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Propagation of analyticity of solutions to the
Cauchy problem for Kirchhoff type equations

Kunihiko KAJITANI
-Dedicated to Kiyoshi Mochizuki on his 60th birthday-

Abstract
We shall give the local in time existence of the solutions in Gevrey classes
to the Cauchy problem for Kirhhoff equations of p-Laplacian type and inves-
tigate the propagation of analyticity of solutions for real analytic deta. When
p=2, his equation as the global real analytic solution for the real analytic
initial data.

1. Introduction
In [6] we have obtained the local existence theorem in Gevrey class of solutions
to the Cauchy problem for Kirchhoff equations of p-Laplacian type

81:2u(t7 I) - M('Ivru(t)”I[’,P(Rn))Apu(tv $) = f(t,:l?),t € (07T)’$ € Rna (1'1)

where A, is defined by
Apu = Vo (|Vulf 2 V,u). (1.2)

In this note we shall investigate the popagation of analyticity of solutions of the
following Cauchy problem which is a generalization of (1.1),

O2u(t,z) — M((Au,u)2)Alu] = f(t,z), te€(0,T), z€R", (1.3)

u(0,z) = ug(x), w(0,2) =us(z), z€R", (1.4)
where .
Al = 32 0, {asele, Vau(®) D ult, ) (15)
k=1

and M is a non negative two times continuous differentiable function defined in
[0,00) and [ajk(z,y)] is a non negative symmetric matrix of which elements are real
valued functions defined in R" x R"™ and satisfies

Z {ajk(x’ y)&c&j + z aylajk(x’ y)g]flyk} >0 (16)
=1

Jk=1
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for z,§ € R",y € R". This assumption (1.6) assures that the equation (1.3) is
hyperbolic. We can see easily that p-Laplacian A, is verifies with the condition
(1.6). Moreover we assume that the coefficients {a;;} satisfy that for a compact set
K in R" there are Ck, px > 0 such that

105000k (z.y)| < Crpla)|B]! (1.7)

for x € R™,y € K. We introduce a functional space as follows,
La={u€ LA(R™); (6)4e " a(€) € L2}, (1.8)

where @ stands for a Fourier transform of u and [ € R',d > 1,(§), = \/h? + |£J2

and p > 0 and denote by H' = H{ 4 and L? ;= H) ;. Now we begin to state a local
existence theorem for the Cauchy problem (1.3)- (1 4)

Theorem 1.1 Assume that M(n) > 0 is in C%([0,00)), (1.6) is valid, a;x satisfy
(1.7) and there is py > 0 such that the initial data ug,u, belong to L2 qand f €
C°([0, Ty); Lp0 2)- Then if s < d < 2 there are Ty > T > 0 and p; > 0 such that the
Cauchy problem (1.8) and (1.4) has a unique solution u in C*([0,T]; L3 ;).

It is well known that when p = 2 and d = 1, the Cauchy problem (1.1) and (1.4) has
a global real analytic solution. For example see the article of Bernstein [2] and of
Pohozaev [9]. When M (n) = 1, Theorem 1,1 is proved in [3]. In [7] we proved that
Thorem 1,1 holds for (1.1) and (1.4) under the assumption s < d < 4/3. Moreover
we can investigate the propagation of analyticity of solutions (1.3) and (1.4).

Theorem 1.2 Let T > 0 a positive number. Assume M(n) > 0 is in C?([0, 00)),
(1.6) and (1.7) with s = 1 are valid and there are p; > 0,1 < d < 2 such that a
function u € C*([0, T); L2 ,) satisfies (1.8) and (1.4). Then if there is pp > 0 such
that the initial data uo,u, belong to L2 | and f € C°([0, To); L2, ), we have py > 0
such that u belongs to C*([0,T1; L2, ), that is, u(t,z) is real analytic in a space
variable x for any t € [0, T).

2. A priori estimates for linearized equations

We shall derive a priori estimate in Gevrey class Hy%(R") for the linearized
second order hyperbolic equations of equation (1.3). Form,p,d € R(0<d§ < p < 1)
denote by ST’ the usual symbol class of oder m of p, § type. For simplicity we write
S™ = ST and introduce the seminorms as follows,

la{3) (,€)]

m) _
‘a|e - Sup —le]

D2 <o, (2.1)
lat8l<taecrr  (€)}

where (£), = (h2+[€[2)2 (h > 0is a large parameter). Ford > 1,p>0and m € R
we define the symbols of Gevrey class 7§ dGgm We say that a symbol a € S™ belongs
to vdSm if a satisfies

(a+8) 5
|07, = sup a1y (@, 61! v
P,

r6€RM JatBl<borenn (€)TT1OF|5 4y 1d

(2.2)
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Define for p € R

1/d
6p<D>

u(z) = (2m) ™ [ =0 (g,

/

for u € HJ;. Then eP<D>/* maps from Hj}, to H_, ; continuously. Moreover
for a € 7"05’"1 we can see that a(z, D) maps from H; to H';™ continuously if
lp| < (24n~)~1p§, k = 1/d and consequently

a(p,z, D) = e #Phig(z, D)e! Dk (2.3)

maps H™ to H™™ continuously, where H™ = {u € S'(R"); (£)™u(¢) € L*(R")}
is the usual Sobolev space. Moreover we can prove the following Lemma.

Lemma 2.1 Let d > 1,p € R,k = 1/d and a € 7% S™. Then the symbol of
a(p, x, D) given by (2.8) belongs to S™ and satisfies for any integer N > 0,

(p,x 5 Z /8' 1 ﬂ) z f)wﬁ(f) +prN(a)(p,x,§), (24)

1BI<N

where wg(€) € S5 qre given by
wg(€) = e—ﬁ(i)ﬁagep@)z (2.5)

and the remainder term ry(a)(p,z,€) belongs to S N1V and moreover there
are Cy independent of such that for h > 1

|TN(‘1)|§m_N(l_l/d)) < Cwlalpod,N+m10)5 (2.6)

where
lpl <247 'nFp5 M(1);= [£(1 — k)7 + 20+ [n/2]. (2.7)

The proof of this lemma is given in Lemma 1.2 of [3]. We can prove the following
lemma by use of the above lemma.

Lemma 2.2 (i) Let a € S°. Then there is a positive integer ly such that
lla(z, DYullo < Colali, | ullo

for u € L,.
(it) Let a € ¥4 S™ and A = p(E)x. Then if |p| < (24%n) " p§

0>

||e"\a(:1:, Duls < CO|al7§OS'",l1HuHs+m
for u € H™ where l; = |s| + M(lo).
We shall derive a priori estimates for a linear equation below

Llu) = 8?u +a(t,z, D)u + b(t,z, D)u = f(t,z). (2.8)
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Assume that the principal part a(t, z,£) and b(¢, z, £) satisfy

a(t,z,£) >0, (t=z,¢) €[0,Ty] x R*™™. (2.9)
a(t,z,£&) € C*([0, To];'y,‘foSQ). (2.10)
b(t,z,€) € C([0, Tg];'ygoSl). (2.11)

Then the non-negativity of a implies
et 2,6)| + [Vaa(t, 3, )] + Vealt, 2,6)| < Clolorompmmalt, 7€), (2.12)
for (t,x,&) € [0,Ty] x R*™. Put
o(t, z) = erEPy(t, 1) (2.13)
where A(t,€) = p(t)(€)5. Then v satisfies
La[v] = (8, — Ay)*v + ap(t,z, D)v + by (t, 2, D)v = e* f(t, z), (2.14)

v(0) = vy, (0 — A¢)v(0) = vy, (2.15)

where for an operator a we denote by a, the product e*ae™. Introduce an energy
of v below

e(t)* = %{Ii(at = AJu(®)[[; + R(a(t,z, D)v,v)s + ((D)jv, (D)fw)s},  (2.16)

where k = 1/d, || -||s and (-, -)s mean a norm and an inner product of Sobolev space
H* respectively.

Proposition 2.1 Assume (2.9),(2.10) and (2.11) are valid and v € N3 C?([0, Ty);
H*®77). For any s € R there are a positive constant Cs ,hg and a positive function
p(t) € C?([0, Ty] such that

es(t) < et {es(0) + [ ILau(r)llsdr) 2.17)

1@ = AU + (DI oty < e 4e(0 + [ NILav(r)IEdr)  (218)
for t € [0, Ty] and h > hg.
Proof. Differentiating e,(¢)? in ¢, we have

2es(t)el(t) = R((8; — A)*v, (8 — Ao)v)s + (A(3, — Ay)v, (8, — Ap)v)s

+—R(a:(t)v,v)s + ((a(t) + a* ()0, — Ay)v,v)s

+H((a(t) + a” (£)) A, v)s + (B — AV, v)srn + (A0, V) s
= R(—(aa(t) +ba)v + Lale] + Ra(t)v, (0, = A)v)s + (Au(8: = Ap)v, (8, — Aev)s

-l—l?R(at(t)v, v)s + ((a(t) +a*(t))(8, — A)v,v)s

l\Dlr-t

N
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+((Ae(a(t) + a*(t))Aw, v)s + (Or — AV, v)s1x + (A0, V) 4k (2.19)

Noting that from Lemma 1.1 we have

U('—a/\(t) + §Ra(t))(z, f) = "'p(t)al (tv z, §) - T(t: z, 6), (220)
where 7 € S%¢ and
ay(t,z,€) = Z a(a) (t, T, &)wa(§), (2.21)
|aj=1

we can estimate
[R(—(an(t) +ba)v + La[v] + Ra(t)v, (0. — Ae)v)s]
< 2|2 (=p(t)as(t, z, D) — r(t, z, D) + bp)v + Lyv| |2 (2.22)
+llIAJE @, - Ael

Since r € S?, and A; = p;(t)(€)F, we can see

A =2 (=7 (t, 2, D), <

Cs 1
|ptIHA1,2’UHS+K (223)

Since by € S?, we get

_1 Cshl=2s 1
IHAtl 2b1\v”8 < Wl”AtIQUHSH- (2-24)

Moreover we see
1(p(®)| A2 as(t, 7, D)o|12 = ((p(t)%asr(t, z, D)* A s (t, 7, D)o, v),,  (2.25)

and

o(p(t)%ar(t, 7, D) | e (1,2, D)) (2,€) = PO 10 0 )2 4 r(r,2,6)) (2.26)

lp(8)]
where r € C°([0, Tp]; S'). From (2,12) and (2.21) we have
ORGP () NN ) PN
Ll <O ralt n (€ = P slMalt 2.0, (227
If we choose p(t) such that
p(t)? _ 1
Cpt(t)2 < 2 (2.28)

we can estimate from (2.26) and (2.27) by use of Fefferman-Phon inequality

(p(t)?a;(t, z. D)*|A;| tay(t, z, D)v, v),

< =R(|A¢la(t, z, D)v,v)s + CsR(|A¢|v, v)s. (2.29)

N | =
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On the other hand

o(Ray(t,z, D)(z,§) = a(t, z,§) + r(t, 2,€) (2.30)
where r € C°([0, Ty]; S') and a; satisfies from (2.12)
lac(t, z,€)* < Calt, z,)(E)r. (2.31)
Hence we get
1 1 1
sR(ar(t, 2, D)v,v)s < |[|Ad72(D); " Raw|l; + ||| As|2(D)joll2 (2.32)

2

= (Rae|Ae| (D) **Rarv, v); + (IA[(D)v, (D)jv)s.
Besides from (2.31)

o(Rag) A~ (D) Ray) (. €) < m(latIQ +C©)?)

C{€)h K|At(taf)|(a(t,x,€) +1)< W(a(t,x,f) +1). (2.33)

2
Pt
Therefore using again Fehherman-Phon inequality we get from (2.31)-2.33

<

* (R(au(t, 7, D)o, v), < SR(Aaw, ), + Co({D)fw, o), (2.34)

if we take h > 0, p(t) such that

Ch2—4n 1
< - 2.35
bl =2 (239
Thus we obtain (2.19),(2.22),(2.24),(2,29) and (2.34)
Qe(t)S%es(t) < Cyes(t)? + %(At(at — A)v, 0 — At)v)s (2.36)

1
+Z(1\{U, v)s+n + %(LA[U], (5‘,3 - At)v)s,
for t € [0, Tp), if we choose p(t) € C?([0,Ty] and h > 0 satisfying from (2.28), (2.35)
p(t) <0, [p(t)] > Co(R** + p(1)), (2.37)

0 < plt) < (24n%)7'}, (2.38)

for t € [0, Tp]. We can see easily that (2.36) implies (2.17) and (2.18).
Q.E.D.

Using the estimates of Proposition 2.1 we can get the existence of solutions of
the Cauchy problem for the equation (2.14)

Proposition 2.2 Assume (2.9), (2.10) and (2.11) are valid. Then for any vy €
Hs* vy € H® and g € C°([0, Ty|; H®) there exists a unique solution v € ﬂ?ZOCj([O,
To); H**179) of the Cauchy problem (2.14)-(1,15).

VIII-6



Proof. We can prove this proposition by a standard method of regularization.
Since L. = Lj + €A is strictly hyperbolic for € > 0, we can find a solution v, €
NZ_oC7([0, To]; H**'~9 of the Cauchy problem to L.v = g with the initial data
(2.15). Moreover we can derive the a priori extimates similar to (2.17),(2.18) with
the constant C; independent of € > 0 and consequently we get the limit function v

of v, tending to € to zero. The a priori estimate (2.17) assures the unigness of the
solutions.

Q.E.D.
The following proposition is a direct result of Proposition 2.1.

Proposition 2.3 Assume that same conditions as ones in Proposition 2.1 are valid.
Then for any uo € Hjrj,uy € HS, 4 and f € C°((0, To); Hs, ;) there emists a unique
solution u of the Cauchy problem (2.8)-(1.4) satisfying e*u € N?_,C([0, To); H**1)
(A(0) = po(D)5), If u(0) = u4(0) = 0, there is Cs > 0 such that

t
18ee™ulls + lleullyn < e [ fle* Lullsdr, (2.39)
0

[t uIR, + et uI o) < 0 [t LilrliRdr,  (240)
where A = p(t)(D)%.

We introduce a special symbol class of pseudodifferential operators in order to
investigate nonlinear equations. Denote by Lf,’dSm the set of symbols a(zx, ) satis-
fying
la{3) (-~ Elliz ,

su ——= <€ fty. (2.41)
jorpist (E)p I

Then we have similarly to Lemma 2.1,

Ia‘L;{‘dSm,l =

Lemma 2.3 Leta € L2 ,S™. Then a(p,v,D) = e”Pia(z, D)e "P)k satisfies

a(p,z,8) = D Y lag(z, Ewy(§) +ra(p, 7€) (2.42)

<N
where wy = e P e” Ok and ry satisfies

-N(1-k
)N ))SCI,Nlaledem,N—i—M(l) (2.43)

and M(l) =1(1 — k)™ + 20 + [2].
Moreover we can prove the following lemma by use of the above lemma.

Lemma 2.4 (i)Fora € L} ,S™ u€ H,, and s > 0
lla(z, D)ullus,, < Cilalpz jsm s |ullag (2.44)

where M (lo) = lo(1 — k)™! + 2lp + (2] and ly 1s given by (i) of Lemma 2.2.
(11) There is a positive integer | = 2M (ly) such that for u,v € Hf;,d the product uv
belongs to Hll,,d and satisfies

el e, < Wbl + el e gy + Do) (2.45)
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The proof of this lemma can be found in [3].

For the operator a and b in (2.8) we assume (2.9), (2.10), (2.11) and the following
conditions are valid

a(t,z,€) = d'(t,z,€) + d*(t, z,€)

a‘(t,z,€) = a;lk(t, )€k, i = 1,2 (2.46)
7,k=1

where a}, € C*([0, To]; v, (R")), a2, € L3([0,T]; H') (means (D)},e"a?, belongs to
L*((0,To) x R)), and

b(t, z,€) = b'(t, z,6) + b*(t, x,€),
b(t,z, &) = Zblt:rﬁj,z—IQ (2.47)

where b} € C°([0,To); 74, (R™)) , b2 € L3([0,To); H') and A = p(t)(D)} and [ are
given in Proposition 2.1 and in (ii) of Lemma 2.4 respectively. Then we can prove
the following result by use of Lemma 2.2 and 2.4.

Proposition 2.4 Assume (2.9), (2.10), (2.11) and the above conditions (2.46),
(2.47) are valid. Then if we take | = 2M(ly) we have

t
le0(t) e+ lleulliae < €O [ fleLlul() L, (2.48)

t t
[ U0t + et u@iEn)dr < Cott) [ lle*Liul(P)lfdr,  (2.49)
for eru € M2_oC7([0, To]; H'**77) with u(0, z) = uy(0, ) = 0, where

t _ :
Ci(t) = Cilab ) [ lladu(r, M+ 127, Midr i = 1,2 (2.50)
This implies the following proposition.

Proposition 2.5 Assume that same conditions as ones in Proposition 2.4 are valid.
Then for any ug € Hy, 4ur € Hp 4 and f € CO([0, To); H. 4) there ezists a unique
solution u of the Cauchy problem (2 8) with u(0) = u,(0) = 0 satisfying (2.48) and

(2.49).

3. Local existence theorem of nonlinear equations

In this section we shall prove the local existence theorem of the Cauchy problem
for nonlinear equation as follows

Otu(t, ) + Z aji(t, z,u, Vou)D;Dyu

7,k=1

n

+ij(t,.’r,u, VIU)DJU + bo(t.,x,u, VIU)U = f(t,l')‘ t e (0, T),Z' € Rn. (31)

i=1
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u(0, ) = u,(0,2) =0, =€ R" (3.2)
Let d > 1,s > 1 and Q a domain of R™. We denote by v**(R" x ) the set of

functions f(z,y) satisfying that for any compact set K C 2 there are Cx > 0, px >
0 such that

DD} f(z,y)| < Crp™ 1Pt )1 (33)
forz € R",y € K,a € N*,8 € N™. Let B be a neighborhood of 0 in R**!. We
assume that the coefficients a;; of (3.1) belong to C?([0, To}; v*' (R™ x B)) and b; to
Co([0, To); v*! (R™ x B)).

We can prove the following lemma by use of (ii) of Lemma 2.4

Lemma 3.1 Let f € C°([0,To);v**(R™ x B)) such that f(t,z,0) = 0, and u =
(u, - um) € LA([0,To); H)™ such that ePu € C°([0,T); H') and |letul|i_, <
C; 'po,. Then f(t,z,u(t,z)) belongs to L%([0, To]; H') and satisfies

Cl||U||L2([o To); HY)

< .
|[fo U||L2(0To] JHY) — Cllerul|—r (3.4)
where A = p(t)(&)F and I = M(ly)
For M > 0,7 > 0 and h > 0(a parameter in (£),) we define
X(M,T,h) = {ue Ly([0,T]; H*")|e"u € Nj_,C?([0, T); HYs.t.
[l 22 o7y, me+1) + Z Sup He u(®)|l < M}, (3.5)

where A = p(t)(D)§. For v € X (T, ]VI, h) we conider the following linear equation

Ou(t,z) + Z ajk(t, z,v, Vov)D;jDyu

7,k=1

+Z bi(t,z,v, Vov)Dju + by(t, z,v)u = f(t,z), te€(0,T),z€ R" (3.6)

=1
Then it follows from Proposition 2.5 that we have a unique solution u of the
Cauchy problem (3.6)-(3.2). Denote u = ®(v) which satisfies from (2.48),(2.49)

[10ie*@(v) ()] + [12(0) () lisn < C(M / le* FB)]l < C(M)T < M,
if we choose T such that C(M)T < M and
10: ()] 2 (jo,rp:rt+<) + 1R (W) ()] 22 (0,77 1+2) < CMDN I 2 fo.rp3m1y < M,

if we choose T' > 0 small enough, because e f is in C°([0, T); H'). Therefore ® is a
mapping from X (T, M) to itself. Moreover to w = ®(v) — ®(v’) applying (2.49), we
can get

C(M)
|lwl| 2 o,y < 7{571‘”” VL2 (o1 < "||U’UHL2 (0.T):H")

if we choose h > 0 such that & h2~ ) < % Here we note that C(M) does not depend
on the parameter h. Thus we have proved

VIII-9



Proposition 3.1 Assume that aj; of (3.1) belong to C?([0, To); v (R™ x B)) and
b; € C°([0, To); v (R™ x B)). There are T > 0,M > 0 and h > 0 such that ® is a
mapping from X (T, M, h) to itself and moreover satisfies

‘ 1
| ®(v) — q)(U')HL;"\([O,T];H’) < 5”” - U,HL;"\([O,T];H’) (3.7)
for v,v' € X(M,T.h)

This proposition implies immediately

Theorem 3.1 Assume that ajx of (3.1) belong to C*([0, To); v*'(R™ x B)) and b;
to C°([0, To]; v (R™ x B)). Then for any f € C°([0,To); H.,) there is T € (0,Tp)
such that we have a unique solution u of the Cauchy problem (3.1)-(3.2) satisfying
that e*u € M3_oC7([0,T]; H'™7) and (2.48)-(2.49).

4. Proof of Theorm 1.1

Denote
B(T, M) = {a(t) € C*([0,T]);a(t) > 0, la|c2o,ry < M}, (4.1)
where |a|cz(jo,1) = SUPk<2 te(0,1] If{%a(t)L For a(t) € B(T, M) we consider
O*u+a(t)Alu) = f(t,z), (t,z)€ (0.T) x R (4.2)
u(0) = up, w(0) =uy(z), =€ R", (4.3)

where A is given by (1.4). Then it follows from Theorem 3.1 that we can prove

Proposition 4.1 Let a(t) € B(T,M). Assume that A satisfies (1.5)-(1.7) and

there are a positive integer py > 0,1 < d < 2 such that the initial data ug, u; € Hf,jb

and f € C°([0,To}; H}, 4), where | = 2M (lo) given in Lemma 2.4. Then there are
To > T > 0,M > 0 and p; such that for any a(t) € Bra the Cauchy problem
(4),(2) has a unique solution u € C*([0,T); H}, ,) satisfying

llaflL(t)HHm 0wl + el |, < e“MT(Co + C(MT), t€[0,T),

(4.4)
where Cy is independent of M, T.

Proof Put w = u — ug — tu;. Then if u satisfies (4.2)-(4.3), w does (3.1)-(3.2) mod-
ifying f in (3.2). The assumption (1.6) assures the hyperbolicity of the equation
(3.1) and consequently (2.48) implies (4.4).
Q.E.D.
It follows from (4.4) that taking 7' > 0 such that C(M)T < 1,we get

0Ol + 10O, + Ol < e(Co+1), t€0,T) (45)

For a € B(T, M) denote by u, the solution of (4.2)-(4.3). Define
U(a)(t) = (Alug) ua)r2 = Z(ajk(a:, Vtg) Dy, Djug) e (4.6)

By use of the above proposition we can prove similarly to Proposition 2.1 in [6] that

U is a contraction mapping in B(M,T), if M, T are chosen suitably.
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5. Proof of Theorem 1.2

To investigate the analyticity of solutions to the Cauchy problem (1,3)-(1.4), we
introduce a convinient norm in C°([0,T]; L% ,(R")) following the idea of Lax [7],
Mizohata [8] and Alnihac and Métivier [1]. Let a positive integer N > 2, p > 0, and
0 <r < 1. For e*u € C°([0,T]; H'), where A = A(t, p) = (p(t) + p)(£)5,0 < p <
po/2 =: py is given in Proposition 2.1, we denote

Als,p) DB 181-2
e ujjr
Iult,r,N sup ” x H

, 5.1
0<s<t,2<|B|<N [2(]18]) 51)

where I'y(k) = A\ok!k~2 for k > 1 and I'5(0) = ). Here we choose \g > 0 such that

o
> (&) ratiat + falla = ') < Ta(al +5), 52)
o' <a
for p = 0,1,2,... and @ € N". In brief we write |u|,ny = lult if there is no

p,r, N
confusion.

Lemma 5.1 Forev; € C([to, T); HY),i = 1, ..., n, denote v® = v v5?...vf». Then
there is Cy > 0 such that for 2 < |B| < N,t € [0,T],

(3) 108, < Y7 (sup [leMu(s)]lipr + 72 |olen) ol
to<s<t
and for |B] > N,t € [0,T)
(@) [Pl < CET (M@ ]+ 2PN (Mo () i + P2 oln) Y ol w)

B8 B8
+C||eMo| )2,

(i1i) Let a(z) € A(R™) satisfying

Bl
|DBa(z)|pl
aRn, 1= sup —_—
lalrn g BEN™ zERn 16!

Then there is C' > 0 such that for |p(t) + p| < (24n~)~1pf,

lav|y n < Cla|gr o1 |v]r N

(i) Let G an open set in RN and A(z,v) is analytic in R® x G and satisfies

|-+ 31
D2 D3 Az, v)lo]
Alrnxa = sup Lt < 00.
I | X aPl)l a,SEArn’IGRn’UEG ’a"lﬁ}'

Then if |le*v(t)||ix1 < p1/(nC)), a composite function Ao v(t,z) = A(z,v(t,))
satisfies that there is C > 0 such that for t € [0, T]

N-1
[ Aol < Cld|rrxga(1+ 30 CO(llete(s) e + vl ) [olrn)-
J=0
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The proof of this lemma is given in [5]. We remark that it follows from (iv)
of Lemma 5.1 that if A(z,y) is analytic in (z,y) € R* x G, and ||e*V,v(t)||141 <
p1/(nCy), we have for 2 < |a| < N,

||eAD§(A o V)| < Cr‘|°‘+2F2(|a| +1) (56.3)

N-1
{1+ X € sup [lo(s)lisz + 1200la) Vvl
7=0

to<s

where C is independent of N.

Now we shall turn to prove Theorem 1.2. Let u be satisfied with (1.3)-(1.4). Since

u € C°([0,T); H,), for any € > 0 there is 7 > 0 such that for A(¢) = (p(t) + p)(€)%
satisfying (2.37)-(2.38),

lle(®) (ult, ) = ulim, )z <€, (5.4)

fort € [ir, (1 + 1)7],i = 0,1,...,[T/7) and t € [[T/7]r,T], where [-] stands for the
Gauss notation. Denote 7; = i1 for s = 0,1,---,[T/7], and 7jp/rj41 = T. We shall
prove that u(7;,z) is in L2 | for i = 0,1,...,[T/7] + 1 by induction of <. First it
is trivial that u(0,z) = uo(z) is in L2 ,(R™). Assume that u(7;,z) is in L2 ,(R™).

Then we show that (741, ) belongs to L2 (R"). Then we may assume that

lle* D2u(ri, )liy2 < Cr; ol (5.5)
For the simplicity of notation we consider the case of ¢ = 0. Put v(t,z) = u(t, z) —
uo(t, z) ,where ug(t, z) = u(0, ) + tus (0, z). Since u is a solution of (1.3), v satisfies

n

va - Z ajk(t,z, Vov)D;Dyv = f(t, z,v), (t,z) € (0,7) x R, (5.6)

1,k=1
v(0,z) = v4(0,2) =0, x € R", (5.7)
where
ajk(t, z, Vav) = aje(t, z, Vi (v + uo(t, x))) (5.8)
+ 3 Oynajm(z, Va(v + ug(t, )0, (v(t, z + uo(t, z))
m=1
and .
flt,z, V) = f(t,x) — Y ak(t, =, V,0) D;Dyug(t, x) (5.9)

Jk=1

Then it follows from (3.8) that A; and f — f satisfy the condition of (iv) in Lemma
3.1. Therefore A; and f — f satisfy (5.3). Differentiating (5.6) with respect to x we
get

LD = fo, D%(0,2) = D*(0,z) =0, (5.10)
where N
fa=Df+ Y (3) 3" D*¥a;,D¥ D;Dyv. (5.11)
o <o Jk=1
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Therefore by use of (2.39) of Proposiyion 2,3 we obtain

t
MOV 0(e)lle < C [ 1M fo()l - (5.12)

t /
<C (4= ) NN falluds,

for p' € (p,p2). On the other hand from (5.2),(5.3) and (5.4) we have if in brief
I 1= 1lee - i,

Il <107+ 3 () S (I aullip D) 6519
Jk=

1<]e’[<la| -1 1

<|fgar M a(la) +C Y (a)r*““-a"“)n(la —d)

1<l |<lal—2 \¥
N-1
{1+ Y Coe+1?|Vavls v ) I Vavlt y HV e[S ™€y (Jof] + 1)
j=0
< {If18 N7 12Ty (o)
N-1
+C{1+ Y Co e+ r?|Vaul2 y) IV ouls y Hr 3 p)s yTo(lal + 1).
§=0

Here we choose r = r(s, p') = ro(o(p2 — p') — s), where 0 < ry < 1,0 = -~ and
0 < p < pa. Denote

y(t) = ) sup T(Sap)lvlﬁ(s,p),N‘
0<s<min{t,oc(p2—p)},0<p<p2

We have from (5.13)
Ifall < 1f15 w7 (s, 0) 72T (|a)

N-1

+C{r(s,0) + 3 Ce+y(s))y(s)}y(s)r(s, )1 Ta}(laf + 1).

j=0
Hence we have from (5.12) and (5.13)

1 D*V,u(6)l < € [ = o) (112 r(9) = Ta(la)

N-1
+C(r+ Y- Ce+y(9)Yy(s)y(s)r(s) M Ty(lal + 1) }ds.

=0

Here we take o' — p = r(s,p')r5' = 0(pa — p') — s, that is o = T—f—f;—s Then noting

that y(s) < y(t) for s < t and r(s, p') < ro7 < 1y we get from the above estimate

t
12 DT w0l < flE || ror(s, #)7 " dsTa(Ja) (5.14)
’ 0

+C /Ot(ro + Z_: CY (e + y(s)) y(s)ror(s, p’)”""dsl“g(|a| +1).
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Since |f|t y < C,r(t) < 1o < 70 and 1o J5 7(s)71%lds < r(t)7H ol for |a| > 2,
we get from (5.14)

N
y(t) < Cro{l+ ) C7(e+y(t))y(t)}),
=0
for t € [0,7]. We shall prove that y(t) < € for ¢t € [0, 7], if we choose 7y > 0, > 0
small enough. Assume that there is ¢; € [0, 7] such that y(¢;) = € and y(¢) < € for
t € (0,¢;). Since y(0) = 0, we have ¢, > 0. It follows from (5.15) that if 2Ce < 1

y(t) < Cro(1 + y(t) )

1—-2Ce
for t € [0,t,]. Hence we have
CTQ
y(t) < 1= g <6
1-2Ce

which contradicts to y(t;) = € if we choose r¢ sufficient small, and consequently we
have proved Theorem 3.
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