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INTEGRAL REPRESENTATION OF SOLUTIONS OF LINEAR PARTIAL

DIFFERENTIAL EQUATIONS, II
par

Frangois TREVES

0. - INTRODUCTION.

The present article studies a first-order linear partial differen-
tial operator L, with C* coefficients, nondegenerate, which satisfies the solvabi-
lity condition (P) (of [1], [2]; see (1.3)). If U is a sufficiently small open set
(in the manifold where L is defined and has the above properties), we exhibit an
integral operator G, akin to Fourier integral operators (his not quite one), such
that

(1) LG f=fin U,
for any f € CE(U). This generalizes part of the results proved in [5] when the
coefficients are analytic. However, unlike in the analytic case, I have not succeeded
in constructing a right-inverse G to L which maps C:(U) into C7(U). Rather, given
any positive integer m, one can choose the neighborhood U and adapt the construction
so as to insure that G maps CZ(U) into Cm(U). Thus, except in certain particular
cases (see end of Section 1), the problem of the C” solvability of the equation
Lu = f is still open. Nevertheless the extension of the partial result from analytic
to non analytic coefficients requires some modifications which are not quite straight
forward, and seem to warrant publication.

Notation and definitions are those of [5], to which we refer.
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F. TREVES

1. STATEMENT OF THE RESULT AND PRELIMINARY REDUCTION.

Let o be an open subset of RN, containing the origin, where the coefficients
of L are defined and smooth (i.e. €”). We suppose that the coordinates in RN, which
we systematically denote by (x N xn, t), setting n = N-1, are such that

(1.1) L = z(x, t){ + i z bJ (x t)-ﬁ.+ c(x,t)}

where ¢ does not vanish at any po1nt of 2, and the bJ are real valued (g, the bJ
and ¢ are C* functions in @). To put L in the form (1.1) is always possible, pro-
vided that @ is small enough (thanks to the hypothesis that L is nondegenerate).
We deal with open neighborhoods of the origin in R"+1, of the form

(1.2) U(T) = {(x,t) 5 x € Ug , [t] < T3,
where U0 is an open neighborhood of 0 in R". We assume that T(T) C 2 and is com-
pact. We make the hypothesis that Condition (P) is satisfied in @, in the following
strong sense :

(1.3) B(xst) = |B(x,t)[V(X)» (x,t) € q,
where b = (b™s ...y b"). of course,'V is a unit vector, unambiguously defined for
a given x if there is some t € R such that (x,t) € @ and |B(x,t)| #£0.

THEOREM 1.1. - Under Hypothesis (1.3), to every non negative integer m there is a
number Tm > 0 and a continuous linear operator

(1.4) G, = CO(U(T)) *-Cm(U(Tm))'* Cm(U(Tm))
such that LG = I, identity of C:(U(Tm)).

As it is stated, Th. 1.1 follows essentially from the results of [2], [3].
The novelty in the present approach lies in the construction, and the resulting
integral expression of the operators Gm‘

We may of course assume that the multiplicative factor ¢ is identically equal
to one, and write

(1.5) L = Lo + c(x,t),
with

(1.6) Ly = gg + i b(x t) .

(stands for the qrad1ent operator).

We begin by applying Th. 2.1 of [5](in a slightly more precise form). Let us
introduce the function in U = U(T),

(1.7) o(xst) = JtT |B(x,s)|ds.
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INTEGRAL REPRESENTATION OF SOLUTIONS...

We say that a €™ function f in U is p-flat if, given any integer M > 0 and any
Tinear partial differential operator P with C* coefficients in U, p-MPf is a con-
tinuous function in U. We denote by Ep-flat(u) the space of those functions, by

g%-f]at(u) the subspace made up by those with compact support.

LEMME 1.1. - If T > 0 is small enough, there is a continuous linear map E :
CC(U(T)) - C (U(T)) such that R = LE - I maps C:(U(T)) into ep_f]at(U(T)).

Note that the open set U0 is left unchanged ; that this can be is easily seen
on the proofs of Theorems 1 of [4], and of 2.1 of [5], to which we refer.

Remark 1.1. - The proof of Th. 2.1. [5] yields an operator E which resembles a
Fourier integral operator (with respect to the variables x) with complex phase,

but which is not really one. As it is written in [5] it does not act on arbitrary
distributions, only on functions whose Fourier transform have a certain rate of
decay at infinity. It can be extended to functions with a finite degree of regula-
rity (and with compact support), which it transforms into functions with a smaller
degree of regularity. The same is then true for the "error term" R which further-
more introduces a certain degree of p-flatness, related to the degree of regularity
of the functions on which it acts.

Lemma 1.1 reduces the construction of the operator G of Th. 1.1 to that of an
operator

(1.8) % = D _q 1 (UT)) > " (U(T))s
such that

(1.9) L%

We take then

I, identity of @ _¢q,4(U(Ty))-

(1.10) Gf

Ef -ﬁfm(q,Rf),
where y € C:(U(Tm)) is equal to one in a relatively compact open subneighborhood
U‘OX ]-T'm , T'm[ of U(Tm).

In the forthcoming argument of foremost importance will be the behaviour of
the vector Eﬂx,t) (cf. (1.3)) near the "critical set"

(1.11) atfa = {x€Uy ; YtE€[-T,T], b(x,t) = 0.

As a matter of fact, by pushing further the analysis begun here, one could
construct the operator G of Th. 1.1 in such a way that, whatever f € C:(U(Tm)),
G,f is a C” function of (x,t) for t 7. We have decided not to include in the
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E. TREVES

present article the proof of this property, so as not to increase excessively its
length. Note that the property in question has the implication that Gmf € Cw(U(Tm))
whatever f € C:(U(Tm)) whenever the critical setyﬁa is empty. Actually one can prove
that G, maps C:(U(Tm)) into C“(U(Tm)) if there is a factorization of b of the kind

(1.12)  B(x>t) = A(X>t)W(X),

where A € C*(U(T)), A > 0, and w € C“(UO;Rn). A non trivial case in which (1.12)
holds is that where we have:

(1.13)  Vx €, 3t, [t| <T, 2.B(x,t) #0

(notice that agg(x,t) is an n x n matrix ; (1.13) does not require it to be inver-
tible, merely not to vanish).

I1. THE FUNCTION r AND THE PARAMETRIZATION OF THE ORBITS OF V

Every point x, € UOV*B has an open neighborhood 8 such that |b(x to)l # 0 for
all x € 6, and some fixed tj, [tgl< T. This implies that v(x) = b(x t )/lb (x to){ is
c” in ®. Furthermore, if 66 is small enough we have |v x)] > 1/2n in 6, for some
index j, 1 < j < n. This implies that |b(x t)| = bJ(x t)/vI(x) is C* in 8%]-T,T[.
Thus:

PROPOSITION 2.1. - The mappings x — V(x), of U,V into R", and (x,t) = [B(x,t)],
of (UWg)x]-T,T[ into R, are C”.

We shall cons1der the orbits of Vv in U0\4°, that is the maximal connected in-

tegral curves of vV in UO\WS according to Prop. 2.1 they are smooth curves. With such
an orbit I we associate the cylinder

r=Tx]1-T,T[

If x € Uo\ﬂa lies on T we often write Ty and Iy We are going to select a con-
venient parametrization of the curves T, which, among other properties, will have
the effect that the parametric distance between two points x andlx0 of r will grow
to infinity whenever x nears the boundary of UOVAG while Xg stays away from it. This
is achieved by means of a strictly positive C~ function r(x) in VU Mﬂ° which tends
to zero at the boundary oN’ lICUO, at a suitably fast rate. Actua]]y it is conve-
nient to assume that b(x t) vanishes identically for x & UO’ which can always be
achieved after multiplication of b(x t) by a cut-off function g(x) € Cc( M,g=0
in CUO, g>0in UO? =1 in an arbitrary relatively compact open subset U'0 of U0
(containing the origin). This of course modifies L outside U'O, but the latter is
as arbitrary as U0 was (U0 was solely submitted to the requirement that U C (@).
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INTEGRAL REPRESENTATION OF SOLUTIONS...

Then we may introduce the function (in R"):

(2.1)  r*(x) = sup |B(x,t)],

this function we may associate a Whitney partition of unity in UOMAS in the manner

of [3], Appendix. Its elements Cj (J =1, 2, ...) are non negative and have the
following important properties:

(2.2) there is an integer v > 1 such that };; supp Cj =pif Card J > v ;

(2.3) to every o € Zﬂ there is C > 0 such that (in UO\*B)

a0 *x-laf,
I laxcjl < C (r) ;

J=1
(2.4) sup r¥(x) <2 inf  r¥(x),Yj=1, 2, ..
Cj(X)#O Cj(x)fo
For each j = 1, 2, ..., we select arbitrarily a point xj in supp Cj and set

(2:5)  r(x) = E r(xg) 500 x € UG

Clearly r € Cw(UO\NB) and by virtue of (2.3) and (2.4),
*

(2.6) % r*<ro<ort,

1-[a 1- o]

(2.7) ]a§r| < ZvCa(r*) < 2’“|vcur

- -

If xy € UO\AS there is ty, [ty] < T, such that [b(xq,tg) | = I%YEle(X’t)I' In
a sufficiently small neighborhood B of x, we may write v(x) = B(x,to)/lgkx,to)l.
By differentiating with respect to x and putting X=X in the result we obtain at
once

(2.8) o €12, AC_>0 such that, in U\N
—> .- -
[asv] < Ca(r*) o < ZIuICur lo |
If we combine (2.7) and (2.8) and increase Cu we obtain
Q = 1-|a|
(2.9) IaX[r(x)v(x)]| < Cr(x) , X € U0¥48.

In particular, v is uniformly Lipschitz continuous in UO\AG. Therefore the
solution x = x(x;xo) of the problem

dx _ 2> _
(2.10) - r(x)v(x), xh‘=0 =X € UO\JG
exists for all X € R and defines a local diffeomorphism of R onto the orbit Ty,.

0f course it need not be a global diffeomorphism, as we see when T'xg is "closed",

i.e., when thbxo) is periodic with respect to X. We have (as we see by the Picard
iteration method):

(2.11) |x-xgl < r(x) [etPl-1.
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Thus, if we keep Xg fixed and let x go to the boundary of U \AP, which imply that
r(x) = 0 we must have [X| = +=.

The "inversion" of the local diffeomorphism )(—>x()gx0) defines = (x,xO) as
a C” function on the universal covering of Txgs 1t is the solution of the ordinary
differential equation

I 2% -1,

n
(2.12)  r(x) jél v
with "initial" condition
(2.13) )jx=x0 =0
We recall the standard relation
(2.14) 'X(x,xo) +‘y(x0,x1) = X(x,xl),
if x, Xgs X1 belong to the same orbit r; (2.14) implies
(2.15) ‘u(xo,x) = - Y(x,xo).
By vitue of (2.12) we have the right to use the notation

noj
(2.16) 2 = r(x) 2, v (x) ==,
oYL J=1 axd

and we shall do so in the future. Note, for future reference, that (2.7) implies:

ar

X

on each orbit r of v ; the constant C is independent of the orbit.

ITI. APPROXIMATE PHASE AND AMPLITUDE FUNCTIONS

We are going to define an operator’¥ acting on elements f of ﬂ) ﬂat(U(T)) by
a formula

(3.1) Hf(x,t) = JJK(x,t,x',t') f(x',t')d¥ dt',

where K(x,t,x',t') is a kernel in I, X Iy (i.e., is defined only for x, x' belonging
to one and the same orbit, rx), and dx; is the measure on r defined by X' =¥x,x').
The operator, after one last modification, will become the songht operator'&ﬁ of
(1.8)-(1.9). We begin to describe the kernel . In doing so the model we have in
mind is a special fugdamenta] kernel of the operator 3{ + i Ji in R2 specifically
(3.2) 271{_{_‘3-2_2 . z= x-x'-i(t-t').
The reason for the exponential factor e™2 is the same as in [5] ; it lies in the
need to handle on a uniform manner the various kinds of orbits of r, periodic,
almost-periodic, flowing to the boundary of UO\NB, which might occur.

For a general operator L restricted to the two-leaf z, the fonction z of (3.2)
should be replaced by "the" solution of the Cauchy problem
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INTEGRAL REPRESENTATION OF SOLUTIONS...

(3.3) LgZ =0, = A(x,x"'),

A
except, of course, that for arbitrary C* coefficients, we shall not be able to

solve (3.3) exactly. This will generate an error whose "absorption" will force us
to modify % in order to get 5

Before pursuing the description of the kernel K in (3.1) we state the lemma
about Problem (3.3) which we shall need later. Let us set:

(3.4) 7 = %(x,x') + ¥(x,t,t").

The function ¥ must be (approximate]y) a solution of

B'x,t

rx =0,

oY n
(3.5) st * i j§1 (x 'c);;—r + i

(3.6)  Plyoqr -

In (3.5)-(3.6) Xx,x'), hence x' and the orbit r, have disappeared. We may try to
solve (approximately) this Cauchy problem for x ranging freely in U0¥A6.

LEMMA 3.1. - Let ka,t) satisfy the hypotheses of Th. 1.1. There is a C” function
Y(x,t,t') in the region

(3.7)  x €UMG, [t] < T, [t'] <T,

satisfying , for these (x,t t'), the equations

=
b(x,t \
(3.8) g{ + ib(x, t) K G r"; = H(x,t,t'),

(3.9) ﬂt=t'= R
with H having the following properties :

(3.10) to every o in 22, 2, &', Min Z; there is a positive constant
= C(a, £, 2's M) > 0 such that, for all (x,t,t") in the set (3.7),

t (B
4 1 2-g' b(x,s) | M
(3.11) |a§ £3% H(x,t,t')] < C r(x) ~lal- | Jt‘ X ds | .

Furthermore, to every a, %, &', there is C o >0 such that, in the set (3.7),

asl,

€ e rTIEIEL  sg
(3.12) |85 t.~f(x t,t')] @sts N
C,.0 0|t t'| r(x) if g+2' = 0

1A

The proof of Lemma 3.1, which is rather technical, has been postponed to the
Appendix. But we draw right now some of its consequences :

Corollary 3.1. - For some C > 0 and all (x,t,t') in (3.7)

t |B(x,s tB(x,s
(3.13)  |9(x,t,t') + i jt. 6801 4| < ¢ et ‘ ft| 'ériyll ds'.
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Proof. - Integrate (3.8) from t' to t, taking (3.9) into account, then apply (3.11)
and the fact, deriving from (3.12), that IBQ?I < const. |t-t'|/r(x).

Corollary 3.2. - In (3.7) (and with the notation (2.16))

(3.14) | | < const. [t-t'|.
Immediate consequence of (3.12).

Corollary 3.3. - To every a in 22, 2, &' in Z_such that g+2' > 0 there are cons-

tants ¢, > 0, C_ g,p' > 0 such that, in (3.7),
(3.18) 10229 < ¢ [t-t'] rpo7lel,
2 -lo|-2-2'-
(3.16) |ogopap GD)1 < ¢ a7l

Combine (2.9) with (3.12).

Due to the fact that, in general, the operator L under study is not equa] to
its leading part, LO’ we need also an amplitude function (in dealing with ——~+ i g}
+ c(x,t) the kernel to use is not (3.2) : we must multiply (3.2) by a funct1on
k = k(x,t,x",t') such that 35 + i %; + ck = 0, k(x',t',x"',t') = 1). Here we shall
solve approximately

(3.17) [L0 + c(x,t)lk = 0, =1.

Klgegs
Because of our choice of the condition at t=t' we may take k = k(x,t,t') indepen-
dent of x' (and of the orbit rx). Actually we apply directly Th. 1 of [4]and state:

LEMMA 3.2. - There is a C” function k(x,t,t') in the region

(3.18) x € Ug> [t] <T, |t'| <T',
satisfying there

k
(3.19) 2K 41 B0,t). 2K 4 cx,t)k = h(xtt),

(3.20) =1,

Cyage =
where h(x,t,t") jg_'J {E(x,s)|ds' - flat (cf. p. 1-03).
tl

IV. SOLUTION ON THE INDIVIDUAL LEAVES

We proceed with the definition of the operator’¥ in (3.1). The next step mi-
micks what can be done with the kernel (3.2), namely that one may write (setting
Z = x-x'-i(t-t")),

-2
(4.1) JJEE—— F(x',t')dx' dt’
2

t 0 2
= J J J e0Z°Z7 £y t1)dx" do dt'
f==o ]R
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+o0 ptoo 2
1 i0Z-1 ,
_2_7rjt fe=o JRe”’ F(x',t')dx' de dt'.
Thus we take

(4.2) M=% -H_,

Lt o
B, F(x0t) ??J f F(x,t;6,t')de dt',

==

(4.3)

1 +0o 4o
XF(xt) = 5 Jt Jo F(x,t;0,t')de dt',

where we use the notation

+oo . 2
() F= [T ke e ee X,

with Z given by (3.4) (in (3.4) we take ¥ as in Lemma 3.1) and k as in Lemma 3.2.
By (3.13) |Im¢| = |Im Z| < |t-t'| + C|t-t'|2, hence the integral (4.4) converges.

We have, according to (3.4), (3.9) and (3.20):

to Loy g2
‘F’(x,t;e,t) =J e!0X X f(x',t)d X',

and thus:
. 2
L% = o ” 191" £ t)d X'de + SF,
where R2
(4.5) Ss=5, -5,
1t (0
S, f(xst) = o j_ f_ LF(x,t;0,t" )dedt’,
(4.6) -
S_f(xt) = o Jt Jo L(x,t;6,t")dodt" .
But
1 jox -2 -x?
= e f(x',t')dxde = e f(x',t) = f(x,t),
2m X'=

RZ
and thus, with the notation (4.5)-(4.6),
(4.7) L¥f = f + Sf.
We have, in connection with (4.6),
0 ip7-72
(4.8) LK =J e o F(x',t')dX,

~oc0

where ¢ = o(x,t,x',t',8) is defined by taking (3.8) and (3.19) into account:
(4.9) o = (ie - 2Z)H + h.

The last step in the proof consists of showing that, if the length T of the
time interval is small enough, S defines a bounded linear operator in a suitable
Banach space of fuctions, with a norm so small that I + S can be inverted -and that
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ﬁ{m = ﬂXI+S)'1 possesses the properties we are looking for.

V. EXISTENCE AND ACROSS - THE - BOARD. REGULARITY OF THE SOLUTIONS

In this section we explain how to prove the estimates about?’, defined in (4.2)
-(4.3), and S, defined in (4.5)-(4.6), which we need to complete the proof of Th.
1.2.

We shall need some notation. Let us set
(5.1) “72“46 x 1-T,T[,
and for p €2, q €Z, (x,t) € U\,

(5:2) N (Fsx,t) = r()P o r0) 19172 a8t (x 1)
? a|+2<q

Furthermore we denote byﬂSP q(U,r) the space of 9 functions f in U\N’such that
(5.3)  Np q(f) = ﬁ{ﬁ»"p,q(

equipped with the norm Np q (which obviously turns it into a Banach space).

fiX,t) < +w,

In the integral (4.4) x' must be regarded as a function of x € Uo\NB and of
X' € R, the one defined by

(5.4) g&; = r(x') V(x') , X'|19=0 =X

Observe that we can differentiate this initial value problem with respect to x and
to X'. In particular:

i > 1 9x"
(5:5) o () = (o (M () (), 2l = 1.
By repeated differentiations, with respect to x and to x', by applying (2.9) and

using induction on the order of differentiations one easily obtains the following:

LEMMA 5.1. - To every o € 22, j € Z; there is a constant Ca j > 0 such that

s

(5.6) |ofadyx'| < € r(xt)1-lel-d
whatever x € Uj\Af and X' € R.

On the other hand, by applying Gronwall's inequality to (2.17) we obtain at
once

LEMMA 5.2. - There is a constant C, independent of x and of X' such that

(5.7) e-c‘x'l| < L}(XY')Z < eClX_'| .

We recall that x' = x'(x,X'), X' = X(x,x').
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INTEGRAL REPRESENTATION OF SOLUTIONS...

We may exploit Lemma 5.1 to get:

(5.8)  [aJ(f(x'e)]] < C ey S ().

Y Ofs<y
We begin by proving an estimate concerning S.

PROPOSTION 5.1. - Given any p, q in Z, q > 0, there is C(p,q)>0 such that, for
every (x,t) in UMY,

(5.9) N_ _(Sfix,t) < C(p,q)T

0.g N (fix',t').

su

(x',tE)eg p.q
X

Proof. - The error terms H and h vanish of infinite order when t=t', and so does

therefore o defined in (4.9). This implies that, whatever o € 22 and ¢ € Zf,

t (0
o L _ 1 af . ' 1
(5.10) %P5, f(x,t) = ’EL J_waxat L.t ; 6,t')de dt',
and Tikewise with S_ in place of S . We have

o2 e . ay [t i0Z-22 a=Br eyt ;
(5.11) axatL%" = sga(s)J_m e Og,q O LT(X RABIED N
We have written
s 2 . 2
-ieZ+Z %, i6Z-Z
(5.12) o, ze” afay(e o).
We apply (3.11), (3.13), (3.19) : given any M and ¢ in Z_, 8 in z

» there is
c > 0 such that (for |e| > 1),

M;B,52

v Bl
9|+ M
(5.13) oy | < Cy,q. 41010 r(xx } Im e |M.

Thus, for a suitable constant C' > 0, (using (5.8)) we derive from (5.11)

4o _ _ .2
(5.14) r(x)PHIal* %t 199 < co j e OIMXT oz lelt M

e L NI R IN DR P 3

By (3.13) we know that Im has the sign of -(t-t'), hence 6 Im*? = |o Im¢]| on the
domains of integration in (4.3) and (4.6). By applying (5.7) we draw from (5.14):
(5.15) r(x) PHIel 0 kg c"|e||°‘|+“1'Mf:e'7"2+c“"|°‘|”X'|Np’M
(fsx',t')dx
We take M > q+2+3, q > |a|. By virtue of (5.15), (5.11) yields easily (5.9).

COROLLARY 5.1. - If p € Z, q € Z;, S defines a bounded linear operator ofﬁsp q(U,r)
into itself, with norm < C(p,q)T.
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COROLLARY 5.2. - If T < C(p,q)~}

, I + S is an automorphism of ﬂbp q(U,r).

PROPOSITION 5.2. - Given p in Z, q in Z;, there is C(p,q) > 0 such that, whatever
(x,t) in UV

5 Su eyt '
(5:16) N, @F3x,t) 5 CRIT [ Sier Ny @ (Fix'st).

Proof. - Since a{xf = f + Sf - B(x,t)a;xf, by virtue of Prop. 5.1 we only need to
establish estimates for the derivatives of Jf with respect to x. We shall only do
it when the order of differentiation does not exceed one. This will give a pretty
good idea of what the argument in the general case would be ; the generalization is
routine. We have therefore:

+o0 .
(5.17) 2 %= J o022 (kyF + K, 2X0)q

X sx

where f stands for f(x',t'), fx for fx(x',t') and
(5.18) ky = (16-2Z)Z,k + k..

Recalling that Z = X'+ ¥, ZX = ?x’ we see that

+o0 . 2 +oo .
iej o162-Z Zxkf qx = - f 7 k e1ez E%T(e-z £) dX

+oo . 2
67-7
- J ) el (222 kf-Z kf, 377) ax,

whence, by (5.17) and (5.18),
+oo . 2
_ A YAY ax' ax’ '
(5.19) o F - J-.,, 1T [kt v kf (K@ yjaxe,
After an integration by parts we have (for j E"Z;)

. +oo
(5.20) (-i0) o, F = [ el o] (e [kfX kf (B g Pypyan,

XB‘X,

We apply (5.6) with j arbitrary and a=0 or 1. We also use the fact that
8 Im ¥ > 0 in the domains of integration (in (4.3)), and thus obtain

. +c0 _ 2 . s
(5.21) |e7] |a;ﬁ| <C'. J ¥ X9 = r(x) J+|BI[a;‘(f(x',t')|
REE l8l<3
+ lai(axf)(x',t')l}dx'.
We muTtiply both sides in (5.21) by r(x)1 P, p € Z and obtain:
-p+l J RS 24C(|p|+1 et . . o 4
(5.22) r(x) "o g |l < c'J ~ [Ny 3 (F3X0 8 (50 ,t))
dx
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It would have been even easier to derive an estimate

. w 2
(5.23) P(X)-pEF1 |9J| < C; J+ e-x +C(|p|+1)) Ed'Np j(f;xl’tl)dj(l‘

We always choose j=2 and integrate [F| and |53 with respect to 6. We obtain
thus in the cases q=0 and g=1, the inequality:

(5.24) r(0)7P| 1 g r(x) |l |3RBA ()| < CPIT ([ SRy My o (Fixtt).

As we said at the beginning this implies what we wanted.

(Usr) ~

COROLLARY 5.3. - If p€ Z, q € Z&,'ﬁ{is a bounded linear operator 8

%3p q(U,r) (with norm < C(p,q)T).

p,q+2

Remark 5.1. - The two-derivative loss in the preceding result should not come as

a surprise : it is due to the fact that we have used integration with respect to o
and "maximum normus" with respect to (x,t). No such loss would have occured, had
we defined the normus as the supremum, over the collection of all leaves &, of the
L2 norm (with respect to dx'dt') on each individual leaf.

Finally, let p € Z, q € Za be arbitrary and TC(p,q) < 1. We form the inverse
(1 + S)'1 acting on® (U,r), and then the compose

(U,r) —>£Bp’q(u,r)

P.q+2

-1
(5.25) X(I+S) 5 S

" We know we have
(5.26) L #¢(1+5)"! = I (identity of By q2(U>r))

in UMC But if p > 0 and if p and q are large eneugh we may achieve :
i) that (5.26) be true, not only in U\, but everywhere in U ;
ii) that ﬁ% q(U,r') cc"U) (me z, given in advance).

The proof of Th. 1.1 is complete.

APPENDIX. PROOF OF LEMMA 3.1.

We need Prop. 2.1 with some added precision :

LEMMA A.1. - To every o € 22, L€ 24 there is Ca . 0 such that

(A.1) [alayIB(xst) ]| < ca,ﬁ{lafb*(x,m £ r(x)1 )" el

for all x € UO\NB, [t] <T.
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Proof. - In any sufficient]y small open subset Ob of U \J6 one can f1nd an index

js» 1<J <n, such that [vI(x)| > 1/2n. We have |B(x,t)| = bI(x,t)/v’(x), whence

N 0 . o i _ .

SaplB(xst)| = a3b? (x,t) 22 1/vI (x)] + o (g)[aiath(x,tn o2 fLvd (01,
and it suffices to apply (2.8), which implies
. o _
o < € reo I

Let us set

(A.2) w(x,t) = [B(x,t)|/r(x).
By (2.6) we recall that

(A.3) |Eﬂx,t)] < 2r(x), x € U0 0 [t] < T.

COROLLARY A.1. - If C >0 is large enough we have in W

(A4) Ja%u(x,t)| < ¢ o 7o,

(A.5) |8 atm xst)| < C r‘(x)"°‘|'1 if ¢ > 0.

Remark A.1l. - Thanks to Hyp. (P), i.e. (1.3), we can slightly improve the inequa-
lity (A.5) : the right-hand side can be taken equal to C_ 1"(x)-l°‘l-1/2 when 2=1.

We may now form an almost analytic extension of w(x,t), with respect to the x
variables, in a suitable neighborhood of Uo\NS in ¢". We write :
~ iy)®
(A7) Szt =z, QX 2% (x,t) o, (x.9)-
+
The ¢, are cut-off functions, chosen according to the following scheme. Select
arb1trar11y r€C” (R )» t(s) =0 ifs>1, ¢(s) =1if s < 1/2, and take

(A.8) ©(x6¥) = (s)s s = |y|%le r(x1?

The ¢ are > 0 and converge to zero, as |a| — +=, so fast that the series (A.7)
converges, as a C~ function of (x,y,t), in the set

(A.9) xeuO\J(a,yelR", [t] <T.

THat such a sequence ¢ = (e ) e 7" indeed exists follows from Coroll. A.1 and

from the properties (2.7) of r Tﬁe proof of the existence of the sequence e is

standard and goes back to DuBo1s-Raymond, 1t essent1a11y consists in proving that,

if we have a sequence of sequences c = (o Zp k = .., of positive
““E k. . k)

numbers, there is another such sequence, e = ( w € Zp, such that z 0,6y < C

< += for every k). By the same token we obtain :
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LEMMA A.2. - If the sequence e is well chosen, to every pair o,8 in 22 and to every
2 in 22, there are constants C > 0 such that, in the set (A.9),

asBsl

( v~(x)'|°‘+B| if ¢ =0,

a,B,O
(A.10) 1a%§ﬁﬁu,w|5
C gy P07 e s,

On the other hand, if we use the fact that, for any M > 0 and a suitably selec-
ted CM'> 0,

(A.12) [g'(s)] < ¢y IsI", s e R,
we also obtain -via Cor. A.1, (2.7) and (A.7) :

LEMMA A.3. - If the sequence e is well chosen, to every pair a«,8 in 22, 2, M 22,

there is Ca g, u3M 0 such that, in the region (A.9),
M
Cy R,0;3M r(x)-|a+6|-1 [r{<] ife=0
1 IP sV
(A.13) |a§a§at %%(z,t)[ < ota]-2 M
-lo - y .
C(XyB’l;M r(X) [r X ] E 2> 0.

Needless to say,
(A.18) W(z,t) = w(x,t) if z=x € WG,
Next we apply Th. 1 of [ 1. We recall that

3 .o 3
Ly ==+ 1 & bI(x,t) 2= .
0 ot j=1 axI
For the sake of brevity we shall write :

* t
(A.15) o* = p(xstst') = Ut.“"x’s)'ds

LEMMA A.4. - There is a C* function z(x,t,t') in (an open neighborhood of) the clo-
sed set

(A.16) (x,t) €T, [t'] < T,
such that

(A.17) Lz is o*-flat in (A.16), zl .
t=t'

Moreover :
t
(A.18) |z-x+1j

t
b(x,s)ds| < const.[t-t'|\J [b(x,s)|ds|.
t' t!

We may now set

t
(A.19)  P(x,t,t') = J o(z(x,t,s),s)ds.
tl
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We have, using tne fact that z(x,t,t') = x, and (A.14),
t ~
(A.20) Ly¥ = w(x.t) + Jt' (2% L 21ds.

In the integrals, at the right in (A.20), z stands for z(x,t,s). The function H in
Lemma 3.1 will be equal to H1 + H2, with

by
(A.21) H1 = Jt- gf(z,s) Loz ds,

vy -
(A.22) H2 = jt' 32(2’5) Loz ds.

If we keep in mind the fact that Loz is p*-flat we conclude easily (via Lemma A.2)
that H1 is also p*-flat. Concerning H2 we first note that

— —_—— — -~ _ —_—
Lgz = (LO-LO)z + Loz = 2i b(x,t)axz + Lyz,
hence
(A.23) Loz = 21 B(x,t) [140(t-t")]
mod o*-flat functions.

We then apply Lemma A.3, and the obvious consequence of (A.15),
(A.24) |Im z| < Cp*.

It is a straight forward matter to derive that
.0 . -lal-2-2' | o*
(A.25) |a§atat.H2{ < C(as2,2"3M) r(x) o [F%Zﬂ
This, of course, implies (3.10). The inequality (3.12) when 2+2'=0 follows at once

from Lemma A.2 and from the definition (A.16). On the other hand,
(h.26) 2F = - b(x,t)%§ - du(xst) + H(x,t,t'),

.
(A.27) g{. = - Nz(x,t,t'),t").

If we apply (A.10), and (3.10), we easily obtain the inequality (3.12) when
2+ > 0.
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