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CAHIERS DE TOPOLOGIE ET Vol. LU-3 (2011 )
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

ON THE MONADIC NATURE OF CATEGORIES 

OF ORDERED SETS

by Gavin J. SEAL

Résumé. Si S est une monade sur Set avec une factorisation au 
travers de la catégorie des ensembles ordonnés et des fonctions ad­
jointes à gauche, alors un morphisme de monades r  : S ^  T induit 
une factorisation similaire sur T. La catégorie de Eilenberg-Moore 
de T est alors monadique sur la catégorie des monoïdes dans la 
catégorie de Kleisli de §.

Abstract. If S is an order-adjoint monad, that is, a monad on Set 
that factors through the category of ordered sets with left adjoint 
maps, then any monad morphism r  : § —> T makes T order-adjoint. 
The Eilenberg-Moore category of T is then monadic over the cate­
gory of monoids in the Kleisli category of S.

Keywords: order-adjoint monad, Eilenberg-Moore category, Kleisli monoid, 
monadic functor

AMS classification: 18C20, 18B30, 54A05

1 Introduction

A monadic functor from A to X determines a unique (up to isomorphism) 
monad T on X, and such a monad yields a category of Eilenberg-Moore 
algebras X  ̂that is equivalent to A; however, A can be monadic over a range 
of different categories. Illustrations of this fact that stem from distributive 
laws [1 ] spring to mind, but other examples originate from different contexts.

The author gratefully acknowledges financial support by a Swiss National Science 
Foundation and a Marie-Curie International Reintegration Grant during the completion of 
this work.
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For instance, the category Cnt of continuous lattices that is strictly monadic 
over Set, as well as over the category Top of topological spaces, the category 
Sup of complete sup-lattices, and the category CHaus of compact Hausdorff 
spaces ([4], [17]). The last two examples can be obtained as consequences 
of the following result (see for example Corollary 4.5.10 in [3]):

A morphism r  : § ^  T between monads on Set induces a strictly
monadic functor Set^ : Set^ —> Set .̂

Indeed, taking T to be the filter monad F, and S the powerset monad P or 
the ultrafilter monad B, the principal filter monad morphism r  : P —> F 
yields the monadicity of Cnt =  Set'̂  over Sup = Set''”, and the embed­
ding morphism B ^  F leads to the monadicity of Cnt over CHaus =  Set® 
(see [8 ]). However, the presence of Top in this context remains somewhat 
idiosyncratic.

The aim of the present work is to describe a setting that leads to a sys­
tematic display of monadic functors induced by monad morphisms over cat­
egories such as Top or Ord, rather than Eilenberg-Moore categories (and 
turns out, contrarily to the cited result, not to require recourse to the Ax­
iom of Choice). The main ingredient is an order-adjoint monad, that is, a 
monad on Set whose extension operation factorizes through the category of 
ordered sets and left adjoint maps (see 2.3). Another ingredient is inspired 
by the description of an object in Top as a monoid in the ordered hom-set 
Set(X, F X )  (where F X  is the set of all filters on X , ordered by reverse in­
clusion): a topological space can be defined as a set X  with a neighborhood 
map a : X  F X  such that

r]x < oc and fix • Fa  • a  = a  ,

where r] and ¡x are respectively the unit and multiplication of F (see [5]). The 
second identity—idempotency of a in the hom-set of the Kleisli category of 
F—is central to our construction of a monad T' from T. In fact, the category 
Set(§) of Kleisli monoids associated to an order-adjoint monad S plays the 
same role as Set^ previously and leads to an isomorphism

Set^ ^  Set(§)^'

(Theorem 4.8). After illustrating this result with a number of scattered—and 
previously unrelated—results occurring in the literature, we show how the
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intrinsic order-adjoint nature of algebra structures contributes to the study of 
relevant Eilenberg-Moore categories.

2 Order-adjoint monads

In this section, we recall basic facts and terminology pertaining to order- 
adjoint monads, and settle a number of notations. Further details can be 
found in [15].

2.1 Monads. A monad T on a category X is a triple (T, 77, fx) formed by a 
functor T  : X —> X, and two natural transformations: the unit tj : Id T  
and multiplication ¡x : T T  —» T of the monad that must satisfy

// • Trj = 1 = /X • t]T and fx ■ Tfj, = n ■ .

We say that a pair {R, a) : § T is a monad morphism from a monad 
S =  (S', S, v) on A to a monad T = (T, r/, /x) on X, if i? : X ^  A is a functor 
and a : SR  R T  a natural transformation such that

Rr] = a ■ SR and R/i ■ crT ■ Sa = a ■ uR .

In the case where A = X and R  is the identity, we write cr : § T instead
o f ( lx ,c r ) :S -^T .

A monad can also be described by way of a Kleisli triple (T, rj, (—)^) on 
X (Exercise 1.3.12 in [9]), that is,

(i) a function T : ob X —> ob X,

(ii) for every X-object X , an X-morphism rjx : X  ^  T X ,

(iii) an extension operation (—)^ that sends an X-morphism f  : X  ^  T Y  
to an X-morphism : T X  —> TY,

subject to the conditions

= , f - V x ^ f  and / • / ■ "  =  ( / • / ) ^  (*)

Every Kleisli triple (T, r/, (—)^) yields a monad T = (T, ry, /i) via

T f  ■= {rjY ■ f Y  and p,x ■— (Itx)^ ,

- 1 6 5 -
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and every monad T = {T,t],ij,) defines a Kleisli triple thanks to

f
These processes are inverse of one another, and we freely switch between the 
two descriptions: not only is the extension operation (—)^ ubiquitous in our 
context, but the three Kleisli triple conditions are very economical to verify.

In the case where two Kleisli triples {S,5, (—)^) and (T, 77, (—)^) are 
defined on the same category X, a family {ax ■ S X  TX)xeohx defines a 
monad morphism <t : S ^  T if and only if the equalities

Vx =(Tx- Sx and (ay ■ /)^  ■ (Tx  = • f  

hold for all X-objects X  and X-morphisms /  : X —> SY.

2.2 Eilenberg-Moore and Kleisli categories. Given a monad T = (T, 77, /x)
on a category X, an Eilenberg-Moore algebra (or a T-algebra) is a pair 
{X, a), with X  an object of X, and a : T X  X  a structure morphism 
that satisfies

Ix  — a - T]x and a • Ta — a- fix ■

In particular, the pair {TX, fix) forms an Eilenberg-Moore algebra, the free 
T-algebra on X. A morphism of Eilenberg-Moore algebras /  : {X, a) —>■ 
(y, b) is an X-morphism f  : X  ^  Y  such that

f - a  = b - T f .

Thus, a T-algebra structure a is itself such a morphism a : {TX, ¡xx)
(X, a). The category of Eilenberg-Moore algebras and their morphisms is 
denoted by X  ̂and is also called the Eilenberg-Moore category of T. If T is 
given by a Kleisli triple, the conditions for an X-morphism a : T X  —> X to 
form an Eilenberg-Moore structure can be expressed as

Ix  = a-r]x and V/, g e  X(F, TX ) {a-f = a-g = >  a - f  =  a-g'^).

If S = (5 ,5, u) is a monad on A and T a monad on X, then a functor R  ; 
XT ¿5 jQ jjg algebraic over a functor i? ; X A if it makes the

SEAL - ON THE MONADIC NATURE OF CATEGORIES OF ORDERED SETS
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diagram
X T ^

X —

commute (the vertical arrows represent the respective forgetful functors). 
Any monad morphism {R, <r) : S — T from a monad S on A to a monad T 
on X induces such an algebraic functor; this is defined on objects by

R(X,a)  =  {R X ,R a-ax)  ,

and necessarily sends an X-morphism f  to R f .  Conversely, every functor 
i? : X  ̂ —+ that is algebraic over i? ; X —> A is induced by a monad 
morphism (R,a): if Jlx ■ S R T X  —> R T X  denotes the A-morphism given 
by R {T X , ijIx ) = {RTX, fix), then one can define the components of a : 
SR  -> R T  by

<̂x ■= lix • SRrfx ■

The objects of the Kleisli category Xj  associated to the monad T are the 
objects of X, and morphisms /  : A” —̂ F  in Xt are those X-morphisms 
f  : X  ^  TY .  The Kleisli composition of f  : X  Y  and g : Y  ^  Z inX j  
is defined via the composition in X as

go f  ■.= l iz -T g -  f  = ■ f  .

The identity Ix : A” —̂ X in this category is just the component rjx ■ X  ^  
T X  of the unit.

2.3 Order-adjoint monads. Let Ord denote the category of ordered sets 
(that is, sets equipped with a reflexive, transitive and antisynrmietric relation) 
with monotone maps, and Ord* the subcategory of Ord with same objects 
but whose maps are left adjoint. Explicitly a map f  : X  —̂ Y  is a morphism 
of Ord. if it is monotone and there exists a monotone map, denoted by /* : 
Y  X ,  satisfying

l x < r - f  and f - r < l Y .

-167
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A functor T : Set Set factors through Ord* if there is a functor 
T : Set ^  Ord, that makes the diagram

Ord*

Set

commute (where | -  | denotes the forgetful functor). For convenience, such 
a functor T is understood to be given with a fixed T  that is moreover iden­
tified with T; for example, we talk about “the right adjoint (T/)* of T f  : 
T X  —>■ T Y ” to mean “the underlying function of the right adjoint (Tf)* of 
T f  : T X  —> T F ”. The hom-sets Set{X, TY)  are then equipped with the 
pointwise order, so that for / , / '  e  Set(X, TY),  one has

/  < / '  ^  Vrr e X ( fix) < f i x ) )  .

A monad T = (T, rj, /i) on Set is order-adjoint if the components of its 
extension operation (-)^  take values in Ord*, that is, if and only if T fac­
tors through Ord. and every component fxx of the monad multiplication is a 
morphism in Ord*.

Without any additional assumption on a monad T on Set whose extension 
operation takes values in Ord*, composition in the Kleisli category Setj is 
only monotone in the second variable:

f < f = = ^  h o f < h o f

for all / , / '  e SetT(X, V"), h G SetT(F, Z). We say that an order-adjoint 
monad T is enhanced if moreover (—)^ preserves the order on the hom-sets 
SetT(X,y):

f < f = > f ^ <  i fV
for all / ,  f  G SetT(X, Y). This condition is equivalent to requiring that 
composition in Setj is monotone in the first variable, so an enhanced order- 
adjoint monad makes the Kleisli category Seti into an ordered category. 
Note that even if an order-adjoint monad is enhanced, its functor needs not 
preserve adjoint situations, that is, T{Tf)* = (TTf)*  does not hold in gen­
eral.

- 1 6 8 -

SetT

l - lf



SEAL - ON THE MONADIC NATURE OF CATEGORIES OF ORDERED SETS

2.4 Lemma. An Ord^,-morphism f  : X  Y  is split epic in Set if and only

i f f  ■ r  = ly.

Proof If /  • /* = ly, then /  is spht epic by definition. If there is a map 
g : Y  ^  X  with f  ■ g = ly , then g < f*. Therefore, l y  < / • / * <  ly  and 
equality holds. □

2.5 Proposition. A monad T on Set is order-adjoint if and only if the forget­
ful functor from Set^ to Set factors through Ord*.

Hence, if T is order-adjoint, then all T-algebras {X, a) are ordered 
sets, and all T-algebra morphisms f  : (X, a) (Y, h), in particular a : 
(TX, fix) —> {X, a), are left adjoint maps.

Proof We give a brief outline of the proof, while details can be found in
[15]. If T is order-adjoint, the order on the underlying set of a T-algebra 
(X, a) is inherited from TX via the map a° fix ■ (Ta)* ■ rfx-

X < y  a°{x) < a°{y)

for a\\ x ,y  e X; this order makes a° into the right adjoint a* of a (and 
returns the original order on TX via fj,°x)- For a T-algebra morphism /  ; 
(X, o) (y, b), one defines the map f ° : = a -  {Tf)* • b*, which turns out 
to be the right adjoint /* of /  (relatively to the orders on X and Y  induced 
by a and b respectively, as described above). Conversely, if Set^ ^  Set 
factors through Ord*, one observes that T is order-adjoint by exploiting that 
all T f  : {TX,f ix)  ^  (TF,ytxy) and fix : {TTX^firx)  ^  {TX,fxx) are 
Set^-morphisms. □

2.6 Proposition. Let t  : ^  T be a monad morphism from an order- 
adjoint monad S = (5, v) to a monad T =  (T, rj, fi) on Set. Then T is 
order-adjoint, and the components tx  : S X  T X  are left adjoints (with 
respect to the induced order onTX).

Proof. As in the proof of Proposition 2.5, the S-algebra structure fix ■ ttx ■ 
S T X  —>■ T X  defines an order on TX via

^ < y  {¡J-x ■ TTxYiK.) < (mx • TTxYiy) ,

- 1 6 9 -
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where (h x 'Tt x T ■= and one then has {h x -ttx)° =
{ f i x  • t t x ) * -  For monotonicity of T f ,  we use Lemma 2.4 in

T f  = T f  ■ {fix ■ Tt x ) • (^x • ttx)* = {fJ'Y ■ tty) ■ S T f  ■ {fix ■ ttx)*

to observe that T f  is a composite of monotone maps. Monotonicity of fix 
and Tx are proved similarly. The respective right adjoints are easily seen to 
be given by

(Tf)* = fix ■ T t x  ■ {STf)* ■ {fxy • t t y ) *  ,

=  f i T x  ■ t t t x  • { S f i x Y  • { f i x  • Tt x )* , 

=  u x  ■ { S t x )*  • { f i x  ■ Tt x )*  ■

□
For the explicit description of the monads mentioned in the following 

examples, we refer to [15] or [14]. Further references are given in 4.10.

2.7 Examples. The Eilenberg-Moore algebras of the powerset monad P on 
Set are complete lattices, with their morphisms sup-maps:

Set^ ^  S u p .

Since P is order-adjoint, any monad morphism r  : P ^  T makes T order- 
adjoint (Proposition 2.6). Thus, the filter monad F on Set becomes order- 
adjoint via the principal-filter monad morphism r  : P F; the same state­
ment holds for up-set monad U, and the double-dualization monad D, since 
there is a chain of monad morphisms

P ^  F ^  U ^  D

(the last two simply given by the inclusions F X  ^  UX ^  D X  for all sets 
X). There is also a monad morphism from P into the monad Ufin of finitely 
generated up-sets (obtained by sending an element A € P X  to {B e P X  
5  n  A ^  0}) that leads to another chain of monad morphisms

P ^  Ufin ^  U ^  D .

- 1 7 0 -
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In this case, the order induced by P on UX, or DX, is given by set-
inclusion—rather than its opposite as in the previous filter case. There is 
also a monad morphism

P Pp+

of the powerset monad, into the P+-based powerset monad, where P+ de­
notes the extended real half-line [0, oo] equipped with its quantale structure, 
in which the tensor is given by extended addition, and the order is oppo­
site to the natural order (the components of the morphism are given by the 
maps X(-) ■ Pv+X that send A Q X  io its characteristic function
Xa : ^  P+ given by xa{x) = 0 if x E A and Xa{x) = oo other­
wise). With the sets Pp+X ordered pointwise, Pp^ becomes order-adjoint. 
For future reference, note that the monad morphism from P to Pp^ has a left 
inverse

Pp+ ^ P

(whose component at X  is left adjoint to X(-) : P X  —>■ Pp+X, and sends a 
map 0 ; X —> P+ to the set {x G X | (f){x) < oo}).

One readily checks that all of these order-adjoint monads—with the no­
table exception of the double-dualization monad D—are enhanced.

3 Kleisli monoids

3.1 The category of Kleisli monoids. The definition of a Kleisli monoid is 
given by way of a category X that is not quite an ordered category, as our 
main goal is to study the case of order-adjoint monads T on X = Set (see 
also Proposition 5.3).

Let T =  (T, e, m) be a monad on a category X whose hom-sets X(X, TY )  
are equipped with an order that is preserved by composition on the right:

f < r = ^  f-9<r-9

for all f ,  f  : X  TY , g : Z X . A Kleisli monoid (or T-monoid) in 
X is a pair {X, a) made up of an X-object X  and a structure X-morphism 
a : X  ^  T X  that is extensive and idempotent:

ex < Oi, a o  a < a

-171
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(composition is taken in the Kleisli category Xi). In the presence of exten- 
sivity, idempotency may be legitimately expressed as an equality a o a  = a\ 
furthermore, oĉ  \T X  T X  is also idempotent:

q , T  . q , T  _  o  -  cx̂  .

A Kleisli morphism (that is, a morphism ofT-monoids) f  : {X, a) (Y, ¡3) 
is an X-morphism f  : X  ~*Y  such that

T f - a < ( 3 - f

and that composes with a Kleisli morphism g : (Y, (3) —> (Z, 7 ) as in X. The 
category of Kleisli monoids in X with their morphisms is denoted by X(T).

In the case where X = Set, the underlying set of a Kleisli monoid {X, a) 
can be equipped with the initial preorder induced by a  : X —> TX: for
x ,y  e X

X < y  cv(a:) < a{y) .

This preorder becomes an order exactiy when a : X  ^  T X  is a monomor­
phism; in this case, the Kleisli monoid (X, a) is said to be separated. The 
full subcategory of Set(T) whose objects are separated Kleisli monoids is 
denoted by Set(T)o.

3.2 Examples. The categories of Kleisli monoids of the monads given in 2.7 
are the following (see [15] or [14]).

Set(P) =  PrOrd: category of preordered sets with monotone maps.

Set(P)o = Ord; category of ordered sets with monotone maps.

Set(F) =  Top: category of topological spaces with continuous maps [5].

Set(F)o =  Topot category of To topological spaces with continuous maps.

Set(U) =  CIs: category of closure spaces with continuous maps.

Set(D) =  CIŝ : category “non-monotone” closure spaces with continuous 
maps.

Set(Ufin) =  Cisfin: category of finitary closure spaces with continuous maps. 

Set(Pp+) = Met: category of generalized metric spaces with contractions.

- 1 7 2 -
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3.3 T-algebras and T-monoids. If T is an order-adjoint monad, a T-monoid 
structure a  on X is in particular a Kleisli morphism a : {X, a) —> {TX, 
Moreover, for a T-algebra {X, a), the pair {X, a*) defines a Kleisli monoid. 
Indeed, the structure a has a right adjoint a* by Proposition 2.5, soa-rjx < 
Ix  and a - nx < a - Ta imply

77x < a *  and nx-T{a*) ■ a* < {a* ■ a-To)-T{a*) ■ a* = a* .

Similarly, a morphism /  : (X, a) —*• {Y, b) of T-algebras yields a morphism 
/  : {X,a*) —> {Y,b*). The right adjoint operation on structures therefore 
defines a functor L : Set^ ^  Set(T). In fact, since a-a* = Ix  (Lemma 2.4), 
the structure a* is a monomorphism, so L factors through the category of 
separated Kleisli monoids, and can be seen as having Set(T)o as codomain. 
This functor is both faithful and injective on objects (by unicity of the right 
adjoint of a structure a), so that Set^ can be considered as a subcategory of 
Set(T)o or of Set(T).

3.4 Proposition. Let S be an order-adjoint monad. A monad morphism r  : 
S ^  T yields a faithful functor Set(r) ; Set(§) ^  Set(T) obtained by 
sending an S-monoid {X, a) to {X, tx • ex) and leaving maps untouched.

Proof. Proposition 2.6 shows that in the given situation, T factors through 
Ord, so that Set(T) can be defined. The claim then follows by straightfor­
ward verifications using that tx is monotone. □

3.5 Proposition. Let § be an order-adjoint monad, and r  ; S —̂ T a monad 
morphism. There is a functor Q : Set^ —> Set(§) that sends a T-algebra 
{X, a) to (X, {a ■ Tx)*) and commutes with the underlying-set functors.

Proof A T-algebra {X,a) yields an S-algebra {X,a  • tx) via the functor 
Set’’ : Set^ —> Set®, and therefore an S-monoid (X, {a • tx )*) thanks to the 
functor Set® ^  Set(S) of 3.3. These operation therefore describe a functor 
Q : Set^ Set(S) that conmiutes with the underlying-set functors. □

- 1 7 3 -
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4 Monads on Set(S)

4.1 The equalizer construction. Consider a morphism r  : S T between 
monads on Set with S order-adjoint. We proceed to describe the components 
T', vj, and (—)^' of a Kleisli triple on Set(§) (Proposition 4.4).

(i) For an object {X, a) of Set(S), one sets P := tx • a  and defines T'X,  
the set of 0^-invariants, as the equalizer in Set of the pair (^^, It x )'

S i r
r X ^ ^ T X ^ ^ T X  .

I t x

The universal property of sx  yields the existence of a map rx ■ T X  —> 
T 'X  such that

s x - r x  = 0^ and vx ■ sx = It'x  ■

The set T 'X  can be equipped with the S-monoid structure u x  : T 'X  
S T 'X  given by

ux  Srx ■ {fix ■ ttxY ■ Sx ■

Lemma 4.3 below shows that sx ■ {T 'X,ux) {TX, {¡j,x ■ ttx)*) 
is also an equalizer in Set(§). This implies that the maps rj'x and P ' 
defined in the following points are morphisms of §-monoids.

(ii) Since 0^ ■ 0 = (3 (Proposition 3.4), there exists a map rj'x : X  ^  T 'X  
with s x - i x ^  0'-

X

Y X  
T ' X — ^ T X = ^ T X  .

I t x

This yields a morphism of S-monoids rj'x : a) ^  {T'X,ux)-  Let 
us point out that since sx • ri'x ~  0 f x  • sx  = It 'x , one can 
equivalently obtain rj'x as either

r] 'x= rx ' P or n'x = rx -  Vx 

because rx ■ (3 rx ■ 0'  ̂ ■ Vx = rx ■ Vx-

- 1 7 4 -
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(iii) If (y,o:y) is another §-monoid, and /  : (F, ay) — {T'X,ujx) is a 
Set (§)-morphism, then one observes

Thus, there exists a unique map : T 'Y  T 'X  making the follow­
ing diagram commute:

T 'Y
p '  \ ' \ ^ x  f V ' S Y  

V X  p-r
T 'X  T X  = î :  T X  .

i T X

This yields a morphism of § - m o n o i d s : (T'Y,ujy) (T 'X ,ujx) 
that can also be described directly as

f  = rx ■ {sx ■ f V  ■ sy .

4.2 Remark. The monad morphism r  : S —> T does not need to make 
T enhanced (Proposition 2.6), so it is not clear in general whether rx  :
{TX, {nx • Tt x )*) {T'X, ux)  is a Kleisli morphism or not.

4.3 Lemma. For a monad morphism r  : § —> T with § an order-adjoint 
monad, the map

sx  : {T'X,uJx) ^  {TX,{fix -TTxy)

(defined in the previous construction) is an equalizer in Set(S). As a conse­
quence,

rj'x : {X, a) ^  {T'X, cux) and f  : {T'Y, ujy) ^  {T'X, ux)  

are Set{S)-morphisms.

Proof. To verify that ux  '■ T 'X  S T 'X  is an §-monoid structure, observe 
that

St<x  = St 'x  - rx • Sx  = Svx ■ Stx  ■ sx < Svx ■ {fix ■ ttx)* • sx

- 175 -
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by Lemma 2.4, adjunction, and the fact that r is a monad morphism,

= S r x  • I'TX ■ S { fj ,x  • Tt x )* • S 0 ^  • { f ix  • t t x )* ■ s x

<  S rx  • i^Tx • { S {n x  • Tt x ))* ■ S/3'  ̂ • {f ix ■ t t x )*  • sx

< S r x  ■ ^ T x  • { S f i x  • S t t x )* • (â x • t t x )* ■ ■ s x  

=  S r x  • I'TX • (mx • Tt x  • ^ t x )* • • s x

=  S r x  ■ {¡J-x • Tt x )* • s x  

— ^ x  ■

One can reason similarly to obtain

S s x ' i ^ x  =  S P ^  ■ { f ix  ■ Tt x )* ' S x  < {i î x 'Tt x )* -P ^  - s x  =  {f^x -t t x )* ' s x  ,

so that Sx : ( T 'X ,u J x )  { T X ,  (^x-ttx)*) isaSet(§)-morphism. Suppose 
now that g : {Y, a y )  —>■ { T X ,  { f ix  • t t x )*) is a Set(S)-morphism satisfying 
P~̂  ■ g =  g. Since s x  • T ' X  T X  is an equalizer of (/?̂ , l^x) in Set, there 
exists a unique map h  : Y  —>■ T ' X  with g =  s x  ■ h; moreover,

S h  ■ a y  =  S r x  • S g  • a y  <  S r x  • { f ix  • t t x ) *  ■ 9  — <̂x  • h  ,

which shows that h  : ( Y , a y )  — > { T ' X , u x )  is a Set(S)-morphism. As a 
consequence, s x  is an equalizer in Set(§), and rj'x, are the underlying 
maps of the corresponding unique Set(§)-morphisms into { T ' X ,  u x ) -  □

4.4 Proposition. I f  t x  : S  ^  T  is a m o n a d  m orp h ism  a n d  § an order- 

ad jo in t m onad, then  the construction  de ta iled  in (i)-(iii) above defines a  

K leisli tr ip le  { T ' , rj', (—) '̂) on  Set(§).

Proof. Lemma 4.3 insures that the construction yields components T ' ,  tj', 

and (—)̂ ' of a Kleisli triple on Set(§). The conditions (*) of 2.1 follow from 
a straightforward verification, as in [15]. □

4.5 Proposition. L e t  { X ,  ct) be an  S-m onoid . The in itia l p reo rd er  induced  by  

u x  : T ' X  —>■ S T ' X  on T ' X  is an  order tha t m oreover  m akes s x  '■ T ' X  —> 
TX  into  an  order-em bedding, a n d  r x  '■ T X  ^  T ' X  in to  a m o no tone  map. 

I f T  is enhanced, then  r x  ■ { T X ,  { f ix  • t t x )*) { T 'X ,u > x )  is a  K leisli  

m orp h ism  a n d  the p a ir  { r x ,  s x )  fo r m s  an  ad jo in t situa tion  r x  H sx-
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Proof. The cited results follow from straightforward verifications using the 
fact that

[J-x • T tx  • Ssx • tox =  sx ■

See [15] for further details. □

4.6 Examples. If S =  T = P, then a P-monoid is a pair (X, a), where 
a — i x  '■ X  ^  P X  is the down-set map of X \ that is, X is a preordered 
set (as mentioned in 3.2). An element A G P X  is an «'‘'-invariant precisely 
when = A, that is, when A is down-closed:

Ux€/1 ^  •

Hence, the monad P' yields the down-set monad P̂  = {P ,̂ (J) on PrOrd.
If § =  T = F is the filter monad, then an F-monoid is a topological 

space (X, v), where u : X  ^  F X  is the neighborhood filter map. A filter 
/  G F X  is -invariant if and only i f f  is spanned by open sets of X:

A G u~'^{A^) G /  <i=  ̂ {x e X  \ A e  i/(x)} G /

for all A  G P X  (and where = {a: G F X  \ A G a:}), so i'^ (f) = f  
means that \i A E f  then its interior must also be in / .  The monad F' is the 
open-filter monad on Top, obtained by considering the neighborhood maps 
u = e'x '■ X  ^  F 'X  to form its unit, and the restriction of the filtered sum 
of F for its multiplication.

Consider now the principal filter natural transformation r  : P ^  F. The 
previous examples show that the construction of F' associates to a preordered 
set (X, ) the topological space (X, v) whose neighborhood map is given 
at each x G X by the principal filter of x G P X :

u{x) =  Tpx(ix^) ?

that is, (X, v) is the Alexandroff space associated to a preordered set X, 
and open sets are down-closed sets. The set of i/'^-invariant filters can be 
identified with the set of filters on Pj^X, and one obtains the down-set-filter 
monad F  ̂on PrOrd.

4.7 Lemma. If R  : Set(S) —> Set denotes the functor that forgets the struc­
ture of objects, then the maps rx form the components of a natural trans­
formation r : TR  ^  RT', and the pair (R,r) : T —> T' defines a monad 
morphism.
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Proof. An S-monoid morphism /  : (K, ay) —> {X,a)  yields a T-monoid 
morphism /  : (F, /5y) ^  {TX, (3) (where = ry ■ oty and (3 — tx • <y), so 
that

P - f  = { P - f V - r i Y < { P - f V - 0 Y  = P ' ^ - T f - ( 3 y <( 3 ' ^ . p . f  = p . f .

Therefore, one has {(3 ■ f Y  ■ j3y = ¡3- f ,  and using that T' f  = (77̂  • / ) ’”'' one 
obtains

r  f  - ry ^ r x  ■ {(3 ■ f f  ■ (3l ^ r x  ■ {{^ ■ f f  ■ i3 y f

- ^ r x - { f 3 - î Y  = r x - ( 3 ^ - T f  = r x - T f ,

which proves that r  : T R RT' is a natural transformation. Moreover, for
l '̂x = =  rx ■ (sx)'^ • st’x , one has

• T rx = rx ■ («x)^ • {^t 'x  ■ • Trx

=  rx  • {fĴ TX • T0^ ■ Ttx • {fJ'X • ttx)* • Sx)^ • T rx  

— rx ■ {P'̂  ■ ^x • Ttx  • (mx • ^tx)* • sx)^ - Trx  

= r x - { f 3 ^ - s x V - T r x  

= rx ■ { s x f  -Trx  

= rx • • fix 

= rx ■ fix ■

Since rf'x — rx - r]x, the pair {R, r) : T T' forms a monad morphism. □

4.8 Theorem. If tx  : S T is a monad morphism from an order-adjoint 
monad S, then there is an isomorphism of Eilenberg-Moore categories that 
is identical on morphisms:

Set^ ^  Set(S)’̂ ' .

Proof Suppose first that (X, a) is a T-algebra. One obtains an §-monoid 
(X, a), with a = {a ■ t x)*, that can be equipped with the structure a' :
{T'X, LUx) -* {X, a) defined by

o! '.= CL • Sx ■

- 1 7 8 -
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By Proposition 3.5, a' is indeed a morphism of S-monoids. To see that a' 
satisfies the algebra conditions for the monad T', we first use the definition 
of Tu'x and Lemma 2.4 to obtain

a' • r]'x ^  a ■ Sx ■ rj'x = a ■ 0 = a ■ Tx • {a ■ tx)* = Ix •

Suppose now that / ,  g : {Y, (3) —> (T'X, ujx) are Set(S)-morphisms satisfy­
ing a' • f  = a' ■ g, or equivalently, a- sx ■ f  = a- sx  ■ g\ since a is a T-algebra 
structure, one has a ■ (sx • f Y  = a ■ {sx ■ 5')  ̂(see 2.2), so that

=  a-sx-f'^' = a - { s x - f f - s y  = a-{sx-gf-SY = a-sx-g'^' = a'-g’̂ '.

Therefore, ((X, a), a') is a T'-algebra. A morphism /  : (X, ax) {Y, ay) 
of T-algebras yields a Set(S)-morphism /  : (X, (ax • rx)*) — {Y, (oy • 
Ty)*). Since ay is a T-algebra structure, one has

ay ■ {Ty • {ay ■ Ty)* • /)^  ^  ay ■ Ux ' T{Ty ■ {ay ■ Ty)*) • T f

= ay -Tay ■ T{Ty • {ay ■ Ty)*) - T f  

= a y - T f

by Lemma 2.4. To verify that a'y ■ {rjy • f)"^' — f  • a'x, we use the previous 
observation in

a'y{rj 'y f) '^ '  = a y . { s y v ' y f ) ^ - s x

= 0.y ■ {Ty ■ {ay ■ Ty)* ■ f)"^ ■ Sx

= f - a x - S x

— /  ■ <̂ X 5

which proves that /  : ((X ,o:x),ax) ^  ((^, û;y),ay) is a morphism of 
T'-algebras. Thus, the assignment of ((X, (a • rx)*), a • sx) to a T-algebra 
(X, a) yields a functor Q ; Set^ Set(S)''' '̂ that leaves maps untouched.

The monad morphism {R, r) : T —> T' (Lemma 4.7) yields a functor 
R : Set(§)^' Set^ by the discussion in 2.2. This functor sends a T'- 
algebra ((X, a), a') to (X, a), where a : T X  ^  X is defined by

a := a' • rx ,

and is invariant on maps.
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Given a T-algebra {X, a), the structure of RQ{X,  a) is described by

a - Sx - rx = a- Ux • T{tx • {a ■ tx)*) =  a ■ T{a ■ tx) • T{a • tx)* =  a .

To study the image of a T'-algebra ((X, a), a') via Q R, note first that a' : 
{T'X.ujx) {X, q;) is a Set(S)-morphism. Thus, after setting ¡3 = tx ■ ot 
and observing that (/ix • t tx )  • S{tx ■ a) = pF ■ tx , one obtains

I5 X S{a' ■ rx) ■ S{tx ■ a)

< S{a' ■ rx) • {¡ix • Tt x )* ■ 0^ • tx 
= So! -uJx- rx-Tx  

<a- { a '  - rx -  tx) ■

This inequality, combined with (a' • rx  ■ tx) ■ a = Ix  and the fact that both 
a and (a' • rx  • rx) are monotone, yields

a = (a' -Vx ■ Tx)* .

Hence, the image via Q R of  the T'-algebra {{X,a),a') returns the T'- 
algebra whose underlying S-monoid is (X, (a' • rx  • tx )*) = {X,a); its 
structure is therefore given by

a' ■ rx ■ Sx ^  a ' ,

so that Q and R  are inverse of one another, and Set^ =  Set(S)^'. □

4.9 Corollary. Given a morphism r  : S —> T with S an order-adjoint monad, 
the monad T' restricts to Set(S)o, and the isomorphism of Theorem 4.8 be­
comes

Set^ ^  Set(S)3’' .

Proof. The functor R  restricts to Set(S)o, and Q factors through Set(S)Q' 
since the functor Q : Set® ^  Set(S) of 3.1 factors through Set(S)o. □

4.10 Examples. The Eilenberg-Moore algebras of the monads mentioned in
2.7 have been described as follows (although most results are classical, we 
try to give the original printed source in each case and refer to [9] and [6] for 
further details).

SEAL - ON THE MONADIC NATURE OF CATEGORIES OF ORDERED SETS
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Set“̂ = Cnt: category of continuous lattices with continuous sup-maps [4]; 
see also 5.4 below.

Set*̂  =  Ccd: category of constructive completely distributive lattices with 
maps that preserve all suprema and infima [1 2 ].

Set*® = CaBool: category of complete atomistic Boolean algebras with ring 
homomorphisms that preserve all suprema and infima [9].

SetUfln ^  Frm: category of frames with sup-maps that preserve finite infima, 
see [2] (in fact, Benabou describes free frames over meet-semilattices; 
in conjunction with the free meet-semilattice construction over sets, 
one obtains monadicity over Set as in [6 ]).

Set"'*’+ = P+-Mod: category of left P+-modules with sup-maps that com­
mute with the action of P+ on Sup, see [11].

Hence, one obtains the following table of strict monadicities (of the cate­
gories in the entry line over categories displayed in the entry column) using 
Theorems 4.8 and Corollary 4.9. Previous explicit references are mentioned 
to the best of our knowledge, though we make absolutely no originality claim 
in their absence. For example, monadicity of Cnt over Ord can hardly be 
considered novel, but we were not able to find this particular instance in 
the literature; similarly, the column for CaBool is not surprising in view of
[16], even though the results presented therein refer to not-necessarily-strict 
monadicity.

Sup Cnt Frm Ccd CaBool P+-Mod

Set [7] [4] [6] [12] [9] [11]
PrOrd 4.8 [13] 4.8 [13] 4.8 4.8
Ord 4.9 4.9 Linton ([10]) [10] 4.9 4.9
Top [17] 4.8 4.8
Topo [4] 4.9 4.9
CISfin 4.8 4.8 4.8
CIs 4.8 4.8
CIst 4.8
Met 4.8 4.8 4.8 4.8 4.8 [11]

-181 ■
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5 Algebras of enhanced order-adjoint monads

A morphism rx : S -h- T between monads on Set induces a functor Set’’ : 
Set^ —> Set®, so that a T-algebra (X, a) is an §-algebra {X, a ■ tx ). The­
orem 4.8 can be used in the same way to identify categories of T-algebras. 
We illustrate this further on by giving an original proof of the isomorphism 
Set®" ^  Cnt.

5.1 Lemma. Let § =  (5 ,6, v) be an order-adjoint monad and r  : S —> 
T a monad morphism that makes T = {T^r],[j,) enhanced (via the order 
described in Proposition 2.6). Given an S-monoid {X, a) and a map X : 
X  —> T'X , one has that {{X, a), A) is a T-monoid if and only if {X, sx  ■ A) 
is a T-monoid (using the notations of Section 4).

Proof Let us first verify that a T'-monoid structure A on (X, a) yields a T- 
monoid structure sx • A. From rx  -rix = Vx ^  obtains extensivity of
5x • A:

T]x =  T x - S x  < T x - a  =  ( t x -  a f  - r ]x =  S x - r x - i l x  <  S x  ■ X ■ 

Idempotency is then a consequence of

{sx • A)’’’’ • Sx • A = Sx • Â  • A < Sx • A .

Suppose now that sx • A is a T-monoid structure with tx ■ a < sx • A. 
As T is enhanced, one inmiediately obtains r i x < X  and Â ' • A < A from 
extensivity and idempotency of sx • A. We are therefore left to verify that 
A : (X, a) —> {T'X, uj) is an S-monoid morphism; by composing each side 
of the extensivity condition with {tx ■ = sx • rx  on the left, we obtain 
Tx -a  = {Tx ■ a)'^ -Vx < s x  -X, so that

Mx • Ttx  ■ S{sx • X) ■ a = (sx • A)  ̂ ■ tx • a < {sx ■ A)  ̂ ■ sx ■ X < sx  • X .

After composing these expressions with Srx  • (/^x • rrx)* on the left, we 
obtain the desired inequality. □

5.2 Lemma. Given an enhanced order-adjoint monad T, a T-monoid (X, a) 
is of the form (X, a*) for a T-algebra structure a : T X  —>■ X  if arui only if 
a has a left adjoint a» with a* • a  =  Ix-
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Proof. See Corollary 4.11 in [15]. □

5.3 Proposition. Given an order-adjoint monad S and a monad morphism 
r  : S —> T that makes T enhanced, a morphism a' : (T'X, ujx) o:) 
of S-monoids is a T'-algebra structure if and only if a' : T 'X  —> X  has a 
right adjoint {a')* with a' • {a')* — Ix  that moreover makes (X, (a')*) into a 
T'-monoid.

Proof. Let (X, a) be an S-monoid. If a' : (T'X, u) —> (X, cc) is a T'- 
algebra structure, then a = a' ■ rx ■ T X  —> X is a T-algebra structure by 
the correspondence between algebras described in the proof of Theorem 4.8. 
Proposition 2.5 states that a has a right adjoint a* ; X —> T X , and one 
observes that

I t 'x  < rx  ■ a* ■ a ■ Sx  = {rx ■ a*} • o' , a' ■ (rx ■ a*) = a ■ a* = Ix  ,

so (a')* =  rx ■ (a' ■ rx)* is the required right adjoint of a'. The proof of 
Theorem 4.8 shows that (a ■ tx)* is the S-monoid structure a; since T is 
enhanced, one has o* < (tx ■ • a* < a*, so sx  • («0* is also a T-monoid 
structure:

Sx • (o')* ^  Sx ■ rx ■ a* = {tx ■ ■ a* = a* .

It then follows from Lenrnia 5.1 that (a')* is a T'-monoid structure on (X, a).
Suppose now that a' : T 'X  X has a right adjoint T'-monoid structure 

(a')* : X ^  T 'X  with a' • (a')* =  l^ . Lemma 5.1 yields that (X, sx  ■ {a')*) 
is a T-monoid, and setting a := a' • rx, one has

I tx  < Sx • {a')* -a' -rx = (sx ■ ® ® ' (^x • W)*) = o-' ' («0* = •

Hence, we can apply Lemma 5.2 to the right adjoint T-monoid structure 
Sx • (a')* to conclude. □

5.4 Continuous lattices. The monad on PrOrd can equivalently described 
using both the down-set monad P | =  (^i, i, U) (see Examples 4.6), and the 
ordered-filter monad P̂ . =  (P-ff, Î, IJ) on PrOrd, whose functor P-o- is the 
restriction of Pj to filters in X (that is, to up-closed down-directed sets in 
X). For the up-set map : X ^  P^X to be monotone, the set P-fî X
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is ordered by reverse inclusion. It will be convenient to use the following 
notations for the units and multiplications of the respective monads:

dx{x) =  i x ^  1 )

ux{x) = '\x^^ infp^x(^) = .

for all X € X, w4 e PiP^X, and B e  P^P^X. One observes that the down- 
set-filter monad can be written as

li') =  M-Pi ■ d, infp^p  ̂-Pf supp^pj .

We say that a complete lattice X  is continuous if the infimum map inf x : 
P^X  —> X  has a right adjoint : X — P-^X sending x to a filter -^x^ ~  
jj- x\ since P-ff is monotone, we have

in fx  su p x

X :  P̂ x = F̂ X . (*)
1ix

A sup-map f  : X  is continuous if it preserves infima of down-directed 
sets. Recall from 4.10 that the category of continuous lattices and continuous 
sup-maps is denoted by Cnt.

The diagram (*) suggests that infx -Pfsupx is the structure of a F |- 
algebra on X, and this is confirmed in the following result. Proposition 5.3 
and Lenrnia 5.1 therefore state that the left adjoint P^dx ■ itx ^  ^  
is the neighborhood map P-ffdx • f|-x : X ^  F X  of a topology on the set X: 
the Scott topology on a continuous lattice.

5.5 Proposition. There is an isomorphism

Cnt ^  PrOrd^i 

that commutes with the underlying-functors to PrOrd.

Proof. Let us first check that for a continuous lattice X, the map a' := 
infx -Pfsupx defines the structure morphism of a P^P|-algebra. We al­
ready have a' ■ 7]'̂  = a' ■ P^dx ■ ux  = Ix , so we only need to verify that

- 184 -

SUD
P i -

A 4 ,

L

F iy' p p

Pi

Pi dx
P i Pi X

Y

XFi



SEAL - ON THE MONADIC NATURE OF CATEGORIES OF ORDERED SETS

a' • P^fPia' — a' ■ ji'x- This follows from

a' • P^Pio! = infx -Pifisupx -Pia')

= inix -Pisia' ■ supp^p^x)

= infx • infp^x -PitPit supx -P^ supp^p^^

= infx -Pif supx • infp^p^x -P-(t

— ^  ' f^'x

because a' is left adjoint (see (*)) and therefore preserves suprema, infx 
preserves infima, and infp^ : P^P^ ^  is a natural transformation.

Consider now an F^-algebra (X,a' : P^[PiX —> X). There is a monad 
morphism uPi : P | ^  F |, so the preordered set X is a P|-algebra, that is, 
a complete lattice with supremum given by sup^ = a' • wp^x- Proposition
5.3 yields that a' has a right adjoint (a')* : X  —> P^P^X, so we are in the 
presence of the following adjunctions:

a' Plt^X
X * ± , P f P X ^ T   ̂ P^X .

(a')* Pi,{a'-up^x)

Since the components of the up-set monad’s multiplication are infp^x. we 
have in particular infp^p^x -P^up^x — ^Pi,PiX- Consequently, by using that 
a' • P^Pia' = a' • fx'x we may write

0-' • Pifdx ■ Piiia' ■ up^x) =  «' • A*x • Pl\dp^p^x ■ P^up^x

= o' • infp^p^x -Pfsupp^p^x -Ptdp^PiX ■ Pit^p^x = a' •

This shows that a' • P^dx admits P|>(a' • up^x) ■ (o')* as a right adjoint (and 
also proves that a' =  infx A  supx). But the infimum operation (obtained 
via the monad morphism P^d : ^  F |) is precisely infx = a' • P^dx, so 
X is a continuous lattice.

Finally, a continuous lattice morphism f  : X  Y  is also an Fj-algebra 
morphism, and a morphism /  : (X, a') ^  (F,6') of F^-algebras naturally 
preserves both suprema and down-directed infima because it is both a P |- 
algebra and a P^-algebra morphism. □
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5.6 Corollary. There is an isomorphism

Cnt ^  Set^

that commutes with the underlying-functors to Set.

Proof. Since the monad F' obtained from F is the down-set-filter monad 
F | (Examples 4.6), the results follows from Proposition 5.5 combined with 
Theorem 4.8. □
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