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ON DISTRIBUTIVE FIXED-POINT EXPRESSIONS*

HELMUT SEIDL! AND DAMIAN NIWINSKI?

Abstract. For every fixed-point expression e of alternation-depth r,
we construct a new fixed-point expression e’ of alternation-depth 2 and
size O(r - |e|). Expression €' is equivalent to e whenever operators are
distributive and the underlying complete lattice has a co-continuous
least upper bound. We show that our transformation is optimal not
only w.r.t. alternation-depth but also w.r.t. the increase in size of the
resulting expression.

AMS Subject Classification. 68Q60, 03D70, 06199, 68Q25.

1. INTRODUCTION

Fixed-Point calculus is a logical formalism based on explicit notation for
inductive and co-inductive definitions. It is recognized as a useful framework
especially for reasoning about temporal properties of finite state systems.

The role of alternation of least (1) and greatest (v) fixed-point operators as a
souree of a sharp expressive power for the fixed-point calculus has been recognized
in the early 1980’s [8,9,17]. In particular, Park in his studies on the semantics
of parallelism [17] observed that the fair merge of two infinite sequences can be
adequately characterized only using both extremal fixed-point operators. It was
shown somewhat later that the alternation of 4 and v gives rise to a strict hi-
erarchy of properties of infinite trees, corresponding to some hierarchy of Rabin
automata [13,15]. The strongest result in this direction is the infinity of the alter-
nation hierarchy in Kozen’s propositional modal p-calculus, which has been only
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recently established independently by Bradfield [5] and Lenzi [11]. A new and very
elegant proof has been found by Arnold [2].

These facts can be contrasted with the early result by Park [18] stating that
the hierarchy collapses to the vu level in the algebra of w-languages with the basic
operations consisting of prefixing by a single letter, and binary set union'. In this
framework the fixed-point definable w-languages are precisely w-regular languages,
and collapsing of the hierarchy to the vu level follows from the structure of ac-
ceptance condition of Biichi automata. The result was subsequently generalized
in the second author’s doctoral dissertation [14] to what is called there monadic
Kleene algebras; it was however never published elsewhere.

In recent years, an interest is coming back in fixed-point calculi weaker than the
original Kozen’s modal g-calculus. This is because of the model checking problem.
The general question whether a given finite state transition system satisfies or
not a p-calculus formula, appears to be computationally hard?. Therefore, it
would be of interest to separate a (sufficiently comprehensive) sub-calculus enjoying
better complexity. One such successful case is a sub-logic Ly proposed by Emerson
et al. [7], and proven to be strong enough to subsume, and in fact to be equivalent
to, the program logic ECTL*.

Now, an observation can be made that the logic Lo admits a collapsing property
exactly as the aforementioned calculus of Park, and in fact for the same reason:
the structure of Biichi automata.

This implies that model-checkers for Ls-formulas can be constructed according
to (at least) three strategies. The first one simply applies methods for general -
calculus model-checking. The disadvantage is that efficiency problems may arise
due to arbitrary nesting of fixed-points. A second alternative, as proposed by Bhat
and Cleaveland [4], tries to improve upon this by exploiting special properties of
Lo-formulas. The complication still is that potentially arbitrarily nested fixed-
points have to be dealt with. The third strategy, therefore, relies on the collapsing
property. It first eliminates deep nesting of alternating fixed-points by transform-
ing the formula into an equivalent one of small alternation-depth (namely, 2). To
the resulting formula either a specialized algorithm is applied or ordinary fixed-
point iteration. The efficiency of this third approach, however, crucially depends
on how small the extra overhead through transformation of the formula can be
made.

In this context, we believe it worthy to understand the early result by Park in
its full generality, and also to clarify its complexity aspect, i.e. the complexity of
reduction of a fixed-point expression to the vy level. To our best knowledge, the
last question has not yet been considered in literature.

To attack this question, we first give a general algebraic condition sufficient for
the hierarchy of fixed-point expressions to collapse to the vu-level. It requires of all
the basic operations (over a complete lattice) to be distributive, and of the binary
least upper bound “Lt”, additionally, to commute with the greatest lower bound of

1As the second author points out, this result was obtained in collaboration with J. Tiuryn.
2The model checking problem for Kozen’s u-calculus is known to be in NP N co-NP [7], and
even in UPN co-UP [10], but it is not known whether it is in P.
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downward directed sets. (This generalization slightly improves the aforementioned
one of [16].) Next, we show that a fixed-point expression e of the alternation-depth
7 can be transformed uniformly over the structures of the aforementioned property
to an expression of alternation-depth 2 (in fact, vu) and size O(r - |e|). We finally
prove that this estimation of the size of the resulting expression is optimal not
only w.r.t. alternation-depth but also w.r.t. the increase in size of the resulting
expression.

2. DISTRIBUTIVE FUNCTIONS

Assume D1, Dy are complete lattices. We call a function f : D1y — D3y distribu-
tive iff f(dy Udy) = fdy U fdy. For any set V, we consider the set DV = {f| f :
V — D} as a complete lattice with componentwise ordering.

Fact 2.1. For every non-empty finite set V, a function f : DY — Ds is distribu-
tive iff

f ::l:le—lVfZOﬂ’:z

for unary distributive functions fy : D1 — Do where for x € V, mp : DY — Dy is
given by mop=px.

Proof. Define f,d = f(x,d) where (z,d) € DY maps z to d and all y # =z
to L. O

This implies that a k-ary function D* — D that is distributive in our sense is
a Li—combination of unary distributive functions. Therefore, we usually consider
just unary distributive functions.

Assume D is a complete lattice. For monotonic f : D — D, function f* is
defined as the least fixed-point

f*=pFfoFUI

It follows easily from the iterative characterization of fixed points, that whenever
f is distributive, then f* is distributive as well. Non-empty subset X C D is
called co-directed iff z1,z2 € X implies that X also contains some z with z C z;
and z C z5. Least upper bound “UJ” is called co-continuous if it commutes with
co-directed greatest lower bounds, i.e.,

duflx = I (dux)
z€X

for every d € D and co-directed subset X C D.

The last condition holds in particular in any complete Boolean algebra [19].
Especially, this is the case for D = 2% (ordered by “C”) for any base set S.

Our considerations rely onto the following key observation. (In what follows,
for f: D — D, the least fixed point of f, ux.f(z), is abbreviated by pf; the same
for v.)
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Theorem 2.2. Assume D is a complete lattice, and f,g: D — D are monotonic
functions where g x = fxUd for somed € D. Then

1 pg=frd;
2. If binary “U” is co-continuous and f is distributive, then

vg=vflUug.

Note that similar identities have been considered by Doornbos et al. in (6] for
relation algebras. Identity (2) turns out to be especially useful for the simplification
of temporal logic formulas. The following example for LTL (linear time logic on
infinite words) has been brought to our attention by Arnold.

Example 2.3. In LTL, formulas denote languages of infinite words. Formula
pUq (p “until” ¢) is equivalent to the u-formula puz.qV (p A X z) where X is the
temporal “next” operator. We would like to demonstrate how Theorem 2.2 can
be used to derive a useful identity for ~(p U q). By duality, we first obtain

~(pUgq) =ve.mgA(-pVXz)=vz.(~gA\-p)V(~gAXuz). 1)

Expressions —g and —p are interpreted as constants and X as well as intersection
with —g as unary distributive operators. Furthermore, V represents binary lub.
Therefore, Theorem 2.2 is applicable and gives us

-(®Uq) = (vz~qAXz) V (pz.(~gA-p)V(-gAXz))
= G—q V. =qU (=g A —p)

where G denotes the “always” operator.
Proof of Theorem 2.2. In order to prove the first assertion, consider ¢ and F7, 7
an ordinal, defined by

o g =1,F0=)z.1;

° gr+1 =ggr, P+l =fOFTLlI; and

e for 7 a limit ordinal, " = L, g7, FT =, FT

1

Then pg = ¢g° as well as f* = F¢ for some ordinal o. Therefore, it suffices to
verify through transfinite induction that, for every ordinal 7, g™ = F7 d.

Now consider the second assertion. By definition, pg C v g. Since f C g, we
also have v f C v g. Therefore, v g Jv fUug, and it remains to prove the reverse
inclusion. Therefore define

e 9" =T=f

o g7t =gg", fTt =f[f7; and

e for 7 a limit ordinal, " =, g7, f7 =, f7
Then vg = ¢g° and v f = f° for some ordinal ¢, and it suffices to prove that, for

every ordinal 7, ¢ T f7 U ug. Again, we proceed by transfinite induction.
The case 7 = 0 trivially holds.

’
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If r=7"+1, then

9 =99 Cg (f"l-l#g) = ff Ug(ug)=f"Upg

by ind. hypothesis and distributivity of f.
If 7 is a limit ordinal, then, applying the induction hypothesis to all 7/ < 7, we
obtain:

=g cM (f"uug)=(TDTfT'>ng=fTng

T'T <

and the assertion follows.

3. FIXED-POINT EXPRESSIONS

Let us now study in detail the impact of identity (2) of Theorem 2.2 on fixed-
point expressions in the spirit of Example 2.3. We fix a countably infinite set of
variables X, a set of constant symbols C, and a set of unary function symbols F
(C and F are not necessarily finite).

A fized-point expression e is given by the following grammar:

e = clz|felpze|lvee|eiUes| (e)

where c€ C and f € F.

An interpretation is a complete lattice D given together with an element c?,
for each ¢ € C, and a distributive function fP : D — D, for each f € F.

The meaning [e] p of a fixed-point expression e is a function D¥ — D mapping
variable assignments to values. It is defined inductively as follows. (We usually
omit the subscript D for simplicity. The symbols [ 1, LI, L refer to the correspond-
ing operations in D.)

[dp = P

[zl p = p=

[elp = lelp

Felo = f2(e10)
laelp = MHa|[e] pfars d} Cd}
vaelp = LH{d|[e]p{z—d} 2d}
lexie] p = [es] pUfe2] o

where p{z — d} is an assignment that maps z to d and otherwise agrees with p.
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We assume that the scope of the operator 8 in 0z.e’ extends to the end of the
expression €'. e.g. [vx.e; Uez] coincides with [v z.(e; Uez)] and (in general) not
with [(vz.e1) Uez].

It is easy to see that [e] p depends only on the values that p assigns to the
free variables of e. For this reason we may safely write [e] p also for a partial
assignment p € DY, whenever ) C X contains the free variables of e. For two
(partial) assignments p and p’ with disjoint domains, we denote (the assignment
being) their set—theoretic union by p + p'.

In case [e1] = [e2] we also will write e; = es, as opposed to e; = ez which
denotes syntactical identity.

Proposition 3.1. If all f° are distributive and the operation U is co-continuous
in D, then [e]p is distributive.

In fact, it is this proposition which allows us to call e itself distributive and thus
justifies the title of our paper.

Proof. We proceed by induction on the structure of e. The only non-trivial case
is where e equals a fixed-point expression 6z.e¢’ (8 € {u,v}). Let Y denote the set
of free variables of e, and p € D¥. By Fact 2.1, [¢/] (o + {z — d}) = fz dU f’ p for
distributive functions f; : D — D and f’: DY — D. If e is a least-fixed-point
expression (i.e., § = u), then by Theorem 2.2,

le] = [pz.€] = f7 o f".

Since distributive functions are closed under composition and “x”, the assertion
follows.

Accordingly, if e is a greatest-fixed-point expression (i.e., § = v), then by
Theorem 2.2,

le] = [vz.€'] = (p-vfz) U(f; o f).

Since constant functions are distributive and distributive functions are closed
under “U)”, the assertion follows. O

4. ALTERNATION-DEPTH

For closed fixed-point expression e, we need to determine the maximal depth of
nesting of greatest and least fixed-points. Let €’ be a non-closed subexpression e’
of e. Then the hook of €’ is the smallest superexpression e” of ¢’ with the property
that some variable that occurs free in e’ is bound in e¢”. (Clearly, the hook of €’
must start with a fixed-point operator.) Given this definition, the level of each
subexpression of e is determined by the following topdown traversal of e.

Every closed subexpression €’ receives level 1. Now assume €’ is not closed but
all proper superexpressions of e’ have already received levels. Thus especially, the
hook e” of e’ has received some level, say r. Then the level of €’ is calculated as
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follows. If ¢/ = 61z.e; and €’ = 0sz.e5 with 81 # 05 then €’ receives level r + 1.
Otherwise, €’ receives level 7.

The alternation—depth of closed expression e is then defined as the maximal
level of a subexpression of e. Expressions of alternation—depth 1 are also called
alternation—free. (The above definition is consistent with the alternation hierarchy
of fixed-point expressions considered in [16]. More specifically, an expression has
the alternation-depth n here iff it is in the class Comp (X# U II#) considered
there.)

We illustrate this definition by the following example.

Example 4.1. Let

e=pxvy.fyl(uz.gzUzx).

Since e is closed, e receives level 1. e serves as the hook for its subexpression
e1 =vy.fyU (puz.gz U z). Since e and e; are of different type (e is a least-fixed-
point expression whereas e; is a greatest-fixed-point expression), e; receives level
2. e also serves as hook for subexpression eg = pz.g zLlz. Since e and ey are of the
same type (both are least-fixed-point expressions), eg receives the same level as e,
namely 1. Overall, we find that the whole expression is of alternation-depth 2.

The level numbers of subexpressions can be used to group several fixed-point
iterations into one joint iteration. In the following we will always assume that all
bound variables have distinct names which are also distinct from the names of all
free variables. The next proposition is a useful special instance of the Bekic-Park
principle [16,17].

Proposition 4.2. Assume € is a closed fized-point expression, and e = 0xy.ey is
a fized-point subexpression of € at level r (0 € {u,v}) where Y is the set of free
variables of e. Let X = {x1,...,Zm}, and assume that 8zz.eq,... ,0T, ey are
fized-point subexpressions of e; which are also of level v and have free vamables
only in X UY. Then these ﬁxed-pomts can be computed jointly:

Forj=1,...,m, let eJ denote the expression obtained from e; by replacing
each occurrence of 0xz;.e; with x; (i =1,... ,m). Then for every p € DY,
lelp = (6F)z where
F D* — DX is given by
Fpz; = [e5l(p+8) forj=1,....,m

‘We now arrive at our main theorem of this section.

Theorem 4.3. For every fized-point expression e, an expression € can be con-
structed such that the following holds.

1. [e]p = [€]lp for every interpretation D with distributive operators, provided
that operation “U” is co-continuous.

2. € is of alternation-depth at most 2, and every greatest fized-point subexpression
of € has level 1.
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3. € has size O(r - |e]) where r is the alternation-depth of e.
Expressions with property (2) are also said to be of class vy (II5, in the notation
of [16]).
Proof. For the following we assume an interpretation D where operation “L”

is co-continuous. In order to get an intuition about the proof, let us first consider
the expression

€= VL UTyp_y-..VZo.ux1.frza ... U fraz, Ud

where r = 2 - k. In order to transform the innermost greatest fixed-point subex-
pression ez = vzo.uz;.fiz1 U... U frz,. Ud, we calculate:

es = vza.fy (feze U... .U frz,Ud)
v ff (foza)U.. .U fr (frz,)U frd
22U pas. i (faza)U...Uff (fra) U d
2o Ul pzo.pzy.fiza U.. .U frz, Ud where
29 = V:I:z.ff (f2 xz)
vxo.pry.f1 21 U foxa.

Corresponding calculations also for greatest-fixed-point subexpressions correspond-

ing to variables z4, ... ,z, finally result in:
e = 2z Uz, pZr_1.2r—2 U (UTr—o.pTr-3.2r—a L. ..
(pro.pzr.frzaU...U frz,Ud)...)) where
Zj = VZj.ULj_1.UTj-2... pri.fizi .. U fj Tj

for 7 = 2,4,...,r. Using the general identity

pr.pye = pz.(e{y— z})
we can simplify this to:
e = z U (,uxr_l.z,.._g U (uzr—3-2r—a U ...
(pzi(fild fo)za U...U(fr—1U fr)zr—1Ud)...)) where
zj = vy (fil... U fjo1)y;Ufjz;
for j = 2,4,...,r. Bach f; occurs at most r/2 + 1 times in the new expression.

Thus, the size of the resulting expression is bounded by O(r - |e|) — as claimed by
Theorem 4.3.

One possibility to generalize this idea to a transformation for arbitrary distribu-
tive fixed-point expressions is through wectorial fixed-points. Applying
Proposition 3.1, we can bring every distributive fixed-point expression into form
e — provided we allow functions f; to operate on a suitable power of the base
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distributive lattice D. Then we may apply the construction above which increases
the 'dimension of involved vectors at most by a factor of r + 1. Finally, we may
transform the result back into an ordinary expression. In general however, the
latter transformation may cause an ezponential blow-up in expression size. There-
fore, we prefer to present another, direct transformation which works for arbitrary
distributive expressions.
We need some terminology. Greatest-fixed-point expression e = vz.e; is called

stmple if

e ¢ is closed;

e ¢; does not contain closed subexpressions;

o all greatest-fixed-point subexpressions have level 1.

By definition, simple expressions are of alternation-depth at most 2. Simple subex-
pressions can be seen as a (slight) generalization of the greatest fixed-point expres-
sions z; above. Thus, expression v z.f zU(ny.gyUz) is simple whereas expression
ve.fz U (uy.gy) is not, since subexpression 1 y.gy is closed.

Assume we are given an arbitrary expression €. W.l.o.g. we assume that all
fixed-point subexpressions are non-trivial, i.e., fixed-point variables occur in the
respective bodies at least once. Our key idea is to proceed by removing as many
greatest fixed-points simultaneously as possible.

An expression € is called r-clean if it is obtained from an expression without v-
variables at levels > r by replacing some constant symbols with simple expressions.
Since simple expressions are closed, we conclude that closed expressions which
are 1-clean are of alternation-depth at most 2 as well. Therefore, we aim at a
construction which takes an (r+ 1)-clean expression € and constructs an equivalent
r-clean expression. This construction will be made up of a sequence of local
improvement steps.

So, let us assume € is (r+1)-clean. Consider a greatest-fixed-point subexpression
e = vz .€} in € of level r. In order to serve as a candidate for local improvement, e
should be “maximal” in the sense that e should comprise as many greatest fixpoint
variables as possible. On the other hand e also should be “minimal” in the sense
that e itself should not contain candidates for improvement.

Formally, we grasp these two ideas as follows. We call e a candidate if

1. e is not simple,
2. e is closed (in case r = 1) or the hook of e has level r — 1; and
3. e is minimal with this property.

Since e is chosen minimal, it may not contain further candidates as proper subex-
pressions. Since e is closed or has a hook of level 7 — 1, € is not situated within the
scope of another greatest fixed-point variable of the same level r being mutually
recursive with those in e.

Assume e is a candidate with set ) of free variables.

Let X = {z1,...,Zm} where vzs.e},... ,vz,.€), precisely are the greatest
fixed-point subexpressions of e} at level r. By definition of a candidate, the
free variables of each e}, = 1,...,m, are contained in X U Y. Furthermore,
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let €,s = m+1,...,n, denote the maximal subexpressions of €} which contain
free variables only from ). None of the e, may contain any of the greatest-fixed-
point subexpressions of level 7, because otherwise they themselves would contain
candidates — which is excluded by minimality of e. Thus, the e, are precisely the
closed subexpressions of €] (in case r = 1) or the maximal subexpressions of €] of
level < r (in case r > 1). .

Our goal is to replace e by an expression e; Ll e; where e; is simple and e; is
r-clean.

Expression e; is obtained by replacing all subexpressions e, s > m, with L and
then absorbing lubs e’ LU L resp. LUe’ into e’. Expression ey is constructed by
replacing in e all occurrences of binders vz;, j = 1,... ,m, with ux;, respectively.

We illustrate the construction by the following example.

Example 4.4. Consider expression

E=puy1-f (I/ z1-f2 (,LL Y2.92 Y2 U(V:Bz.h1 1 hezo Ugy yl)) L d)

Expression € is of alternation-depth 3 where the maximal level of a greatest-fixed-
point expression is 2. The only candidate in € is given by:

e=vz.fo (Ly2.92 y2U(vra.hy 21 Uhazo U gy y1))Ud.

Observe that greatest-fixed-point subexpression vzs.hy z1 L A 22 U g1 y1 is also of
level 2, but not a candidate since its hook (which is the expression e) has level 2
as well. Candidate e is transformed into e; Liey where

€1
€2

vzi.fo (By.g2 yU (v 22.hy 21 Uhg 23))
px1.fo (Ly2.92 y2 U(uze.hy 21 Uho 2o U g1 y1)) U d.

In the newly generated simple expression e;, we could eliminate not only constants
but also closed subexpressions and even subexpressions which become closed if all
free variables are replaced with L.

Thus overall, expression € is transformed into:

pyi-fi(vzfa (py.g2y U (v z2.hy 21 Uhg 22)) U
(n21-f2 (BYy2.92 Y2 U(puzo.h1 1 Uho 22 U g1 11)) U d)).

The greatest-fixed-point subexpressions of new expression e; indeed are all of
level 1.

Let € be obtained from & by replacing candidate e with e, L e. For the correct-
ness of our transformation, we verify:
1. e; is simple;

2. If r = 1, then all fixed-point subexpressiohs of e outside simple subexpressions
are least fixed-points of level 1;

3. If r > 1, then all fixed-point subexpressions of e; outside simple subexpressions
have level at most » — 1 where variables in X have precisely level » — 1; .
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4. e=ejlUes.
Note that the new levels of subexpressions of ez are always determined relative to
the transformed expression €, i.e., the context of e in é.

We only prove assertion 4. Assume e is obtained from € by replacing occur-
rences of greatest-fixed-point expressions Vacj.e;, j # 1, with z;, respectively. Since
all free variables of e, are contained in X U Y, the same holds true also for the
vz;.e!. For p € DY, we therefore can define G : D¥ — D¥ by

GBz; =[] (B+p).

We claim:

5. (WG)x1 = [€] p;

6. (uG) z1 = [e2] p.

Assertion 5 follows since all the greatest-fixed-point expressions of e have identical
level r. Therefore by Proposition 4.2, the corresponding fixed-points can be com-

puted jointly. Assertion 6 follows analogously for the least fixed-point expressions
pz;.€; of ez which (according to assertion 2 and 3) all have the same level.

By distributivity, function G can be decomposed. For i € {1,...,m}, define
expression e by replacing in e/ all expressions es,s > m, with L. Additionally,
define expression ely by replacing in e/ all variables z;, j € {1,...,m}, with L.

According to this construction, e contains free variables only from X, whereas

e%’ contains free variables only from ). Consequently,

[e/1 (B +p) = [e] BULeY] p
for 8 € D¥. Therefore, Gf = F3UH where F : D¥ — D* and H € D¥ are
given by
FBz;=[ef] 8 Haz; = [¢)]p.
By Theorem 2.2, we have:
vG=vB.FBUH =vFUuG.
Projecting this equality to the component for z;, we obtain:

el p= (vG)z1 = (WF) z1 U (uG) z1 = [e1] O U [e2] p-

Here, the equality between (vF)z; and [e;]® is another instance of
Proposition 4.2. Overall, assertion 4 follows.

Applying the given local improvement successively to candidates at level r, we
obtain a r-clean expression equivalent to €.

We are now going to estimate the size of the resulting expression. For that and
in the following, we feel free to view expressions as (ordered finite) unary-binary
trees where the leaves are labeled with variables or constants, unary nodes are
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labeled with pz, vz (z a variable) or f € ¥ whereas binary nodes are labeled with
L. Then the size |e| of e is given by .the total number of nodes of e. Moreover, we
define the basic size |e|, of e as the number of the non-binary nodes of e. Clearly,

lelo <'lef <2 el

for all expressions e. Therefore, it suffices to compute an upper bound for the basic
size of the resulting expression. The basic size of expression e is now split into
lels = |e|» + |e|s where |e|s is the sum of the basic sizes of all simple subexpressions
of e, and |e|, is just the rest. Let us call |e|, the reduced basic size of e. Observe
that each local improvement step adds a new simple subexpression but leaves the
reduced basic size invariant. Therefore, it suffices to prove that the basic sizes
of all new simple subexpressions created by the transformation starting from the
initial expression € sum up to at most r - |€|p.

Creating new simple expressions is done by copying certain parts of the current
candidate. Therefore, instead of measuring their sizes directly, we as well may
count for every node in & of arity 0 or 1 how often it is possibly copied into a new
simple expression. We claim:

Claim: If node a has level r then a gives rise to at most » nodes in simple subex-
pressions of the result.

For a proof of this claim, consider candidate e at level > 1 inside expression €
which, in one improvement step, is replaced by e; Lt es according to our definition
above. Let us first consider the case r = 1. By construction, node a in e gives
rise to a node in simple expression e; iff a is not contained in a proper closed
subexpression of e. Thus, a has level 1 or 2 {(w.r.t. €). Let us consider what
happens to a in the residual expression ey after the improvement step. According
to assertion 2 above, a receives level 1 and either is the root of a closed least
fixed-point expression or has a hook which is a least fixed-point expression of
level 1. Therefore, the residual of a in e; will never be copied into a simple
expression again.

Now assume r > 1. By construction, node a in e gives rise to a node in simple
expression e; iff a is not contained in a subexpression of level < r. Therefore, a
has level r or r + 1 (w.r.t. €). After application of the improvement step, a has
level at most 7 — 1 (see assertion 3). Therefore, the level of (the residual of) a in
subexpression es through the improvement step has been decreased at least by 1.

We conclude that any node gives rise to at most r nodes of simple expressions
created by our transformation.

Remark. By fact 2.1, the above result can be easily extended to the case where
the expressions involve function symbols of arbitrary finite arity, provided that the
interpretation gP : D¥ — D of a k-ary symbol g is distributive over DF.

Theorem 4.3 results in a quantitative version of the fact that fragment Lo of
the propositional u-calculus (interpreted over finite or infinite transition systems)
is no more expressive than its alternation-depth-2 fragment.

If ®(m) is the complexity of evaluating expressions of size at most m and
alternation-depth < 2 in D with co-continuous “UJ” and distributive operators,
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this results in a procedure evaluating expressions of alternation-depth r > 0. We
obtain:

Corollary 4.5. Given a complete lattice D with co-continuous ‘1”7 and distribu-
tive operators, every closed fixed-point expression e of alternation-depth r > 0 can
be evaluated in time O(r - ®(le|)).-

In the case of finite-state model-checking, Corollary 4.5 recovers the complexity
bounds given by Bhatt and Cleaveland in [4] from the methods of Andersen and
Vergauwen [1] for alternation-depth 2.

5. OPTIMALITY

In terminology of [16] Theorem 4.3 implies that the alternation-depth hierarchy
of fixed-point expressions collapses for lattices D with co-continuous “L)” and dis-
tributive operators not only at alternation-depth 2 but, more precisely, at the class
vi. One may wonder whether this result could be even further improved upon,
e.g., whether or not class yv might be sufficient as well. Formally, expression e
is in class pv iff all p-variables are at level 1. For such expressions, however, the
transformation of Theorem 4.3 reveals the following.

Fact 5.1. Every fized-point expression e in uv is equivalent to an expression e’
with the following properties:

1. € is alternation-free;
2. |e'] = O(lel).
Thus, class pv is no more expressive than alternation-free fixed-point expressions.

Example 5.2. Consider expression

e=prvy.fyl(pz.gzUz)
of Example 4.1 which is contained in class pyv. Applying the transformation from
Theorem 4.3, we obtain
pr.(vy. fy) U (py-fy U (uz.g 2 U x))
which is alternation-free.

It remains to prove that alternation-depth 2 fixed-point expressions in general
are more expressive than alternation-free ones. Let ¥ be a finite alphabet and let
Ds, = 25 be the complete lattice of all subsets of infinite words over Y., ordered
by subset inclusion. Let C = ) and F = £. We interpret a symbol ¢ € X, as
left-multiplication with o, i.e., the operation AL € Ds.oL.

Example 5.3. Consider expression

e=vry.ux1.1z1 U220
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of alternation-depth 2 (more precisely, of class vu). When interpreted over Dx
(where X = {1,2}), expression e denotes the language

[e] 0 = v z2.17(222)] 0 = ({1}"- {2})*

i.e., the set of all infinite words containing infinitely many 2.

The following fact belongs to the “folklore” of the fixed—point community. It was
discovered by Park and Tiuryn around 1980 and gave an impact to the subsequent
study of fixed—point hierarchy. The result was communicated to the second author
by Tiuryn as early as in 1981. (It is suggested in the discussion of fair-merge
problem in [17], however we do not know any place where the result is explicitly
stated.)

Theorem 5.4 (Park and Tiuryn). The language ({1}*{2})* of Ezample 5.3 is
not definable over Dy by an alternation—free expression. Consequently, alternation-
depth-2 fixed-point expressions (from the class vu) are strictly more expressive than
alternation-free fized-point expressions.

The original proof used a topological argument. Consider the Cantor topology
on {1,2}* (cf. [20]). Then it can be easily shown that any language definable by
an alternation—free expression (in fact, even by uv expression) is in the class F,
(countable unions of closed sets), while the set ({1}*-{2})* of Example 5.3 is not
(precisely, it is in Gs — F).

Another argument can be given on the basis of the following fact, which is not
hard to prove, and also can be inferred from a more general characterization of
the alternation—free y—calculus in terms of weak alternating automata of Muller
et al. [3,12].

Fact 5.5. For L C X% the following statements are equivalent:
1. L =[e] 0 for some closed alternation-free fized-point expression e over Dy.

2. L can be accepted by a non-deterministic finite Bichi automaton where each
strong component either consists of accepting states or of non-accepting states.

It is easy to show that the language ({1}*- {2})“ cannot be recognized by any
automaton satisfying the condition 2 of Fact 5.5.

A generalization of the expression in Example 5.3 provides us with a witness to
show that the size of the vu-level expression stated in Theorem 4.3 is optimal (up
to a constant factor).

Let ¥, = {0,1,2,...,r}, where r = 2k. Let L,o C (X,\{0})“ be the set of
infinite words u such that limsup,_,., u(j) is even, in other words, the highest
number occurring infinitely often in v is even. (Here and further we identify an
infinite word u with the sequence of its letters u(0),u(1),...) Finally, let L.,
denote the language of infinite words obtained from L, by inserting 0" before
every letter s > 0. It is well known that L,, can be defined by a fixed-point
expression

€rm = VEr fiTr—1. ... VT2.p21.0" 1z U. .. UT2,)
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(see, e.g., [16], Sect. 5). Note that the above expression has alternation-depth r
and size O(n+r). Hence Theorem 4.3 gives us an equivalent vy expression of size
O(r - (n+7)). We will argue that this size is indeed required. Please note that
this is slightly more than just to say that the estimation in Theorem 4.3, given
in terms of two parameters r and |e|, is exact. The example shows that the size
factor |e| matters also for fixed r — and vice versa.

Theorem 5.6. Every fized-point expression for L., of class vup has size
Qr-(n+7)).

Proof. In order to prove the claim, we will use the correspondence between vy
expressions and Biichi automata. A translation of vu expressions over Dy into
Biichi automata was presented already by Park [17). A construction described
in [16] translates a fixed-point expression e (with arbitrary nesting of p and v)
into a Rabin automaton with no more than |e| states, and if e is of class vy, the
result is a Biichi automaton.

However, the number of states is not a convenient measure for us here, and
neither would be the number of transitions. Instead, we introduce another simple
concept.

Let A be a Biichi automaton with the set of states @ and the transition table
given by relation @ X ¥ X Q. An arrow of A is any pair (o, p) such that, for some
q € Q, the triple (g, 0, p) is a transition of A. It is plain to see that the construction
of [16] translates a fixed-point expression e into an automaton with no more than
le] + || arrows. The component |3] is required because the resulting automaton
may need a subprogram recognizing the set of all infinite words over ¥ which in
fixed-point expression is described by a short expression vz.z. Clearly, one such
subprogram suffices, and it costs ¥ arrows.

In our case, this means that any vy expression e defining L, ., is equivalent to
a Biichi automaton with no more than |e| + r arrows. On the other hand, we will
show that any nondeterministic Biichi automaton recognizing L, , must have at
least k- (n+ &f1) arrows, for r = 2k. From there, the postulated lower bound for
le] will clearly follow.

Let A be a nondeterministic Biichi automaton recognizing L, ,. We may assume
r > 2. Our argument is based on two claims.

Claim 1. For each i = 1,2,...,k, there are k + 1 — 7 transitions (p;, 2, ¢;),
(Pi+1,28,¢is1), -+ (Pk,2i,qx), such that the states gi, ¢i+1,.-. ,qr are distinct.
Consequently, there are at least k+ (k—1)+...+2+1 = @ arrows of the
form (s,q), s > 0.

Claim 2. Let (2,q1),(2,92),...,(2,¢x) be distinct arrows that exist by
Claim 1 for the letter s = 2. Then there are distinct states g;m, for j =
1,2,...,k, m = 1,... ,n, such that the automaton has transitions (g;,0,¢;,1),
and (gjm-1,0,q5m), for j = 1,2,... ,k, and m = 1,... ,n. Consequently, there
are at least k - n arrows of the form (0, g).

Together Claims 1 and 2 give us the required lower bound for the number of
arrows in an automaton recognizing Ly .
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Proof of Claim 1. Fix a constant M greater than the number of states of A. Recall
that a run of a Biichi automaton on an infinite word u can be presented as an
infinite word, r say, over the automaton’s states, such that (r(t),u(t),r(t + 1)) is
a transition, for ¢ = 0,1,... A run is aceepting if some of (especially designated)
accepting states occur infinitely often [20].

We first give an idea of the proof by showing that if » > 6 then there must be at
least three different arrows of the form (2, p). In what follows, we let for simplicity
n = 0. Experienced readers can skip this part and go directly to the General case
diseussed below. -

Consider infinite words

u=12121212...
and
v=(123yM4(123)M4 ...

Fix some accepting runs of A on u and v, say r, and 7, respectively. Pick a state
p such that, for infinitely many #’s it holds. that 7, (t+1) = p while u(t) = 2 (we say
that p occurs after reading 2). Next, by construction of v, we can find positions
1<€<l+1<j<3M,such that r,(i) = ry(j), v(¢) = 2, and v(£ + 1) = 3. We
claim that ¢ = r,(¢ + 1) must be different from p; and consequently the arrows
(2,p) and (2, q) are different. The intuitive reason for this is that, in the state g,
the automaton waits for 4, while in the state p it is satisfied with having seen 2.
To prove the claim, suppose the contrary. We can find positions £; < t in the
run 7, such that r,(t;) =7, (i‘z) = p, and some accepting state occurs between ¢;
and t». Using the assumption that p = ¢, we can substitute to the position £ + 1
in the run r,, the segment cut out of r, by the positions ¢; and t;. Note that
in the resulting run (and the corresponding infinite word), we have two positions
(specifically, 7 and j + (t2 — t1)) with the same state, and such that an accepting
state occurs between these positions while the highest number in underlying word
is 3. Then, we can pump this segment infinitely many times, and eventually obtain
an accepting run of A on an infinite word with lim sup equal to 3, a contradiction.

Note that the same argument would apply if, instead of selecting the positions
1,4, in the first block of the run r,, (i.e. < 3M), we would select them in any
other block between m - (3M + 1) and (m + 1) - (3M + 1) — 1. Now, by counting
argument, we can find a state g such that, for infinitely many positions £ in the run
Ty, it happens that v(¢) = 2, r,(¢ + 1) = ¢, and there are two positions within the
same block (123)M, say iy, je, such that iy < £ < £+ 1 < jg, and 7,(3¢) = 7, (je)-
By remark above, we may conclude that g # p.

Now let
w = (12345)M 6 (12345)M 6 ...

and let r,, be an accepting run on w.
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We claim that a state different from p and ¢ must occur in the run r, after

reading some occurrence of 2. Intuitively, in this third state the automaton waits
for 6. To prove this claim, we can apply to w the trick previously applied to v.
That is, we select positions i < ¢ < £+ 3 < j < 5M, such that 7, (i) = r, (),
w(f) = 2, and w(f + 3) = 5. Now suppose that r, (¢ + 1) is equal to p or to q.
Then, by substituting at the position ¢ a part of the run r, or r,, respectively,
containing an accepting state, we will be able to construct accepting runs on words
with lim sup equal to 5.
General case. Let A be a Biichi automaton recognizing L, ,,, r = 2k, and let M be
a constant greater than the number of states of A. Let ¢ € {1,2,...,k}. Recall
that according to the claim, we wish to find k£ + 1 — ¢ different arrows of the form
(2i,p). For j =4,i+1,...,k, let

uj = ((0"10"2...0™(25 — 1)) (25))*

and let r; be an accepting run of A on u;. Now, by counting argument, for each
j =1,i+1, ...,k we can find a state, say g;, such that, for infinitely many positions
¢ in the run r;, we have u;(¢) = 2i, r;(£ + 1) = g;, and moreover there exist two
positions i, and jg, such that iy <€ <2+ n < jg, 7j(ig) = rj(je), and the highest
digit occurring in the underlying finite segment of the word u;, that is, in the
segment u;(ig)u; (e +1) ... u;(Je —2)u;(je — 1), is precisely 2j — 1, whenever j > 1,
and it is (obviously) 2i = 2j, for j = i. (The requirement £+ n < j; will be used
Iater on in the proof of Claim 2. At present we need only the inequality £ < jg.)

We claim that the states g;, gi+1, - - - , gk are distinct, which will give us k+1—1¢
different arrows (2%, ¢;), (2¢,gi+1), --- (2%, qx), as desired.

Suppose to the contrary that there are some i < o < 3 < k such that ¢, = gg.
Since ¢, occurs infinitely often in 7., we can find two positions ¢; < ta such that
raft1) = ra(t2) = ga, and the segment rq(t1)ra(t1 + 1) ... ro(ts — 1)ra(te) of ro
contains an occurrence of an accepting state of A. Let v be the underlying finite
segment of the word ug, i.e.,

v = ug(t)ua(ts + 1) .. ualts — 2)ua(tz — 1).

Note that the highest digit that may occur in v is not greater than limsup,_, ., %a
=20 <26—-1.

Now, by the choice of g, we can find positions i, < £ < jg in the run 75, such
that ug(€) = 2i, rg(£ + 1) = gg, r3(iz) = r(j¢), and the highest digit occurring in
the underlying segment of ug is 28 — 1 (recall that i < 3). Let us decompose this
segment by wjws, where

w1 = ug(ig)ug(ie+1). ug(f)
wy = ug(l+ug(l+2)...ug(je—1).

Let

v = ug(0ug(l)...us(ie —1).
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Finally, consider the infinite word
Uoo = ulwivws)”.

Clearly lim sup,_, o, 4oo(t) = 28 — 1, so this word should not be accepted. Now,
assuming g, = gg, we can easily get an accepting run on u. by “cut and past”
construction. Specifically, we can take the infinite word

r3(0)...75(ie — 1)(rg(ie) ... 7€) ra(tr) .. .Ta(t2) ra(€+ 1) .. .75(je — 1))*.

This contradiction completes the proof of Claim 1.

Proof of Claim 2. We may assume n > 0. We will use concepts introduced in the
proof of Claim 1. Let wjy,us,...,ur be the infinite words defined for i = 1. Let
r1,-..,7% and qi, ... ,qr be as above. Recall that for each g;, there are infinitely
many positions ¢ in the run r;, such that u;(¢) =2-1 =2, r;({ +1) = g;, and
moreover there exist two positions 4, and jg, such that iy < £ < £+ n < je,
rj(ie) = r;(j¢), and, whenever j > 1, the highest digit occurring in the underlying
finite segment of the word w;, that is, in the segment w;(i¢)u;{ie + 1) ... u;(je —
2)u;(je — 1), is precisely 25 — 1. Let, for j = 1,... ,k, P; C w be the set of all
positions £ with above property.

Now, by counting argument, we can additionally find states gjm, for
j=1,2,...,k,m=1,...,n, such that the automaton has transitions (g;,0,¢; 1),
and (gj,m—1,0,q5,m), for j = 1,2,... k, and m = 2,3,... ,n, and moreover, for
each j = 1,2,... ,k, the segment ¢;g;,1¢;2...q;,» repeats infinitely often in the
run 7; starting from some position £ in P; (that is, 7;(£+ 1) = g;, r;(¢ +2) = g1,

i+ +n)= q]‘,n).

We claim that g;m = gj/,m/ only if j = j' and m = m/. Indeed, if there were
¢j,m = Qj/,m’ With m # m’ then we could easily construct an accepting run over
an infinite word having a block of 0’s of length different than n between two digits
different from 0, an obvious contradiction. Now suppose go,m = gg,m, for some
1<m<n,and 1 < a < B < k. We will arrive at the contradiction along the same
line as in the proof of Claim 1. (Intuitively, our hypothesis means that, although
do # qp, the automaton may forget this difference after m steps.) Indeed, since
the block gag«,190,2 - . - Ga,n Tepeats infinitely often in the run r, starting from
some position ¢ in P,, we can find two positions ¢; < t3 in P, at which this block
occurs, such that moreover the segment r,(t; + 1+ m) ...7o(ta + 1 +m) of the
run r, contains an occurrence of an accepting state.

Let v be the underlying finite segment of the word uy, i.e., v = us(t1 + 1
+m) ...uq(t2+m). As before, we note that the highest digit occurring in v is not
greater than limsup,_,, e = 200 < 203 — 1.

Now, by the choice of the block ¢ggs,193,2 - --gs,n, We can find a position £ in
Pjs at which this block occurs. That is, we have two positions i < £ < f+n < j;
such that rg(i¢) = r3(j¢), and the highest digit in the underlying segment of ug is
2 — 1. Note that the block gggs,195,2 . .- g3, occurs in rg between the positions
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£ and jg; in particular we have £ + 1+ m < j,. We will now use the fact that
rg(£+1+m) = gg,m = ga,m in order to “fool” the automaton, similarly as in the
proof of Claim 1. That is, we let

wy; = ug(ipug(ie+1)...ug(?)...ug(£+1+m)
we = ug(l+14+m+1)...ug(je—1)

(not harmful if w, =€), and

U = u/3(0)u§(1) .. ug(ie — 1)

and consider the infinite word
U = u(wivws)®.

Again, we have limsup,_, %s(t) = 206 — 1, and so this word should not be
accepted. On the other hand, whenever an automaton enters in v in the state
48,m = Qa,m, it may leave this word in the same state passing by an accepting state.
Therefore, by using a “cut and past” construction, we can obtain an accepting run
on Uy, similarly as in the proof of Claim 1.

This remark completes the proof. O

6. CONCLUSION

We have presented a transformation on fixed-point expressions which allows to
reduce the alternation-depth to 2 in case all operators are distributive and binary
“LI” is co-continuous. More precisely, we have proved that under this proviso the
alternation-depth hierarchy collapses at the level vu. We have also shown that our
transformation is not only optimal w.r.t. the resulting alternation-depth, but it is
also optimal (up to a constant factor) w.r.t. the size of the transformed expression.

We like to thank André Arnold for many useful comments and Thomas Wilke for
interesting remarks on classes of Biichi automata.
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