
Groupe de travail
d’analyse ultramétrique

WILHELM H. SCHIKHOF
C∞-antiderivatives of p-adic C∞-functions
Groupe de travail d’analyse ultramétrique, tome 9, no 3 (1981-1982), exp. no J16, p. J1-J4
<http://www.numdam.org/item?id=GAU_1981-1982__9_3_A17_0>

© Groupe de travail d’analyse ultramétrique
(Secrétariat mathématique, Paris), 1981-1982, tous droits réservés.

L’accès aux archives de la collection « Groupe de travail d’analyse ultramétrique » implique
l’accord avec les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute
utilisation commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=GAU_1981-1982__9_3_A17_0
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


J16-01
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The purpose of this note is to prove the following theorem (for the definition of
a C~-function see below).

Let K be a complete non-archimedean valued field with characteristic
,. LV. 

- 

zero. Let x be a nonempty subset of K without isolated points and let

K be a C -function. Then there is a C -function X K whose deri-

vative is f .

First we quote some definitions and statements from [1] which are needed for the
proof. Let K and x be as above.

Definition ([ 1], p. 8 and 75). - Let f : x K . f is differentiable if its

derivative a 1--&#x3E; f’ a := lim (x - a -1 f x - f(a)) a E X) exists. for
_ 

~ ~i ~ ~c~ ~~~ c ~ ~
let Y2’’’.’ whenever i ~ j}. The

difference quotients 03A6 n f : vn 1 X --&#x3E; K (n e (0 , 1 , 2 , ... }) are indue-

tively by

and

f is a Cn-fonction (f E 2014&#x3E; if 03A6n f can (uniquely) be extended to
a continuous function 03A6 f : 

1 
2014.&#x3E; K .

n

f is a if 2014&#x3E; K) := 2014&#x3E; K) .

PROPOSITION ~~ 1 i, p. 78, 86, and 123). - Let f : X 2014.&#x3E; K . For each 

thé f is rf1-1 (X -...;&#x3E; K) ::&#x3E; K) , if f c K)

then 2014&#x3E; K) a , ... , a) = for each a E X J

( ) H. Mathematisch Instituut, Katholieke Universiteit,
Tournooiveld, NIJMEGEN
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if limx,ra(X - y)-n(f(x) - f(y» = 0 for each a e: X then f E cf(x. 2014&#x3E; K) and

f = 0 . analytic fonctions C~-functions

Définition ([ l]~ p. 45 snd46). - Let 0  p  l . For each n let R be a.

full set of représentatives in X of thé equivalence relation given by

1 x - yi  ;; 
n 

(x, y E X) such that R1 c R2 c ... Choose ~ E Rl . For each 
n EN, let x be determined by thé conditions x ~ R ,. 1 x - x 1  o *- n n n n

PROPOSITION (

Then P f is a Cn-antiderivative of f.

Proof of the theorem. - We shall use the terminology of above.

Let j E (0 , 1 , 2 , .. ]( . f is continuous hence locally bounded and there

exists a partition of X into "closed" balls B.. (relative to X ) of radius " 1
ji ( i ) 

-

where 1 runs through some indexing set j such that f J 18 bounded on each

B... For each i El. , we can choose m.. ~ lI such that (recall that 0  0  l)
J ~ j ’

Define F. : X 2014&#x3E; K as follows. If x E X , then B.. for precisely one

i ~ I.. Set
J

We shall prove that F:= F j is a C~-antiderivative of f by means of the

following steps.

(i) Each F. is well defined.

(ii) For each j ~ {a , 1 , 2 , ...) and for ail i e 1. ,
J

so that F is well defined.

(iii) is a Cn-antiderivative of f for each n EN.
J= J -

(iv) For each n , 03A3~i=n+1 1 F. Cn-function with zéro derivative.

Proof of (i). - :rj) i5 bounded on Bji , and lim 
m--:D (x mt- l - x ) m = 0 .

Proof of (ii). - Let x E B.. and m::;: in... Then by (*) ,J1 JJ..
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Mi..

from which it follovs that x e B.. and 1 x 1 - x 1 o *- . Applying thé secondm ji 
’ ~ m ""’ ~

formula of (*) with x replaced by xm , va get

and (il) is proved.

Proof of (iii). - Thé function F. and x t -;&#x3E; 03A3~m=0 f(j} (x ) (x 1 - xm)j+1/(j + 1)
differ (on each Bij , hence globally) by a locally constant function. Summation

** ~~ . tt

from j = 0 to j = n shows that 03A3nj=0 Fj - Pn+1 f is locally constant. By the

second proposition

Proof of (iv). - Set H :== F.. shall prove that 
for all x, which, by the first proposition inplies (iv). To obtain the ine-

quality if suffices to prove

We consider several cases.

By (ii),

As jm. + j 3. (n + 1 ) mji , we hâve ) F. (x) ) .$ ) x - y) . By symmetry,
t F. (y) t t x - y) n+1 , and (**) follows.

~

(b) There is i such that x ~ y ~ B... Je may assume x: ~ y ~ there exists an

s ~ N u (0) such that (recall that d(B..)  1 )
2014 J~L

Then 1 x - y 1 
n+ 1 

p 
( s+ 1 ) (n+ l ) 

. Consider two subcases.

and since jm’i + j ~ (n + l)(s + 1) + j ~ (s + l)(n + 1) , we have 
B.Y symmetry f F . J (y) |  1 x - yi 11+ 1 and (-.c-.c) follows.

(b. 2) s  m... Then since Je- = ... j, x = y , ve have, fbr m=mij,...,s-1,
j.L u BJ S s J~
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so that

If m # s , we have by (x) (observe that B J 1 )

j-m..+s(j+l)
and we find | Fj(x) - Fj(y)|  p 

j T s( i! 1 ) 
. Using the fact that j  n + 1 and

our assumption s  m.. , we obtain

By conséquence

which finishes the proof.

Remark~ 2014 The above construction does not give us a linear antiderivation map
-~&#x3E; K) 2014&#x3E; -&#x3E; K) , and it is snmewhat doubtful whether there exists a

linear antiderivation map P : --&#x3E; K) 2014&#x3E; -&#x3E; Il) that is continuous with

respect to a natural locally convex p. i 19) on --&#x3E; K~ .

[1] SCHIKHOF (W. H.). - Non-archimedean calculus. - Mathematisch instituut, Nijme-
gen, 1978 (Lecture Notes. Report 7812).


