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1. Introduction.

The p-adic gamma fonction is defined as follows.

Whri te

The séquence ri 2014&#x3E; r (n) is the restriction of a continuons function
* P

r : Z 2014&#x3E; Z which is, by définition, the p-adic gamma function.
p 2014 --p 

~ ~ y ~ 

We will need the following properties of this fonction [5J :

We will discuss the following two formulas.

FORMULA 1. - I f p i s a prime number of t he form p = 1 + 3m , m ~ N ~ then

where a and b are integers defined 0/ the. conditions 4p = a2 + 3 b2, b = 0

(mod 3) , a ~ + 1 (mod 3) and a = -3 b p) .

2. - If p is a prime number of the p = 1 + 4m, then
- _ 

~ 

~ - 

where i = - 1 y i ~ (p - 1 2) i (sod p) , and a and b are integers defined by
the conditions p = a + b2 , a = i (mod 4) and a == ib (mod p) .

Thé formulas (F. l) and (F. 2) can be proved in several ways. They are both spécial
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cases of the formula of Gross-Kobli tz ([ 3], [ 5]), and they can also be deduced from

the p-adic version of the formula of Chowla-Selberg (formala (4.12) of [ 3] and
(3.10) of [4]).

The purpose of this note is to prove the formulas by means of the congruences of

Atkin and Swinnerton-Dyer.

The fact that the values of the p-adic gamma function are related to certain el-

liptic curves is hardly suprising since the (complex) formula of Chowlar-Selberg shows
that there is a relation between ganma function and elliptic fonctions.

We will only give the detailed proof of (F. l). The proof of (F. 2) is similar.

2. The congruences of Atkin and Swinnerton-Dyer.

THEOREM 1]. - Let p ~ 2 or 3 and let y2 = x3 - Bx - C be an eliptic curve

over Fp , thé field of p éléments. Let x = -2 + ,,"00 t be any expansion,
with y=t + ... ~ and write

Then

A = Np = the number a f points on the affine curve.

3. Proof o f ( F.1 ~ .

We now apply the theorem of Atkin and Swinnerton-Dyer to the curve

In order to simplify the calculations, we replace y by y + 1 2 , and write the

équation in the form

If ve put t = x (the local parameter at 0) and s = 1. , the equation (2) gives
y y

Hence
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. 1+8 1+8 .

Since y = -:r and x = 2 , ve know the expansions or % aD4 Y’.
t t

However, what we really need are the coe:fficients in the expansion of

2
- dx da ds 3tNow xs = t, dt S + x dt 

= 1 and from (3) ve have dE = .. Hence

Since the constant term of w is + 1 , we must take the + sign.

Hence

and

Let p be a prime number, p = 1 (mod 3) . Put 1 + 3m . Hence
r

If we apply the theorem of Atkin and Swinnerton-Dyer with n = pr we get, for

r~ 1 ,

Since m is even this simplifies to

For r = 0 , we simply get

We now turnte thé calculation of A = p - N . We will détermine N* . thé number ofP o 3 ~ P
points, over Fp , on thé projective curve zy = x + -r- .
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Since thi s curve one point at infinity N* = Np + 1 . But N* is théSince this curve bas one point at 3 = N P3 + 1 . But N’p la also the

number of points on the projective curve u + v3 = w. This follows from the bi-
rational transformation

which transforms (1) in u3 + v3 = 1 . Note that j- 3 E F .
A well-known theorem of Gauss ([ 2], [61) states that fhr p = 1 (mod 3) , the

number of points on the projective curve u + w is equal to p + 1 - a ,

where the integer a in determined by the décomposition 4p = a 2 + 3b 2 and the

congruences a = - 1 3) , b = 0 (mod 3) .

Hence N ~ p - a and the number in (5) and (6) is equal to a .

Observe that (6) is a classical congruence of Jacobi and Stem.

We now to calculate r (-3) .
Let g be a positive integer, and put h = [g p] . Suppose that [2g p] = 2[g p] , then

ao

ue use this with g = m 1. From (4) , ve see that h = m and = 2[g p] .r+1 r p P
Hence

From the définition of m r+ 1 , it is clear that mNl’:"" -., (mod p ) .

Using the properties of the p-adic gamma functinn stated in the introduction, we

deduce from (7)

Substituting in (5), ve obtain
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If r 2014&#x3E; oo ~ we conclude is a root of th] équation

The discri;ninant of this équation is a - 4p = - 3b ~ and hence

Note that one of the roots of (8) is a p-adic unit the other root is in

p Z . If we fix the sign of b - 3 by thé congruence - a == b /- 3 (nod p) , thé
root ~20142014~ Y2014 is a p-adic unit. Hence

This where a has been replaced by - a .

4. The 

The proof is simular but uses the curve y = x - x . Putting x = ty as before,

we f ind

Putting pr = 1 + 4m 
r 

and reasoning in the same way as in section 3, we obtain a

congruence which has the same form as (5), but where the meaning of A is different.

Formula (F. 2) can be deduced from this congruence as befnre. The cnngruence (6) is

now a classical congruence due to Gauss.
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