
CAHIERS DE
TOPOLOGIE ET GÉOMÉTRIE DIFFÉRENTIELLE

CATÉGORIQUES

JAMES RICHARD ANDREW GRAY
Representability of the split extension functor for
categories of generalized lie algebras
Cahiers de topologie et géométrie différentielle catégoriques, tome
51, no 3 (2010), p. 162-181
<http://www.numdam.org/item?id=CTGDC_2010__51_3_162_0>

© Andrée C. Ehresmann et les auteurs, 2010, tous droits réservés.

L’accès aux archives de la revue « Cahiers de topologie et géométrie
différentielle catégoriques » implique l’accord avec les conditions
générales d’utilisation (http://www.numdam.org/conditions). Toute
utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier
doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=CTGDC_2010__51_3_162_0
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


CAHIERS DE TOPOLOGIE ET 

GEOMETRIE DIFFERENTIELLE CATEGORIQUES
Vol. LI-3 (2010)

R E P R E SE N T A B ILITY O F THE SPLIT EX TEN SIO N  FU N C T O R  

F O R  CATEGORIES O F GENERALIZED LIE ALGEBRAS

by  J a m e s  R ich a rd  A n d re w  G R A Y

Abstract

For an additive symmetric closed monoidal category C with equal
izers, suppose M  is a monoid defined with respect to the monoidal 
structure. In this setting we can define a Lie algebra with respect to 
M  and the monoidal structure. For the category Lie(M, C) of Lie al
gebras we show that the functor SplExt(—, X )  : Lie(M, C) —► Set is 
representable by constructing a representation.

Pour une catégorie additive symétrique monoïdale fermée C avec 
égalisateurs, soit M  un monoïde défini par rapport à la structure 
monoïdale. Dans ce contexte nous pouvons définir une algèbre 
de Lie par rapport à M et à la structure monoïdale. Pour la 
catégorie Lie(M, C) d’algèbres de Lie nous montrons que le foncteur 
SplExt(-,X) : Lie(M, C) —► Set est représentable en construisant 
une représentation.

Introduction

We recall that for a Lie algebra X  over a commutative ring R, a map /  : 
X  —> X  is called a derivation of X  if /  is linear and, for all x and y  in X ,  
f ( x y ) =  f (x )y  +  x f (y ) . The set Der(X) of all derivations on X  can be 
made into a Lie algebra with Lie multiplication f g  =  f ° g  — g o f  and all

Mathematics Subject Classification. 18A22, 18A99, 18D10, 18D15, 18D35, 18E05, 
17B55, 17B40.

Keywords and phrases. Representable functor, split extension, internal action, semidi- 
rect product, closed monoidal category, additive category, Lie algebra, derivation.
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GRAY - REPRESENTABILITY OF THE SPLIT EXTENSION FUNCTOR;;;

other operations defined pointwise. A diagram

k
A

p

S
G

where k is the kernel of p  and ps  =  Iq is called a split extension of G  with 
kernel X . Any morphism between split extensions, that is, a diagram

k p
s

f

k! *  p'
X  A' G

s’

where the top and bottom rows are split extensions, and f k  =  k \  p  =  p 'f  
and f s  — s', is invertible since the split short five lemma holds for Lie al
gebras. We define an equivalence relation on the set of split extensions of 
G  with kernel X , by requiring that extensions are equivalent if and only if 
there is a morphism between them. The functor SplExt(—, X ) : Liefi —> Set 
is defined on an object G  as the set of equivalence classes of split extensions 
of G  with kernel X  and on a morphism g : G' —► G  by pulling back. A 
well-known classical result can be stated as: the functor SplExt(—,X )  is 
representable with Der(X) the object of the representation, that is, there is 
a natural isomorphism S p lE x t(-,X ) =  Liefl(—, Der(X)). This result can 
be extended to any category of internal Lie algebras defined in a cartesian 
closed category (see Theorem 5.2 in [1]). We will generalize this result in a 
different direction, namely to suitably define Lie algebras over a monoid M  
in an additive symmetric monoidal closed category. Introducing this concept 
requires some auxiliary observations:

Recall that a commutative monoid in a symmetric monoidal category (C, <g>,
I , a, p, A, a) is an object M  together with two morphisms

p, : M  <g) M  —*• M , t] : Z —* M
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such that the diagrams

M  ® (M ® M ) ------- -------- (M ® M )® M

l®/x /¿<8>1

M ® M ------— M *— ------M ® Af

M ® M

M

are commutative. Let us recall that when (C, <g>, I, a, p, A, cr) = (Ab, <g>, Z, a, 
p, A, cr) is the usual symmetric monoidal category of abelian groups, a com
mutative monoid in it is the same as a commutative ring. In this case the 
morphism p, : M  <g> M —> M  corresponds, via the universal property of 
the tensor product, to a map M  x M  —> M, call it multiplication, which is 
bilinear (distributive with respect to the addition of the abelian group M). 
The morphism 77 : Z —> M  is determined by picking an element u in M , 
the image of 1. Furthermore, the commutativity of the first diagram means 
that multiplication is associative and commutative, while the commutativity 
of the second means that 77 makes u the identity element of M .

For an ordinary Lie algebra X  over a commutative ring M, the scalar multi
plication M  x X  —* X  and the Lie multiplication X  x X  —► X  are bilinear 
maps, and so by the universal property of the tensor product in Ab they can 
be described as morphisms a : M  <g> X  —> X  and b : X  ® X  —*• X  respec
tively. The commutativity of the diagrams

M ® {M  ® X) (M ® M )® X

10a ¿¿<8)1

M ® X  M ® X
\  a a
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(M  ® X ) <g> X  *— - ------M  ® (X  ® X )  gQ(10<7)> X  (8) (M  0  X )

a<S) 1 1 <S)b l(8>a

X ® X  M ® X  X ® X

l

X ® X - ^ + X ® X  X ® { X ® X )  1+aa+aaaa > X  ® (X  ® X ) 

b 0 106 

X  x - --------------- -------------- x ® x

state that

(■m n)x — m (nx), (m x)y  =  m (xy) =  x(m y), xy  =  — yx,

x{yz)  +  z(xy)  +  y(zx ) =  0

for all m, n €  M  and for all x ,y , z  e  X . These identities correspond to 
the axioms of a Lie algebra except that we have replaced the axiom xx  =  0 
{x €  X ), with the axiom xy — —yx (x, y  G X ). Assuming the axiom 
xx  =  0 , the well known argument

xy =  xx +  xy +  yx  +  yy  -  yx  =  (x +  y)(x  +  y) -  yx =  - y x

shows that we have actually replaced an axiom with a formally weaker one. 
Assuming the axiom xy  =  — yx, the argument

2xx =  xx +  xx  =  xx — xx  =  0

shows that when 2 has a multiplicative inverse in M , the two axioms are 
equivalent. When M  is a field this corresponds to saying that M  is not of 
characteristic 2. Since the axiom xx  =  0 has a repeated variable in it, it is 
not possible to express it as the commutativity of a diagram involving tensor 
products. Therefore, in order to define a Lie algebra in an abstract symmetric 
monoidal category (C, <8>, I, a , p, A, a) we introduce an additional structure 
on C. The structure we choose in this paper consists of a category D, functors 
U,V : C —► D, and a natural transformation 6 : U —*• V (— <g> —), satisfying 
suitable conditions (see Section 1). In Section 1 we define a generalized Lie
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algebra following the above as motivation. In Section 2 we define in this 
new setting the generalized Lie algebra of derivations and show, in Section 
3, that the functor of split extensions from the category of these generalized 
Lie algebras to the category of sets is representable. We conclude Section 3 
by remarking that the functor of split extensions of crossed modules of these 
generalized Lie algebras is representable.

1 Algebraic structures in monoidal categories

In this section we introduce the needed algebraic structures to define a gen
eralized Lie algebra and construct in this context the functor which in the 
classical case takes associative algebras to Lie algebras. Throughout this 
paper we will assume that:

1. C =  (C, 0 , / ,  a , A, p, a) is an additive symmetric monoidal category 
with all finite limits; in addition we assume it to be monoidal closed, 
although in this section we only use the fact that the tensor is distribu
tive with respect to finite products;

2. (M , ¡j, : M  ® M  M ,r j : I  —> M ) is a commutative monoid in C;

3. B  is a category in which hom-sets are abelian groups;

4. Composition of morphisms in U> is distributive on the right with re
spect to addition of morphisms, that is, for any morphisms f , g : B - +  
C  and h : A - +  B  we have ( /  +  g)h  =  fh  +  gh\

5. U and V  are functors from C to D and V  restricted to hom-sets is an 
abelian group homomorphism;

6 . 6 is a natural transformation from U to V {— ® —) such that: 

Condition 1.1. For any C  € C the diagram

U C - ^ V ( C ® C )

\v°
V (C  ® C)

commutes.
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Example 1.2. (C, 0 , / ,  a , A, p, cr) =  (Ab, 0 ,  Z, a, p, A, cr) is the the usual 
symmetric monoidal category of abelian groups, D =  ab is the category with 
objects all abelian groups and morphisms all maps between their underlying 
sets, U =  V  : Ab —> ab is the inclusion functor, and 6 is defined by Sc(c) =  
c 0  c for all C  in Ab and c in C. This example explains the main purpose of 
introducing D, Uy V, and 5: the axiom xx =  0 mentioned in the Introduction 
can now be expressed categorically as V(b)6x  =  0, where b : X  0  X  —> X  
is a multiplication morphism on an object X  (as in the Introduction).

We recall: (i) an M-action is a pair (X, a), where X  is an object in C 
and a : M 0 l - ^ X i s a  morphism in C, such that the diagrams

M ® ( M ® X ) -------- 2------ (M ® M ) ® X  I ®  X  M ® X

1 a<8>l a

M  ® X  — ------ -------------— M ® X  X

commute; (ii) a magma defined with respect to the monoidal structure in C is 
a pair (X , b), where X  is an object in C and b : X  ® X  —> X  is a morphism 
in C.

Definition 1.3. A triple (X, a : M  ® X  —> X , b : X  ® X  —» X ) is said to be 
an M-magma if (X , a) is an M-action for the monoid M. For M-magmas 
(X ,a ,b ) and (X ',a',b'), a morphism f  : X  —> X ' in C is an M-magma 
morphism if  the diagrams

M  ® X  M  ® X ' X ® X  X ' ® X '

a a' b b'

x — -— - X '  x — -— - X '

commute; that is, f  must be a morphism o f magmas and a morphism of  
M-actions at the same time. The category of M-magmas will be denoted 

M -Mag0.

For an M-magma (X, a, b) consider the following condition:

- 167 -
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Condition 1.4. (a) The diagram

M  ® (X  ® X ) --------^ _ (m  ® X )  ® X

106 a® 1

M ® X — ----- -------------—  X ® X

commutes; 

(b) The diagram

M ® { X ® X )  - 10<T)- > X ® (M  0  X )

106 1 0a

M ® X -----? - ^ X ^ -----X ® X

commutes.

Let M -Magi be the full subcategory of M -Mag0 with objects all M - 
magmas satisfying Conditions 1.4(a) and 1.4(b). Let M -M ag2 be the full 
subcategory of M -Magi with objects all (X , a, b), in which the pair (X, b) 
is a semigroup, that is, the diagram

X  ® (X  ® X ) -------- 2  ̂ (X  ® X ) ® X  

1®6 6<g>l 

X ® X — b— + x ^ — x ® x

commutes. In the situation of Example 1.2 the categories M -Magi and M - 
Mag2 are the categories of non-associative and associative M -algebras re
spectively.

For a magma (X, 6 ) we are also going to use the following conditions: 

Condition 1.5. V (b)8x  =  0.

Condition 1.6. (a) 6(1 +  a) =  0 (anticommutativity);

(b) 6(1 ® b)(l +  a a  +  a a a a )  =  0 (Jacobi identity).

-  16 8  -



GRAY - REPRESENTABILITY OF THE SPLIT EXTENSION FUNCTOR;;;

Remark 1.7. When C = O, V =  1, U = (— ® — ) and 6 =  1 + a, Condition 
1.6(a) becomes an instance of Condition 1.5.

Let Lie(M , S) be the full subcategory of M -Magi with objects all (X, a, 6 ), 
in which the magma (X, 6 ) satisfies Conditions 1 .5 ,1.6(a) and 1.6(b). In the 
situation of Example 1.2, as in fact mentioned in the Introduction, Condi
tions 1.5, 1.6(a) and 1.6(b) correspond to the identities

xx  =  0 , xy +  yx  =  0 , x (yz)  +  z(xy)  +  y(zx ) — 0

respectively, and recalling that the category M -Magi is the category of non- 
associative algebras we see that the category Lie(M, Ô) is the category of Lie 
algebras over the commutative ring M .

Remark 1.8. IfD  =  C ,U  =  V  — lc  and Sc is the zero morphism, then 
Condition 1.5 is trivially satisfied by any magma (X, b). If in addition, as in 
Example 1.2, (C, (8 >, / ,  a , A, p , a) — (Ab, (g>, Z, a, A, p, a) is the usual sym
metric monoidal category o f abelian groups, the category Lie(M , <5) has as 
objects Lie algebras, except that the axiom xx =  0 has been replaced by the 
axiom xy - —yx.

If (X , a : R  x X  ^  X , b : X  x X  —> X )isa n  associative algebra over 
a ring R  and if we define b : X  x X  —► X  as

b(x,y) =  b(x ,y) — b(y,x)

for all x, y G X , then the triple (X, a, b) is a Lie algebra defined with respect 
to the ring R. This correspondence of associative algebras and Lie algebras 
is functorial and can been extended to our setting.

Theorem 1.9. I f (X ,a ,b )  e  M -Mag2, then (X, a, 6(1 — o)) G Lie(M ,ô)
and the assignment (X, a, b) i-----►  (X, a, 6 (1  — <r)) defines a functor L :
M -Mag2 —> Lie(M , 6) which is identity on morphisms.

Proof. Let b =  b( 1 — a). It is clear that (X, a, b) is an M-magma. Condition 
1.4(a) holds for (X, a , b) since

a(l® 6) = a(l (g) (6(1 — cr))) = a(l ® 6) — a(l ® 6)(1 ® a) 

= 6(a 0  l)a  — 6(1 0  a)cra(l <8> cr)(l <g> a)

= 6(1 — cr)(a 0 l)a = 6(a 0 I)«,
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where the third equality follows by Conditions 1.4(a) and 1.4(b) for (X , a, 6). 
Similarly, it can easily be seen that Condition 1.4(b) holds for (X , a, 6). To 
show that the Jacobi identity, Condition 1.6(b), holds for (X, a, 6), consider 
the equation:

6(1 ® 6)(1 +  aa  +  aaaa)

= 6(1 — a)( 1 ® 6)(1 — 1 cr)(l + aa + aaaa) 

— 6(( 1 ® 6)(1 — 1 ® a) — a( 1 ® 6)(1 — 1 ® cr))(l +  aa  +  aaaa) 

= 6(1 ® 6 )^  -I- 6(1 ® b)aa^  +  6(1 ® b)aaaa®

—6(1 ® 6)(1 ® a)^  — 6(1 ® 6)(1 ® a)aa®  — 6(1 ® 6)(1 ® a)aaaa^  

—6(6 ® 1)<t^ — 6(6 ® l ) a ^  — 6(6 ® l)aaa®

+6(6 ® 1)(<J ® 1 )a ^  +  6(6 ® l)(cr ® l ) a ^  +  6(6 ® l)(cr ® 1 )a a a ^  

=  0,

where composites labelled with the same superscript are equal. For, we only 
need to observe that 6(1<2>6) =  b(b<gi\)a since (X , b) is a semigroup, and use 
that directly for (1) and (2), or together with a a a a a  =  a  for (3), or together 
with a(l<g)cr) =  (cr<g>l)a<7Q:for (4), or together with a(l(g>i7)<7Q! =  (<7 <g>l)cr 
for (5), or together with o ( l  ® a ) a a o a  =  (a ® 1 )a  for (6). From Condition 
1.1 and the definition of b it follows that Conditions 1.5 and 1.6(a) hold for 
(X, b). For a morphism

( X , a , b ) - ^ ( X ’,a',V)

let 6' =  6'(1 — cr). By calculating

we see that /  is a morphism in Lie(M , 6).

-  1 7 0  -
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2 Construction of derivations

In this section we construct, for an object (X , a, b) in Lie(M , 5), the object 
Der(X), which will be shown in Section 3 to be the representing object for 
the functor SplExt(—, X )  : Lie(M , <5) —> Set.

Recall that, for a Lie algebra X  over a commutative ring M , the Lie algebra 
of derivations, Der(X), can be constructed as follows. For abelian groups A 
and B , let Hom(A, B) be the abelian group of homomorphisms from A  to 
B. Defining multiplication by composition and scalar multiplication point- 
wise, it is easily seen that Hom(X, X )  satisfies the axioms of a ring as well 
as those of an M-module and, moreover has scalar multiplication with the 
property

m {hi o h2) =  (m /ii) ° h2

for all m  E M  and hi, h2 € Hom(X, X ). The abelian group E (X )  of M - 
module morphisms from X  to X  can be constructed as the equalizer of the 
diagram

fl
Hom(X, X ) z= = t Hom(M x X , X )

Si

where f i  and fa are defined by

f i(h )(m ,x )  =  m h(x), f 2 (h )(m ,x) -  h(mx)

for all h €  Hom(X, X ), m  € M  and x €  X . It is easily seen that E (X )  is 
closed under the operations defined for Hom(X, X )  and has the property

m (hi o h2) =  hi o (mh2)

for all m  G M  and hi, ĥ  € E (X ), i.e. E (X )  is an associative M-algebra. 
As described before, any associative M-algebra E (X )  becomes a Lie alge
bra with Lie multiplication defined by

hih2 — hi o h2 — h2 o hi

for all h i,h 2 G E (L). Finally, the Lie algebra of derivations Der(X), can be 
constructed as the equalizer of the diagram

E (X )  Hom(X x X , X )
92e
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where e : E (X )  —> Hom(X, X )  is the equalizer of / i  and / 2, and g\ and g2 
are defined by

g i(h )(x i,x 2) =  h{x ix 2), g2 (h)(xl ,x 2) =  h (xx)x2 +  x ih (x 2)

for all h G Hom(X, X )  and x i ,x 2 G L. Der(X) can be seen to be closed 
under the operations defined for E ( X ) and hence is a Lie algebra.

We show that this construction extends to our general context. We begin 
by showing that for (X , a, b) G Lie(M , 5) the internal hom-object X x  can 
be given a semigroup structure as well as an M -magma structure that satis
fies Condition 1.4(a). We then construct the semigroup E (X )  as a regular 
sub-M-magma of the internal hom-object X x  and show that it satisfies Con
dition 1.4(b). We then apply the functor L ; M -Mag2 —> Lie(M , 8) to E (X )  
and construct Der(X) as a regular subobject of L (E (X )).

For each object B  in C, we will denote the chosen right adjoint to the func
tor — 0  B  by —B and denote the chosen counit of the associated adjunction 
by eB. For functors F  : X —► A and G : A —> X, where G  is the right 
adjoint of F, given a morphism h : F X  —> A, the corresponding morphism 
X  —► GA  will be called the right adjunct of h (as in [6 ]). Similarly, given 
a morphism g : X  —> GA, the corresponding morphism F X  —> A  will be 
called the left adjunct of g. That is, for g : A -+ C B, the left adjunct of g is 
e%(g ® 1  ) \  A ® B  - * C .

For a pair (X , ax  : M  0  X  —̂► X )  where M  =  (M, n, rj) is a monoid in C 
as above, consider the following condition, which is part of the definition of 
an action for a monoid:

Condition 2.1. The diagram

m x  —  m ®x  

\  / “*

commutes.

Proposition 2.2. I f(X , ax) satisfies Condition 2.1 and if ax * ' M ® X x  —> 
X x  is the right adjunct of ax{  1 <8 > ^ ) a - 1  : (M  ® X x ) ® X  —► X  then 
(X x , ax x) satisfies Condition 2.1.

-  17 2  -
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Proof. In the diagram

(.I® X x )® X -------------------------  ̂ (M ® X x )®X

\  I® (X x ® X ) M ® (X x ® X ) /

\  (2 ) /  i®^ m  x /

A  xl I ® X ------ — — * M ® X  /
\  ffil /
\  I , *  U / a xx® 1

\ \  X  s '

\  ^
X x ® X

[J commutes since a  is a natural transformation; (2 ) commutes as an immedi
ate consequence of the axioms of a monoidal category; (3 ) commutes since ® 
is a bifunctor; (4) commutes since A is a natural transformation; [5] commutes 
by definition of ax x : M  ® X x  —> X x \ jg] commutes by assumption on 
(X ,a x ). That is, A® 1  =  (ax x ® 1 )((t/<8 >1 ) ® 1 ) =  (ax x (77® 1)) <S> 1, which 
tells us that the left adjuncts of the morphims A, ax x (r?® 1 ) : I ® X x  —► X x  
are equal to each other. Therefore these two morphisms are equal to each 
other themselves, as desired. □

For a sextuple (P ,Q , X ,u  : P  ® Q  —> Q ,p  : P  ® X  —> X , q : Q ® X  —> 
X )  we consider the following condition:

Condition 2.3. The diagram

P ® (Q ® X ) ---------2------- - (P ® Q )® X

1 <S>q u<S> 1

P ® X — P- ^ X ^ - 1— Q ® x

commutes.

Lemma 2.4. Suppose (P ,Q ,X ,u  : P  0  Q —► Q ,p  : P  0  X  —> X, q : 
Q 0 X  —> X ) satisfies Condition 2 3 y p' : P ® X x  —► X x is the right adjunct 
ofp(  1 0  : (P 0  X x ) ® X  X  and qf : Q 0  w f/ie right
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adjunct of q(l ® e^ )a  1 : (Q ® X x ) ® X  —> X  then ( P ,Q ,X x  ,u ,p ' ,q') 
satisfies Condition 2.3.

Proof. In the diagram

(.P®{Q®Xx))®X--- a<g)l - ({P®Q)®Xx)®X

a 1 m Q 1 \
/p®((Q®Xx) ® x f ^ 1P®(Q®(XX®X)) - a - (P®Q)®(XX®XÏ

l<g>(10e£) 0 l®e£

m (4) P®(Q®X) -2 -- (P®Q)®X S] \
10g u® 1 (tt<g>l)®l

P®{X ------P<§ m u<S> 1 m

\ a -1 (S ;

p

-----r— Q$
r l<g>e£ "

+—Z- Q®(Xx®X)

\ m a - 1 J

(.P®Xx)®X — — ► -— q'® l
— X)®x

[J commutes by the axioms of a monoidal category; [2], (5) and (5] commute 
since a  is natural transformation; 0] and [5] commute from the definition of 
q'\ (8) commutes by the definition of p'; [7| commutes since ® is a bifunctor;
(5) commutes by assumption on u, p  and q (Condition 2.3). That is, (q' ® 
1 )((u ® 1) <g> l)(ci! <g> 1) =  (p ' ® 1)((1 ® q') ® 1), or, equivalently, (q'(u ® 
l )a )  ® 1 =  (p'(l ® q')) ® 1 -  which means that the left adjuncts of the 
morphisms p'{ 1 ® q'),q'(u ® 1 )a  : P ® ( Q ®  X x ) —> X x  are equal to each 
other. Therefore these two morphisms are equal to each other themselves, as 
desired. □

Proposition 2.5. Let (X , ax)  be an M-action and, let ax x : M  ® X x  —> 
X x and bx x : X x  ® X x —> X x  be the right adjuncts o f a{ 1 
(M  ® X x ) ® X  - ►  X  and e £ ( l  ® e$ )a ~ l : { X x  ® X x ) ® X  -»  X  
respectively. Then ( X x , ax x) is an M-action, ( X x , bx x) is a semigroup, 
and Condition 1.4(a) is satisfied.
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Proof. It is clear that since (X , ax)  is an M-action, the sextuple (M , M , X , 
At, ax, ax)  satisfies Condition 2.3. From Lemma 2.4 it follows that (M, M, 
X x ,n ,a x x ,a x x) satisfies Condition 2.3. This together with Proposition
2.2 applied to (X , ax)  shows that (X x ,a x x) is an M-action. From the 
definition of bx * we see that (X x , X x , X , bx x , e£) satisfies Condition
2.3 and by Lemma 2.4 (X x , X x , X x ,bx x ,b x x ,b x x) satisfies Condition
2.3 and therefore (X x ,bx x) is a semigroup. From the definition of ax x the 
sextuple (M ,X x ,X ,a x x ,a x ,e x )  satisfies Condition 2.3 and by Lemma
2.4 the sextuple (M ,X x , X x ,a x x ,a x x ,b x x) satisfies Condition 2.3 and 
therefore (X x , ax x , bx x ) satisfies Condition 1.4(a). □

Let / i  : X x  —> x M®x  and / 2 : X x  —> X M0X be the right adjuncts of 

® ax ) • X x  ® (M  ® X )  —► X  and ax (  1 ® e x )a a { \  ® cr) : X x  ® 
(M  ® X ) —> X  respectively, and let e : E (X ) —> X x  be the equalizer of / i  
and / 2.

Proposition 2.6. For the object E (X ) there exist unique morphisms bs(x) '■ 
E {X )  ® E {X )  -»  E (X ) and aE(X) ■ M  ® E (X )  £ (X )  for which e 
becomes an M-magma morphism and (E (X ), as(x), bs(x)) is in M -Mag2.

Proof. In the diagram

E { X ) ® E { X ) ^ X x  ® X x  
i

1>E(X) I f>xx

Y „ /l 
E ( X ) ------- -------- - X *  = £  X M®x

A 1 / 2
a E (X )  | a X X

M  ® E (X ) M ® X X

it can be seen, by considering the left adjuncts of f \b x x (e®e) and f 2bxx (e®  
e) and the left adjuncts of f ia x x ( l  ® e) and f id x x  (1  ® e), that the arrows 
bx x(e  ® e) and a * x ( l  ® e) equalize / 1  and / 2 and so, by the universal 
property of the equalizer e, there exist unique arrows £>e(x) and a^(x) mak
ing the diagram commute. The left adjuncts of the morphisms eaE(x){ 1 ® 
6£(x)) and e6E(x)(l ® aE(x))^ot( 1 ® cr) can been seen to be equal and 
since e is a monomorphism this shows that (E (X ), cle{X ), b s(X ))  satis
fies Condition 1.4(b). On the other hand, according to our construction of

-  17 5  -



GRAY - REPRESENTABILITY OF THE SPLIT EXTENSION FUNCTOR;;;

ax x and bx x , the monomorphism e becomes an Ai-magma morphism from 
(E (X ), a,E{X),bE(X)) to (X x  ,a x x ,b x x), which implies that (E (X ),o ,e (X ), 
6 e(X )) satisfies Condition 1.4(a) and that (jE'(X), ¿^(X)) is a semigroup. 
This completes the proof. □

By Theorem 1.9 we have that L (E {X ),b B(X),aE(X)) =  (E (X ),b B(x) =  
bE(x)( 1 -  <r), aE(x)) is in Lie(M , 8). For (X, ax , bx ) €  Lie(M, 8) let 31 : 
X x  X x®x be the right adjunct of ex ^  0  ^  : x *  0 (X  0 X ) ^  X ,

let <72 : X x  —> X x%x be the right adjunct of the sum of the morphisms
bx {e$ 0  1 )<* : X *  0  (X  0  X ) X  and bx { 1 0  e $ )a a (  1 0  a) : X *  0  

X ,  and let d : D (X )  —> E (X )  be the equalizer of g\e  and g2e.

Proposition 2.7. For the object D (X ) there exist unique morphisms bo(X) '■ 
D (X )® D (X )  —► D {X )a n d a o (X) '■ M ® D (X )  —► D (X ) for which d is an 
M-magma morphismfrom (D (X ), to L (E (X ), aB{X ), b s (X ))
and (D ( X ), aD(X), bD(x)) is in Lie(M , 5).

Prao/ In the diagram

D (X )  0  £>(X) E (X )  0  £ (X )
1
I

U ow  E (X ) ® E (X ) ^  X x  ® X x
1
I bE (X ) bx x

D ( X ) -----------------  ̂E ( X ) ------- 5-------  ̂X *  91 r X *® *
A A A »2

a D (X )  | a E (X )

M  0 !d(X) **** > M  0 E (X )  M 0

it can be seen, by considering the left adjuncts of gibx x (e® e )(l — a)(d® d)  
and g2bx x (e ® e )( l  — a )(d ® d )  and the left adjuncts of g\ax x ( 1 0  e) ( 1 0  d) 
and g2ax x (1 0  e) (1  0  d), that the morphisms bx x (e 0  e) (1  — a) (d 0  d) and 
ax x (  1 0  e )( l 0  d) equalize g\ and g2 and so, by the universal property of the 
equalizer d, there exist unique arrows bo(x) and ao(x) making the diagram 
commute. Since d is a monomorphism we see that (D (X ), aD(X),bD(X)) is 
in Lie(M , 8). □

We now define the object Der(X) of a derivation of X  =  (X, ax ,bx ) as 
Der(X) =  D (X ) =  (D (X ) ,a D(X ) ,b D(X )).
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3 Representability of split extension functor for 
the category Lie(M, 5)

In this section we show that the functor SplExt(—,X ) can be defined for 
the category Lie(M , 6) and prove that it is representable by showing that 
Der(X) =  D (X )  is the representing object.

To define the functor SplExt(—,X )  it is sufficient to show that the split 
short five lemma holds for Lie(M , 5) and that the category Lie(M , 6) has 
pullbacks of all split epimorphisms along arbitrary morphisms.

It is easily seen that the category Lie(M , 5) is pointed and finitely com
plete. Since C is additive the split short five lemma holds in C and since the 
forgetful functor W  : Lie(M , <5) —*• C preserves limits and reflects isomor
phisms, the split short five lemma holds also in Lie(M , 6).

Consider the diagram
i p

X *—
k s

f
V T p '

•X A' G
k' s’

where /  is a morphism (hence an isomorphism) of split extensions in Lie(M, 
<5), and I and I' are the unique M-action morphisms with kl =  1a — sp and
k'V =  1a> — s'p'; we shall write A  =  {A, a, b) and A! =  {A ', a', b'). Since 
k' is a monomorphism and k'l'f =  (1 /̂ — s'p ')f =  f  — s'p' f  =  f  — f s p  =  
f ( l A — sp) =  fk l  =  k'l we have I f  =  I; therefore

lb(s <g> k) =  l'fb(s  ® jfc) =  l'b'(f ® f ) ( s  ® k) =  l'b'(s' ® k').

Consequently, if we define h : G —> X x  as the right adjunct of the compos
ite lb(s <g> k), we see that h depends only on the isomorphism class of the 

split extensions.
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In the diagram

\i *E(X) —

vR<g)X

.  X
* X x

Y

D(X)
92

j{X®X

where the solid arrows are defined as before, it can be seen, by considering 
the left adjuncts of f \h  and f 2h and the left adjuncts of gih  and g2h, that h 
equalizes / i  and / 2 as well as g\ and g2> and so by the universal properties 
of the equalizers e and d, there exist arrows i and j  making the diagram 
commute.

Proposition 3.1. The morphism j  : G —> D (X )  is a morphism in Lie(M , <5). 

Proof. Consider the diagrams

1 ®h

A / f  o / ^
l<g>j

aG 

\  j

"  i  vj v¿y.

aD(X)

l<g>ed

ed

ivi l a

a x x

-  x ^ L 7 J r ^

h

h<g>h

vrV.
¿(8# "

±sysv j\cÿ js \s ±  j
ed<g>ed w %9^V

1 —<T

f>x x

Y
c

t>G

~i i , n i

t>D(X)

Y \ ed

X x $

-

where G — (G, a«, ¿g)• Considering the left adjuncts of ax x (l<g>/i) and hac  
(in the first diagram), and considering the left adjuncts of bx x (1 — a )( h® h)
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v  p'
X  A! G'

k' s'
1* / '  f  

I P

X * — > A ^ = ± G
k s

(A', f ',p ')  is the pullback of /  and p  in Lie(M , <5), I and I' are the unique 
M-action morphisms with kl =  1a — sp and k'V — VA — s'p', and the top 
and bottom rows excluding I and I' are split extensions. Let h! be the right 
adjunct of l'b'{s' <g> k') and j '  be the unique morphism with edj' =  h \  that is,

t' g{ [ X ^ A ' ^ G ' ] ) = 3 ' .
s'

Since lb(s ® k ) ( f  ® 1) =  lb (sf  ® k) =  /6 ( /V  ® f k ' )  — lfb'(s' ® k') =  
l'b'(s' ® k') and h and h! are the right adjuncts of lb(s ® k ) and l'b'(s' ® k') 
respectively, it follows that h f  =  h'. Therefore we have edj f  — h f  =  h! =  
edj' and since ed is monomorphism we conclude that j f  — j '  and that the 
diagram

SplExt(G, X )  Lie(M , <5)(G, Der(X))

SplExt(/,X) Lie(M,5)(/,Der(X))

SplExt(G', X )  —  Lie(M , 5 ){G \ Der(X))

commutes.

-  1 7 9  -

and hbc (in the second diagram), the diagram formed by the outer arrows 
can be seen to commute. Therefore, since e and d are monomorphisms and 
the right hand square in each diagram commutes, the left hand squares also 
commute. □

For each G  in Lie(M , 5), using the above construction we define the map 
tg : SplExt(G, X )  -»  Lie(M , 6)(G, Der(X)) as follows:

rG( [ X ^ A ^ : G ] ) = j .

Proposition 3.2. The maps form a natural transformation.

Proof. Let A — (A, a, b) and A' =  (A ', a', b') be objects in Lie(M , <5) and 
let f  : G' —* G  be any morphism in Lie(M , 5), such that in the diagram
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Theorem 3.3. The functor SplExt(—, X ) : Lie (A/. 6) —> Set is representable 
with representation (r, Der(A')).

Proof We show that the natural transformation r : SplExt(—, X ) —> Lie(M, 
i ) ( —, Der(X)) is a natural isomorphism. For an arrow z : G  Der(X) 
in Lie(M , 5) let r : G <g> X  —> X  be the left adjunct of edz, and let 
X  x 2 G =  (X  © G, a, b), where

a =  ¿iOtx(l <8> 7Ti) +  ¿2®g(1 ® ^2 )

and

b = ti{bx(ni ® tti) +  r(7r2 ® 7Ti)(l -  a)) +  ¿26g(tt2 0  7t2),

in obvious notation. It can been seen that X  x 2 G  is in Lie(M , S) and that 
the diagram

¿2

is a split extension in Lie(M, 6). Let re : Lie(M , S)(G, Der(X)) —► SplExt(G, 
X ) be the map defined as follows:

1 -, 7r2

tg {z ) -  [ X - - - ►  X  x r G  < G }
¿2

It can be seen that tq =  tq~1 and hence (r, Der(X)) is a representation of 
SpltExt(—, X ).  □

Remark 3.4. Since the category Cat(Lie(M , <5)) of internal categories in 
Lie(M , 5) can be presented as Lie(M ', S') for suitable M ' and 5' (it essen
tially follows from the results of [5]), by Theorem 3.3 the functor SplExt: 
Cat(Lie(M , ¿)) —*• Set is representable.
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