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Some infinite integrals involving parabolic cylinder functions :

Br R. S. VARMA.

1. The object of this paper is to evaluate some infinite integrals
involving parabolic cylinder functions. Thus in paragraphs 2-4 infi-
nite integrals involving a Bessel function and a parabolic cylinder
function are deduced. Again in a recent paper (') I have proved that
the functions

(1.1) STIETD (@) RO >— 1]
and
(1.2) wv_gezx'D_,v(x) [R(v)>—é],

are self-reciprocal (*)in the Hankel-transform of order v. In para
graph 4 a kernel is also discovered which transform (1.2)into (1.1).
. Further we know that a generalization of the parabolic cylinder
function is given by Sonine’s polynomial (*)

(13) m Ll——z — e

‘(n—l)'I‘(n+m-—r+1)

(') R. S. Varua, Some functions which are self-reciprocal in the Hankel-
transform ( Proc. Lond. Math. Soc. (2), ¥2, 1937, p. g-17).

(*) Following Hardy and Littlewood we shall henceforth say that a function
is R, as an abbreviation of the statement that it is self-reciprocal in the Hankel-
transform of order v.

(*) SonINe, Recherches sur les fonctions cylindriques et le développement
des fonctions continues en séries (Math. Annalen, 16, 1880, p. 1-80).
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since, for m =— i and m = ;, (1.3) reduces to

2".
2n!y/n

v, _
Til($’) = e* ! D._,,,(.L'\//Z)

and

1
n+ = '
2 2

T"--:’:z—_‘-’ D""H‘. .
x-'?(‘L) (2n+1)!\/7re nea (V2)

respectively. In paragraph 3-6 infinite integrals involving Sonine’s
polynomial are evaluated. It is interesting to note that the integrals
of paragraphs 4-6 give functions which are R,.

2. Now Watson (') has shown that, if |arg o | < 1).-

(0=+) -
f e(1 - a)" D, (z)d=

R | . 1
:; ; n—m e (Ill b ‘—’
2 e -

tm—+1)

I‘(—m)l’(é m — 5'/1—#1)0(

\ /

1 1 11 I 1 *
xFl—-n,-m~+ -5 - m— -—n+4+1;1— -a').
2 T2 272 2 2

It is easy to see that this reduces, when a = ; to

1 1

< P P A
(2.1) f.z""e” Do(z)de =yr.22" "¢ ,lr(”“l“)
0 T{-m—-n-+1
Gm=sner)

(m>—1).

Since
(2.2) )= e S
. n —._ 2n+:""!r(’l+r‘+1)

(*) G. N. Warson, The Harmonic functions associated with the parabolic
cylinder (Proc. Lond. Math. Soc. (2), 8, 1910, p. 393-421).
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et
- 1,
f e v D(2) In(az) de
o
* 1 (——)’(ad)"“‘"
_ Lo ¥ d
—[ ve o L)242"+"r' T(n+4r-+r1) !
r—=yu
_.; _)’.alH_?r wvnl—QH-&—‘.’l' —%.L” Dy(x)d.
Zz"*”r'l‘(n+r +1) o ¢ m() dz
r—=u
- (=) a+T({+n+2r+1)
—Z\/T[ i,
—u—+—u——m+-[+; 1 ] 1
r=v ? ‘T(n+r'+1)l‘<-l+—n+r—-m+l>
2 2 2
(n>o0; !l +n+1>0)
by the help of (2.1)
. VrarT(l+n—+1)
- fn—-lm-i-:/.'-i-‘- 1 1 I
2* * ® 2I‘(n—i—I)I'(—l+—-n——m—i—l)
2 2 2
I 1 I I I
= . \r(§1+§lt+5y1‘>(§l+§n+l,r>
XZ(——cﬁ) ’
2 1 1 1
r=a r!(n—i—l,r)(-l+—n—-m—|—1,r>
2 2 2
where '

(n,ry=n(n+1)y...(n+r—ri.

The step (2.2) is justified since for positive values of n, J.(y)
represents a uniformly convergent series in y>o and since the

-resulting series is absolutely convergent. Hence, when n >0 and
l4+n+1>o0,

» 1.
(2.3) ale ¢ Dn(x)Jp(aa) de

_ VrarT({+n+1)

E 1 1 1
3 s{+z N
a? -I‘(/1+1)I‘(1l+£n—-l-m+l>
2 2 2

1 1 1 1 1
{4+ -n+ -, A+ -n+1,
) 2 2 2 2
x aF, —la
I 1 1 2
n-+u, -+ -n— -m-1q,
2 2 2

Journ. de Math., tome XVIII. — Fasc. 11, 193q. 21
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In particular, when /= n 1, this gives
= _1 r?
f a*te * Dy(x)da(ar)dx
’ 1 .
2" u" I‘(n —+ § )
2

! 3 1 3 1,
= I F{n+-yn—-m+—y —-a®
“ I 3 2 2 2 2
'{in—-m+= .
2 2

(n>o).
3. Again we know that

) o Q (=) T(m4+n+ar+1) .r)”“"""‘"
J’"(‘I)J"('”'—Zr!l'(m+r+l)I‘(n+r+l)I‘(m+n+r+l)(g )
r=o
Hence
» 1 .
f xle ‘ID,.(.z‘)J,,,(w)J,,(w)dw
x 1 * . 4
. P S (=Y T(m+n—+2r-+1) a\mnr
_f re D"(x)zr!l‘(m+r+1)[‘(n+r+l)[‘(m—i—n+r+1) 2 dzx
r=9
(=) T(m+n+2r—+1) 1

T T T(m+r+ NIre+r+0)I'm+n+r+1) amn+er

=V (-

» 1o
f plrmensrr g b * D,,(.Z‘) dx

(1]

1 1 3 3 1
- o sp—=l—-cm—-n—3—=
TR T T T A N 4 ar + )T (U +m A+ n+ ar )

\
r=u r'Tim—+r+nyIn+r+ l)I‘(m+n+l‘+1)I‘(él+§m—+—%n—§p+r+1)
(m+n>o0; l+m+n+1>0),

by the help of (2.1), term by term integration being obviously justi-
fiable.
It follows therefore that, when m+n>o andl+m+n+1>o0,

f"x,e-r”’ D,(2)Im(2)In(2) dz

VATl 4+ m—+n—+1)

1 3 K] 1
=lteom4+-n—=
21 2, 2 2

x 4F,

1
P+e I I 1 1
’I‘(m+1)I‘(n+1)l’(;l+;m+;n——;p—i—x)
I 1 1 1 1 1 1 1 1 1 1 1
— - - -3 -~ — - N - -y - -n—+1
gl+2m+2n+2, 3I+2m+,)‘n+l, Gt ombont ' 22
P —

1 1 1 1
_l+§m+—n——p+1, m—+1, n+1, m—+n—+1 )
2 2 2
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4. Bailey has shown (') that if /() is Ry, then

) I 1 1
SV — S+
(h.1) f Getf TR et e de
is R,. In this, taking
v,
’ f(.'l;):.r‘k';e"" D_u(r),
which is R,, we obtain that
L, lyllopelul, la
(b.2) at zf £t et Doy, lp(.z-t)dt
1,4
0 H 2 N

is R,.
Evaluating (4.2) by the help of the known integral (*)

» L l,ra
f x et ]  (ax)D_p(x)dr
o "3

1
"Tap Lom—n
:Qﬂ_—liﬂ[zi I‘(‘-/n—n),l".(n;1+n—»l~m;~la2>
ay/nT(m) L 2 . ER

1 1
(rn—-m)I'(-m
, 2 2 L1 1 o,
+ am—n Fl-m;1—n+-m;-a
a2 2 2 -

I(n)
[R(r) >0, R(m)>R(n—1)],

we arrive at the result that

L \ |r(—IJ~+£V+1)
R TR LS A S LM MY
VaT(2p)
Tu-tvt . 1 1 3 1
> )._,V' 2 l‘(l—p—gv—I)Jﬂ(-;p-—%—jv—%;,—v— ;H+;;51)>

is R,.

(*) W. N. Banry, On the solutions of some integral equations (Journ.
Lond. Math. Soc., 6, 1931, p. 242-247).

() R. S. VarMA, An infinite integral involving Bessel Functions and para-
bolie evlinder functions ( Proc. Camb. Phil. Soc.. 33. 1037, n_ a1n-a11).
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Since (') for all values of n

(4.3) gives as a particular case, when p.=v + 2, that

-3
vt l‘(u-{-;‘ /1 3 1 1
Y e 221‘(;)1Fi<v+ S350 ~.r?>

Val(av+4)

x
2v + 3

is R,.
It follows from (4. 1) that if

3

(b.6) J@)=2""2e" Dy ()

is R,.,, then
3

» 1 vl lp
(k.5) [ (zt) 2Jo ()t ’e‘ID_,,,_‘(t)dt:
)

vl 1.
I RS

3% ¢ Doomsl@)

is R,; in other words, the kernel (xt) *J,,,(xt) transforms (4.4)
into (4.5).

8. In (4.1), take f(@)=a" Te " Ti(x*) which we know (?),

(') WHirTaker and WatsoN, Modern Analysis (fourth Edition), p. 347.
(*) Wuson, On an extension of Milne's integral equation (Messenger of

Math., 53, 1923-1924, p. 157-160).



INFINITE INTEGRALS INVOLVING PARABOLIC CYLINDER FUNCTIONS. 163

is R, or skew R, according as » is even or odd. We then obtain that

tog—

(5.1) . “"“‘*Uﬂmﬁ ARG P '1';:(¢2)J§H%v(.u)d¢
is R, or skew R, according as n is even or odd.

We shall now show that (8. 1) can be expressed in terms of Kum-
mer’s function. By the help of (1.3) and the integral (')

1 1 I

© 1, .pnl‘(gl 2" ii) 1, 1 1 1
/, 2 — . . °
te Jn(l.l')dt_ : 1[+1 1F1<;l+;n+£,ﬂ+l,——2‘.ﬂ‘>

e 22" 7T (41
[R({+n+1)>0]

we obtain that

*° é(v-o—p.-u) i
e e * Ti(e)d (xt)dt
I 1 1
o Fu+gv

n

— 1) e by luicans la
:Zr‘(n—r)‘;‘(n)‘ .] £ e T, end
! Tn+p—r+1)/J gy

2
r—ue

1
r?

:. 1 1
r(z-[-l+§?+l)r:o

1 1
o 5 n (—)’2”—’1‘(;v+Ey.—f-n—r'-i-l)

rt(n—r)!T(n+p—r—+rm)

1 1 1 I Lo\
X,F,(Z‘J—i— =T Zy.—i— GV — ;x)
[R(p+v+2)>o0].
We deduce therefore that, when R(u.+ v+ 2)> o,

T I
v g n I‘(—v+~p.+n—r+1)
\ 2 2

: ( l.>r’ 7 7
Z (n—r'T(n+tm—r-—+
I‘(l ;v l)r g 2 '(n M (n+p 1)

1 I 1 1 ) S
><,F,<2v+5p+n—r+l:»2-p~+év+1;—ax->.

is R, or skew R, according as n is even or odd.

(*) It is interesting to bote that this known integral can be obtained from
our integral (2.3) as a particular case by putting m —o. '
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- In particular, when v= px, we get that

Ry

v+

( l\)r
" x O T2 :( T,
I'(v—+—1)2dr!(n—r)!1l' \v+"_r+" j—{-]'_;'r>
r=0

[R(v+1)>0]

Li i

is R, or skew R, according as n is even or odd.

6. Another theorem (') connecting different classes of self-reci-
procal functions given by Bailey is that, if f(«)is R, then

SVt

(6.1) T,
" (l+t~z)zp' 3

is R,.

Taking f(z)==x"
from (6.1) that

2

1 1
- ——at
2 Tu 2 3 2 a1
e P.(.’L' ) as 1n paragraph J, We Obtdln

-z i 1
;[.L+£V—+l

T e_;'m’ Ti(ate2)
.:f & dt
0 (|+ ,2~)_

is R, or skew R, according as n is even or odd.
By the help of (1.3) and the integral (*)

1y

* qin— e— ;x
2 T O
, (a+a?)
"-'-m~n 1 1 1,
=29 I'f-m—n),F{n;1+n— -m; -a*
2 2 2
. 1 1
I(u——m)l‘(—m) .
—+ am—n 2 2 1l’,(}m; t—n+lmla
T(n) .2 2 2
[R(m)>o0],

- (') W- N. Baugy, loc. cit.
() B. S. Varua, An infinite integral involving Bessel functions and para-

bolic cylinder functions (loc. cit.).
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we obtain that

= gt g juoe n(
w1 g 2 2
13
f - dt
"

(14 eptme!

n . _l,,;:,:
_\‘ (_)ra;z/;—--_)r * pu-ea—ir+l e 2 i
ad (0 r) D+ p—r+0) Tulvi

r=u " (1 —+ ¢ )" b

AN (=)
T2 21‘!(’/1—~/')!I‘1n-+—p.—r+1)

ro=u

< 21;1—;v+n~:-r’| 1 + ¥ 1 1 " 1 ! + 1
° ° = —v+n—r) - -Vt -V — -+t -2t
(ZH 2 o r)Get s Ty 2 Ty

1 1
-y —

; ;y.—n%—r)l‘(p.—i—n—r—i—l)

—_ wp.—v+‘.'n—'2r (

7

P(fp+ v+
(2"‘ 2

. 1 1 1,
><,l'i(p.—kn—r—l—l;ay.——;v-&—n——r-&—l;;w-)

[R(2p+1)>0].
We infer therefore that
1

vps n

2 i (——V\P,- .
2 2‘[‘!(/1«—/')![‘(”-{-“** r--) [R(zp+1)>o0].

r=u

is R, or skew R, according as n is even or odd, where

1 ]
—p—=-Vi+n—-r
I Lt r(

! ! “+n—r
- _—_V —_—
2F 75
L (1 1 1 I
><,l‘1<ay.+ -2-v+1;—5p+5v—n+r+1;aw->

I‘(;;v— iy—n—t—r)l‘(y&—n——r—l—l)
-+ gW—v+in—-2r .

1 T
I‘(;H-‘-;V-*—l)

1 1 1
< ,F,(p—f—n—r—f—l;ép.— é~v+n—r+l;;z’).
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In particular, putting . = v, we obtain that when R(2v +1) > o,

vt

[y

x

O (—)’da;
2 Zr!(n—r)!l‘(n+v—r+l)’

r=0

is R, or skew R, according as n is even or odd, where

’ ~ 1
q/,zz"—fr(n—r),h(v—i—l; — N+ r—4a; ;z‘*)

I'(r—n)L'(v4+n—r—+1)

+ 22"—2"
T(v+r1)

N I *
JFlv+n—r+1;n S sat).



