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STABLY CLOSED FRAME HOMOMORPHISMS
by CHEN XIANDONG

CAHIERS DE TOPOLOGIE ET
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

Volume XXXVII-2 (1996)

RESUME. Dans cet article, on donne divers rdsultats sur les sommes
fibr6es d’homomorphismes de cadres ("frames"). Les homomorphismes
stablement ferm6s et parfaits sont etudies et caractérisés dans les categories
des cadres coh6rents, des cadres continus et des cadres compl6tement
réguliers.

As the counterparts of the classical closed continuous maps of topological
spaces and dual to the open frame homomorphisms, closed frame homomor-
phisms have been defined naturally. The importance of this notion has been
shown in Dowker-Papert [13], Pultr-Tozzi [21] and Chen [11], dealing with
paracompactness, the pointfree Kuratowski-Mrowka theorem and local con-
nectedness, respectively.

This paper arises from the desire to consider the frame homomorphisms
whose pushouts in the category of frames are closed. It is known that co-

products and pushouts need not preserve closedness of homomorphisms in
the category of frames. Thus perfect and stably closed homomorphisms are
introduced naturally (Definition 2.2, 2.3), and then analyzed in section 2.
Interesting characterizations of these homomorphisms in the categories of
coherent frames, regular continuous frames and completely regular frames
are presented in sections 3, 4, and 5, respectively. Finally, we apply the con-
cept of perfect homomorphisms to the study of perfect-injectives and Gleason
envelope in the category of completely regular frames.

For general background on frames, we refer to Johnstone [17].
°1991 Mathematics Subject Classification: 18B99, 54A99
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1 General Facts

Let L be a frame. The top ( bottom ) element of L will be denoted by e (0).
For a E L, its pseudocomplement is denoted by a*, defined by a* = Vlx E
Llx A a = 0}. For a frame homomorphism h : L -&#x3E; M, its right adjoint is
denoted by h* : M -&#x3E; L and is given by h.(b) = V{x E L|h(x)  b}. A
homomorphism h : L -&#x3E; M is called dense if h(x) - 0 implies x = 0; it is
called codense if h(x) = e implies x = e.

For a frame L, we use cL to denote its congruence frame. The correspon-
dence c : Frm - Frm is a faithful functor such that, for any h : L - M,
ch : cL -&#x3E; cM takes a congruence on L to the congruence generated by its
image under h x h. The right adjoint of ch is simply (h x h)-I: cM -&#x3E; itL.
The top and bottom of cL are denoted by V and 6. For any a E L,
Va = {(x,y)|rVa=y V a}, called closed, is the least congruence containing
(0, a); 6a = {(x, y)|x ̂  a = y ̂  a}, called open, is the least congruence con-

taining (e, a). Each Va is complemented in cL with complement Aa. The
map VL : L - (tL defined by a ~&#x3E; Via is a frame embedding which is also an
epimorphism in Frm, whereas, the map a - 4la is a dual poset embedding
L - cL taking finitary A to finitaryV and arbitrary V to arbitrary ^.

Let B be a sub-join-semilattice of L. We use cBL to denote the subframe
of (CL consisting of congruences of L expressible as joins of congruences of
the form Va A 6b, where a E L and b E B. We can easily obtain the next
result, which has been presented in Jibladze and Johnstone [15] for the case
of B as a subframe of L.

Proposition 1.1 (1) The map VL : L -&#x3E; CBL defined by x ~&#x3E; Vx is a

frame embedding which is also an epimorphism in Frm.

(2) VL : L -&#x3E; cBL is universal among all homomorphisms h : L - M
such that h[B] is contained in the Boolean part BM, the set of complemented
elements of M. 

(3) For a homomorphism h : L -&#x3E; M, the restriction of (th on cBL
determines a homomorphism cBh : cBL -&#x3E; ch[B]M. Moreover the following
diagram is a pushout:
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Now, let us recall some results on binary coproducts in the category of
frames. Consider two frames L1 and L2, and let D(Li x L2) be the frame of
all downsets of L1 x L2. Then the coproduct L1 EÐ L2 is represented (cf. [6],
[11]) by the frame Fix(rr), where 7r is the nucleus on D(Li x L2) such that,
for any U E D(Li x L2), U = rr(U) if and only if

X x {y} C U implies (V X, y) E U, and {x} x Y C U implies (x, Vy) E U.
For a E L1 and b E L2, let a @ b denote ! (a, b) U ! (0, e)U I (e, 0), the
smallest downset containing (a, b) and fixed by 7r. Then, the coproduct maps
q; : Li -&#x3E; L1 EÐ L2 (i = 1,2) are given by Q1(X) = x @ e and q2(y) = e 0 y.

Before we recall Proposition 1.2, we introduce the following nuclei ( for
detail, see [10], [12] ): 7r1, rr1, rr2, fr2 : D(L1 x L2) -&#x3E; D(L1 x L2) are defined
respectively by

is finite and : 

is finite and 

Proposition 1.2 ([2], [10], [12], [22]) For any U E D(L1 x L2), if a E L1
is compact and (a, b) E 7r (U), then (a, b) E rr2 0 *1(U).

Concerning the frame version of Hausdorff spaces, the following results
are known. For any frame L, the codiagonal map V : L e L - L, given by
x EÐ y ~&#x3E; A y, is the coequalizer of the copoduct maps: ql, q2 : L ) LED L.
As usual, V has a dense factorization: V : L e L(.)Vs -&#x3E; s --- L, where
s = V{a ® bla, b E L, a A b = 0}, called the separator of L.

We shall call a frame L separated if the codiagonal map V is closed, that
is, V = (.) V s for s = V{a @ b|a, b E L, a A b = 0} ( such L is also called
strongly Hausdorff by Isbell [14]).
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Proposition 1.3 ([1], [12]) The following are equivalent for any frame L:

(1) L is separated.

(2) In L ® L, (e ® a) V s = (a EÐ e) V s for all a E L, where s is the separator
of L.

(3) For any hl, h2 : L -&#x3E; M, (.) V t : M -&#x3E;! t is the coequalizer, where
t = V{h1(a) ^ h2(b)la, b E L, a ^ b = 0}.

(4) For any hl, h2 : L -&#x3E; M, h1(a) V t = h2(a) V t for all a E L.

Proposition 1.4 For any frame homomorphism h : L -&#x3E; M, there exists a
unique onto homomorphism G(h) : L ® M -&#x3E; M given by x ® y ~&#x3E; h(x) A y,
which is the coequalizer of

(idL EÐ h) o ql, (idL EÐ h) o q2 : L =&#x3E; L @ L-L EÐ M.

Moreover, the following square is a pushout:

2 Closed Homomorphisms

Recall that a homomorphism h : L ) M is called closed if

h*(h(x) V y) = x V h.(y) for any x E L, y E M.
An interesting characterization is that a homomorphism h : L -&#x3E; M is
closed if and only if

(h x h)-’(V.) = Vh.(u) for each u E M.

The next result easily follows from the definition.
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Proposition 2.1 Consider L-&#x3E; f M-&#x3E;gN.

(1) If f and g are closed, so is g o f .

(2) If g o f is closed and g is one-one , then f is closed.

(3) If g o f is closed and f is onto, then g is closed.

Definition 2.1 For any homomorphism h : L - M, define a set

for all

Lemma 2.1 Ch(L) is a sublattice of L.

Lemma 2.2 If x E L is complemented, then x E Ch(L) and hence Ch(L)
contains the Boolean part BL.

PROOF. For any y E M, let r = h*(h(x) V y). Then r = (r A x) V (r A x*)
with h(r A x*) = h(r) A h(x*)  (h(x) V y) A h(x*) = y A h(x*)  y, hence
r  x V h*(y). This shows h.(h(x) V y)  x V h*(y), that is, x E Ch(L). 

Lemma 2.3 Let h : L -&#x3E; M be dense. If x E Ch(L) and h(x) E BM, then
x E BL.

PROOF. On the one hand, e = h*(h(x) V h(x)*) = x V h*(h(x)*). On the
other hand, h(x) n hh*(h(x)’)  h(x)Ah(x)* = 0, implying x n h*(h(x)*) = 0.
Hence h*(Ix(x)*) is the complement of x. I

Proposition 2.2 A frame L is Boolean if and only if any homomorphism
h : L - M is closed.

PROOF. The " only if " part follows Lemma 2.2. For the " if " part, apply
Lemma 2.3 to the homomorphism V : L -&#x3E; cL. I

Given a homomorphism h : L -&#x3E; M and a congruence 0 E CL, there
exists an induced homomorphism h8 LIO -&#x3E; M/ch(8). Actually, we get a
pushout square:
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Question: When is he closed?

Lemma 2.4 For any 0 E O:L, the closed quotient maps of L/8 are exactly
those expressed as L/8 - L/(8 V Vu) for some u E L.

PROOF. The following squares are pushouts:

where [u] is the image of u under the quotient map L -- L/0. Therefore

LIO -&#x3E; ! [u] is same as L/0 -&#x3E; L/(0 V Vu). I

Proposition 2.3 For any frame homomorphism h : L - M and 0 E cL,
the induced homomorphism he : Z/0 -&#x3E; M/ch(8) is closed if and only if,
for each u E M,

for some

PROOF. The homomorphism he is closed if and only if, for every u E
M, there exists v E L such that the right square in the following diagram
commutes and the homomorphism g is one-one.
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But the right square commutes if and only if the outer square commutes,
and the latter means (h x h)-1(ch(8) V Vu) = 0 V Vv when g is one-one. I

Proposition 2.4 If h : L -&#x3E; M is closed and 0 is complemented in tL,
then he : LIO -&#x3E; M/ch(8) is closed.

PROOF. By Lemma 2.2, we have

for any

But (h x h)-1(Vu) = Vh*(u) since h is closed. Therefore

which means that he is closed by Proposition 2.3. 1

Remark: Recall that, in topological spaces, for a closed continuous map
f : X - Y and any subspace A of Y, the restriction map fA : f -1 (A) -&#x3E; A

is a pullback of f and is closed. To consider the frame counterpart of this fact,
it is natural to ask whether Proposition 2.4 also holds for non-complemented
0. We do not know the answer yet.

In general, closedness is not preserved under coproducts and pushouts,
so we introduce two more concepts concerning closedness.

Definition 2.2 A homomorphism h : L -&#x3E; M is called perfect if h EÐ idN :
L EÐ N - M e N is closed for any frame N.

Remark: Elsewhere, the term "perfect" has been introduced using some
topos theoretical notions involving the corresponding sheaves ( Johnstone
[20]). We did not explore the precise relationship between these notions. The
present definition is directly motivated by the usual topological definition,
translated into the category of frames.

Definition 2.3 A homomorphism h : L -&#x3E; M is called stably closed if
every pushout of h is closed.
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Since h EÐ idN : L e N -&#x3E; M EÐ N is the pushout of h along L - L EÐ N,
we know that

Proposition 2.5 Any stably closed homorrtorphism is perfect.

Conversely, we have

Proposition 2.6 If h : L -&#x3E; M is perfect and L is separated, then h is

stably closed.

PROOF. Any homomorphism f : L -&#x3E; N can be factored as L 91 L e
N G(f) -&#x3E; N. The following squares are pushout:

The separatedness of L implies G( f ) is closed by Proposition 1.3 and 1.4.

Then h is closed by Proposition 2.4. 1

Remark: We do not know whether this result holds without assuming the
separatedness of L.

Proposition 2.7 Any closed onto homomorphism is stably closed.

PROOF. Consider a closed onto homomorphism h = (.) V u : L -&#x3E; i u.
For any homomorphism g : L -&#x3E; M, the pushout of h along g is (.) V g(u) :
M T g(u). ’

Proposition 2.8 Consider L-&#x3E; f -M-&#x3E;g .N.

1. If f ang g are perfect ( stably closed, so is g o f.
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2. If g o f is perfect and f is onto, then g is perfect.

3. If g o f is stably closed and f is epic, then g is stably closed.

4. If g o f is perfect and M is separated, then g is stably closed.

PROOF. 1. Trivial.

2. For any frame Q, consider

The composite is closed and f e idQ is again onto, and thus 9 EÐ idQ is closed
by Proposition 2.1.

3. For any homomorphism h : M -&#x3E; Q, consider the diagram

where g is the pushout of g along h. Since f is epic, g is also the pushout of
g o f along h o f , hence g is closed.

4. Consider the commuting square:
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Since M is separated, G(g) is closed, therefore G(g) is perfect since it is onto.
Again id M ® (g o f ) is perfect, hence g o G( f ) = G(g) o ( id M ® (g o f ) ) is perfect,
thus g is perfect since G( f ) is onto. Finally, applying Proposition 2.6, we
know that g is stably closed. 

Now, we recall an important result, which is constructively valid and has
been studied by [21], [22] and [10].

Proposition 2.9 A frame M is compact if and only if q1 : L -&#x3E; L ® M is
closed for any frame L.

Corollary If h : L -&#x3E; M is perfect and L is compact, then M is also
compact.

Proposition 2.10 If L is separated and M compact, then any homomor-
phism h : L ) M is stably closed.

PROOF. Considering the standard construction of pushouts, we can get the
pushout square as follows:

. 

where ql, q2 are the coproduct maps and p is the coequalizer of ql o f, q2 o h.
Since L is separated, p is closed by Proposition 1.3. And since M is compact,
ql is closed by Proposition 2.9. Therefore h = p o ql is closed. I
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3 Coherent Frames

Recall that a frame L is coherent if its compact elements generate L as a frame
and compact elements of L form a sublattice KL of L, including 0, e E L.
Coherent frames and coherent (=compactness preserving) homomorphisms
constitute the category CohFrm.

The following fact is well known:

Lemma 3.1 Any bounded distributive lattice A can be embedded into a Boolean
algebra HA such that HA is generated, in Boolean terms, by A. Moreover,
the correspondence A ~&#x3E; HA is functorial, providing the reflection of the
category of bounded distributive lattices to the category of Boolean algebra.

It is a familiar fact that a coherent frame L is isomorphic to the ideal
lattice 3KL of KL. Thus, for a coherent frame L, the embedding KL -&#x3E;

HKL induces a coherent embedding L = jKL -&#x3E; 3HIiL. Moreover,

Proposition 3.1 StFrm (the category of compact 0-dimensional frames)
is reflective in CohFrm, with the reflection map L -&#x3E; JH /( L.

Now consider CK LL, which is the subframe of cL consisting of congruences
expressible as joins of congruences of the form V A Ob with a E L, b E KL.
Since the universal property of VL : L -&#x3E; cKLL by Proposition 1.1, there
is a homomorphism z : CKLL -&#x3E; 3HIiL making the diagram commuting:

Notice that CKLL is 0-dimensional, thus I is closed. It is easy to check that
i is dense, therefore is one-one according to the fact that any dense closed
homomorphism is one-one. Thus CKLL is compact as a subframe of 3HIiL.
For each x E KL, Vx is also compact in CKLL, that is, VL : L -&#x3E; cKLL
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is coherent. Now we can easily obtain the next fact, which could also be
derived from results of Banaschewski and Br3mmer [8].

Proposition 3.2 The map VL : L -&#x3E; 4tKLL provides the reflection map
for StFrm to be reflective in CohFrm.

Definition 3.1 Let L be a coherent frame. A congruence 0 E cL is called
coherent if the quotient map L -&#x3E; L/8 is coherent.

We have the following observations:

(1) Any Va is coherent.

(2) For compact a E L, 4la is coherent.

(3) A congruence 0 is coherent if and only if L/(Ax V 8) is compact for
any compact x E L.

(4) LIO is compact if and only if, for any X C L, AVX  cp implies
OV S  cp for some finite S  X.

(5) If 01, 02 are coherent, then 01 A 02 is coherent by applying (3) and (4).

(6) For a set 0 of coherent congruences, B/{8|8 E O} in cL is determined
by the multiple pushout, in Frm, of {L -&#x3E; L/8|8 E O} . Since coherent
frames are precisely the free frames generated by distributive lattices, the
class of coherent frames is closed under colimits in Frm. Hence VO is co-
herent.

Proposition 3.3 For a coherent frame L, cKLL consists of all coherent con-
gruences of L.

PROOF . From the above observation, we know that any element of cKLL
is coherent.

Now we show that any coherent congruence 0 belongs to 4EKLL. Take

with compact d, c},
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then cp  0 and 0 E cKLL. We need to show 0  0. Consider arbitrary
Ax A Vy  0. For every compact c  y, Aa, A Vc  8 implies Ax  0 V Ac.
By (4) and (6) there is a compact dc :5 x such that Adc  8 V Ac, then
4lr A Vc  cp since Adc A Vc  (8 V 4lc) A Vc  8. Therefore Ax A Vy =
V{Ax A Vc| compact c  y}  0. This proves 8 = 0 E cKLL. I

Lemma 3.2 Let h : L -&#x3E; M be a homomorphism such that tLh : tL -&#x3E;

th[L] M is closed.
(1) If h is an embedding, so is he : L/8 - M/ch(0) for every 0 E tL.
(2) If h is closed, so is he : L/8 -&#x3E; M/ch(0) for every 0 E O:L.

PROOF. Notice that ch : CL -&#x3E; (CM is factored as tL CLh -&#x3E; Ch[L]M cm
where th[L]M --+-ftM is the identical embedding.

(1) When h is an embedding, th is dense, implying CLh is dense, and then
TLh is one-one since tLh is closed. It turns out that Ch is one-one, which is

equivalent to the fact that he : L/8 -&#x3E; M/ch(0) is one-one for every 0 E T-L.

(2) tLh : 4:L -&#x3E; Ch[L]M is closed means that

(h x h)-&#x3E;(Ch(8) V y) = 6 V (h x h)-1(y) for any 0 E (tL and y E Chh[L]M·
In particular, for any 8 E (tL and u E M,

since

When h is also closed, we have

which indicates that ho : L/8 -&#x3E; M/ch(0) is closed by Proposition 2.3. 1

Lemma 3.3 If h : L1 -&#x3E; L2 is coherent and one-one, then h e idN :
L1 EÐ N -&#x3E; L2 EÐ N is one-one for every frame N.

PROOF.. Take an arbitrary U E Li e N. Put V =1 {(h(x), y) I (x, y) E U},
then h ® idN(U) = rr(V). It is easy to check that V is fixed by xi . Then
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Consider a e bELl e N such that a is compact and h(a) e b  h (B
idN(U) = x(V). We have (h(a), b) E 1r2(i1(V)) since h(a) is compact and
Propositon 1.2, so there is a K C U such that h(a)  A{h(x)|(x, y) E K}
and b  V{y|(x) y ) E K}, hence a  x for every (x, y ) E K since h is one-one.
Then (a, b) E U, that is, a e b  U. This proves that h e idN is one-one. I

Lemma 3.4 If h : L - M is closed and L has a basis B such that h(B)
consists of some compact elements of M, then h EÐ idN : L ® N - M EÐ N
is closed for every frame N.

PROOF. See Proposition 4.3 in [10]. I

Now we are ready for the main result of this section.

Proposition 3.4 Let L, M and h : L - M be coherent.

(1) If h is closed, then h is stably closed.

(2) If h is one-one, then the pushout of h along arbitrary homomorphism
g : L -&#x3E; N is one-one.

PROOF. First, we have a pushout square in Frm:

Since h[KL] 9 KM, cth[KL]M is a subframe of (EKMM- Then (th[KL]M is

compact. It follows that hk is stably closed by Proposition 2.10.

Let N be an arbitrary frame. Consider the following pushout squares:
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Since hk e idN is the pushout of hk along CKLL -&#x3E; CKLL 3 N, it follows
that f = CL@NH@ idN is also a pushout of hk. Therefore f is closed since hk
is stably closed.

Now, for arbitrary homomorphism g : L - ) N, the pushout of h along g
is the same as the pushout of h ® idN along G(g) : L ® N -&#x3E; N, as shown
in the following diagram:

(1) If h is closed, h e idN is also closed by Lemma 3.4. By Lemma 3.2,
the pushout of h ED idN along G(g) : L e N -&#x3E; N is closed.

(2) If h is one-one, h e idN is also one-one by Lemma 3.3. Lemma 3.2
indicates that the pushout of h e idN along G(g) : L e N - N is one-one.
I

Remark: In Proposition 3.4 (2), the homomorphism g is arbitrary, hence
this result is stronger than the known result that pushout preserves monomor-
phisms in the category CohFrm. Also our argument is choice-free.

4 Regular Continuous Frames

Recall that, on any complete lattice L, a « b means that b  V S implies a 
T for some finite T C S’ and that L is called continuous if x = V{y E L | y «
x} for all x E L. For the background of regular continuous frames, we refer
to Banaschewski [4]. In this section, we characterize perfect (= stably closed
by Proposition 2.6 ) homomorphisms between regular continuous frames in
terms of the relation «.

For a regular continuous frame L, we will use L to denote the subframe
of the ideal frame 3L consisting of all 4-ideals, where the relation "d" on L
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is defined by:

x 4 y iff z « y and ( 1 ) ! x* is compact, or (2) T y is compact.

An important role of L is that it provides the frame counterpart of the 1-point
compactification of a locally compact Hausdorff space.

Recall that, in a regular continuous frame,
(1) x « y if and only if z « y, Tx* is compact.
(2) x « e implies x 4 e.

Lemma 4.1 For separated L, continuous M and surjective h : L -&#x3E; M,
there exist s  m in L such that h restricted to Is, m] is an isomorphism.

PROOF. See Proposition 5.1 of [10]. I

Lemma 4.2 For a regular continuous frame L, let rraL = {x E Llx « e}.
Then mL is a maximal element of L and ! mL = L.

PROOF. For the map vL : L -&#x3E; L taking each 4-ideal to its join in L,
it is easy to check that mL = {x E L Ix « e} is the smallest 4-ideal sent to
e E L. By Lemma 4.1, ! mL = L. The maximality of mL is proved in [4].
Therefore mL is the only possible non-top element of L with e as its join in
L. I

Lemma 4.3 In a continuous frame, T a is compact iff a V c = e for some
c « e.

PROOF. Because fclc « e} is updirected and V{c|c « e} = e, T a
compact implies a V c = e for some c « e. Conversely, assume a V c = e for
some c « e. Then, for any X C Ta with V X = e, there exists a finite subset
E C X such that c  V E, then V E &#x3E; a V c = e. This shows that T a is
compact. I
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Proposition 4.1 For regular continuous frames L and M, and a homomor-
phism h : L -&#x3E; M, the following conditions are equivalent:

(1) h is perfect.

(2) h preserves «, i.e. x « y implies h(x) « h(y).

(3) h can be extended to a homomorphism h : L -&#x3E; M in the sense that
the square:

is a pushout.

PROOF. (1 =&#x3E; 2). If h is perfect, then, for any a E L, the induced
homomorphism ha :T a ---+ T h( a) is perfect. Suppose x « y, that is z « y
and Tx* compact, which implies h(x)  h(y), and ! h(x*) is compact since
! x* -&#x3E;T h(x*) is perfect, hence T h(x)*, as a subframe of T h(x*), must be
compact, therefore h ( x ) « h(y).

(2 3). Since L and M are the subframes of 3’L and 3M, respectively,
consisting of all 4 -ideal, and any h : L -&#x3E; M induces a homomorphism
3h : 3L -&#x3E; 3M, we first claim that h preserves d , which implies that 3h
preserves 4-ideals, therefore induces a homomorphism W : L --; M.

Consider x 4 y in L. If (i) x  y and Tx* is compact, which means x « y,
then h(x) « h(y). If (ii) x  y and Ty is compact, the latter means y V c = e
for some c « e in L by Lemma 4.3 , then h(y) V h ( c) - e with h(c) « e,
which means T h(y) is compact again by Lemma 4.3. In all, (i) and (ii) show
that h(x) 4 h(y).

To see the corresponding square is a pushout, it is enough to show
h(mL) = mM since L E£imL and M = ! mM : Indeed, h(mL) - {y E M|y 
h(x) for some x « e} C mM since h preserves « ; and, on the other hand,
V h(mL) = e implies h(mL) = mM since mM is the smallest d-ideal whose
join is e.
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(3 =&#x3E; 1). Apply Proposition 2.10. 1

5 Completely Regular Frames

We refer to Banaschewski-Mulvey [9] for the background of completely reg-
ular frames. The Stone-Cech compactification of a completely regular frame
L will be denoted by (3L.

Lemma 5.1 Consider a commuting square:

where V is separated, i and j are dense onto. If h : L -&#x3E; M is perfect, then
the square is a pushout.

PROOF. Suppose we have the pushout square:

then there exists a homomorphism g : N -&#x3E; M such that g o pi = h and
9 o P2 = j. As a pushout of i, p2 is onto, hence N is separated since V is,
therefore g is perfect by Proposition 2.8. On the other hand, g must be dense
onto since j is dense onto and p2 is onto. Therefore g is an isomorphism since
any dense closed homomorphism is one-one. I
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Proposition 5.1 For completely regular frames L and M, the square

is a pushout if and only if h is perfect.

PROOF. By Lemma 5.1 and Proposition 2.10. 

Finally, we present (without proofs) an application of the concept of per-
fect homomorphisms. As an analogue of the projectives for completely reg-
ular spaces, we can study the injectives in the category CRegFrm of com-
pletely regular frames as follows, using unexplained terminology as in [5].
Definition (1) In CRegFrm, L is perfect-injective if, for any perfect em-
bedding h : M -&#x3E; N and any homomorphism f : M -&#x3E; L, there exists a
homomorphism g : N -&#x3E; L such that g o h = f .

(2) A dense homomorphism h : L -&#x3E; M is called essentially dense if,
for any frame homomorphism f : M - N, f is dense whenever f o h is.

(3) For L E CRegFrm, its Gleason envelope in CRegFrm is defined
to be a completely regular demorgan frame G(L) together with an essential
dense perfect embedding yL : L -&#x3E; G(L).

By applying the Stone-Cech compactification and the results in KRegFrm
by Banaschewski [5], together with the characterization of perfect homomor-
phism, we obtain

Proposition: (1) Every frame of CRegFrm has a unique Gleason envelope
in CRegFrm.

(2) For any L E CRegFrm, BG(L) = G(BL).

(3) Sikorski Theorem that a Boolean algebra is injective iff it is complete
holds if and only if the completely regular deMorgan frames are precisely the
injectives in CRegFrm.
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Concerning Gleason envelopes, we have the following observation: Setting
p = (.)** : L - L**, and applying the functor B3, we have Bp : BL -&#x3E; BL**,
which is given by

for each

Now (3L.. together with (3p is actually the Gleason envelope of (3L. Then the
Gleason envelope qL : L - G(L) is the pushout of Qp along VL : BL -&#x3E; L
as shown in the following diagram:

We close with an open question: How can one describe qL and G(L)
directly without going through f3 L ?
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