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AN APPLICATION OF THE BRACKETED NUMBER TO THE SUMMATION. 23  
An application of the bracketed number

to the summation of a certain type of series;

Br [. J. SCHWATT.

The author has found nowhere in mathematical literature any
method which would enable him to find the summation of the series
given in this paper. The principles and methods applied in the solu—
tion of the problem are believed to be new.

If in the given series

(1) S=E(—l)k—îcoskT—ïi
Dk=1

the first h terms are retained and the following v terms removed;
again, the next h terms retained and the v following them removed;
and if this processis carried throughout the series, to find the sum of
the terms retained.

Let n:m(h + v) + d, where m: {I:—33]
, then the required

sum may be represented thus
.

mfi+d k—-1

… si: È <_1>*—1+lîlv…<k+[kk—11030,

for d< h, if dêh, then h takes the place of d.
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Let n’=mh+d, oêd< h and hî1, then (2) may be written
ñ M

(3) S,=2{(——1)"‘1coskë (—1)" 2 (—1)"*‘cos(la+v)E
:: S’k=1 k:fi+1

3h
Tt+(—1‘-’" —1"—'—‘cos l.‘+2v—+….> 2 < > < )g

k='2ft+1
mh__ — TL‘+ (—1)"'—"' 2 (— 1 )k—1 cos(k + m— 1 v)—

5“k=ËÎ/+l
mli+ d

+ (— | )""' 2 (— | )“—‘ cos(k + mv) %,
k:mh+1 D

m—1 (u+1)ü

(A) =2(—1)“" 2 (—1)"“cos(k+av)ë+&.
a=o k=añ+1

where & is the last single summation in (3).
Letting K=cxh:K’in the doublesummation in (4) and K—mh=K’

in 82, we have
m— 1 h

(5) S1 :2 (— l)°“h+…2 (—1)"*l cos(k+ och + v)%
«:o /r=1

'

d
71'+ __ Illlh+l‘y _ k—1 A+ n h+(’ _,(r)

â< 0% ,< >}g

On place of (4) we may write, letting h + v = n

h w+72
TC 11:

S1=2(—1)k—1cosk—+ 2 (—1)"“‘C05k—+….
€ €k=1 k=w+1

m—1w+fi mw+d
k Tr k-1 TE+ 2 (—1)—1coskâ+ E (—1) cosk—(;;

::
k=m——1w+1 k=mw+1

m-1 aw+7£ _

TC_ k—1 ___ ;
E

( 1) cosk + S.},

«:o k=aw+1 .
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letting in the double summation K —ocw= K’ and K —mw=_ K’
in S,, gives (5).

'

Now if let q = 6, then from (5)
m— 1 fi

(6) S,: 2 (—1)“‘“cosawä2 (——1)"—1 cosk%
a=o l:=1
m—1 k

—2(71)1“'si11awg— ‘(—1)k—1
sin/{%r

oz=u k=1

’n+ (— ! )""" cos mw—
ÊÊ

(— 1)k—‘
cos/nô— d

—(—1)"““ sinmw%E(—1)k—lsink%,
k=1

(7) 11r[2(—1)w(———1>+2;COSW—IE—COSW-ËÈ
=Asinwg-

6 6 '

_ ;. _ __ ___ È+2( 1){coswh6 cosw Il
16}

_2_ IL+(«VS T_C_
E}( 1) (cos(h+l)6 cosh6{

—A1{cos(m«v+l)——cosmw%}

—A.;{cos(m—1w+x)%c—cosm—1w%}
“!+(—1)"A,Scos(mw+h+ 1)—ë£ écos(mw+ h>ä(

A

+(_ l)hA2
{ cos(m—1w+h+1)g—cos(rÊÎw—l—h)

Z—; :]
+[(—1)"”{sinn”£—sin(n”+

1:
6 ”€

6
Journ. de Math., tome XX. — Fasc. 1, 1941. 4

—(—1)mwisinmw7—r —sin(mw+l)%H:
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where
A,={l—(—I)'”+(—l)"'+(—I)m+w},
A=={ [+(_l)lll+(_I)w+(_l)m+w}

and
n”: mw + d.

Then
m—-1 fi m— 1

(8) S,=E cosaw%2 (—1)"“cosk% —2 sinozw—Ê(
(——1)"°1 sin/.6—a=o k=1 Œ=U

d

+cosmw%2 (—1)“*’cosk—
6—Sinlan—kZ(—l)

“-—‘sinkg
k=1

(if w is even),

(9) :
".fi[<\—/—3—1>—{cosw%—cosw—1%È

1r

+(—1)"{cosw—Iz%——cosw—Ic—1ë

  
—cos(h+1)%+cosh%}

-— :cos(mw+l)7—r —cosmw
%} 

—Ï

$

-————-— 7ï ?— cos(m—1+ 1)-6 —cosm——1wË

E —cos(mw+h)%}—+—(—1)"{cos(mw—+—h—|—1)6

+ (— 1)"{cos(m—iw+h+l)ë— cos(m—1w+h)ä}]

n” ' IIE_ ' Il E _ ' E__ ' E+(—1)
%smn 6

sm(n +1)6} {smmw6 sm(mw+1)6}

(if w is even),
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and

m—1 n
TE , 11(10) S,: 2(—1)“cosawëz(—1)‘—1coskë

. Ic=1a=o

m—l It

—2 (—1)°‘
sinocw% 2 (— 1)"'—1 sin/{%

a=n I.—=1

d d
__ m È _ k—1 E_'__ … ' E __ k—1 '

7_Î+( I) cosmw6 Z( !)
cosl.6

( 1) smmu
6k2(

[)
smic6

_1 ./i=1

(if w is Odd),

(Il) : I
fi[—<Ê—1)—{cosw%—cosoÎî%}2sinw—
6

 
_ h —_—E_ _ÎÎË+( 1)%cosw h6 cosw h 16

+cos(h+l)%—cosh%à

+(—I)"‘
 
cos(mw+ 1)Î — cosmw£6 6

— (— 1)”‘{cos(m_—lw+1)% ——

cos?nÏw%}
_.

(_I)lll+/‘{COS(_HUV+ Il +I)%T — cos(mw+ h)%£

+ (— 1 )h+mîcos(m.—1w+h+1)%—cos(m%1w+lz)%}]
,, . ,,7‘r . ,, TE m . 7r .

'

'n'—(—1)"
{smn € —sm(n +1)5}—('—1) {smmwë—sm(mw+l)ë}

(ifw is Odd);

(8) and (9) hold only when w is even, and (to) and (1 1) only time
when w is Odd.
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‘

The result (7) is obtained from (5) by the applications of the prin—
ciples

n [?]
2(—1)"“f(£‘)= 2

l-’:]
f(2k+l) — }] f(‘z/f)

k=1     
   

k=l k=n
(12) and .

m—l ”‘—?m_, [T] [T]
2 (—r)“°“f(d) = 2 f<za>+<—r>”' /…+.),
“=“ “:.. a=k.

and by means of
,

_ |_ Il. /,
sun—/z+Wcos (a + ;9)Ecos(a+l:9)= :

4

k=ll Singe
(13) 4. and

n sinhîlfjsin(a+‘êô>,Zsin(a+k9)= ‘ À
’

k=u sin l—9
\ 9.

_ [ IL—ln sm:h9Cos(ü+ 2 9>2 cos(a+ k€):
1k=l Sin;0

(14) and
li sin h

_;
I Ûsin (a +

1—20)Zsin(a+k9)=
1

’
k=1 Sina 0

and successively letling w even and Odd we obtain (9) and (1 1) res-
pectively. Applying the same formulae to (6), (8) and (10) we
ai*rivé at the same results.

Now each of (7), (9) and (I 1) is composed of terms similar to

S.,=(—-1)h{cos(h+l)är —coshâÈ(15) and

S,,=(—l)"{sinhg—sin(h+1)ä}-
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We shall next calculate the numerical values of these expressions,

for which purpose we first find

(16) cos/1%, sinh% and _tangh-Ë,

Il ÎL+27: (—— | )l’=(—l)ï=(— I)lT],
h—1 " ñ+z

o =‘éä(_ 1)[ 5 lq

if h =61), then cosp1r

/-' ".—

ifh=6p+l, then cos<p+ë>n=ïâ(_l)p=lîâ(_l)  [ 1 h_---_»_

'

ll [IL+2]ifh_=6p+z, then cos(p+— - __ (—1)"’ —-(—1) "’

1r=—l(—1)P+‘=â(—1)_“-=â(_l)lll’

if h =6p+3, then cos (p +] —î) TC : 0,

if h=6p+û, then cos (p + â)

if h=6p+5, then cos <p +
%

,- hi - &}.
V23(_l)l. 6 l=\/Î3(_I)l 6 l_

 

Therefore

;
<—1>V+Ël{f ]"—+—"] ]'—-';"] [;](17) coslz—=—— 5+(—1) " l=— 3(—1) +(-—l) }6 [. [il

(if h is even);

_<—I>V*’l ]":—%]g=v_ ["%"] [fi](18)_\/3(1+—() —1) " +(—1) “
}

(ifhisodd);
" ü+2 :Ii.+2

<19>=“—3l(—1>l"]—<—1>l "_ ll

%:<_;]]]3+8%]3<_1]+<_;]"%]z
(whether h is even or Odd).
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Similarly,
/" h;t …— g r…

(20) sinhË=(—l)häêâl_(_l)[ 3 ]; Î{(—l)[2]—(—l)[ .; ]:
(if h is even);

: ”L‘(21) =(———6-——1)1{3—(—|)[0312=
(ifhis Odd);

/T‘ [I 'jñ

(za) =‘”Î53(—1>[5]—<—1)[Î]}
fz_ :Œ ) l‘ I: fi+1+;<__Ûlfi]_(__l)l. '-' ]$_ä‘((_l)[ül°‘l_(_l)[—’—]}

(whether h is even or Odd),
ooæw.

and
M '

(23) lang/1%r =”—3/23(—[C1)“ — (— 1)[ÎH (if h is even);

(24) : (ifhisodd),
“(_1)[h]2+(__1)[%]%«

v ((
’_ Il h+2 2h+2 2h

V—3Ë<— .=°>[ ]—<—fl[T]+<—u>[ ]_(_1)H}

  (25) =
&

+ë ‘_(_‘)h
….‘/3 '1+2(—1)[g]+(—1)[J“_]

(whether h is oven or Odd).

 
We can now evaluate 83 and S,..
From (9)

S$: (— 1)"{cos(h+1)6E — cosh

g(_l)['+]_,)”+[_(_,)[ï%‘]+(_l)Ï%“]z
3 "‘l £+_z .ILæ-_. [::—H /z+l

=+g{(—l> °W]—<—n>[“VJ—<—n>[w<ül——1>[T]s+—<—x>[T]
but

5 r.“. +2 .n+:æ fi+:1 fi+t<—x>ÏT]—(—x)[T]+<—I>ÏT]= <—n>ÏT]
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and
(_I)[=—hæ21_(_I)[=—figf—3]_(_Ù[äfi]=_(_ÙV—m,

therefore
»

(26) ss=çÎ<—I>ÏLËÏ+<—I>ËJ]Ë—,â53(—1)[$]+<—1)FË1È.

Similarly

(27) s,,=(—l)h{sinhg_sin(h+x)g}

=“Îä—3(—n>[ÆÎ1]—<—I)ËÀ]Ë—âËS<—x>ÏË}—<—r>mï.
 

In the same way the following results are obtained,

E

(28) Ss=2 (— 1)"“1
mek—ê£

k=1

=â +(—1)"{sinh% —sin(h+t)%}

g+ çË<—I>FË]—<—I>ÏILË]Ë
— â3<—1>ÏË]—(—I>ÏËJÈ;

(29)
Se=ë (—1)k—1sinkg

: 1— @ +(—1)"{cos(h+1)%—coshë}

=1—Ç+çt<_l>f—Ëä+<_nï”î‘ïä_;%<41>ILŸJ+<—I'>EË-?Jë;

.—

  "‘—1
_“ 1 1

sin mw% 1
sin(m—— I)W%

(30) S,=Z(—I)°“”cosozwë=2——l—[—lA1 1r +—£A,————n———x
a=o sinw-6 sinw€

where
A1={1—(—l)m+(—l)w+(—I)m+wî
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and.
Az={1+(+1)…+(—l)“’+(—I)”L+W}

m—1 —

'

-— _ w ' E(31) sa ——2( 1)“ smaw6
a=o

COS ”lfl' E COS(ÏÏL __ 1)wî
=—cotw—+ (_‘)w

___‘1A 6_ îA 6
2 6 zsin 1—1.

{'
1 ' _7r &

= ' ‘”
,

W
6

SII] W 6 5111 W
_6_.

m—1 . TC . 71:

1 [ smnuv€ +sm(m—1)w€
(32) So : COSOHVE=—+_6 9, 2 _ 71“=“ smw€

(if w is even);

mw 'mw+t '

l _ _
.(33) =5+â3(_1)[0]_(_1)l » “

w+2 w »

4+3 -—I[ 6 ]+ —1 [É] I mu;+2 $}X' (
‘2 (w+Î _ä{3(_1)[ ' J+(—I)[']

(_1)[Î]_(_l)[T]
(if w is even);

TC TC”‘—'
Tr 1 1 “ IcosmwË +cosm—1wî5(34) Sm=Esmawä= . )n+QCOLWË_Q . ,Ea=u zsmu

ÎS
smw 6

(if w is even);

l "NV-+2
(35) :_ _

s«ä34_3(fl>[
“ ]“<—‘)"““Ï

w+2

><
4+3(—1>[T]+ (— .)[Ë] _ ËË (— x)['"—£“J _ (— 1>[—""Ë+‘Hfl{

‘ w+i 8(_1)[b]_(_l)[ G ]
(if w is even);

  'ÏL_1 .

71:

'

sinmw%—sinm—1w%r' ’ 1 1
3 5 =2 —1°‘cosaw—=_ _ —1'"(6') 11 ( )

6 2 2( )
. 75

“=0 smwË
(if w is Odd);
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[I_INV]
(%> =‘— %“‘ivg

‘
\/A—M—IJW+H (—IW”%

X4—Vflv—0FÏJ+v—nU+JJ
3<—1>J%J—<—I>JÏJ
mu+2' _W[ +…

l__u+l]_ __—)\/4+3(—1) ” J+ (— 1)…"
/1\ 2 (ifwis Odd),

œæ =â—%Âvfl>JWJ+ baÿ%ËR

     
 

33“J+<—I>JŒJ%;: l)m+Ë1+(_…1m—m
w—wHJ—vAJH

(if w is Odd and m is even),

ww ==â++HB«-ùŸTJ—<—IJÊJJ

X4—Vflb4)…J+P4JHJ +LJ(—ÙVMÎ+(—xfi
8

M—ûJHJ—0—0JJ
(if w is Odd and also m Odd);

 
Ill—l

(4°) S1:=2(—1)1sinuwë   TC 71:cosmw—_—cosm—1w+
1 ol 7r 1 +1( 1)…

b 6=—C (V”. “"'—_— _ _
2 6 ) . 7r 2 sinw“_smw— —

6 6
(if w is Odd);  

 
mw+£l] ;

(h) = [Va—Ü—0VH-hmVï+M—nVHHJH—nmJ]
4 2

v'ä%(— 1)[“ ÎJ + (— 1)[LJÈ — ":

3<_1)L%]_(_,)L%J

[;__!mx]+ni ‘/4_3(— l)llrt13+1J _ (_ I)"…

(if w is Odd);
Jam-n. de Math., tome XX. — Fasc. 1, 1941. 5
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(42) =âËA —3<—1)[…2]— <—u>[ÏÆ]Ë

x\/3((_1)[WT+3+(_I)[LÏ]Ê_4_\/8__3(“I)Lmw]—(—I)[mï+tn

(if w is Odd and m even);

(43) =H[4+x Ë<—1‘ŒËÏ+<—x>[mï+g]îJ

><‘/33(_1)[“—Î+(_Û[uî]%_4+âîa(—1>ÏŒË]_(_I)Ë"]È
3(—1)[ï ]+(_I)[uz ]

  
 

(if both w and m are Odd);

.. n»__,,…,+1 n"—mw+5 :+%ä{(_l)[—ü—L(_1)[_—6—]

_âg(_l)v—:w]_(_l,[fl-—r—wn

!
2

(44) S ;=E<—n>kflcoskä=
k=1

?  d n"—mw+2 n"—mw+b
(45) Su=z(_l)k—l sink—6=1_Ë+\/—3%(—1)[ 6 ]+(—'1)[ 6 ]g

k=1

+ äg(_ I)[n —r:w+3]+ (_ l)[n —r:w+1]t.
 

In this way the desired result is obtained.


