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CAHIERS DE TOPOLOGIE ET Volume XLIII-1 (2002)
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

ABOUT THE NATURALITY OF BEATTIE'S
DECOMPOSITION THEOREM WITH RESPECT TO
A CHANGE OF HOPF ALGEBRAS

by J.N. Alonso ALVAREZ, J.M. Ferndndez VILABOA,
R. Gonzdlez RODRIGUEZ and E. Villlanueva NOVOA

RESUME

Dans cet article, en partant d’'un morphisme entre deux algebres
de Hopf finies et commutatives G et H dans une catégorie fermée
symétrique C avec objet base projective, les auteurs construisent
un homomomorphisme de groupes abéliens entre Gal (H) et
Gal(G) (les groupes des classes d’isomorphismes des H-objets et
des G-objets de Galois, respectivement). La restriction de cet
homomorphisme permet d’établir un homomorphisme entre les
groupes des classes d’isomorphismes des H-objets et des G-objets
de Galois avec base normale N(H) et NJ(G), en obtenant deux
suites exactes qui relient ces groupes avec G(H*) et G(G*).

Finalement, ils construisent un diagramme commutatif qui rattache
les morphismes précédents a d'autres suites, comme par exemple
la dérivée du Théoréme de décomposition de Beattie.
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1 Preliminaries

In what follows, C denotes a symmetric closed category [6] with equal-
izers, coequalizers and basic object K. The natural symmetry isomor-
phisms in C are represented by 7. We denote by ays and By the unit
and the counit, respectively, of the C-adjunction

M®—4HOM(M,-):C—C

If M is an object of C we denote by M* the dual object HOM (M, K)
of M and by E), the object HOM (M, M).

Definition 1.1 An object P of C is called finite if the morphism
Vexp = HOM(P,Bp(K)® P)oap(P*®P) : PP® P — Ep

is an isomorphism, equivalentely HOM (P, —) ~ P* ® —. If P is finite
we denote by ap and bp the unit and the counit, respectively, of the
C-adjunction P — 41 P*®@—:C—C

Definition 1.2 Let P be a finite object in C. If the factorization V gpg
of Bp(K) : P® P* — K through the coequalizer of the morphisms
Bp(P)® P* and P® (HOM (P,Bp(K) o [Bp(P) ® P*])oap(Ep ® P*)) :
PRFEpQP* — PQP* is an isomorphism, we say that P is a progenerator
in C. Equivalentely, P is a progenerator in C if the diagram

PP QPQ®P P®P*
P®P*® bp(K)

is a coequalizer diagram in C.

Definition 1.3 An algebra in C is a triple A = (A, 74, 1a) where A is
anobject inC andns : K — A, pa : AQA — A are morphisms in C such
that pao(A®na) = ida = pa°(Ma®A), pao(AQpua) = pac(La®A).
If 1y 0 Ta,4 = 14, then we will say that A is a commutative algebra.

Given two algebras A = (A, 74, pa) and B = (B,ng,us), f : A— B
is an algebra morphism if ug o (f ® f) = f o pa, f ona = np.
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Examples 1.4

a) If A= (A,n4,pa) is an algebra in C then A% = (A, n4,pa0744)
is an algebra in C that we will call opposite algebra of A.

b) If A, B are algebras in C, we define the algebra product by

AB = (A® B,n4a®np, (14 ® up) o (A® 75,4 ® B)).

c¢) Bach M of C determines an algebra in C, Ex = (Eum, Ny, 1By, )
with ng,, = am(K) and

Definition 1.5 Let A = (A, 74, t4) an algebra. (M, pu) is a left A-
module if M is an object in C and pp : A® M — M is a morphism in
C satisfying pum o (N4 ® M) = idm, om0 (A ® pm) = om0 (ua @ M).
With 4C we denote the category of left A-modules with morphisms
those of C that preserve the structure. Similar definitions for right A-
modules. Note that when K = (K, nk, px) is the trivial algebra in C,
then xC=2C

Examples 1.6
a) For all M of C, (M, Bp(M)) is a right Ep-module.

b) M* is a left Ep-module in C with structure
pum- = HOM(M, Bu(K) o (Bu(M) @ M*)) o am(Em ® M?)

Definition 1.7 A coalgebra in C is a triple D = (D, ep,dp) where D
is an object in C and ep : D — K, ép : D — D ® D are morphisms in
C such that (6D®D)O5D =1idp = (D®€D) odp, (5[) ®D) odp = (D®
dp)obp. If Tp podp = ép, then we will say that D is a cocommutative
coalgebra.

If D= (D,ep,dp) and E = (F,¢eg, ) are coalgebras, f : D — E
is a coalgebra morphism if (f ® f)odp =dgo f,epo f =¢p.
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Definition 1.8 Let H; = (H,nu, pu) be an algebra and Hy, = (H,eq, 0x)
a coalgebra and let A : H — H be a morphism. Then (H, 0y, puw,€x,0H, \)
is a Hopf algebra in C if ey and dy are algebra morphisms ( equivalently
ng and py are coalgebra morphisms ) and A is such that

pro(H®AN) ody=eg®@ng =ppo(AQ H)ody

If H; is commutative we say that H is commutative. Analogously,
H is cocommutative if H is cocommutative.

If H is finite then H is a progenerator [9]. As a consequence, H is
faithfully flat.

1.9 If H = (H,ng, u,€H,01,A) is a finite Hopf algebra (i.e. H is
a finite object in C) we will denote the dual Hopf algebra of H by
H* = (H*,ng, pore, €m0+, A*) where g+ = (H*®eg)oay(K), pp- =
(H*®bH(K))O(H*®H®bH(K)®H*)O(H*®(TH,H05H)®H*®H*)O
(ag(K)® H*®@ H*), epg» = bp(K) o (g ® H*), ép» = (H* @ H*) ®
(bu(K)o((umoTau) @ H*)))o (H*®au(K)®H ® H*) o (an(K) @ H*)
and \* = (H* @by (K))o (H*@AQ H*) o (an(K) @ H*).

Definition 1.10 Let H be a Hopf algebra. (A4;04) = ((A, 14, 114); 9a)
is a left H-module algebra if A = (A, 74, pa) is an algebra in C, (A, p4)
is a left H-module and 74 and p4 are morphisms of left H-modules.
Let (A;p4), (B;¢g) be left H-module algebras. A morphism of left
H-module monoids f : A — B is a morphism of algebras and left H-
modules.

Examples 1.11

a) Let H be a cocommutative Hopf algebra. If (A4;p4) and (B; ¢p)
are left H-module algebras then (AB; pagp) and (A%; p4) are left
H-module algebras where pagp = (pa ® pp) o (H® T4 ® B) o
(6y ® A® B). Moreover, Tap: A® B — B ® A is a morphism of
left H-module algebras.

b) If (M, pu) and (N, pn) are left H-modules then

(HOM(M,N), promm,n)
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is a left H-module where

vromm,N) = HOM(M, oy o (H ® By (N)) o ([Ta,zr © (o ® H)o

(M a®H)o(M@Tyu)o(MOH®N)o(M®6y)|®HOM (M, N)))o
apy(H® HOM(M, N))

With this structure, if H is a cocommutative Hopf algebra,

(Er; 08y) = (EMyNMEy > 4Ew); PEy)

is a left H-module algebra.

Definition 1.12 Let H be a Hopf algebra. (B;pg) = ((B,nB, 4B); ¥B)
is a right H-comodule algebra if, B = (B, nB, 4g) is an algebra in C,
(B; pp) is a right H-comodule in C (i.e. (pp® H)opp = (B®Jny)® pB
and (B®ey)opp =1idg) and pp : B — B® H is an algebra morphism
from B to the algebra product BH.

Example 1.13 If H is a commutative Hopf algebra and (A; pa), (B; pB)
are right H-comodule algebras, then ((A°; pa) and (AB; pagp) are right
H-comodule algebras with pags = (A BQ uy)o (A® Tup® H) o
(p4 ® pB)-

2 Galois H-objects with a normal basis
and functoriality

In the next sections, H denotes a finite Hopf algebra in C. We will
suppose too that the basic object K is projective.

Definition 2.1 A right H-comodule algebra (B;pg) is said to be a
Galois H-object if and only if:

i) The morphism v := (up @ H) o (B® pg) : B®& B - B H is
an isomorphism.

ii) B is a progenerator in C.
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Let (Bi;pB,), (B2;pB,) be Galois H-objects. A morphism of Ga-
lois H-objects f : By — Bs is a morphism of algebras and right H-
comodules. Note that all morphisms of Galois H-objects are isomor-
phisms (see [7]).

Definition 2.2 If (4;p4), (B; pp) are right H-comodule algebras, then
A oy B, defined by the following equalizer diagram

H 4%
YAB - .
Aoy B A®B ARBQ®H
%5

O = (AQmup)o(pa®B) & =A®ps

is a right H-comodule algebra , to be denoted by (Aog B; pao,B), Where
Koy B (T€SP. Naoyp ) is the factorization of the morphism pagpo(ifz®
i¥5) (resp. na ® np ) through iffy and pa.,p is the factorization of
04 o iff; through the equalizer iz ® H.

When (A4; pa), (B; pg) are Galois H-objects then (Aog B; paoyB) is
also a Galois H-object ( see (4.4.2) of [7] ).

Definition 2.3 The set of isomorphism classes of Galois H-objects,
with the operation defined in (2.2), is an abelian group to be denoted
by Galc(H). The unit element is the class of (H; dy) and the inverse of
[(B; pB)] is [(B?; (B ® A) o pB)].

Example 2.4 In the case of a finitely generated projective and cocom-
mutative Hopf algebra H over a commutative ring R, Galc(H) general-
izes the group obtained by S. Chase and M. Sweedler in [5]. See [4] for
more details.

Proposition 2.5 Let ¢ : G — H be a morphism of Hopf algebras. If
(B;TB) is a a right G-comodule algebra then (B; pg = (B® ) orp) is

a right H-comodule algebra.

Proof: Straightforward.
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Remark 2.6 As a particular instance of 2.5 we obtain that (G;pl; =
(G ® p) 0 dg) is a right H-comodule algebra.

Proposition 2.7 Let ¢ : G — H be a morphism of finite Hopf algebras
where G is cocommutative. Let (A;pa) be a right H-comodule algebra
and (B;TB), (C;rc) be right G-comodule algebras. If A and C are flat,
then

AOH(BO(;C) ~ (AOHB)O(;C
as right G-comodule algebras.

Proof: Using the cocommutativity of G is not difficult to see that
(A oy B,T4a0uB) is a G-comodule algebra, where r4,,5 : Aoy B —
Aoy B ® G is the factorization, through the equalizer ify ® G , of
the morphism (A ® rg)o ifp . Analogously, let T4, (Bogc) be the G-
comodule structure for Aoy (BogC). Note that, in this case 74, (Bog0),
satisfies the equality

(ig(BoGC) ® G) © Taoy(Bogc) = (A ® TBoge) © ig(BoGC)

being rgo.c the G-comodule structure for B og C.
Now we prove that Aoy (B og C) is the equalizer of the morphisms
4 upyc and 75, g\ Indeed, in the diagram

iH 8}1?80&')
Aoy (Bog C) 2869 . A® (Bog 0) "A® (BogC)® H
O(Bocc)
A®ige T
g ®C ———*811%@0
(Aog B)®C A®B®C ARB®H®C
PEecC
o nm)C Keupe A®OK| |A® 0%
(AoHB)®C®GMGA®B®C®G

where T = (A® B® 1o y) 0 (A® 1§ ® H), we have that
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(045 ®C)o(A®iGs)=To 8,14?3%0)
(9% ) (A®iFs) =To 331?30(;0)
(A o(fp®C)= (i ®CR®G)o 05 B)C
(A®0EE) o (i ®C) = (5 ®C®G)o 0GBy

and therefore,
(0%% ® C) 0 (A®1Gc) © 5 poge) =
(A®B®71cH)o(A®i§-®H)o zl‘ll(-IBOGC) ° ig(BOGC) =
(A® B®Tcn) o (A®iFc ® H) 0 05poq0) © ih(Bogo) =

(035 ®C)o (A i) o iﬁ(BOGC)

As a consequence, there exists a morphism g : A oy (B og C) —
(Aop B)®C satisfying (i, ® C)og = (A®i§y) 0 if(BOGC). Moreover,

({5 ®C®G) 00§ poog=(A®S) o (if5®C)og =
(A®IFZ) 0 (A®iFe) 0 H(Boc0)

(A®0%E) 0 (A®iFe) o Ua(Bogc) = (A®0FG) 0 (i ® C)og =
(559 C®G)o 3(220”3)0 og

and then, since C and G are finite, 8{F,, pc © 9 = 5., B)c © 9. Hence,
there exists an unique

g :Aog(BogC)— (Aog B)ogC

such that iaoH B)C © g = g. It is an standard calculus to prove that
¢’ is a morphism of G-comodule algebras. Next we show that ¢’ is an
isomorphism.

Let 1: Q — (Aogy B) ® C be a morphism such that 9(§, g0l =
a(AoHB)COl Then (AQ}Z) o (5 ®C)ol = (A®IG) o (zAB®C)ol and
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there exists a unique map h : Q — AQ(Bo¢gC) satisfying (if5®C)ol =
(A ® i§c) o h. Moreover, d)(p, .0y © b = 0%fpo,cy o h- Let f: Q —
Aoy (B og C) be the unique morphism such that %, Bogc) © f = h. For
this morphism it is easy to see that go f =[.

If s: Q — Aoy (Bog C) verifies g o s = [, by the equalities

(A®1i5e) OiX(BoGC) os=(ip®C)ogos=
(Hp®C)ol=(A®13c) o h = (A®1Fc) 0 i poycy© f

we obtain that s = f. Therefore ¢’ is an isomorphism.
The next result is a generalization of the one obtained by Wenninger
in [11].

Proposition 2.8 Let ¢ : G — H be a morphism of finite Hopf algebras
where G is cocommutative. If (A; pa) is a Galois H-object then the pair
(A oy G;Taoyc), where Tac,c i the morphism defined in the proof of
Proposition 2.7, is a Galois G-object.

Proof: The diagrams

1H
A®ddl, A® d4c
ARAoyG —— AQRARG ARAQRGR®H
A® 0%
and
H
A® pe AR oY,
ARG —— AQGQH AQGQHQH
A® 0¥,

are equalizer diagrams. On the other hand, by the cocommutativity of
G,

(AQOH) o (AR THG) o (Ya®G) o (AR i) =
(AROH) o (AQThg) o (14a® G) o (A® i)

-10 -
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and then there exists a morphism f: A® Aoy G — A® G such that
(A®pc)of=(A®THe)o (Y4A® G) o (AQ i)

Trivially, f = (ua ® G) o (A ® i%;) . Moreover, f is an isomor-
phism with inverse the factorization through the equalizer A ® 4, of
the morphism (7;' ® G) o (A® 7¢,1) o (A ® pg)-

For the morphism y40,¢ we have that:

(A®((ke®G)o(G®dc)o7E))o(fOG)o(A®TG, 40y c)o(f®AORG) =
(1a® (ke oT66) ®G) o (AR ARG ®76,6)0

(A (146 ®G) 0T 40c) ©G) 0 (LA®TG,4056) © (AR ® Aoy G) =
(Ba®GR®G)o (AR page® G)o (AR il ®ifl, ®G)o

(A® Aopg G®Taouc) = (f ®G) o (A®Vaoys)

and then, since A is finite, Y40,¢ is an isomorphism. Finally Aoy G is
a progenerator because f : AQ Aoy G — A®G is an isomorphism and
A, G are progenerators.

Proposition 2.9 Let ¢ : G — H be a morphism of finite cocom-
mutative Hopf algebras. There exists a morphism of abelian groups
Gal(p) : Gale(H) — Galc(G) defined by

Gal(p)([(4; pa)]) = [(Acn G;Ta0y6)]

Proof: Let (A,pa) and (B, pg) be Galois H-objects. Then, by 2.7
we obtain that:

(Aoy G) o (Boy G) = (Aoy G) og (G oy B) ~
Aop (Gog (G oy B)) = Aoy ((Gon B) og G) =~
Aoy ((Boy G)og G) = Aoy ((Boy (Gog G)) =
Aoy (Boy G) ~ (Ao B) oy G

Therefore Gal(yp) is a group morphism.

-11-
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Definition 2.10 Let be H be a finite cocommutative Hopf algebra. We
say that a Galois H-object (A;pa) has a normal basis if is isomorphic
with H as an H-comodule.

The set of isomorphisms classes of Galois H-objects with a normal
basis N¢(H) is a subgroup of Galc(H) (see 2.5 of [1]).

Proposition 2.11 Let ¢ : G — H be a morphism of finite Hopf alge-
bras where G is cocommutative. If (A;pa) is a Galois H-object with a
normal basis then (A oy G;T40pc) 15 a Galois G-object with a normal
basis.

Proof: We define h:= (f @ G) o (p ® G) 0 g , where f: H — Ais
the H-comodule isomorphism wich exists because (A, p4) has a normal
basis. Using the cocommutativity of G, h factorizes through the equal-
izer i%,. Let g: H — Aoy G be this factorization. An straightforward
verification yields that g is an isomorphism of G-comodule algebras with
inverse ¢! = ((eg o f~1) ® G) o ifl.

Remark 2.12 Let ¢ : G — H be a morphism of cocommutative Hopf
algebras. As a consequence of 2.9 and 2.11 we obtain that there exists
a commutative diagram of abelian groups:

Ne(H) < Gale(H)
N(g) | ‘ 1 Gal(p)
Ne(G) < Gale(G)

where N () is the restriction of Gal(y).

2.13 With G(C, H) we will denote the category whose objects are the
Galois H-objects and whose morphisms are the morphisms of Galois
H-objects. The product of Galois H-objects defines a product, in the
sense of Bass [2], in G(C, H) and it is easy to prove that Galc(H) =~
KoG(C, H). Analogously we construct the category N(C, H) of Galois
H-objects with a normal basis. This category has a product too and
Nc(H) =~ KoN(C, H).

The category C(H) = {(H;dx)} is a cofinal subcategory of G(C, H)
and N(C, H), then we have that K:C(H) ~ K1G(C,H) = K;N(C, H).

-12 -
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Moreover, K,C(H) is isomorphic with (G(H*),*), the commutative
group of grouplike morphisms of H*; that is, the set of morphisms
h : K — H* such that g« oh = h®h, eg+ o h = idg with the operation
of convolution h x h' = ug- o (h® k') (see [8]).

Let ¢ : G — H be a morphism of cocommutative Hopf algebras.
There exists functors

G(p): G(C,H) —» G(C,G) N(p):N(C,H)— N(C,G)

defined by G(¢)((4,pa)) = (Ao GiTaoyc) and N(p) = G(0)n(c.n)-
These functors preserve the product and are cofinal because if (B,75g)
is a Galois G-object then

(B (e7¢] BOP,T'BOGBap) ~ (G, 5@) ~ g((p)((H, 51{))

Therefore, using K-theoretical arguments we obtain a commutative di-
agram of exact sequences:

K,G(p)— Galc (Hm)Galc(G)
where Gr(y) : G(H*) — G(G*) is defined by
Gr(e)(9) = (H®bx)o (Bu ® [f o (H" ® (ex 0 9)) 0 an) or G) o f])

where f the isomorphism between G and H oy G.

G(H*)

3 Naturality of Beattie‘s decomposition the-
orem

Definition 3.1 An algebra A = (A, 74, ua) is said to be Azumaya if
A is a progenerator in C and the morphism X4 : A® A — E4 between
the algebras A A and E4 defined by

Xp:=HOM(A pao (AQ pa)o (Taa® A)) o as(AQ A)

is an isomorphism.

-13 -
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Definition 3.2 On the set of isomorphism classes of left H-module
Azumayan algebras we define the equivalence relation: (A; pa) ~ (B; ¢B)
if there exist (M, pn), (N, ¢n) left H-module progenerators in C and
an isomorphism of left H-module algebras between (AE}Y; pagE,,) and
(BEY; pagEN)-

The set of equivalence classes of left H-module Azumayan algebras
is a group under the operation induced by the tensor product. The unit
element is the class of the left H-module Azumayan algebra (En; ¢E,,),
for some progenerator H-module (M, ¢)s), and the inverse of (A; p4) is
(A%?; p4). This group is denoted by BM(C, H) and the class of (A; p4)
by [(4;pa)]-

If H=(1,1,7%,1) is the trivial Hopf algebra in C, then BM(C, H)
is the Brauer group, B(C), of the symmetric closed category C (see [10],

[71)-

Definition 3.3 For each Hopf algebra H and each left H-module alge-
bra (A; p4), the smash product AfH is defined by

AfH = (AQ H,nayx, page)

where
Nagg = N4 Q@ N
pagr = (pa®@pu) o (AQRPa®HR®H) o (AR H®Tga® H) o
(AR g ®AQ® H)

Definition 3.4 Let (A;pa) a left H-module Azumayan algebra. We
define the object II(A) by the equalizer diagram

M AW H
®H HOM(A,A® H)

NAgH

JAlH

TI(A)

mayg = HOM (A, pagr o (A® My @ AQ H)) cas(A® H) =
HOM(A,/,LA@H) oaA(A®H)
nayg = HOM(A, pagr 0 (A Tan ® H) o (4,4 ® H @ nr))o

.14 -
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as(A® H) =
HOM(A, (pa®H)o(AQ(pacTan)QH)o(T44R0y))ocs(AQH)

(II(A) = (II(A), mr(a), #ri(a)); Pricay) is a Galois H-object where py 4
( resp. mm(a) ) is the factorization through the equalizer jayy of the mor-
phism fiagr © (jagr ® jagr) (resp. nagn ) and pryay is the factorization
through the equalizer jayy ® H of the morphism (A ® §g) © jayn (see

[71)-

3.5 There is an epimorphism of abelian groups II : BM(C,H) —
Galc(H) given by II([(4; pa)]) = [(IL(A); priay)]-

If [(B; pB)] € Galc(H), then [(BtH"; oy = (BQ H*®by) o (B®
T @ H*) o (TH,p®dy+))] is in BM(C, H) and there is an isomorphism
of Galois H-objects between B and II(BfH*).

The sequence (Beattie’s decomposition theorem [3])

0— B(C) A BM(C,H) 5 Galc(H) — 0

is split exact, where the morphism iy is given by iy ([A4]) = [(A;ex @ A)]
and the morphism j : BM(C, H) — B(C) defined by j([(4;¢a)]) = [4]
is a retraction (see [7]).

-

Definition 3.6 For an algebra A = (A,7n4,p4) and a coalgebra D =
(D,ep,ép), we denote by Reg(D, A) the group of invertible elements in
the set of morphisms in C f : D — A. The operation in this group is
the convolution given by f Ag = pao (f ® g)odp. The unit element is
€p ®na.

Definition 3.7 Let H be a Hopf algebra and A = (A, 74, ua) be an
algebra. We say that an action g4 of H in A is inner if there exists a
morphism f € Reg(H, A) such that

pa=pa0(A® (4a0744))o(fOF'®A)(H®A):HOA— A

where f! is the convolution inverse of f.
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Definition 3.8 Let H be a finite cocommutative Hopf algebra. We de-
note by BM;,,,(C, H) the subset of BM (C, H) built up with the equiva-
lence classes that can be represented by an H-module Azumayan algebra
with inner action.

3.9 The set BM;,,(C, H) is a subgroup of BM(C, H) (4.4 of [1]). We
denote by yp the inclusion morphism. Finally, the sequence (Beattie’s
decomposition theorem for inner actions)

i T 5,
0 — B(C) B BM o (C, H) ™= N (H) — 0
is split exact (see 4.5 of [1]).
3.10 Finally, using the results of section two and the decomposition
theorems of 3.5 and 3.9, for a morphism ¢ : G — H between finite

cocommutative Hopf algebras there exists a commutative diagram of
abelian groups:

I1 )
|BMinn C.D Ne(H)
7 BM(C, H) Galc(H)

,L'G \ tBtnn <P N(‘p)
Gal(p)

BM@) gy e ) HiBMom(c.0) Ne(G)

e 1

M(C,G) Gale(G)
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