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REMARKS ON DOL GROWTH SEQUENCES (*)

by Matti SOITTOLA (*)

Communicated by J. Berstel

Abstract. — Two îheorems are given characterizing the position of DOL and PDOL growth
séquences among N-rational séquences.

1. INTRODUCTION

A DOL System or a deterministic context-independent Lindenmayer System
consists of an initial word eu and a set of productions x —> 5 (x) which give for
any letter x and thus also for any word a unique successor. The growth séquence
of a DOL System is the séquence formed by the lengths of the words co, 5 (co),
Ô2 (co), ... DOL séquences have been investigated e. g. in Paz and Salomaa [6] ,
Salomaa [8], Vitànyi [10], Ruohonen [7] and Karhumaki [4].

A séquence (r„) is called A^-rational if it can be represented in the
form rn — P Mn Q where P is a row vector, M is a square matrix, g is a
column vector and the entries of P, M and Q are natural numbers. (The name
A^-rational comes from the gênerai theory of rational series founded by
M. P. Schützenberger.) Now it is easy to see that a DOL séquence is iV-rational;
in fact it has a représentation PMn Q where Q consists merely of ones.

If a DOL séquence is not terminating, i. e. if rn ?fc 0 for every «, and if L
is the largest of the lengths of the words 8 (x) then obviously rn + 1/rn ^ L
for every n. If the system under considération is such that ô (x) is always
a non-empty word then this system is called a PDOL system and its growth
séquence is called a PDOL séquence. Obviously a PDOL séquence is non-
decreasing.

The goal of this paper is to illustrate the position of DOL and PDOL
séquences among TV-rational séquences. It will be seen that the satisfaction
of an inequality rn + 1jrn ^ L is characteristic for DOL séquences. Further
it will be seen that it is not the non-negativity but the A^-rationality of the
séquence (rn + l — r„) that mak-es a DOL séquence to be a PDOL séquence.

2. PRELIMINARIES

A DOL system is at triple G = (X, ô, co) where X = { xu . . . , xk } is an
alphabet, ô is an endomorphism of the free monoid X* and co e X*. The
mapping 5 is usually given by writing the oductions x,- —* ô (x() and the
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2 4 M> SOITTOLÀ

word co is called the axiom. If 8 (*,-) # X- for each i then G is called a PDOL
system. The function

where lg means word length is called the growth function of G.
A pair (X, 8) where A" and 8 are as above is called a DOL scheme.
Introducing the axiom vector

and the growth matrix

\ l g l (5(x t ) ) . . .

of G (here lg; dénotes the number of letters xj) we obtain

(lgl(8"(co)), . . . , lgfc(ö"(o)))) = PMn

and

A séquence (r (/?)) is called Z-rational (resp. 7V-rational) if

^ . . . m l

where all the entries are integers (resp. non-negative integers). If now G is
a DOL system (resp. a PDOL system) then by the above (fG («)) is a special
TV-rational séquence called a DOL séquence (resp. a PDOL séquence).

It is known (Schützenberger [9]) that a séquence (/• («)) is Z-rational
(A^-rational) iff the series £ r in) xn is Z-rational (A^-rational). If now £ r (w) xn

is a non-polynomial 7V-rational series then a theorem of Berstel [1] concerning
its poles tells the following: there are a natural number/?, algebraic numbers
A,Alt .. .,AS(A > 0, | Aj | < A,s ^ 0) and polynomials //0 , . . . , Hp_u hu . . . ,
As such that

for large values of n(i = 0, . ..,/?—1). In the case of a DOL séquence the
polynomials Hi must have a common degree / because the quotients
r (n+ l)/r («) are bounded from above. We shall say that (r (n)) has the growth
order nl An.
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REMARKS ON DOL GROWTH SEQUENCES 25

3. THE POOL SEQUENCES

LEMMA 1 : If (ƒ(ƒ?)) = (PMn Q) is an N-rational séquence and P has posi-
tive entries then (ƒ(«)) is a DOL séquence.

Proof: Let G = ({ Xj, . . ., xk }, 6, (Ù) be a DOL System wit h axiom vector Qr

and growth matrix MT. Define G' = ({ xu . . . , xki x }, 5', co') where

Then obviousiy f(n) = QT (MT)" PT = / G , ( « ) .

THEOREM 1 : Z>£ (r («)) be an N-rationa! séquence. Then we can find natu rai
numbers m and p and DOL séquences (d0 (n)), ..., (dp^x (n)) such that

r(m + i + np)=* d^n) (i = 0, . . ., p-\).

Proof; Let r(n) = PMnQ and let G = (X9 5, co) be a DOL System with
axiom vector P and growth matrix M. Dénote by Xn the set of letters occurring
in ô"(co), Then we can find numbers m and p such that Xm + i = Xm + i+np.
We may of course suppose that no yn is empty.

Introducé now the DOL Systems

G, = (Xm+i, ôp, ÔM+'(a>)) (i = 0, . . ., p - l)

whose axiom vectors and growth matrices are denoted by Pt and Mt. Then
obviousiy

where Q£ is composed of those entries of Q corresponding to letters of Xm+i.
By lemma 1 we may define di (n) = P( M

n Qv

THEOREM 2: The following conditions are equivalent for a séquence (r (n)):

(i) (r(n)) is a PDOL séquence not identicaïïy zero;

(ii) r(0) is a positive integer and the séquence (s (n)) = (r («+1) — r (n))
is N-rational.

Proof; Suppose (i) holds. If now (r (n)) corresponds to a PDOL System
G = ( {xl9 . . . , xk }, S, ©) then

* 0 0 = Sl&(8"(a>))(Ig(5(xc))-l)

and each of the séquences (lgf (S
M (©))) (/ = 1, . . . , k) is iV-rational.
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26 M. SOITTOLA

Suppose then that (ii) holds. Write according to theorem 1

diin) ( i = 0, . . . , p - i )

where {dt{n)) corresponds to a system Gt = (Xi9 §if cof), Assuming that the
alphabets Xt are mutually disjoint we construct the PDOL system G = (X, 8, o>)
where

/p-i p-i \

*= U lUP
V = o j = o J

and

xu) _ xu+1) w h e n x(nex\J\ j < p - 1 ,

x(p-D^5.(x)(0)y w h e n x^-^eXl*-1*,

Disregarding the non-commutativity of letters we may write

Thus
r(n) =(r(0) +

= (r(0) + s(0)+ . . . + S ( m -

when /Î g: m+p. It is now easy to extend G to a PDOL system G' for which
/c.(/i) = r(n).

LEMMÂ 2; Le? (r (n)) be a Z-rational séquence. Then for any large natural
number R the séquence defined by

+ l) = R2n-r(2n + l) (n > 0)
is a DOL séquence.

Proof: Let at first (r (n)) be a DOL séquence corresponding to the system

G = (X, 5, co). Construct the system H = ( l u X\J ï u { a, b }, S', O)
where
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REMARKS ON D O L GROWTH SEQUENCES 27

and
x -• bx, x^X, a -> b, b -> a*\

= _^ ^ / î 2 ( 1 + lg (Ö (x))) - 21g (52 (X)) - lg (63 (x)) g 2 • v g 3 • x

It is immediately seen that fH (n) = d
This implies our lemma because of the following. It is known that every

Z-rational séquence is the différence of two 7V-rational séquences (see [9]
remark 2 or [2] p. 218). Furthermore, every TV-rational séquence is the dif-
férence of two DOL séquences for

PM"Q = (P + (1, . . . , 1 ) )M"Ô-(1 , . . . , l)MnQ.

Hence every Z-rational séquence can be written as the différence of two DOL
séquences.

THEOREM 3: Not every increasing DOL séquence is a PDOL séquence.

Proof: Using lemma 2 we see that when R is a large natural number then
the séquence (d (n)) where

d(2n + l) - R2n-b(Re(3 + 4 ï ) 2 n + 1 ) 2 (n > 0)

is an increasing DOL séquence. Now

where a is irrational because for every positive n Im (3 + 4 i)" < 4 (mod 5).
The theorem of Berstel [1 ] then implies that the séquence (d (2 n + 1) — d (2 n))
cannot be TV-rational. Therefore (d(n)) is not a PDOL séquence.

Note: Let (d(n)) = (FM" Q) be a DOL séquence. By lemma 4 below we
have Mm+P ^ Mm for some integers m and p (p > 0). But then each of the
séquences

(d{m + i + (n+l)p)-d(rn + i + np)) (i = Q, . . . , p - l )

is a DOL séquence and so the séquences

(d(m + i + np)} (i = 0, . . . , p—1)

are PDOL séquences. This resuit also appears in [5] (proof of th. 4.12).

4. THE DOL SEQUENCES

Let G = ( { xu .. ., xk }, 8) be a DOL scheme such that for any letter xt:

te (5" (*i)) - gi An as n -> oo fe > 0, 4̂ £ 1).
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28 M. SOITTOLA

If w e { xl9 . . ., xk }
+ then the number

g(w) = \g1(w)g1 + . . . +\gk(w)gk

is caffed the growth coefficient of w.
Suppose we have p DOL schemes Gt = (Xh 8f) (/ = 0, . . . , / ? - 1) satisfying

the condition of the above définition with a common number A. Introducé
the infinité alphabet

X = {(W0 Wp.x)\ W.eXt)

and défi ne

à(W0, • • - . W p - i ) = ( 5 0 W09 . . . , 5 , . , Wp_i)

Define further

where rj means Parikh-vector. Take then a fixed element (coo, . . . , top_,) of A'
and dénote

O b v i o u s l y (W'o, . . . , M ^ p _ , ) e 7 implies t h a t a l so 5 ( W 0 > *••» ^ p - ^ e F.

LEMIVIA3 : r A e r e erre vectors Vx, . . . , F j a/7i ( 7 ) swe/î r t o r awy vecror m n ( F )
/5* a sum of these.

Proof: Let 7i ( y ) g Nk. By the définition of Y there are algebraic numbers
au (i = 1, . . ., p - 1 ; j = 1, . . ., k) such that u = (nu . . . , nk) e Zk is in n ( Y) iff

v ^ 0 , ü ̂  0,
and

^ i « i + - • - + ^ ^ = 0 (f = 1, . . . , p - 1 ) .

Let F be the additive subgroup of Zk deïïned by the above linear System.
We shall need the following simple lemma (see [3]):

LEMMA 4: Any subset of Nk contains only a finite number of minimal vectors
(with respect to the natu rai componentwise or de ring).

Let now Vu . . .5 v3 be the minimal vectors of n (Y). If Ve n (Y) then it
has a représentation V = Vt+ Ü where Üe Nk. But if Ü # Ö it is in 71 ( 7 )
because it belongs to F. Repeating this process we obtain K as a sum of the
minimal vectors.

THEOREM

at if Xj G
4: Let Gt = (XtJ 8„ <
X{ then

^^i(xj))^gijA
n z

Rewse Française d^ÀutâA

a . ) (f = o , . . . , / > - 1 ;

LS n - • oo (g l 7 > 0

natique, /xf<9r^?^^^/^4^^e e/

) be DOL

, A ̂  1).
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Then the séquence defined by

d ( n p + i ) = \g(6n
i((od) ( n = 0 , l , . . . , i = 0 , . . . , / > - 1 )

is a DOL séquence.

Proof: Take p copies X\°\ . . . , X ^ " 1 ) of each X{ and define

g(ü)0) g(<Ûp-i

Let V[°\ . . ., Kj0), . . ., KJP-1», . . ., K j " ' ^ be éléments of Ycorresponding
to the vectors given by lemma 3. We may say that any element of Y is a
commutative product of these éléments.

Introducé the DOL system

G = ({ViV.-., V}*-» } u {y}, 6, co) = (Z u {y}, 5, co),

where ô and CÖ are as follows:
co consists of (co<o

O), . . . , c o ^ J written commutatively in the alphabet Z
and of so many v's that lg (to) becomes equal to lg(coo);

y produces X;

wheny < p—l (W^, . . . , WW ) produces (W^*1, . . . , WU+*-> and so many
v's that the length of the produced word will be \g{Wj+l)\

(W\P~1\ . . . , W^-^) produces (80 (H/
0)(0), . . . , ôp_x (Wp_x)

{Q)) written
commutatively in the alphabet Z and so many j ' s that the produced word will
have length lg(50(W0)).

Heuristically, dérivations in the Systems G( are simulated in the compo-
nents of the letters of Z. With the aid of the p copies taken of the alphabets
the simulation is delayed to happen only at intervals of/? steps. By using the
letter y the length of the word ö'+^(co) is adjusted to be equal to that of
b". (co,.). This is possible because the components of the letters of Z are non-
empty words.

It should be clear now that (d(n)) is the growth séquence of G.
Let G = {X, ô) be a DOL scheme which gives a growth of order

nl An (A ^ 1, / ̂  0) but does not give a growth of higher order. We divide X
into classes I , Zo, . . ., I , as follows: the letters of I generate a growth having
smaller order than An and the letters of Zf generate a growth of order n'1 An.

It is clear that a letter ot 2^ cannot produce letters of 2 / + 1 u . . . u ZM it
must produce a letter of I,- and it may produce letters o f S u I o u . . . u Z(-_ ̂  ;
a letter of S may produce only letters of I or X.

LEMMA 5: Any letter of Z, (/ > 0) générâtes letters of £/_!• ff all letters
of S u I o u . . . u i , . ! are deleted then the resulting scheme H is such
that all letters generate a growth of order An.

décembre 1976.



30 M. SOITTOLA

Proof: Suppose x générâtes in H a growth whose order is at least n An.
Then x générâtes in G in 2 n steps a word whose length is at least of the order

1 Y + 1

- ) (2/?)'+1 A2".
2 /

This shows that the growth of x 'm H has the order An at most.
Assume that x e ! , ( / > 0) never générâtes a letter of !,_!• By the above

8" (x) contains O (An) letters of I u I o u . . . u I,_2 directly produced
by letters of I , . Büt

£ Att(N-n)l-2AN-H = AN £ nl~2 =o(NlAN)

and so x cannot generate a growth of order nl An. Hence x must generate
letters of £,_!.

Assume further that the growth of x in H is majorized by an (a < A).
Because

N N

we have a contradiction as above. Thus the growth of x m H has the order An

when / > 0.
Suppose x E Xo and the growth of x 'm H as well as the growth of any letter

of I in G is majorized by an [a < A). Because

we see that the above result is true also when / = 0.

THEOREM 5: Let (r (n)) be an N-rational séquence such that r (n) ^ 0 for
every n and the quotient r («+ l)/r (n) remains bounded. Then (r (n)) is a DOL
séquence.

Proof: We know that there are numbers m and p and DOL séquences
(d0 («)), . . ., (dp_x («)) such that

r(m + i + np) = d^n).

By our assumption all these séquences have the same order of growth. We may
suppose that it is of the form nl An (A > 1) for the polynomial case is covered
by a theorem of Ruohonen [7].

Let Gt = (Xt, 8;, oot) be a DOL system corresponding to the séquence
{dt («)). Write Xt = Zf u 2£0 u . . . u Zn as before and dénote by Htj the DOL
schema obtained from (X^ 8̂ ) by deleting all letters except those of Z y .

Revue Française d'Automatique, Informatique et Recherche Opérationnelle
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Suppose ^ e l j +
o and w e l * . If W générâtes F y ( F e Z ^ , ü 6 Ï f ) and w

générâtes w in A: steps then there are constants N, M and L (independent
of k and i) such that

\g(v) ^

Ig(w) ^Lak\g(w) (a <A).

We now see that if lg(w)lïg(ÏV) S a M/N (a ̂  2, OLM/N integer) and if k
is so large that (L/N) (a/A)k

 = 1/2 then

(1) Ig(
^ MjN + {\~\ja)aMjN = «M/AT,

too.
By taking a multiple of/?, if necessary, we may suppose that the following

three conditions hold:
(i) any growth in Htj (z = 0, . . ., p— l; 7 = 0 , . . . , /) is asymptotically

equal to constant times An\

(ii) any letter of So- (z = 0, . . . , / ?— 1; 7 = 0, . . . , / ) produces in a step
letters of all the alphabets S^y.^ . . . , S t - 0 ;

(iii) the équation (1) holds with k — 1.

Moreover, by increasing m we obtain the foliowing situation:

(iv) the axiom of Gt contains letters of all the alphabets HiOi . . . ,L £ / .

We are now ready to give an induction proof showing that the séquence
(s(n)) = (r(n — m)) is a DOL séquence. This immediately implies our theorem.

If / = 0 we at first neglect all letters of the I / s and construct a System
just as in the proof of theorem 4. Then we take p copies x(0), . . ., x(p~1> of
each neglected letter x and join these copies to the components of the letters
of Z so that the original Systems Gt become simulated. Condition (iii) assures
that this can be done. At the same time we add j^'s so that the right lengths
are obtained.

When taking the induction step we at first delete all letters of the alphabets
E,, u S i0 u . . . u l ^ , . ! and construct a system according to theorem 4.
By conditions (ii) and (iv) the letters of this system as well as the /?-tuple
(coo, . . . , cûp.j) give axioms for Systems whose existence is guaranteed by
the induction hypothesis.

Example: Let

where

A^A^B, B-*B4b,
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32 M. SOITTOLA

and

Gj = ({C, Z>,£, F}, 8 ls CD),

where

C -> C4 /), D^ D2E\ Ê -> E2 F4, F -> DF.

The common order of growth is n.4n and

£ , = 0 , Zio = {A JE, F}, Z n = {C}.

The procedures described in the preceding proof yield e. g. the following
System: The axiom is

(Am, C(0))(£(0), D(0))

and the productions are

(A(0\

(A(1\ C ( 1 ))->(^ ( 0 ) , C (0))4(B (0), D(0)),

), D(0))(B(0),

, D (0 ))2(B (0 )2, £ < 0 ) 3 ) / ,

, E ( 1 ) 3 ) / \

, E (0)3)2(JB
(0)b (0), F (0 )3)(B (0 ) ,

(B ( 0 )6 ( 0 ) , F ( 0 ) 3 ) ^ ( B ( 1 ) b ( 1 ) , F ( 1 ) 3)y2 ,

, D(0))(B(0),

e: Let (d(n)) be a DOL séquence such that the rational function
£ <af («) x„ is not a polynomial. Then it is easy to see that the growth order
of (d («)) is n' A" where l/A is the smallest positive pôle of ]T d (n) x" and /+1
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is its multiplicity. This enables us to effectively compare the growth orders
of two DOL séquences; we describe the method briefly in gênerai form.

Given integer polynomials qx (x), ...s qp (x) we can (using symmetrie poly-
nomials) construct a polynomial Q (x) such that any différence of two zéros
of q (x) = qx (x) . . . qp (x) is a zero of Q (x). Thus we can give a positive
number y such that if zx and z2

 a r e z^ros of q (x) then either zx — z2 or
|^i-^2 | > Y-

The polynomial

6 < ( )
g.c.d.(^(x), q\(x))

has simple zéros which are the same as those of qt (x). Therefore we can
compare the real roots of the polynomials qt (x) by examining the sign changes
of the polynomials Qt (x).

Because a is a fc-fold zero of qt (x) iff it is a zero of qt (x), q[ (x), ..., qf~x) (x)
but not a zero of q^k) (x) it is possible to détermine the multiplicity of any
real zero of qt (x).

An iV-rational séquence (r (ri)) is by theorem 5 a DOL séquence iff one
of the following conditions holds:

(i) there is a natu rai number L such that r (n) > 0 when n ̂  L
and r (ri) = 0 when n > L;

(ii) every r (ri) is positive and the DOL séquences given by theorem 1 have
the same growth order.

Hence it is possible to décide whether or not a given JV-rationai séquence
is a DOL séquence.
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