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Introduction. - In [3L SHIODA and MITANI pmve that a complex abelian surface X

1s isogenous to the product C x C of an elliptic curve C with itself if, and

only if, X is singular. This means that the rank of the Néron-Severi group of X

takes its maximal value. The theorem can be generalised for higher dimensions.

In thic paper, we prove an analogous result fnr abelian varieties which are défi-’

over a complete non-archimedean valued field and which are (analytically) 
phic to an analytic torus.

le e Définitions and notations.

Let K be a cnmplete non-archimedean valued field. We assume that K is algebrai-
cplly closed. The multiplicative group (K ) is identified with the affine group 

,

-1 ~.. , z""1) z are variables. This group hasSpec( K 
1 1 n where z 1 n are variables. This group has

a canonical analytic structure (see e. g. [1], [2]).
A lattice r in is a discrete subgrnup nf (K*)n without torsion. This

means that

is a fini te set for ail

group T = (}C*) n/r is given an analytic structure by requiring that

the canonical map

is locally biholomorphic (see e. g. [2J). The analytic T is called a 

morphic torus of dimension n .

Let A* ho the nf nonvanishing functions nn (K*)n. Each f E A*
can be written as

---- .. 
-

(*) Guido VAN STEEN, Mathematics, Kijksuniversitair centrum, 171 Gromenborgerlaan,
B-2020 ANTWERPEN ( Belgique) .
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*’
with c e K and

Let H be the character group of

Thé action of r on A , defined by f(x) = fnr each f = A* , y c I"

and x e (K*)n , makes A into a 0393-module.

~

Providing K and H with thé trivial 0393-actinn, we obtain thé following exact

séquence nf 0393-modules :

with

Associated is thé exact séquence of cohomology groups :
v ,.

.:t.. 
Since K and H are trivial 0393-modules, we have the following isomorphisms :

and

Fixing a basis Y1, ... , r 
g 

for the free abelian group r , we can identify

The map 5 is then defined by

where q : r x H 2014&#x3E; K is thc bilinear form defined by

The group Ker Õ is dennted by N(T) . It is proved, in that

N(T) = (a ~ Hnm(r , H) ; ~(~)) = q(f’ , ~(v)) . for ail y , ~ r} .

Furthermore, T is analytically isomorphic to an n-dimensional abelian variety

if, and only if, there exists monomorphism (y E N(T) such that

In this case, N(T) is isomophic to thé group n£ this va-

riety.
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2. 

We keep thé notations of the préviens paragraphe

1. - H)/N(T) ) ~ ~~ ~ ~ ~ .

Assume that ri 
= (’(. J.. 1 ’ ... y ’(. :Ln ) , for ail i = 1 , ... , n, and let

ai- = - Î fn r al~l. ~. , j _ 1 , . ~ ~ , ~ ~

It is easy to see that the matrix A, with entries has rank n .

( a) Since A is regular, we may assume thaty af t e r renumbering thé columns o f A ,

For k = 2 , ... , n , we define 03C31k e H) by
Õ

= where Õ..,k = 0 if ~ ~ k and ôk,k 
= 1 .

~2 ~iFor each 0" = 0"1,2 x ... x O"l,n E fumer , H) , we have

and

for all k = 2, ... , n . It follows that 0’ Ji 1’l{T) unless m2 = ... = mn = 0 ,
and consequently 03C312 , ... , 03C31k are Z-independent modulo N{T) .

(b) Since A is rogular, we may assume renumbering all but the first

nf 11, (a11) and (a12) are linear independent
~1 a~2 -

k = 3 , .. . , n , WG define °2k E H) by

One proves in an analogous way as in (a) that cr 12’ ... , cr ln’ 03C323 , ... , 03C32n
are linear indépendant module N(T) .

Repeating this construction each i = 3 , ... , n , one defines for each j&#x3E;i

a morphism in Ûi. E Hom(0393 ,H) such that al 2’ ... , cr lare linear inde-J , c, 

pendent modulo N(T) . It follows that 
.

rank(Hom(0393 , H)/N(T))  ( 1 + 2 + ... + (il - 1» = n(n - 1) 2.
COROLLARY - n(n - 1)

THEOREH Je -1£ rr,flk(N(T» = n(n - 1) 2 then ’i’ is analytically isomorphic to an
n-dimensional abelian variety. This variety is isogenous to thé n-th self product
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"* *
nf an elliptic curve C n£ the form C =- K /qZ with q E K and t ql  1 .

Proo:f. - By means ’1f the basis Y1 , ... , Yn 01’ r, we may identify

K-") with ot) (n 2) and the map 

n

is defined by

each i  j and j = 1 , ... , n - 1 , we define H) such as

in the proof of lemma 1. Let S be the group generated by

For each k = 1 , ... , n , we define H) ty

Since N T has Õ has rank n(n A 2 , and hence the group

S is of finite index in lm ô .

sk
It follows that ô(o.) E S some sk E N .
An explicit calculation of ô(o..) and ô (crk) shows that

3-J 

We may asuume that 1  1 . (If necessary by Y 71 .) Consequently,
there exists snme q E K with ) q|  1 , and there exist roots of unity E K*
such that

m..

Yij = 03BEij qij for some m.. e Z 1 , j = 1 , .... n .2014J ~-J ij 2014

Since ’y 1 ’ ... , Yn are independent thé M with is

regular. Hence therc exists a matrix B ~ GL (Z) with entries b such that
n - -Li

Let N E N such that gÎ . = 1 for all i, j = 1 , ... , n , and let a e H)
- lJ

be defined by
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It follows that cr ~ N(T) and that |q(03B3 , o(’f»1  1 for all 03B3 ~ r - {I) .
Hence T is analytically isomorphic te an abelian variety.

*n
The endomorphism 03B2 nf (K) , defined by

maps r onto a subgroup r’ which is generated by thé éléments

*

where ’f ij E K are mots of uni ty.

Let MEN such that T.. = 1 for ail 1., j = 1 , ... , n .
- J.J

The endomorphism ,. of (K*)n defined by

~ M
maps r’ onto a subgroup I"" of (K) , defined by the éléments

where stands on the 1-th entry.

Furthermore 03C4  03B2 induces a morphsim

It is clear that

and that p is finite ; i. e. p is en isogeny.
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