = Px . Then (9x,x=

Ap and Oy y = BQ 
y 

are local rings (i.e. have only one maximal ideal)

and 
x 

there exists a unique derivation e such that the diagram commutes

Hence fe )0 (AP Px ) C BQ Qy and we deduce that, if n  m, n E S, then

y

So Ey is a filtered derivation.

This leads to the following

P RO P OSIT ION 2 . The category of rings uith derivations o f order s is

isomorphic to the dual of the category of ringed spaces with local stalks,

the morphisms being the derivations of order s , which induce filtered de-

rivations on the stalks.

PROOF. In view of the preceding considerations, it is clear that we have

a contravariant functor from the first to the second category.

Let be given a derivation (O,6) E Der s ( ( Y , OY ) , ( X , OX ) ) of

ringed spaces with local stalks, which induces filtered derivations on the

stalks.

We shall show that (E0, E)=(O,6). Letting o p en in X ’

then

By hypothesis for every y E Y, w is a filtered derivation from AP to

BQ 
Y 

( where x = O( y ) ) ; in particular, so
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(6Y )0 is a local homomorphism. But (6Y )0 = (60) y by the uniqueness of

homomorphism localizing E0 = 6X0 : A -&#x3E; B . So, it is known that E0=O.
From the uniqueness of derivation localizing 8 = 6X, we have S = 8 Y
for every y E Y. This implies that the derivations 6 , E coincide, since

they coincide on each stalk.

The proof is concluded by noting finally that the tvo correspondences
E-&#x3E;(E0 ,E) and (O, S-&#x3E; 6X are reciprocal.

4. The differential spectrum of a ring

Let A be a ring, let (X, OX) be the affine scheme corresponding
to A . We may show :

P R O P O SITI O N 3 . The preshea f U -&#x3E; T (U , OX) * ( ring o f differentials o f
order s o f the ring I-’ ( U , OX)) is a sheaf.

PROOF. The presheaf is already defined over the basis of open sets

U ( f ) = { x E X l f E px} ( for f E A ) . To show that it is a sheaf, we have

to verify the sheaf property on each open set of X ; restricting the sheaf

to the open set, we are reduced to prove : if X = U U ( fi), if 0-. E

T ( U ( fi), OX)* for every i E I , and if U (fk) C U (fi)iE I n U (fi) implies

then there exists a unique o E r ( X , OX ) * = A * such that p*X, U (fi) ( o)-
oi ( for every i E 1 ) .

First we establish the uniqueness of 0- . If o- , o-’ E A 
* satisfy the

required condition, let ’r = o- -o’, hence P’k U ( fi ) (T)=0 for every

i E I. So there exists ni &#x3E; 0 integer such that (60fi)niT=0. The ideal of
A * generated by all elements (60fi)ni is equal to A * ; indeed, if P *

is a prime ideal of A * containing every (60fi)ni= 60 f n i i , then f n i i E
60 -(P *) = P ( a prime ideal of A ) , so fi E P for every i E I , hence

P E U U ( f i ) = X , a contradiction . So we may write 1= .2 ai ( 60 fi) ni, 
with aiER A *, ai = 0 except for finitely many indices. Thus

Now we prove the existence of o- . Since X is quasi-compact there
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exists a finite subset / of I such that . But

and J is finite, hence we may assume that m. 1 -m for all j E J. We have

U (fi fj ) C U ( fi ) n U(fi), hence oi, cr. have the same image in A *60 (fifi),
namely

(taking i, j E j ). So there exist integers mij &#x3E; 0 ( for i , j E J) such that

in A *; since j is finite, we may also assume that all m i, are equal, say
to n . Letting z ’i = zi (60 fi) n we have

Noting that X = lJ U (fi) we deduce as before that
EJ 

Thus we may take Indeed , for every

because

Next, if i E I , I E J let J ’ = { i } U J so {U ( fj) )} j E J’ is still a covering
of X and we deduce the existence of o’ E A* with a similar property.

From PX*,U(fi)(o’)=Pk,U(h)(o) for every /6/, we conclude by the
uniqueness that 0-’ = a and therefore for every i E I we have

DEFINITION 3. The sheaf of rings UHr( U, OX)* is called the differen-
tial spectrum of order s of the ring A ; we denote it by Diff Specs ( A ).

We combine the previous results. If 8 E Der s ( A , B ), let ( E0, 8) E

Ders ( Spec B , Spec A ) be the induced derivation, let
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be the universal derivations. Then there exists a unique homomorphism

such that the following diagram is commutative :

N4oreover, h induces filtered homomorphisms on the stalks.

We consider now the special case where B = A * ( the ring of diffe-

rentials of order s of A ) and 6 is the universal derivation of A . We have

the commutative diagram :

In this situation we have shown in [2] , page 103, that the conti-

nuous map So X * -&#x3E; X is surjective.
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