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CAHIERS DE TOPOLOGIE Volume XXXV-1 (1994)
ET GEOMETRIE DIFFERENTIELLE
CATEGORIQUES

INNER ACTIONS AND GALOIS H-OBJECTS IN A

SYMMETRIC CLOSED CATEGORY
by JN. Alonso ALVAREZ and J M. Fernandez VILABOA

Résumé. Le but de cet article est de montrer que pour une algebre de Hopf
H dans une catégorie fermée symétrique €, un H-module triple d' Azumaya
(A, ¢, ) a une action intérieure si et seulement si le H-object de Galois

(A#H)A =TI(A) est & base normale. En utilisant ce résultat nous montrons
que le groupe de Brauer des H-modules triples d' Azumaya avec action
intérieure est isomorphe 4 B(€¢ ) & N%, (H), ou N%, (H) est le groupe des

classes d'isomorphismes des H-objects de Galois avec base normale et
B(%® ) est le groupe de Brauer des triples d' Azumaya dans € défini par J. M.
Fernandez~-Vilaboa dans [4].

En particulier, si R est un anneau commutatif avec unité, H une alge¢bre de
Hopf projective de type fini, commutative et cocommutative sur R, alors
toute extension H-Galois de R est 2 base normale si et seulement si toute
H-module algebre R—Azumaya a une H-action intérieure.

0. Introduction

In [4], for a Hopf algebra H in a symmetric closed category €, Fernandez Vilaboa
defines the Brauer group of H-module Azumaya triples, BM(% ,H) , and the group of
isomorphism classes of Galois H-objects, Gal%, (H), and obtains the isomorphism:

BM(¥¢ H)=B(¢) ® Galg, (H), where B(%) is the Brauer group of the symmetric
closed category €.

In this paper, we prove that the set N‘€ (H). of isomorphism classes of Galois
H-objects isomorphic to H as H—comodule is a subgroup of Gal%, (H), and the set

Ban(‘E ,H) of equivalence classes of H-module Azumaya triples with inner action is

a subgroup of BM(% ,H). Finally, we obtain the decomposition theorem:
BMinn(%,H) =B(€)® N,g (H).

Section 1 contains a review of some background material that we will used freely in
the sequel.

In the next section we describe the group of isomorphism classes of Galois
H-objects with a normal basis.

We continue in .section 3 giving a criterion for the action of an H-module
Azumaya triple to be inner.
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ALVAREZ & VILABOA - INNER ACTIONS...

Finally, in section 4, we introduce BMinn(%’ ,H) and we prove that it is
isomorphic to B(%) ® Ng (H).

1. Preliminary

A monoidal category ( € ,®, K) consists of a category € with a bifunctor
—®—:€ x€ ——— € and a basic object K, and with natural isomorphisms;

a ABC:A®(B®C) = (A®B)®C

1 A:K®A =A

r A:A®K =A
such that

(A®agcp)° 2, ecyp ° (aBc®D) =35p(coD) ° A(AGB)CD

(A®ly)oa, n=1,8B

If there is a natural isomorphism 'cg : A®B = B®A such that 'ri ° 1:3 = A®B,

'cg ®C= (B®1:g )o (tg ®C), then € is called a symmetric monoidal category.

A closed category is a symmetric monoidal category in wich each functor
-®A: ¥ —@ has a specified right adjoint [A,-]:€——€ ([3], [5))

In what follows, % denotes a symmetric closed category with equalizers,
co—equalizers and projective basic object K. We denote by o and B the unit and the

co-unit, respectively, of the € —adjuntion M®-—| M, - ]: ¢ ——— € wich
exists for each object M of € .

1.1  Anobject M of € is called profinite in € if the morphism [M, BM(K)®M] °
> 0y (M®M):M@M———[M,M] = E(M) is an isomorphism, where M = [M.K].
If, moreover, the factorization of BM(K):M®1’\\/I ———K through the
co—equalizer of the morphisms BM(M)®ﬁ and M®([M, BM(K) ° (BM(M)®R\4)] °
> ay (E(M)®M)) :MBEM)®M ——sM®M is an isomorphism, we say that M is a
progenerator in € .

1.2 Atriple A=(A,ny,Hy ) is an object A in € together with two morphisms
nA:K——-—-)A , uA:A®A———->A, such that Hyo (A®nA )=A= Hpo ('nA®A),
By o Ly ®A)=p, o (AB, ).If L, o Th =, , then we will say that A is a
commutative triple. Given two triples A =(A,N,, 1y )andB=(B,ng,pg)in €,
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f:A———B is a triple morphism if pp o (f®f ) =fo p, andfo My="Ng-
A cotriple (cocommutative), D = (D, &), 8 ) is an object D in € together with
two morphisms eD:I.L »K, SD:D »yD®D, such that (6D®D) ° 8D = (D®8D) °

o 8, and (e, ®D) o 8, = 1, = (DBepy ) o 8y (15 o 8y =8 ). If D = (D, e, 8y, ) and
E = (E, eg, 8 ) are cotriples, f:D———E is a cotriple morphism if (f®f) o
o8D=8Eo fandegof=¢j.

1.3 Foratriple A = (A, My, 1, ) and acotriple D = (D, g, 8p ) in € , we
denote by Reg(D,A) the group of invertible elements in € (D,A) (morphisms in € from
D to A) with the operation " convolution " given by: f A g = p, o (f®g) © 5 . The
unit element is e5®N , .

Observe that Reg(D,A) is an abelian group when D is cocommutative and A is
commutative.

1.4 Definition  Let I1=(C, ng, U ) be a triple and C=(C, &, 8¢ ) a cotriple in
€ and let A:C ——C be a morphism. Then H = (C=(C, ¢, 8 ) , 1=(C, N, K ) »
tC, A) is a Hopf algebra in € with respect to the cotriple C if €~ and 3 are triple
morphisms (equivalently, N and i are cotriple morphisms) and A is the inverse of

lc:C ———C in Reg(C,C). The Hopf algebra is commutative (cocommutative) if IT

(C) is.
We say that H is a finite Hopf algebra if C is profinite in @ . In this case,

/\

= (1, C, <%, % ) will denote the dual Hopf algebra of H. Tl = (C, eg. 8g)
stands for ([c K], e = be o (nC®C) 8= ((C®C)®(b ° ((pC ° 19 ®C))) 0
° (C®a ®C®C) (a ®C))acotr1ple m% in a similar manner, C (C ng- uA)
denotes the triple structure ([C,K], na = (C®£ C) , M ¢ = (C®bc) °
o (COCEHEC) o (CB(G o 8.)@CAC) o (5C®E®E)), and A, the antipode, is
(6®5C) o (E@X@E) ° ('éc@E), where 5C and BC represent the unit and co—unit of the
€ -adjuntion C®— — | E@—:@———) €.

To prove the final an main theorem of this work, we will need the Hopf algebra to
be finite, commutative and cocommutative. For this reason, although for some of the
results used in the proof of the main theorem these hypothese are not needed we will
assume them from now on.
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2. Galois H-objects with a normal basis.

2.1 Definition (B, pg)=(B,ng,ug;pPp) is aright H-comodule triple if :
i) B =(B,ng, up ) isatrplein €
ii) (B, pg ) is a right H-comodule ((pg®C)° pg = (B®3-)o py
(B®e:) o pg=B)
iii) pg:B———B®C is a triple morphism from (B, ng, iy ) to the
product triple BIT = (B®C, np®M ¢, (1p®Hc ) o (BOTZ®C)) (that is,

C
Pp° Mg =Np®N and pg®up = (Up®H( ) o (BBT;®C) o (pg®pp ).

Similarly, (A, @, ) = (A, My, Ky s ¢4 ) is a left H-module triple if :
D) A =(A,Mp, 1y )isatriplein
ii) (A, @4 )isaleft H-module (@, o (COP, ) =@y o (Uc®A),
Pp° Mc®A)=A )
iii) np , 1 are morphisms of left H-modules (94 o (C®WL ) =Hp° Paga

C

and @, 0 (CON, ) =M, ®€c, Where @ o4 = (PA®P, )0 (C®‘CA®A) °
o (5c®A®A))

We say that the action ¢, of H in A is inner if there exists a morphism f in

Reg(C,A) such that ¢, =p, o (A®( o T4 ) o (O™ '®A) o

o (c®A) : CQA———A , where f 1 is the convolution inverse of f.

2.2 For each Hopf algebra H and each H-module triple (A, @, ), the triple smash
product A#H is defined as follows:

A#H = (A®C, M g4y » Hagy )» Where
NagH = Na®Nc and
Hasg = (HA®HC ) © (ABP,B®CRC) o (A®C®t§®C) o (A®8C®A®C)

2.3 Definition A right H—comodule triple (B, pp ) is said to be a Galois

H-object if and only if :
1) The morphism yg:= (Ug®C) o (B®pp): BOB———B®C is an isomorphism
i) B is a progenerator in €

If a Galois H-object is isomorphic to H as an H-comodule then we say that it has
a normal basis.
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If B, and B, are Galois H-objects, then f:B; —B, is a morphism of Galois
H-objects if it is a morphism of H-comodules ( sz o f=(f®C) o pg ) and of triples
1

(fo B, =TIB2;f° Hp, =Hp ° (f®f)).

We denote by Galw (H) the set of isomorphism classes of Galois H-objects and
by N? (H) the set of isomorphism classes of Galois H-objects with a normal basis.

2.4 Proposition If (A,p, ) and (B, pg ) are H-comodule triples, then A°B,
defined by the following equalizer diagram

1
iAB aAB
AoB ——— A®B 5 > A®B®C
aAB
where
1 C
aAB = (A@TB )o (pA®B),and
2
Oup =A®py

is an H-comodule triple to be denoted by (A°B, p,p ).
If moreover (A, p, ) and (B, pp ) are Galois H-objects, then (A°B, Pap ) is also

1
a Galois H—object, where p,p is the factorization of the morphism d 4B ° iy (or

2
0 o ° iap ) through the equalizer i, p ®C

The set Galw (H) with this operation is an abelian group.The unit element is the
class of the Galois H-object (I1, 5C ), and the opposite of [(A, p, )€ Gal o (H) is
[(AP, (A®2) o p, )] .[4]

2.5 Proposition N g,(H ) is a subgroup of Galﬁ,(H )

Proof.:
Let (A,p, ) and (B, pg ) be Galois H-objects with a normal basis and let

f:C >A, g:C »B be isomorphisms of H-comodules.
The morphism (f®g) o 8 factors through the equalizer i,y :

(A®t§ )o (po®B)e (f®g) o 5 =
= (15 ) (8:.®g) o 8. =
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= (1815 ) o (CBCBg) o (CA(Tg o B ) o B =
= (f®g®C) o (C®S) o 8 =
= (A®pg ) o (f®g) 0 8¢

because H is a cocommutative Hopf algebra

Let r:C ———A©B be the factorization of (f®g) ° 5~

The morphism (f e g -1 ) © i,p factors through the equalizer

1
SC acc
C———— C®C _2___,“—’ C®C®C
)
cc

Cc - - .
(C®T) o (8c®C)o (f™' ®g ™ )oipp=
- C - .
=(f7 ®13) e (pa®8 " )oipp=
=™ ®g7'®C) o (A®pp ) oisp =
= (088 )0 (f7' ®g ™' )oi,p
Let s:A*B——C be the factorization of (f ' ®g ™' )o iy

The morphisms r and s are inverse to each other. Moreover, r is a morphism of
H-comodules:

(i\g®C) o pppor=
=(A®pg)oispor=
= (A®pp ) ( ®g)o 8¢ =
= (f®g®C) o (-8C) 0 & =
= (i,g®C) o (r®C) © 5
and as i, g®C is a monomorphism, p, g o 1= (r ®C) o 8
Moreover, if f:(C, 8 ) ———(A, p, ) is an isomorphism of H-comodules, then
fo A:(C, 8- ) ——(A. (A®L) o p, ) is an isomorphism of H—comodules.

3. H-module Azumaya triples with inner action

3.1 Definition A triple A =(A, My, 1, ) is said to be Azumaya if and only if :
i) A is a progenerator in €
ii) The morphism of triples X o: AQA ——[A,A] ; Xy 1= [A,n A (A®I,) o

o (T®A)] o 0,5 (A®A) is an isomorphism.
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3.2 Definition If (A,p, )is an H-module triple, we define the object
TI(A):= Ig(m pgpy > Dpgy )

: m
JA#H A#H

A) ———> A® C___>E [A, ARC)
DasnH

where
Masg= [A. Hasg® (A®nC®A®C) ]e aA(A®C) =

=[A,p,®C]oa,(ARC)
o (A®TABC) o (138C8N ) ] o a1, (ABC) =
(A®C)

Magn = LA Pagy
A A
=[A.(1,®C) o (AB(p, © 75 )®C) o (1,88)] o 01,
3.3 Proposition If (A, p, )is an H-module Azumaya triple, then II(A) is a
Galois H-object.

Proof :

(I1A) , Pri(a) ) = (TI(A), Nca) - Hica) : Prica) ) is a Galois H—object, where
Nria) and Hr(a) are the factorizations of M 54y and Py o Gasg Piasn )
respectively, through the equalizer j, 4 , and Prica) is the factorization of
(A®S() ° j o4y through the equalizer j, 4y ®C .

3.4 Proposition If (A, ¢, )is an H-module Azumaya iriple, then @y is inner if
and only if ITA) is a Galois H-object with a normal basis.

Proof :
"= " Let g:= (uy®C) o (ARFRC) o (A®6C ) : AQC ———AQ®C, where f is the

morphism in Reg(C,A) such that ¢, = 5 © (AB(, o T4 ) o (IBF "' ®A) 0 Bo®A).
Since A is an Azumaya triple and H a progenerator in @

1 A®C A% 1 ®C
C— 5 A®C____3 [AAI®C
v2®C

is an equalizer diagram, where
V= [A, UA] o s (A), and
A
v,=[A,py 0 'cA] o0, (A).
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(HA®C) o (A®g) ° (A®jpyy) =
= (A®C) o (1, ®F ®C) o (ABY,®3c ) o (A®TA BC) o (15 B3 ) o
° (A®jpyn) =
= (A®C) o (ABH,®C) o (ABH,®f BC) o (ABAB(1, o T4 )®S ) o
> (A®FOf '®ABC) o (A®S®A®C) o (ABTA®C) o (Th ®B ) o
° (A®jA#H )=
= HA8C) o (ABJ,BC) o (AB(L, © T4 JBABC) o (15 BB(E ™' ADBC) o
o (A®A®SC®C) © (ARA®SC) o (A®j yyp) =
= (1,®C) o (A®W,BC) o (A®f ®ABC) o (ABTA BC) o (T ®() o
° (ABjpuy) =
= iy ° T3 )BC) o (A®E) o (ABjpyyy)

and then, there exists a morphism r :TI(A) ——C such that (1 ,®C) o 1= g © jupy.
Moreover, the morphism (f 1®C)o 8 factors through the equalizer j 5 41 - Indeed :
(1A®C) * (A®,BC) o (ABTA ®C) o (15 ®S) ° (ABF ™! ©C) ° (A®S) =
= (1, ®C) 0 (AB,BC) o (ABAB(, o T4 )®C) o (f ! ®f)f '@
®ABC) o (CBE®ABC) o (CBTA BC) o (12 ®E. ) o (ABS) =
= (A®C) o (AB(Ly o T4 )®C) o (™ Af)BE ™ ®ABC) o (B ®ABC) o
o (108C) o (ABSY) =
= (1,®C) o (A®f ™ ®C) o (A®3)

Then, there is a morphism h:C ———TI(A) satisfying j, upy© h = (f -1 ®C) e 8¢

Trivially, the morphism r is of H-comodules, with inverse h and thus IT(A) is a
Galois H-object with a normal basis.

"¢&=" There is an H-comodule isomorphism r:C ——TI(A).
Moreover, since A is an Azumaya triple, the morphism g = (n,®C) o

° (A®jpupy) : A®II(A)——A®C is an isomorphism.
The morphism v:= (A®¢() o (A®r '1) og -1
u=(A®€c ) o jpypyo - Indeed:
VAU = (1B ) o (ABE®jpyp) © (ABT @) 0 (A®ppys))o 8 ' o (M,®C) =
= (A®eg) o g o (A®[(ec®D) o 8o o g o (n,®C) =

o (N, ®C)e Reg(C,A) with inverse
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=gc®ny
becauser isa morphism of H-comodules and the equality
(8780 (ABS) =(A®ppy)) o8
Similarly, by the equality g ' o (11,®C) = (1, ®TI(A)) o (A®g ' ), we have that

UAV = EC®M 4.
Moreover,

9=ty o (VADOQ,) o (BBA) =

= 1y © (A®EC®P,) o (ABEBjyyy®COA) o (ABr '®ppy 41 ®A) o
o (g T'®r®A) o (n,®5-8A) =
=i ° 11804 ° [AB(ec o 1 )BAB((€c®C) » BIBA] o (g 1B gy1°
o )®A) o (1,®5-®A) =
= (1, ®ec) o (A®ECB[(1,8C) o (A®(p, o T2 )BC) o (Th®8) o
° (A®jpgpp]) © (A®r '®A®N) o (g '®T) o (1,3 BA) =
=y o (AB(H, o TH)) o (VOURA) o (BCBA).

because r is a morphism of H-comodules and j 5 41 an equalizer. Thus, we conclude that

the action ¢, of H in A is inner.

Be aware that in the proof of the previous proposition it is not necessary that H be
either commutative nor cocommutative.

4. Normal basis and inner actions

4.1 Definition On the set of H-module triple isomorphisms classes of
H-module Azumaya triples we define the following equivalence relation :

(A, 9,) ~ (B, o5) © AEM* =BEMN)*
for some progenerators H-modules (M, ¢y ) and (N, oy ).
The set of equivalence classes of H-module Azumaya triples forms a group under

the operation induced by the tensor product, (AB, ¢ A®B = (P2®0p ) (C®'t§ ®B) o
o (6C®A®B)) . The unit element is the class of the H-module Azumaya triple

(EMD , gy =[M. @y o (COBy(M)) o (1 ®IMMI) » (9 ®COIMM]) o

o (TE®COMM]) o (MOTCBIMM]) o (MBCOABMM]) o (MES-®[M,M]] o
o o (COMM]) )
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for some progenerator H-module (M, @y ), and the opposite of (A, ¢, ) is (A%, ¢ 4).
This group is denoted by BM(% , H).

If1=(,1, 'cK, 1) is the trivial Hopf algebra in €, then we define the Brauer group
of Azumaya triples in € as BM(%, 1) and we will denote it by B(€).

4.2 Proposition BM(W,H)EB(?)eGal?(H)

Proof :
There is an epimorphism of abelian groups
I1:BM(¥ , H)———)Gal,e H)

given by TI([(A, ¢ )] ) := (TI(A), pry 5 )

It [(B, pg )le Galy, (H), then [(B#H = (B®C®b,) » (BOTEEC) o

> Py
° (1:§®86) )]le BM(¥ , H) and there is an H—comodule triple isomorphism
nB#H) = B.
The sequence
L B®) ——> BM(®, H) ——> Galy, (H)— 1
is split exact, where the morphism i is given by i[(A)] = [(A, eé@A)] and the

homomorphism
j:BM(€ ,H)—— B(%¢)
defined by j( [(A, ¢, )] ) = [A] is a retraction.

(4], 4.3)

In particular, if € is the category of R-modules over a commutative ring R, every
Galois H-object has a normal basis if and only if every Azumaya H-module triple has
inner action.

4.3 Definition We denote by BM, (€, H) the set of BM(€ , H) built up with

the equivalence classes that can be represented by an H-module Azumaya triple with
inner action.

4.4 Proposition BM, (%, H)isa subgroup of BM(¥, H)
Proof :
A -
If (A, 95 =hp o (A8, 0 T4)) o ((®F ! ®A) 0 (B-®A)) and (B, ¢ = i ©
o (B®(ug o ‘tg ) e (g®g -1 ®B)o (8-®B)) are H-module Azumaya triples with inner
actions, then (A®B, ¢, gp ) is an H-module Azumaya triple with inner action.
Indeed :
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C
PA®B = ((pA®(pB )o (C®tA ®B) o (8C®A®B) =
A®B -
=HA@B° (A®B®( HA®B ° TA@B )) o (U®u ! ®AR®B) o (5c®A®B)

where u:= (f®g) ° 8-~ and ul= (f -1 ®g"l )° 8-.€ Reg(C , A®B)

Moreover, if (M, @, ) is an H-module progenerator in € . then (E(M)°P, PEM) )
is an H-module Azumaya triple with inner action

P = Mpgye © DB 0 T ) o (v®V! ®E(M) o (BBE(M)

where v= [M, gy To ] o apg(C) : C———E(M) is in Reg(C , EM)*® ) with
inverse v = [M, gpp 0 To o (MBA)] o o (C).
The inverse of [(A, ¢, )€ BM;; (€, H) is [(A°F, 95 =1, o o (AB,p ©

o 18)) o (7 ®F®A )0 (8.@A))].

Remark Let [(A, ¢, )] = [(B, 95 )]e BM(® , H) where the action ¢, of H in
A is inner. Then the action @g of H in B is inner.

Indeed, there is an isomorphism of H-comodule triples w:I1(A) ——II(B) and
an isomorphism of H-comodules f:C ———II(A) and thus I(B) is a Galois H-object
with a normal basis and then, by Proposition 3.4, the action ¢g of H in B is inner.

4.5 Theorem BMi,m(?,H)EB(?) @N?(H)
Proof :
If [A]JeB(®), then [(A, o= ec®A )]e BM; (€, H), since ec®A =, o

nn

A
o (A®(Hy © TA Mo ((Myoex)®My o ec)®A) o (8c®A)-
If[(A, p5)le BM, (€, H) then, by Proposition 3.4, II(A) is a Galois H—object

mn
with a normal basis. Moreover, if (B, pg ) is a Galois H-object with a normal basis,

then there are H—comedule isomorphisms H(B#ﬁ )= B = C and therefore Py Is an
inner action of H in B#H and [(B#H , Ppunl )] € BM; (€ ,H) and so, by
Proposition 4.2, we have BM; (€, H) = B(€¢ ) ® Ng, (H).

nn
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