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1., Introduction.

The p-adic gamma function is defined as follows.

Whrite
n-1
r(n) = (-0" I, 1 for neN, nz2.
(i,p):l

The sequence n —> I"p(n) is the restriction of a sontinuous function

s
I“p : 22— % which is, by definition, the p—adic gamma function.

We will need the following properties of this function [5]

1l

If x=y (mdp') , then ry(x) =1,(y)  (mod p") .

If p# 2, then I‘p(x) Fp(l - x) (- l)R(x) where R(x) is the representative
of x mod p in the set {1, 2, eee , P} &

We will discuss the following two formulas.

FORMULA l. - If p is a prime number of the form p=1+ 3m, me N, then

1,3 _a+.,~3b
(F'l) rp(~3-) ..—-——ﬁé—-—-—-

it
o

where a and b are integers defined by the conditions 4p = a2 + 3 b:2 s b
(mod 3) , a=+1 (mod 3) and a=,~3b (md p) .

FORMULA 2. — If p 1is a prime number of the form p=1+ 4m, me N, then

1,2 .
(F.2) rp(z) = - i(a + ib)
.2 . _ (p - 1y, . .
where i“=-1, i=( )] (mod p) , and a and b are integers defined by

the conditions p = a“ + b, a=1 (mod4) and a=1ib (mod p) .

The formulas (F.1) znd (F.2) can be proved in several ways. They are both special
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cases of the formla of Gross-Koblitz ([3], [5]), and they can also be deduced from

the p-adic version of the formula of Chowla-Selberg (formule (4.12) of [3] and
(3.10) of [4]).

The purpose of this note is to prove the formulas by means of the congruences of
Atkin and Swinnerton-Dyer.

The fact thet the values of the p-adic gamma function are related to certain el-~
liptic curves is hardly suprising since the (complex) formila of Chowla~Selberg shows
that there is a relation between the (complex) gamma function and elliptic functions.

We will only give the detailed proof of (F.1). The proof of (F.2) 4s similar.

2. The congruences of Atkin and Swinnnerton-Dyer.

THEOREM [1]. - Let p < 2 or 3 and let y°>= x° - Bx - C be n elliptic curve

over f—p , the field of p clements. Let x = t 2 + Zc;: ) c(n) t* be any expansion,
with y = 'l:_3 + eeo , and write

~§-;%=1+me1 a(n) t*' B, G, c(n) , a(n) €z .

Then a(np) - A a(n) + p a(%) 0 (mod p“l) s if n=0 (mod pr) , where

0 if p/fn
a(d) =

n
- if n
a(p) if p |

and p - A= Np = the number of points on the affine curve.

3. Proof of (F.1).

We now apply the theorem of Atkir wnd Swinncerton-Dyer to the curve

(1) y2=x3+é-

In order to simplify the calculetions, we replace y by ¥y + % , end write the
equation in the form

(2) Vey=x.

If we put t = ; (the local parameter at O ) znd s = -;; , the equation (2) gives
(3) s+ s2=t> .

Hence
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Since y=1—+3-—s and le‘;s,veknowthee@anstonsct x and y .
t

t
However, what we really need are the coefficients in the expansion of

dx de

o __4dat _ _"3at

s 2y + 1~ 2+ S
ds

2
, %—fs+xa{=1 and from (3) we have o TBTt—zg.Hence

1

xds 1 3
_od@ T 1 [ 3t - 1] 1 _ 1
w= 2+ 8 ~ 24+ 8 ts(1l + 28)

= —— = 4 . .
1 + 28 ?14»41:3

Since the constant term of w is + 1, we must take the + sign.

Hence
w=T0 o (= D (2D ",
and
a(n) =0 if n#1 (mwod 3) ,
a(n) = (- 1)™ (2mm) if n=1+3m.

I}

Let p be a prime number, p=1 (mod 3) . Put p = 1 + 3m_ . Hence

(4) mo:o, n,y=Pm +m .

If we apply the theorem of Atkin and Swinnerton-Dyer with n = pr we get, for
r=>1,

a(l+3m ) -Aa(ls+3m)+pall+3m_)=0 (md p™h

m 2m m 2m 2m
(_ 1) +1 ( mI‘O-l) _ A(— l) r ( mr) + p(_ l)m_['b]. ( mr—l) =0 (md pI‘O-].) .
r+1 r r—-1

Since m is even this simplifies to

2m 2m 2n
(5) (D -2 Dsp (=0 @map™ly, rx1
r+l r r~-1

For r=0, we simply get

2m1
(6) () =4 (map)

We now turnic the calculation of A=p - N_ . We will

b will determine N' , the number of
P
points, over E—p s on the projective curve zy2 = x3 + 5‘-3-
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Since this curve has one point at infinity N' = N_ + 1 . But N}'} is also the
number of points on the projective curve u3 + v} = w3 o This follows from the bi-

rational transformation

X ==

yzzé—Bu"V

u+v? u+ v

which transforms (1) in u> + v = 1 . Note that J- 3 e _lj:p .
A well-known theorem of Gauss ([2], [6]) states that for p =1

(mod 3) , the
number of points on the projective curve u3 + v3 = w3 is equal to p+ 1 -2,

where the integer a in determined by the decomposition 4p = a® + 3b2 and the
congruences a=-1 (md 3), b=0 (mod 3) .

Hence Np =p - a and the number A in (5) and (6) is equal to a «

Observe that (6) is a classical congruence of Jacobi and Stern.

We now use (5) to calculate l“p(%)3 .

Let g be a positive integer, and put h = [g] « Suppose that [-z-g] = 2[%] s then

gt =H§=1 i= ph hi ﬁ i= (- 1)8! rp(l + g) ph ht

i=1
(i’P)=1
(2g) (2g) 1 (- 1)l+2g Fp(l + 2g) p2h(2h)i
e’ T EE T T )FE L (14 97 p ()
so
2g 2h I—‘p(l + 28)
( g ) == ( h ) 3
r (1 + g
p
We use this with g=m_, . From (4), we see that h = o and [_2%] = 2[:;;] .
Hence
2m 2n T (1 + 2m_ )
(7) ( mﬁl) = - ( m“) E ™1

2 [ ]
1 * rp(l + mml)

From the definition of m_ , it is clear that m_ = -5 (mod p™h

Using the properties of the p-adic gamma function stated in the introduction, we
deduce from (7)

Substituting in (5), we obtain
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- rp(—%)3 -a-p rp(-é;’)"3

1l

0 (mod p") .

If r —> o, we conclude that rp(%)3 is a root of th: equation
(3) X2 4 aX+p=0.

The discriminant of this equation is a2 - 4p = ~ 3b2 , and hence

13 _=-azxb =3
rp(B) = __2.L_ .
Note that one of the roots of (8) is a p-adic unit while the other mnt is in

p Ep e If we fix the sign of bJ-T—B by the congruence - a=b J——B (md p) , the
root :—a—"’——g—l-—B is a p-adic unit. Hence

13 _-a+b,/=3
rp(.}) =—'§-——§-¢——°-

This proves (F.1), where a has been replaced by - a

4. The formula (F.2).

The proof is similar but uses the curve y2 = x3 - X « Putting x = ty as before,
we find

__2_; _g%=z:=o (- 1)m (2mm) t'4m

MG
a(n) =0 if n#1 (md 4) ,
a(n) = (- l)m(2nx:1) if n=1+ 4m.
Putting pF =1+ 4mr and reasoning in the same way as in section 3, we obtain a

congruence which has the same form 2s (5), but where the meaning of A is different.

For-ula (F.2) can be deduced from this congruence as befnre. The congruence (6) is
now a classical cnngruence due to Gauss.

REFERENCES

[1] ATKIN (£.) and SWINNERTON-DYER (H.). - Modular forms on noncongruence subgroups,
"Combinatnrics", p. 1-25. - Providence, American msthematical Snciety, 1979
(Proceedings of Symposia in pure Hathematics, 19).

[2] Gauss (C. F.). - Disquisitiones arithmeticae. — New Heven, London, Yale univer-
sity Press, 1966.

i3] CGROSS (B.) and KOBLITZ (N.). - Gauss sums and the p-adic [I'-function, Annals
of Math., Series 2, t. 109, 1979, p. 569-58l.



J17-06

[4] GROSS (B.). - On the factorization of p-adic L-series, Invent. Math., Berlin,
" t. 57, 1980, p. 83-95.

[5] 1LaNG (S.). - Cyclotomic fields, II. - New York, Heidelberg, Berlin, Springer-
Verlag, 1980 (Graduate texts in Matl.ematics, €9).

(6] TATE (J.). - Rational Points on elliptic curves, Philips Lectures, Haverford
College, 1961.



