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A LIFTING THEOREM FOR RIGHT ADJOINTS

by Manfred B. WISCHNEWSKY *

CAHIERS DE TOPOLOGIE

ET GEOME TRIE DIFFERENTIELLE

Vol. XIX-2 (1978 )

1. INTRODUCTION.

One of the most important results in categorical topology, resp. topo-

logical algebra is Wyler’s theorem on taut lifts of adjoint functors along top
functors [16]. More explicitly, given a commutative square of functors

where V and V’ are topological ( = initially complete ) functors and Q  pre-
serves initial cones », then a left adjoint functor R of S can be lifted to a

left adjoint of Q. Since the dual of a topological functor is again a topolo-
gical functor, one can immediately dualize the above theorem and obtains

a lifting theorem for right adjoints along topological functors. Recently’%.
Tholen [12] generalized Wyler’s taut lifting theorem in the general categ-
orical context of so-called « M-functors » or equivalently «topologically alge-
braic functors» ( Y . H . Hong [6] ). M-functors, or more exactly M-initial func-
tors, generalize ( E, M )-topological functors in the sense of Herrlich [41 as

well as monadic functors. Although this notion is very general it still allows

for instance to prove all propositions and theorems in H. Herrlich’s paper on

( E, M )-topological functors for this more general notion. Unfortunately the

dual of a M-initial functor is no longer a M-initial functor. Hence we don’t

get in this way a corresponding generalization of Wyler’s cotaut lifting the-

orem. The categorical background of this paper is the theory of semi-final

* I am indebted to W. Tholen for some useful discussions on a preliminary version

of this paper.
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functors, a generalization of M-initial functors. By this notion we obtain a

a lifting theorem for right adjoints along M-initial functors which can be ap-

plied in topology as well as in algebra, and which generalizes at the same

time Wyler’s cotaut lifting theorem. As a byproduct of our investigation we

w ill show that every M-initial category » is a reflective sub-category of a

topological category. This result implies for instance that all results in H.

Herrlich’s paper for ( E, M )-topological categories are valid for M’-initial cat-

egories and trivializes almost all results in Y. H. Hong’s fundamental paper.

Finally by specializing and dualizing our general lifting theorem for right ad-

joints, we obtain again Tholen’s theorem on lifting left adjoints along M-

initial functors.

2. M-INITIAL AND SEMI-FINAL FUNCTORS.

M-initial functors as a common generalization of topological and mo-

nadic functors were introduced by Y. H. Hong in her thesis [6] and recently

independently by W. Tholen [12].

Let v : C --&#x3E; B be a functor. Denote by Cone ( C ) the « class » of all

cones 0: A C - D in C where D: D --+ C is a diagram ( D may be void or

large) . The class Mor( V) of all V-morphisms is the object class of the

comma category ( B , V ).

are called orthogonal ( ( b, C) 1(O , C’) ) if every commutative diagram

I

can be rendered commutative in the following sense by a unique C-morphism
úJ:C4C’:

Let NI C Cone(C) and E C Mor( V) be subclasses. Define
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Let V: ç 4 g be a functor and D : D --+ C be a diagram. Then a cone

0 : A C 4 D from the vertex C to the base D is called a V-initial cone if,

for any cone ç: 0, C’ --+ D from the vertex C’ to D and any B-morphism

there exists exactly one C-morphism b* : C’ 4 C with

DEFINITION 2.1 (Y.H. Hong [6], W. Tholen [12]). Let V: C --+ B be a

functor and let E c i1Jor(V) and M C Cone ( C ) be subclasses. Let M con-

s is t of V-initial cones. V is a M-initial functor if:
10 Every cone Y : A B 4 v D , D : D --+ C, has a factorization :

20 M- = E and E1 = M.

EXAMPLES 2.2.

1° Every ( E, M )-topological functor is a M-initial functor (H. Herrlich

41 ).

20 Every regular functor v : C --+ B over a regular category B is a M-

initial functor with respect to the class of all mono-cones of C .

3° Every full reflective subcategory F : C --+ B is a M-initial functor

with respect to all cones in C .

4° Every monadic functor V: C - B is a M.-initial functor with respect

to a class M c Cone( C ) provided C has a M-factorization in the usual sen-

se of cone factorizations in a category.

DEFINITION 2.3 (cf. [5] ). A functor v: C - B is called semifinally com-

p lete (or just a semifinal functor) if, for every cone tA : V D --+ A B in B,

D : D --+ C , there exist a cone O : D --+ A C in C and a B-morphism b : B 4 V C

such that, for every cone 95’: D --+ A C’ and every B-morphism
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there exists exactly one C-morphism c : C 4 C’ such that the following dia-

gram commutes : 

Every triple (Y , b , O) with VO= A b. Y is called a semili ft o f r/J. A semi-

li ft of Y with the above universal property is called a V-semifinal li ft o f r/J.

Hence a functor V: C --+ B is semifinally complete iff every cone

Y : VD --+ 0 B has a V-semifinal lift 1) .

Denote by D/ C the comma-category (D, A ) of all cones from D to

C . The functor V : C --+ B induces a functor D/ V : D/ C --+ V D/B by the as-

signment :

Hence we obtain immediately that V: C - B is a semifinal functor if and

only if, for each diagram D : D - C , the induced functor D / V has a left ad-

joint.

V: C - B is called a D-semifinal functor if the functor D/V has a left

adjoint (if D is not small one has to change the universe ) .

By taking the void diagram D: 0 -* C we obtain the well-known fact

that every semifinal functor has a left adjoint [ 5] . By taking a colimit cone

for V D in B ( if it exists) we obtain a colimit cone of D in C as the image
of V D 4 colim U D by applying the left adjoint of D/ V . Hence if v : C--+ B

is a semifinal functor and if B is cocomplete, C is also cocomplete. Con-

versely, if B and C are cocomplete and h has a left adjoint then V is a

D-semifinal functor for all small diagrams D: D --+ C (Hoffmann [5] ).

1) In contrast to [5] the index categories may be large. This generalization is ne-

cessary for our main theorems.
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2.4. The construction of an initially complete extension given in the follow-

ing is due to Herrlich [41, Theorem 9-1, and was used by R. E. Hoffmann and

others.

Let V: C --+ B be a M-initial functor 1) with respect to ( E , M ) . We

will construct an extension of V:

such that

( i ) I: C --+ A is a reflective subcategory,

( ii ) U: A - B is a topological ( = initially complete ) functor.

The construction is given by the following data :

( 1 ) Objects of A are all elements ( f, C) in the class E ,

(2 ) A morphism ( b, c ): ( f, C ) --+ f’, C’) is a pair consisting of a B-

morphism b : B --+ B ’ and a C-morphism c : C4 C’ such that f’. b = V c. f.
(3 ) The forgetful functor U: A - B is defined by the assignment:

(4) The embedding 1: C --+ A is given by the assignments :

Recall that (idvc, C) is in E since llll consists of V-initial cones.

(5 ) I : C --+ A is reflective. The reflector R: A --+ C is given by ( f, C)-C
and the unit of the adjunction by

THEOREM 2.5. Every M-initial category is a reflective subcategory of a to-

pological category. (More exactly every M-initial functor has a reflective
extension through a topological functor. )

1) A M-initial functor is faithful ( Y. A. Hong [6] , w. Tholen [12]).
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P ROO F. Let

be a class of .4 -objects and let

be a class of B-morphisms gi : B - Bi . Take the M-initial factorization of
the cone

where (Yi: C 4 Ci | i E I is an initial cone in M and b is in E . VUe will

show that (gi, Yi): (b, C ) --+ (fi, Ci ) is a U-initial cone generated by gj,
i el . Let

be a class of 4-morphisms and b ": B’ 4 B be a B-morphism with gi-b" = hi .
Consider the commutative square 

Then there exists a unique C-morphism

Then ( b", c): ( b’, C’)--+ ( b, C) is the desired A-morphism. The rest is clear.

This theorem has a whole host of applications.

COROLL ARY 2.6 (Herrlich [4]). Every (E,M)-topological functor V: C--+ B
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has an « absolute » topological reflective extension.

COROLLARY 2.7. Every regular functor V: C - B over a regular category
B has a topological reflective extension.

COROLLARY 2.8. Every Eilenberg-Moore category (over Sets) is a reflec-
tive subcategory of a topological category.

COROLLARY 2.9 (cf. Hong [6], W. Tholen [12)). Let V: C --+ B be a M-

initial functor. Then :

(1 ) 1 f B is D-complete then C is !2-complete and V preserves limits.

(2) If B is D-cocomplete then C is D-cocomplete.
(3) V: C , B has a le ft adjoint.

COROLLARY 2.10. Every M-initial functor V: C - B is semifinal.

P ROO F. Obviously every topological functor and every reflective embedding
are semifinal functors. Since the composition of semifinal functors is semi-

final and since every M-initial functor has a reflective factorization

through a topological functor U: A--+ B , the functor V is semifinal as com-

position of two semifinal functors.

Let r/J: V D 4 A B be a cocone over B . The semifinal lift is constructed as

follows: first take the final ( = coinitial ) cone over A generated by yl. This

yields a cone 1/S*: D --+ AA. Then compose yl* with the unit A - R A where

R denotes the reflector A - C.

COROLLARY 2.11. Every M-initial functor lifts monoidal structures, i.e.,

if the base category B is monoidal then C is also monoidal and V is a mo-

noidal functor with respect to these monoidal structures.

(Details appear somewhere else. )

COROLLARY 2.12 (Characterization o f M-initial functors, Hong [7]). L et

M be a class of initial cones in a category C. A functor V: C --+ B is a M-

initial functor iff g is a M-category ( = has an ( E , M )-cone factorization )
and V has a left adjoint.

COROLLARY 2.13 (Hong [61). Let I: U , A be a full subcategory. _L is
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reflective in A if and only if I is an M-initial functor.

3. A LIFTING THEOREM FOR RIGHT ADJOINTS.

The lifting theorem proved in the following is extremely general.

The usefulness as well as the importance of this theorem follows from the

corollaries derived from. Besides a lifting theorem for right adjoints along

M-initial functors it contains the lifting theorem proved by O. Wyler [16] , 
W . Tholen [ 12] and H. Wolff [1 5 ] .

First we need some technical notions.

Let U C B be a subcategory. Denote by B ! U the comma category

of all B-morphisms

Let M C Ob(B!U) be a class of (B!U )-objects and let E be a class of

V -semilifts of a class of cocones Y : V D --+AB , D : D --+ C arbitrary. We say

that V is (E , M )-cosemi-factorizable relative to U if every cocone tjJ with

Y : h D --+A U has a factorization

where (tA ’, b, rp) is a semilift of Y’. 1)

If in particular every triple ( Y’, b, O) E E is semifinal, we say that

V is semifinal factorizable relative to U.

The dual notions are (E, M)-semi-factorizable relative to U and se-

mi-initial factorizable relative to U .

Given a commutative square of functors (** ) as follows, we say that

(Q, li) trans forms E-semilifts into V’-semifinal lifts if for every V-semi-

1) The factorization is assumed to be orthogonal ( two diagonals! ) . In particular
(tA’, b,95) and m are unique up to canonical isomorphisms.
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lift (Y’, b, O) E E the triple (R Vf ’, R b, QO is a V’-semifinal lift.

THEOREM 3.1. Let (**) be a commutative square of functors. Assume

a) R has a right adjoint S.

b) V is (E , M )-cosemi- factorizable with respect to Im S .

c) (Q, R ) trans forms E-semilifts into V’-semifinal li fts.
Then Q has a right adjoint.

P ROO F. The comma category Q ! C’, C’ E C’ , defines a cocone

Since the functor R has a right adjoint S the cocone

induces a cocone ( f*: V C - SV’C’). Since V is ( E , M) -cosemi- factor-
izable with respect to Im S and the vertex of ( f*: V C --+ S V’C’ ) is in Im 5

we obtain a factorization

w ith m E M and (tfr, b , 0) E E (note that Y : I/ C , B and 0: C 4 C * are com-

ponents of functorial morphisms). Since ((Q, R) transforms E-semilifts into

h’-semifinal lifts we obtain the following commutative diagram.



164

with unique c : Q C* - C’ , i. e. there exists a unique morphism

Hence Q has a right adjoint

By specializing and/ or dualizing the data in (*) and (** ) we obtain

a whole host of useful corollaries.

Let h: C --+ B be a semifinal functor. Then h is obviously semifinal

factorizable where in (* ) m is an isomorphism. Hence we obtain the fol-

low ing

COROLLARY 3.2. Let (**) be a commutative square of functors. Assume

a) V is semifinal;
b) (Q, R) preserves semifinal lifts;
cj R has a right adjoint.

Then Q has a right adjoint.

Since every M-initial functor is semifinal the above corollary is the

desired lifting theorem for right adjoints along M-initial functors ( it is only

necessary that v is M-initial ! ) . In particular since a topological functor

V has final cones, i. e. the morphisms b in the semifinal lifts Y, b, § ) are

isomorphisms, we obtain :

COROLLARY 3.3 (Wyler’s cotaut lifting theorem [16]). Let (**) be a com-

mutative square of functors. Assume

a) V is a topological functor;
b) ( Q, R) preserves final cones ( (Q, R) is final continuous);
c) R has a raght adjoint.

Then Q has a right adjoint.

V is called final- factorizable relative to U C B if in each factoriza-

tion (*) b is an isomorphism and 0 is a V -final cone. Then we get:

COROLL ARY 3.4. Let (**) be a commutative square of functors. Assume

a) V is final-factoriz able ;
b) ( Q, R) preserves E-final cones ;
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c) R has a right adjoint.
Then Q has a right adjoint.

By dualizing Corollary 3.4, we obtain the main result in [12] :

CO ROLL ARY 3.5 (Tholen [12]). L et (**) be a commutative square o f func-
ors. Assume

a) V is a M-initial functor;
b) (Q, R ) preserves M-initial cones ;
c) R has a left adjoint.

Then Q has a left adjoint.

By specializing data in the commutative square of functors we ob-

tain further corollaires. I want to state just two of them. ( For a detailed

discussion, see Tholen [12].)

Letting h - Id , we obtain :

COROLLARY 3.6 (Sandwich Theorem [12]). Let C be a category H,ith an

( E, M )-cone factorization. Let

be a commutative triangle of functors. l f R has a left adjoint and Q trans-

forms M-cones into V’-initial cones then Q has a left adjoint.

By setting R = I d we obtain :

COROLLARY 3.7. L et v: C - B be a M-initial functor and let V’: C’ --+ B

be an arbitrary functor. Then every M-initial continuous functor Q: C --+ C’

has a left adjoint.

REMARK 3.8. Let V be ( E , M )-cosemi-factorizable. If either

( i ) all m (M or

(ii) all b in semilifts (Y’, b , O ), (Y’, b, O ) E E arbitrary, are isomor-

phisms,
then the assumption that the factorization fulfills the orthogonal condition

is superfluous ( in the corresponding lifting theorems for right adjoints ).
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The dual assumption is valid for the corresponding lifting theorem

for left adjoints.

Furthermore we obtain from Corollary 3.5 that the dual of an M-ini-

tial functor V is in general not M-initial, because otherwise V would have

not only a left adjoint, but also a right adjoint (take R = Id and V’ = Id ).

But this is true only for special instances.

The preceding existence theorems for left and right adjoints have

numerous applications in various fields. We will just state some of the most

important ones appearing in topology as well as in algebra. The obvious de-

duction of the following propositions from the above lifting theorems is left

to the reader.

COROLLARY 3.9. Let C be a strict monoidal M-initial category over a mo-

noidal closed category B. Let B be cocomplete, well-powered. Then C is

monoidal closed if (and only if) the functors - O X , X E C , preserve colimits.
In particular if B is cartesian closed then C is cartesian closed if ( and

only i f ) - X X , X E C , p res erv e colimits.

COROLLARY 3.10 (A. and C. Ehresmann [1]). Notation as in [1 ]. Let Z

be a cone-bearing category. The category Z-Alg ( Sets ) of all 2-algebras in
Sets is cartesian closed if and only if the functor - X Y ( u ) commutes with
colimits for each u E Z .

COROLLARY 3. 11 (Wischnewsky [13]). Let (4,2) be an esquisse in the
s ense of Ehresmann and B be a locally presentable category in the sense

of Gabriel- Ulmer. Let C be a Top-category over B. Then :

a) The inclusion functor 2-Alg ( :.1 , C ) --+ [ A , C ] is reflective.
b) The inclusion functor Z-Coalg( A , C ) --+ [ A , C°p ]°P is coreflective.

In Herrlich [3] and Porst [9] there were given external characteri-

zations for the MacNeille completion (MNC) of faithful functors, i. e. the

smallest injective extension of a faithful functor h: C --+ B . MNC’s don’t

exist in general unless C is small [3] . Applying our main results namely
Theorem 2.5 and Theorem 3.1, we obtain :

COROLLARY 3.12. (1) Every M-anitial functor has a MNC.



167

(2 ) L e t h: C --+ B be a M-initial functor and F : ( C , V) --+ ( A , U) the

MNC. Then F : C --+ A is reflective. ( V has a reflective MNC. )

In particular every Eilenberg-Moore category over Sets is a reflec-

tive subcategory of its MNC. Since every MNC U: A --+ B is initially com-

plete and since every initially complete category over Sets can be embed-

ded into a cartesian closed topological ( CCT ) category we obtain :

COROLLARY 3.13. Every algebraic category over Sets is a reflective sub-

category of a cartesian closed topological category.
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NOTE ADDED IN PROOF.

In the meantime W. Tholen and the author could generalize Theorem

2.5 and Corollary 3.12 of this paper:

THEOREM (Tholen-Wischnewsky; Oberwol fach July 1977). For a functor
V: C --+ B the following assertions are equivalent:

(i) V is semifinal.
(ii) V is a full reflective restriction of a topological functor.
( iii ) V has a reflective MNC .

In this context W. Tholen and the author are indebted to R. E. Hoff-

mann. Without his disbelief and intensive search for a counterexample of the

equivalence ( i) +--+(ii) we would not have tried to prove this theorem.

Moreover W. Tholen proved that the (E, M )-cosemi-factorizable func-

tors are coreflexive restrictions of semifinal functors. Motivated by Tho-

len’s result the author could just recently give a complete description of

arbitrary full coreflexive restrictions of semifinal functors.
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