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AN ABSTRACT SETTING FOR HOMOTOPY PUSHOUTS AND PULLBACKS

by Christopher B. SPENCER

CAHIERS DE TOPOLOGIE

ET GEOMETRIE DIFFERENTIELLE

Vol. XVIII-4 (1977)

INTRODUCTION.

Starting with a 2-category, a double category of homotopy commu-
tative squares having additional structure in the form of a connection, gene-
ralising the connections of double categories defined in [2,3], can be

constructed. I shall show that the category 5) of such obj ects is equi-
valent to the category of 2-categories. My main aim is to present the ob-

j ects of 9 as a general setting for various results in homotopy theory deal-

ing with homotopy pushouts and pullbacks. See for example [7,8,9,10,11,
13,14,16].

NOTATION.

I continue the notation and conventions of [3]. A double category
D is thus viewed as a collection of squares D2 with two operations, o and
+, giving rise to vertical and horizontal category structures, together with

vertical and horizontal edge categories V, H over the same class of ob-

jects Co . A square a together with its edges is represented in the diagram

and given squares
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are defined and have edges as follows

The identities on V and H are both denoted by Ix , or simply 1 . On D2
the identities with respect to + and o have edges

respectively, and Oix = 11 is written ax, or simply a .

A 2-category may be regarded as a double category into which H is

the trivial one point category. -

1. CONNECTION-S.

Let D be a double category and A a category. An A-connection on

D (Brown) is a morphism of double categories A: D A -&#x3E; D where o A de-

notes the double category of commutative, squares in A . Given an edge
a : x -&#x3E; y of A , A assigns vertical and horizontal edges i a, j a of D to the

corresponding vertical and horizontal edges of o A represented by a . Thus
b

A assigns to each commuting square s = a 11 c in A (thus, b c - a d )

d
a square A (s) with edges



411

Functions FB it’’ A -&#x3E; D2 for which r a , r’ a have edges given by

are determined by restricting A to squares of o A of the form ,

and

respectively.
The morphism properties of 0 ensure the following properties of the

functions r’ , h’ :

where a : x - y and b : y , z are edges in A . By defining

for s in o A with edges

the connection 0 can be recovered from the functions I-’ , r’ satisfying
the above conditions.

REMARKS. 1. Conditions (i) and ( ii ) may be compared with the transport
condition for a connection on a special double groupoid as defined in [2,3 .
In this situation a function h’ satisfying the above properties is obtained

from r by taking r’=-(r’a-1)-1
2. In a previous version of this note I had worked entirely with the func-
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tions r , r’ in slightly less general setting and I am grateful to R. Brown

for his more elegant notion of A-connection.

For the remainder of this note I shall consider only double categ-
ories D of the special type in which H - v = D1 and all connections on

D will be DI-connections for which i = j = identity.
As for double groupoids with connections we have the notion of de-

generate square. Here a square is called degenerate if it has a decomposi-
tion a = [aij] in which aij is either 0a , 1a, r- a or r’ a for some edge

a in Di The following result generalises Proposition 2 of [2].

PROPOSITION 1.1. Given the square

in c D1, A (s) is the unique degenerate square of D having the edges

PROOF. Since 0 is a morphism of double categories,

Thus by the construction of r and r’ all degenerate squares a have a de-

composition a= [A (sij)] where sij and s =[sij] are squares of D D1 . 
Again by the morphism properties of A , a = A (s) .

2. 2-CATEGORIES AND DOUBLE CATEGORIES.

Firstly I describe the category 5) of those double categories relev-
ant to our discussion. An obj ect of 5) is a pair ( D , A) where D is a double

category and A: D1 -&#x3E; D2 is a (special) connection on D . Morphisms of

J) are morphisms of double categories preserving the connections. Note that
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morphisms preserve the connection 0 if and only if they preserve the as-

sociated functions r , r’.

Let 2-d denote the category of 2-categories .

THEOREM 2.1. There exists an equivalence o f categories p : 2-C (a

such that p is a right adjoint of a).

PROOF. Given a 2-category C I define below a double category with con-

nection p (C) = ( D, A ) :
Take D to be the double category Q ( C ) of up-squares of C ([1] ,C ).

b

That is Do = Co , D1 = C1 and the squares with edges a c are quint-

uples d 1
such that a E C2 has edges i

Vertical and horizontal composition are defined respectively by:

and

It is straightforward to check this gives the structure of a double category
in which the identities and zeros are

and respectively.

The connection A is obtained from

and equation (1.2). Properties ( i )- ( v ) are immediate and clearly p ex-

tends to a functor p : 2-C -&#x3E; J9.

Conversely, given a double category D take w (D) to be the 2-cat-

egory obtained by taking the sub-double category of D consisting of squares
of th e form
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( D’ in [12] ). Again a extends to a functor a) : D -&#x3E; 2-C in an obvious way.

Corresponding to an observation in Proposition 2.4 of [12] there is

a natural isomorphism y : wp -&#x3E; 12-C determined by the identity maps on

the squares, edges and vertices.

Next I obtain a natural transformation 0 : 1 -&#x3E; p w . Let D be an

obj ect (D, 1 , 1 ’) of D. Define O (D): D -&#x3E; p ú) ( D) to be the identity on

the vertices and edges ; and given a square

set

Then

where

while

where

by (1.1) (iv). Thus
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Also

where

while

where

by the interchange law in D and the transport conditions ( 1.1 ) ( i ) and (ii ).

I have now proved O (D) is a morphism of double categories. Also, apply-

ing condition ( 1.1 ) (v), it is readily shown that

and

and hence O (D) preserves the connections.

Since O (D) is bij ective on faces with inverse pw (D) -&#x3E; D

defined on faces by

O (b ) is an isomorphism of double categories and the first part of the Theo-
rem is proved.

Finally the identities

and

are easily verified ( the proof of ( b ) requires (1.1) ( iii ) ) showing that p
is a right adj oint of (ù This completes the proof.
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Now let 2-e! r be the full sub-category of 2-e consisting of those

2-categories in which, for each pair of vertices x, y , the squares

form a groupoid under + ([4], page 81 ) (inverses will accordingly be de-

noted by - ), and let D! be the full sub-category of D whose obj ects are

double categories D (with connections) for which the 2-category (ù (D) is

an obj ect of 2-C!. 

COROLLARY 2.2. The functors p , (ù restrict to an equivalence of categ-

ories and p! is a right adj oint o f w!.

Obj ects of either categories 2-e- ! or 3)’ ! may be taken as a frame-

work for abstract homotopy theory. For example R. M. Vogt’s result on strong

homotopy equivalences [ 15] in an obj ect C of 2-C’ translates as follows.

An edge a: x -&#x3E; y in C1 is a homotopy equivalence if there is a ho-

motopy inverse a: y - x and squares

(That is, in the language of [4], cx represents an equivalence in w (D) , the

category a) (D) modulo homotopy. ) I call (a, a,6, E) a strong homotopy

equivalence if

PROPOSITION 2.3. Given any homotopy equivalence a with homotopy in-

verse 7t and a homotopy then ( a , a, 0, E) is a strong homotop y
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equivalence, where

and is arbitrary.

PROOF. Follow Vogt’s argument verbatim.

However to handle pushout and pullback squares and homotopy com-

mutative squares in general I believe it is more convenient to work with

squares in obj ects of D! ( the connections allow one to turn everything into

a square ). We consider below some general properties of these obj ects.

For each obj ect (D, A) of D ! there is a reflection r : D2 -&#x3E; D2 such
that on edges r behaves as follows :

and r(a) is defined by

In the case of double groupoids with connection, r(a) = - r (a) where r is

the rotation of Theorem C in [3]. Corresponding to that theorem we have the

THEOREM 2.4. The reflection r satis fies :
whenever a + B is de fined,
whenever a o y is de fined,

(iv) r determines an isomorphism o f 2-categories r : co(D)-&#x3E; ú) v ( D),
where xw (D) denotes the 2-category of squares
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with the operations + and o on w (D) interchanged,

P ROO F . By Corollary 2.2 it suffices to consider double categories D = p (C)
arising from a 2-category C in 2-C* . It is readily checked that under the

isomorphism O(D): D-&#x3E; p w (D) the rotation on p w (D) becomes

The condition (2.4) (iii) is immediate and, for ( i ) ,

( ii ) follows from ( i ) and ( iii ) ; and ( iv ) follows from ( i ), ( ii ) and ( iii ) .

The remaining properties are easily verified directly.

3. PUSHOUT AND PULLBACK SQUARES.

Throughout this Section I will work in a double category D with

connection A ( and associated functions F* I" ) such that (D, A) is an

obj ect of T I .

DEFINITION 3.1. A pullback square in D is an element a E D2 such that

for any element B E D2 with

there exists y, , y2 E D2 with

such that
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and, in addition, if

is another such representation, then there exists

such that

Dually, I call a a pushouts square if any B E D2 with Co 13 == f 0 a ,

a0 B =a 0 a may be written

where

and for any other such representation there exists 8 E m (D)2 such that

The usual uniqueness up to homotopy pushout and pullback squares
holds.

PROPOSITION 3.2. Let cr, rx’ be pullback squares with

T h en
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in which c : ao ao a’ -&#x3E; ao ao a is a homotopy equivalence.

PROPOSITION 3.3. Let a, a’ be pushout squares with

Then

in which c : a, E1 a -&#x3E; al E 1 a’ is a homotopy equivalence.

PROPOSITION 3.4 · If a be a pullback (pushout) square then so is r (a) a

pullback (pushout) square.

PROOF. I consider only the pullback case. Let a be a pullback square and

o- an element of D2 such that

Then I may write

and applying r to this equation obtain

where I have put y 1 = Y2 , Y2 = Y1 . Thus equation (3.1) in Definition 3.1
is satisfied. Now suppose

Then

implying the existence of 8 E w (D)2 such that
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and completing the proof.

The «uniqueness up to homotopy » part of De finition 3.1 may be ex-

tended to allow the y ’s to have more general edges. More precisely, we

have the

LEMMA 3.5. L et ct be a pullback square and suppose

where di = E1 (ai) = E (ai) (i = 1,2), then there exists 6 E w (D)2 with

The dual result also holds.

PROOF. I consider only the pullback case. Since

and a is a pullback square, there exists 6E w (D)2 such that

, and

From ( i ), on composing with r’d1, we obtain 6+r (a1) = r( a’1). Simil-
arly using ( ii ) we may show 6-f- r (a2) = r (a2 ) .

PROPOSITION 3.6. Let a be an el ement of D2 such that one pair of op-
posite edges are homotopy equivalences. Then a is both a pullback and a

pushout square.

PROOF. By Proposition 3.4 and duality it suffices to show that the element

a of D2 with edges
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is a pullback square if u, v are homotopy equivalences. By Proposition
1.3 we may assume we have strong homotopy equivalences ( u, u,n,E) and

(v, v, n’, E’). Then 77 , 6 77’, E’ have edges as follows

and

I begin by constructing a square

such that

and

Let y 
= h’u o a o r v and set

Now and

Thus,

since it is equal to
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From which I obtain

Now

and

and hence, and

Thus I have at last arrived at equation ( 3.3 ). (3.4) follows by symmetry.

After the above preliminaries I now proceed to prove a is a pull-
back square. Let

th en if and we have

employing (3.1),

Finally, suppose
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where the y ’s have edges as follows

Then define

by

where Then

Therefore,

Furthermore, Thus

So by (3.4),

Applying the reflection r this becomes
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Therefore,

This completes the proof.

The next result puts Lemma 4 of [7] into our present setting.

PROPOSITION 3.7. Let y = a+(3 where cc, 8 are pullback (pushout) squa-
res. Then y is a pullback (pushout) square.

Similarly y’ = a’ oB’ is a pullback (pushout ) square if a°, B’ are pull-
back (pushout) squares.

PROOF. By Proposition 3.4 and duality it suffices to consider the follow-

ing case. Let y = a +(3 where a , (3 are pullback squares and let a ,(3 have

edges

Then given a square a with edges

we require yl , y2 in D2 ’ c in DI such that

Since B is a pullback square I may write

and then since a is a pullback square I may also write
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Thus

where Y1 
= Y1 and

Now suppose

are two representatives of Q . Then

where r(y2) = r(y2) o (r f + le ). Thus since /3 is a pullback, by Prop-
osition 3.5, there exists 8 in (ù (D)2 with edges

and satisfying

and

From (3.5) we have

Thus since or is a pullback square there exists 8 in (í) ( D )2 with edges
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and satisfying

and

Now from the definition of and substitution in

(3.8) gives

the left hand side of which may be expressed as

Hence

and so

Now

Therefore,

(3.10)

Finally, (3.7) and (3.10) show that 8 has the required properties to esta-

blish the « uniqueness up to homotopy» part of Definition 3.1.

My last result puts Lemma 5 of [7] into the present setting. This

result requires the existence of pushouts and pullbacks in (D, A) . That

is, I say pullbacks exist if given edges al , a2 with common final points



428

there exists a pullback square

Similarly I say pushouts exist if given edges b 
l’ b2 with common initial

points there exists a pushout square

PROPOSITION 3.8. Suppose pullbacks exist in (D, 1, r’) and let y =a B
where y, (3 are pullback squares, then a is also a pullback square.

Dually, if pushouts exist and y, a are pushout squares, then (3 is a

pushout square.

PROOF. Again I consider only the pullback case. Let a’ be a pullback squa-
re such that E 1 a’ = E1 a, a1 a’ = a1 a and let

Then since a’ is a pullback square there exist y 1 y2 in D2 and c : w-&#x3E; úJ’

in D, such that

Since a + B is a pullback square, by Proposition 3.2 there exist squares

YI ’ Y2 and a c :  -&#x3E; N’ such that

where e = E 0 B. Then, since by the previous proposition a’+B is a pull-
back square, there exists
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showing that c is also a homotopy equivalence. Thus by Proposition 3.6,

y1 is a pullback square and so applying Proposition 3.7 to

we see that a is a pullback square.
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