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Solution of a Quartic Diop/mntine Equation;

BY A. A. AUCOIN,
Louisiana State University.

Recently W. V. Parker and the author obtained solutions of the
Diophantine equation

(cms+ by) (mæ3+ næy +py*): (ou + dv) (mug—+ nuv +pv*) (‘).

The question arose as to whether or not the same method used
could be applied when each side of the equation is composed of two
linear and one quadratic factors.

'

The answer to this question is in
the affirmative but certain restrictions on the coefficients are neces-
sary (?).

Consider the equation
(l) (ax+by)(æ+py)[æï+næy+p(n—p)y*J: (ou + dv) (u +pv) [u’+ nuv +p(n —1))V2],

where all the letters represent integers andpæ, y, a, v are unknow.
We may write (1) in the form  (2) ax+by_(u+pv)[_u’+nuv +p(ltèlj)vî]

cu+dv _ (w+PM[Œ*+MJ+P(fl-FU’Ï
If
(3) Y2u=ozæ—P(”'_P)ÜJG Ye"=Bæ+(a+nô)-Ï’ 

(î) « Solution of a Cubic Diophantine Equation ». This paper has been
accepted for publication by the Tôhoku Mathematical Journal.

(’) These restrictions make the quadratic factorable.
Journ. de Math., tome XX. — Fasc. 1, 1941. 3/‘/T;\
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then
(Y‘u)’+ "(t‘—’a) v +p(n—p> v2

=[æ’+ næy+p(n—P)y’l [d’+ M$ +])… —P) @]
and

Y’“ + T’P" = <æ+py) (« +1)?»>-

Hence we have

aw+ by _ (u +pv)[u*+ nuv+p( n —p)v*]
cu +dv _

(œ +1)_y) [x*+ næy+p(n—p)y‘£]
_ (a +pfi) [a’+ naÇ3 +p(n —p) @’l___

76

If we put ou + dv= ]: we hawe from (3) and (4)

(4)

tay°æ+ bY“)’ =lr(a +1)ô) [a=+ Mfi +P(” —P) 53l»“’ l(ca+dfi)æ+[dcx+(dn—rpn+cp*)fi]y=ï*k
— If we let

ay“ bv“k= * ,
' Y ca+d@ da+(dn—cpn+cp£)fi

then from (5) and (3) we have as a solution of (1)
’ Œ=Y’(a +pfi) [«‘+MB +p(n ——p)fi’] [dd+ (dn—CP" +CP’)B] — bt“,
y=a7‘°—r’(oc+pfi)[a’+ na© +p(n —p) ?] (ca+ dB),
u=d(a +pfi) [«‘+ naô +p(n —p) @’]’— fil“! + ap(n —-p) F5],

9 =— …! +pfi) [d’+ W5 +p(n —p) Ô’l2+Ysla“+ (au —b) fil:

(6)

where ou, {3, Y are arbitrary integers.
If x., y. are integers such that acc, +by.=o, a:.+p_y4=o, or

x? + næ4y. +p(n—p)y‘f=0 and u,, 9. are integers such that
cu, + dv1: o, u, +pv. = 0, or uÎ+ nu. v. +p(n —p) v? = o, then
evidently (œ, , y,, a, , v,) is a solution of (i). Such solutions are
trivial and will not be considered here. If (ar:4 , y. , u,, v,) is a solution
of (1) then (a:, t, y. t, u, t, v.t), where t;£o, is also a solution and
is proportional to the given solution. We wish to show that given
any solution proportional to given solution proportional to the given
solution.

Suppose
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is any solution of (1). If we choose

«=[P7-+WP+p(n—p)w]W+nlu+p(n—pfl’ly
@=W—up)[À“+n7«#+p(n—pWL Y=”+n7fi+p(n—pwgy

we have

oc‘2+ na_ô +p(n —1))53=[7F+ n7.p +p(n —p) p.”-’]“[pï+ npa+p(n —p)a’]
_ [P+ n7.p. +p(n —p) ;fi]"(cxl + (;p) (l +ppt)_ , ,(cp+ da)(p+pa)

so that when we substitute these values in (6) we have

(7) x=K)., y=Kp., u=Kp, v=Ka,

where
: ‘ ' _ 29

(8) K=[7. +n/.p+puz p)p.]
cp + du

[ l(ad—bc)7ä+[b(d—cn)+acp(n—p)]plp
+

%
ld(an— l)) + acp(p — n)] 7. +p(n ——p) (ad— bc) IJ. : a].

Hence the solution (7) is proportional to the given solution pro—
vided K # o.

A solution of (1) such that X’ + n7qJ. + p(n —p) pfi= 0 is one such
that K = 0 but is a trivial solution and has been excluded. Hence if
K = o we must have that the solution is also a solution of

{(ad— be) a: + [I)(d— un) + acp(n —— p)]y ; u

+ {
[d(cm —— b) + acp(p — n)]x+p(n —p) (ad— bc)y ! v = 0.

It follows then that

() gu=S{[d(b—an)+acp(n—p)]w+p(p——n)(ad—bc)y}
9 lv=S{(ad—bc)æ+[h(d—cn)+ucp(n—p)]yl.

We may show that
(( +1w: S;‘\(æ +]D');

cu + dv: SB(aŒ+ by),
u”+nuv +p(n —p)v'—’=S’C|_æe+næy +P(" _l’))’glr
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where
A=(p— n) (ad— bc) + b(d—cn) + acp(p — n),
B =c’p(n ——p) + a(d— cn),
C =p(n —p) (ad— bc)’+ [d(b — un) +acp(n —p)] [I)(d— cn) + acp(n—p)].

Since u, v, a:, y, as given by (9), is a solution of (1), we have on
substituting these values for u and (‘ in (1)
(10) (aæ+by)(æ+l'y>[Œ’+næy+p(n—p)y’l

= MS‘(uŒ + by) (æ+1'y) l'æ’+ næy +p(fl —1))y*Jy

where M: ABC.— Any value (x,y) will satisfy (10) is MS“: 1 and
no value ifMS‘ # 1. Hence in addition to the solutions given by (6),
(1) is satisfied by all integral solution of

"VMu=[d(b — un) +ucp(n—p)]x+p(p — d) (ud— bc)_y,(Il)
‘!VÎII v= (ad— bc)w+ [l)(d— on) +acp(n —p)]3',

if (1 1) has any integral solutions.
Consider the particularexemple

(12) (a: —— 2y) (ac + 23!) (aa-”+ 5æy + (if—’) : (3… + u) (u + 2v)(1ü+ 5uv+6v’).

We note the trivial solutions

{(£)
)')=(2a1 a); (Za: _“); (366, _“);(‘3) …, v>=(b, —3b); (ab, —b>; (ab, —/»>.

The solution of (12) is given by
’ æ=y’(a + 25) (a’+ 5a5+652)(a— 135) + 2‘{“’,

_)' =y“’—y’(a+ 25)(a’+ 5a5+65’) (Baz + B),
u=(a + 25) (a’+ 5a5 +65’) +7“(2a—65),
” =Y“(a+ 75) — 3(a + 25) («’+5aô +6@’)-

(là)

Suppose «:= 7\, y = u, u = p, v: a is any nou—trivial solution
of (12). H in (13) we choose

a=(pl+5pp+6pa)(l‘+5lu+ôu’), 5=(Âa—pp) (l‘—’+5Àp+ 6pfl),
y=7Œ+ 5)\1J.+ôp.2
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we haveæ=Kl,y=Kn,u=Kp, v=Kc where

_ ()fi+ 5Àu+6pfl)vK 3p+a [1).+ 56p)p + (251+42y)a].

Hence (14) gives a solution of (12) proportional to any solution
except those for which

p= S(251 +42pr),(15) a=—S( 714—5614).

Since

(). — ay.) ().+ 2y)(7fi+ 5).p+6ÿ):(3p +0) (p+ 2a) (p’+ 5pa+ôa’)

we have from (15) that
(i _ 2p.) (K+ a… (>l=+5zp+6w) =sw. _ …) (Â+ 2…(12+ 57.p.+ 6,12).

If S = [, we have the non-trivial solution
(16) cc:)., y=p, u=257.+429, v=—71—56p..

'We may say then that given any solution of (12), a solution
proportional to this solution is given by (13), (14), or (16).


