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Polynomial e.xpansions of functions defined 
by Cauch~r•s integral; 

BY J. L. WALSH. 

ln the plane of the complex variable z, let the analytic Jordan 
• curve C con tain the origin in its interior, and let the fonction/( z) 
satisfy a Lipschitz condition on C. Then, as Plemelj has shown 
[ 1908; compare also Privaloff I g 18], there exist fonctions / 1 ( z) and 
/ 2(z) analytic respectively in the interior and exterior of C, conti-
nuous in the corresponding closed regions, C1 and C2 , such that on C 
we have /( z) == / 1 ( z) - / 2 ( z) These fonctions are represented by 
the Cauchy integral of /(z) over C. The fonction / 1 (z) can be 
expressed in C1 as a uniformly convergent series of polynomials 
in z, and the fonction / 2 ( z) can be expressed in (\ as a uniforml y 
convergent series of polynomials in .:; consequently /(z) can be . z 
expressed on C as the difference of these two series. It is the abject 
of the present paper to study under various hypotheses on/( z) the 

• definition of these two series directly in terms off( z) rather thari in 
terms of / 1 ( z) and / 2 ( z ), and where the series are the classical ones 
of Faber and Szego. Thus we study expansions of the components of 
a given fonction/( z ). A corresponding study has previously been 
made by the present writer [ 1924] for special series of polynomials 
artificially defined for the purpose. 

To be more explicit, in Section i we consider the houndary values 
of the Cauchy integral over C of an arbitrary fonction/( z-) either of 

Note. - The research here presented was accomplished in part under a con tract 
hetween Harvard University and .the Office of Naval Research. Responsihility 
for the wiews expressed lies wholly with the author. 
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class L 2 ( that is, /( z) and [.f(z )]2 are Lebesgue integrable with 
respect to arc-length on C) or of class. L( k, o: ), namely a fonction 

• whose kth derivative with respect to arc-length on C satisfies a 
Lipschitz condition of order ix, o < o: < 1. We include the study of 
à usefol class of fonctions recently introduce,d by Zygmund. In 
Section 2 we exp and these boundary values by the Faber polynomials 
and associated fonctions, and in Section 5 by the Szegô polynomials 
and associated fonctions; this treatment seems to be the first proof of 

, the convèrgence on C of a development in Szegô' s polynomials without 
assuming analyticity on C. ln Section 4 we show that except when 
C is a circle there exists no weight fonction with respect to which the 
two classes of fonctions / 1 ( z) and / 2 ( z) are mutually orthogonal 
on C. ln Section â we discuss briefly degree of convergence. 

It is especially appropriate that this article should appear in a 
volume dedicated to M. Paul Montel, for his work [1910] on series of 
polynomials has been the immediate inspiration for the greater part 
of the subsequent work on the subject,, his study of degree of conver-
gence [ 1 g 1 g] is classipal, and his theory of normal families of fonc-
tions is one of the most important tools in the study of expansion 
problems. 

i. Bou_NDARY VALUES. - For the case of the unit circle C : j I = I, 

explicit formul.as can be given for the fonctions / 1 ( z) and / 2 ( z); we 
use.polar coordinates (r, 0). 

TeEOREM i. i. Let the function V ( 0) be of class L2 on C, let V (0) 
be the function ;onjugate to U(0) on C with J,V(0)d6=o; and let 
u( z) and v( z) respecti(.•ely be the functions harmonie interior to C 
defined by Poisson' s Integral, taking on the boundary values V ( 0) and 
V ( 0) almost ererywhere on C. Then we hare 

(1. 1) fi{z) = I 1 tJ ( 0 ) dt I . . -. ----[u(z)+iv(z)+u(o)], 
27rl C t - Z 2 

- 1 __ i U ( 6) dt (1.2) /2(z) = 
27rt C t-.z 

::; interior to C, 

=- [ lt (i) - i 1{~ )- u( o)], z exterior to C. 



POLYNOMIAL EXPANSIONS OF FUNCTIONS, 

In these formulas 6 is a fonction of t, and in both ( i. 1) and ( 1, 2) 
as in all subsequent formulas, all integrals over C are to be taken 
counterclockwise. It is natural here, although by no means neces-
sary, to interpret U(0) as real. The conjugate fonction V(6) can be 
defined on C either by means of Fourier series or the Poisson integral, 
and is of class L2 on C since U (0) is of class L2 on C. 

We denote by H2 the class of fonctions a";;,;n analytic interior to 

C with 1 a,. 12 convergent, and by G2 the class of fonctions I a_11 z-" 
0 

analytic exterior to C and vanishing at infinity with II a_" 12 

1 

convergent. For an analytic fonction F(z) to belong to H2 or 
G2 it is respectively necessary and sufficient that . the integral 

{n. 1 F(reiO) 12 d6 be uniformly bounded as rapproaches unity, r< 1 
' 0 

or r > 1. It then follows [Fatou; see for instance Walsh r g35, 
Sec. 6. iü] that boundary values for approach " in angle " ·exist 
almost everywhere on C, are of class L2 there, and that Cauchy' s 
iotegral formulais valid in terms of these boundary values .. 

The Taylor expansion of a fonction of .class H2 converges in the 
mean ( of order two) on C to the boundary values. If a sequence of 
fonctions of class H2 converges in the mean on C, the limit fonction 
is necessarily of class H2 , and the sequence converges to the limit 
fonction throughout the interior of C, uniformly on any closed set 

Ïnterior to C; compare Secli?n 5, lemma t below. 
The fonction u ( z) + i r( z) of theorem 1 . i is of class H 2 ,, so we 

have 
( 1. 3) 

(1.4) 

u(z) +i r(z) - - 1-.J U(O) + iV(O), z inlerior to C, 
27l'l C t-z 

o = - 1-. ( U ( O) + i V ( O), z exterior Lo C; 
21ri)~ t - Z 

each of these formulas can be established by expressing U (0) +iV (6) 
as the limit in the mean on C of its formai expans10n in positive 
powers of z. 

Journ. de Math., tome XXXI. - Fasc. 3, 1952. 
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W e can reflect the fonction u ( z) + i v ( z) in the circle C; the fonc-
tion u ( f) i r ( f) is anal y tic exterior to C and takes on C the 

boundary values U (6)- iV(6); the fonction u ("½ )- i v (i)- ~( o) 
is of class G2 , whence as in the proof of ( 1. 3) and ( L 4) 

( 1.5) 

( 1. 6) 

u· (;)-il'(;)- u(o)- - r_ [U(O) - iV(0) dt, 
z .z 21riJc t-z 

( ) =-1-lU(O)-.iV(O)d U O _ . . t, 
27rl C t-z_ 

z exterior to C, 

z interio; to C. 

, Equation ( 1. 1) now follows from (:1. 3) and ( 1. 6 ), and ( :1. 2). 
• follows from ( 1 . 4) and ( :l. 5 ). The boundary values almost every-
where on C of/,(z) and/2 (z) are given by 

( J1(z)- ~[U(O)+iV(O)+u(o)j, 

1 J,(<) =- [U (0) ·-; V(G) - u(o )J, 

u(o)= Lfu(O)dO. 
27ri C 

W e have also on C 

(1. 8) { /1(z) f 2(z) = U((O), 
/1(z) + f 2 (z) = iV(O) + u(o)J 

Following Zygmund [ 1945], we define U ( 6) as of class A* or A* ( o) 
on C if, on C, U ( 0) is continuous and we have 

(1.g) 

where M is indep~ndent of 6 and h. If uu,J(6) satisfies a condition 
on C sirriilar to (1.g), we say that U(6) is of class AK(k) on C. We 
have 

THEOREM 1. 2. -// the function U(6) is of class L(k, a), o <a< 1, 

on C : 1 z 1 = I, so also are /1 ( z) and /2 ( .z ), the latter functions being 
continuo us in I z I L'.'.'.: 1 and I z 1 1 respective/y. If Ù ( 6) is of class 
A* ( k) on C, so also are /t ( z) and / 2 ( z ), the latter functions being 
continuous in I z I L I and I z 1 I respectirely. • 
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_ lt is a well known theorèm due to Privaloff [1916] that if U(0) is 
L( o, rL ), so also is V ( 0); the first part of theorem 1.. 2 then follows 
readily [ compare Walsh, Sewell and Elliott, 1949; th. 5. i]; indeed 
it follows [Sewell, 1942, p. 29] that f~k\z) and f~k\ z) satisfy 
Lipschitz conditions of order °' in the respective closed regions I z 1 1 

and iz 1~1. Zygmund [1945] shows that If U(0) is of class A* 
on C, so also is V ( 0 ), so the second part of theorem -1 . 2 follows 
L compare Walsh_ and Elliott, 1950; theorem 2. 2]; here too the fonc-
tions /~k,( z) and /~k>( z) satisfy conditions in z similar to ( i. 9) in the 
respective closed regions I z IL. 1 and ! z 1 1. 

We proceed to extend theorem 1.. i to an arbitrary analyticJordan 
curve C. For such a curve, the dass of fonctions H2 is defined • as 
the transform of the class H2 under a conformai map of th~ interior 
of y : 1 w 1 = 1 on to the interior of C. Let F( z) be a fonction of class 
H2 with respect to C. In the w-plane there exists a sequence of 
fonctions an11lytic in thè closed interior of I converging interior to y • 
to the fonction F[<I>(w)J and in the mean on I to the boundary 
values of F[ <])( w )], where 1v = rp (z ), z = <])( w) maps the interiors 
of C and -y on tci each other. Thus in the z-plane there also 
exists a sequence of fonctions analytic in the closed interior of C 
c_onverging in the mean on C to the boundary values of F( z) and 
converging interior to C to the fonction -F(z ). Consequently 
Cauchy' s integral formula is valid 

F ) I I F ( t) dt . . ' C (z = -. --, z rntenor to . 
27l'l C t-z , 

A similar proof and co_nclusion hold for the class G2 for C, defined 
as the transform of the class G2 under a conformai map of the exterior 
of y on to the exterior of C with the points at infinity cor1esponding 
to each other. Let us prove • 

THEOREM 1.. 3. - Let C be an analytic Jordan curve, and let the func-
tion f( z) be of class L 2 on C. Then we haçe 

(1.10) 
f 1 (z) = - 1-.jf(t) dt, _z interior to C, 

27!'l C t-z . 

J2(z) = _1_.Jf(t) dt, z exterior to CJ 
27l'l C t~z 
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where fi (z) and f 2 (z) are respectirely of classes H2 and G2'for C; the 
bounda,y values almost ererywhere on C satis/y the equation ' 

(Lu) 

In particular zf f(z) is of class L( k, ex), o <ex< .1 or A *(k) on C, so 
also arefi ( z) and / 2 ( z ). 

With the map w= :p(z) already introduced, the fupction/[<I>( w)] 
is of class 1;~ on y, and we have by ( 1. 8) almost everywhere on y 

J[IJJ(w)]- <p1(w) - <:p2( w), 

where :p 1 (1v) and :p~(w) are of classes H 2 and G2 for 1. Under the 
map w = :p ( z. ), a certain closed annulus A in the z-plane, bounded by 
C and by an analytic Jordan curve C1 containing C in its interîor, is 
transformed one-to-one and conformally. If z is an interior point 
·of A, wé have 
(1.12) 

( 1. 13) 

<p2[<p(z)) =-<pa(z) + 91(z), 

ro,l(")---·J <p2r<p(t)J at, T '" z interior Lo C'1 , 
c; • t - z 

<p,(z) =-1· cpd cp(t)] dt, z exterior to C', 
C' t-z 

where C'1 and C' are .analyLic Jordan curves interior to A near C 1 

and C respectively. These integrals may be taken over the cu~ves 
Ci and C themselves; for instance choose C'1 as the image of a variable 
circle I w1 1 =,. < 1 un der the conformai map of the interior of Ci on 
to the region I w1 1 < r; then the first integral in. ( 1. 13) is a ;3tieltjes-
Lebesgue integral with respect to • the parameter argwi = 6, an 
integral which is constant for fixed z as .,. varies and approaches 
unity, and whose integrand converges in the mean to the integrand 
for r= 1 ( compare the w1 -plane ); the integral approaches the corres-
ponding integral taken over Ci. The integrals ( l. 13 ), now taken 
over the curves C1 and C, define fonctions tp 3 (z) and 'P• ( z) analytic 
respectively· throughout. the interior of C1 and throughout the 
exterior of C; on the curve C the fonction tp 3 ( z) is analytic and for 
the boundary values <p 2 (w), :p 3 (z), <p 4 (z), equation (1. 12) is valid. 
The fonction :p 2 (w) has boundary values almost everywhere on y of 
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class L2 , as has the functjon <p4['1>(w)J, and. f \92(rei0)\ 2 d0 and· 

flcp4[([)(rei0)Jl 2 d0 are uniformly bounded (r>1), so 'f4(z) is of 
class G2 for C; the equation <p.o1 ( oo) = o follows from ( f. 13 ). 

We now introduce the definitions 

/1(z) = qi1[,:p(z)] + 93 (z), z interior to C, 
/ 2(z)_qi,.(z), zexteriortoC, 

frôm which (1.II) follows. The fonctions j 1 (z) and / 2(z) are 
respectively of classes H2 and G2 for C, so we have ( L IO ). 

The remainder of theorem 1. 3 is an immediate consequence of 
theorem 1.. 2; compare Walsh .and Elliott [ 1950 ], theorem 5. 4. 
Compare also Davydov [ 1949]. 

2. FABER POLYNOMIALS. - If C is an analytic Jordan curve of the 
z:.plane, Faber [ 1903] maps the exterior of C onto the exterior of 1 : 
\ w i • 1 by the transformation z =t(w)1 w= W(z), w,ilh t(oo)...:... cc, 
and studies the kernel of Cauchy' s i11tegral 

(2. 1) 

where F"{ z) is a polynomial in z of degree n, and the development is 
va lid for z interior to C and w on 1 . Indeed, if we set z = t ( 1~·0 ), 

we have 

(2.2) i.p'1 ( w0) ( w - Wo )2 
t.f;(w)=t.f;(wo)+t_f;'(w0)(w-wo)+ 21 + ... , 

,1,1 ( w) 
(2.3) 0(w) i.p(wr- 'f (wo) 

t.f;"(w0) i.p"'(wo) (w - W0) 
----;-r- - 3! 

The last meniber of (2.3) is uniformly bounded for. all w0 on y and 
for all w on 1, and even for all \ w0 ! :::::::S. r < 1 and for all I w j :::::::S. r, 
pro--vided t(w) is analytic with f(w) o for \ w \ :::::::S.r. The coef-

• ficients- of.the expànsion 
• . A1 A2 
0(w)--+-.+ ... w w-
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are uniformly bounded for I w0 1 ~r, An= O(r''). We have also 

1 Wo 1 < !w!, 

whose coefficients are O(r") if I w0 1 Lr. Thus it follows from (2. 1) • 
that the coefficients F,/~) are uniformly O ( r") if .z lies on C,. : • 
l~(w)!=r<r, 

W e are now in a position to prove 

Tm:OREM 2. '1. - Let C be an analytic Jordan curçe of the z-plane, 
and let f( z) be V on C. Then for the functions of theorem 1. 3 we 
haç,,e 

(2.4) a"= _r_., jf[y;(w)] dw, 
• 211:l wrt+I 

y 

where the expansion is valid unzformly on any closed set interior to C, 
and 

-11 a-n= -. j(z)F,,_1 (z) dz, 
2 7r l C 

where the expansion is valid umformly on ~ny closed set exterior to C. 

Equation (2. 1) is valid uniformly for z on C,. and w on y, so (2. 4) 
follows from the first of equations ( i. 10) by integration. Equa-
tion· (2. 1) is likewise valid uniformly for z on C and 11v 1 R > 1, 

and can be written in the form • 

dz ~:, ' - = W'(t) [W(t)J-n-1 F,,(z)dz, t-z 

so (2. 5) follows from the second of equations ( i . 1 o ). 
Equations ( 2. 4) and ( 2. 5) are expansions of f 1 ( z), and f 2 ( .z) 

directly in terms off ( z) without the explicit intervention of Cauchy's 
integral formula. 

Equation ( 2. 5) has the disadvanLage of being an expansion in 
terms of the powers of the niapping fonction W(z) instead of poly-
nomials, a disadvantage that we now overcome by mapping the 
interior of C onto the interior of r, with the mapping fonction 
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w=ip(z), z={J)(w); we suppose z=o to lie in'terior to C, and 
assume cp( o) = o. A procedure entirely analogous to the one just 
used defines an expansion • 

(2.6) 

_where F _n (;) is a polynomial in ; of degree n without cons~ant term, 
• and where the convergence properties of ( 2. 6) are similar to th ose 

of (2. 1 ). From the second ofequations ( 1. 10) we have at once 
the second part of 

THEOREM 2. 2. - Let C be an analytic Jordan cwve of the z-plane 
contai'ning the origin in its interior, and let f( z) be of élass U ori C. 
Then in th,e notation already introduced we have 

• 0 

r { f ( z) W' ( z) dz 
an= 21ri)c Wn+1(z) ' 

1 • ' 
where the expansion is valid 'unzjàrmly on any closed set interior to C, 
and • 

"' 
(2.8) f 2 (z) = !i c,.F_n ( n, Cn= - 1-., r j( Z) q/ (z) qin-i (z) dz, 

. 21r,Jc . 

where the expansion is valid unzformly on any closed set exterior to C. 

The fonction / 2 ( z) vanishes at infinity, as does each of the poly-
nomials F-n(;),. Both (2. 1) and (2.8) are expansions expressed 
directly in terras of/( z) without explicit use of Cauchy' s integral. 
We emphasize the fact that the expansion (2.8) is derived from the 
Cauchy integral itself, and is not merely a transformation of the 
expansion (2.?); such a transformation would have 'the disadvantage 
for our present purpos'e of yielding polynomials in .: of degrees . z 
o, 1, 2, : . . with constant terms not necessarily zero, i~stead ofpoly-
nomials in -~ of degrees 1, 2, ... with constant terms zero; the formai z . 
expansion of a non-zero constant ( à fonction of clas~ H2) in terms of 
the transformed polynomials would not .vanish identicàlly. 
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From known properties of the Faber polynomials [Faber, 1903; 
Sewell, 1942] and from theore~ 1. 3 we_ have the first part of the 

CoROLLARY. - If the function f 1( z) is analytic throughout the interi'or 
of the Jordan curçe CR: 1 W(z) j = R > 1, then the ·expansions (2.4) 
and (2. 7) are also valid throughout the interior of CR, uniformly on 
any closed set interior to CR. ff the funètion f 2 (z) is analytù: 

• throughout the exterior of the Jordan cur11e C, : 1 ip( z) 1 = r < 1, then 
the expansions (2. 5) and (2.'8) are also va/id throughout the exterio; 
of C,., umformly on any closed set exterior to C,.. 

If the function f( z) is oj class L( o, ex), on C, o <ex< 1, the expan-
. sions (2.4), (2. 5 ), (2. 7) and (2. 8) are also valid umformly on C. 

To prove Jhe second part of this corollary we use theorem 1. 3. 
Only equation (2. 5) requires supplementary discussion; interpreted 
in the plane ofw=W(z), this expansion is a Laurent development 
of a fonction analytic I w 1 > 1, known to be valid for I w 1 > 1 ; the 
fonction de~eloped is of class L( o, ex) on 1, so the development is also 
valid uniformly on,. 

If C is itself the, unit circle, theorems 2 .1 and 2. 2 are identical with 
each other and with classical theorerns. 

, 
3. SzEGô' s POLYNOMIALS. - ln our study of orthogonal polynomials, 

it will be conveilient to prove several preliminary propositions, 
LEMMA 1. - Let C be an analytic Jordan curçe, and let cp 0 (z) be of 

class H2 for C. If the sequence of functions ~n(z) each of class H 2 
conçerges in the mean to q, 0 (z) on C, then the sequence ipn(z) conçerges 
to q, 0 (z) throughout the interior of C, umformly o·n any closed point set 
interior to C. • 

Cauchy' s integral formulâ is valid for C and each of the fonctions 
ip 0 (z) and ipn(z); the conclusion follows from Schwarz's inequality. 

If we assume here that q, 0 ( z) and Cfn( z) are ofclass L2 on C .but not 
necessarily of class H2, it remains true that the fonction !f'ot (z) 
defined as the limit }nterior to C of the fonctions !f'ni ( z) is also of 
class H 2 

cpo1(z)= _1_.1cpo(t)dt, 
27!l C t-z 

COn1(z)= _·1_.1cpn(t)dt, 
' 21!l C t-z 

z in terior to C. 
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For the case that C is the unit circle, Lhis conclusion follows from the 
equation 90 (z)=ip01 (z)-ip02 (z) on C, where rp 01 (z) and rp 0 /z) 
may be found from the formal Laurent expansion of 90 ( z) on C and 
are of classes H2 and G 2 respectively; for the case that C is a 
more ge~eral analytic' Jordan curve, this conclusion follows from 
theorem 1 . 3. 

LEMM! 2. - Let C be an analytic Jordan cur\Je, and le( F(z) be of 
00 

class H2 / or C. Let !i a11pn ( z) b·e i!te forma! expansion of F ( z) on C 

in terms of the polynomials Pn(z) normal and orthogonal on C with 
respect tothe weightfunction n(z) positi\Je and continuous on C. Then 

• this f ormal de\Jelopment con\Jergrs to F( z) in the mean on C, and 
coMerges to F( z) throughout the interior of C, umformly on any 
closed set interior to C. 

If the function w = q:i(z ), z = 4>( w) maps the inLerior of C onto the 
interior of y : 1 w 1 = 1, the fonction F[4>( w)J can be approximated in 
the mean on y as closely as desired by a polynomial in w = rp( z ). 
Any polynomial in w = rp( z) can be uniformly approxim ated on C as 
closely as desired by a polynomial in z [Walsh, 1935, p. 36], so on C 
the fonction F ( z) can be approximated in the mean as closely as 
desired by a polynomial in z, whether approximation is measured 
with or without the weight fonction. Hence the me as ure of approxi-
mation lo F( z) on C by the polynomial of degree n of best approxi-
mation in the sense of least squares, namely by the sum of the first 
n + I teFms of the formal expansion of F( z ), approaches zero as n 
becomes infini te; .the remai_nder of lem ma 2 follows from lemma 1. 

LEMMA 3. - Let C be an analytic Jordan curoe, and let the norm 
function n( z) be positi\Je and analytic on C. Let the function F(z) be 
continuous in the closed interiorofC and of class J;..( o, o:) on C, o < o: < 1. 

Then 'the forma! expansion of F(z) in the polynomials Pn(z) normal 
and orthogonal on C with respect to n(z), coMerges umform(v to F(z) 
in the closed interior of C. • • 

Szegô has shown [ 1939, p. 365] that under the conditions of 
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lemma 3 we have the formula 
. 1 

· (3. 1) p,, (z) = - 1 - 1 [W1 (z)f [ W(zW l.:l(z)]-1 + 0 (hn), 
(27!}2 • 

uniformly in a neighborhood of C, where o < h < 1 and h is inde-
pendent of z, where â( z) is a fonction analytic and different from 
zero in the closed exterior of C, with à( oo) > o, where I â( z) 1~ is 
equal to n(z) on C, and where w= W(z) is the mapping fonction of 
Section 2. W e write ( 3. 1) in the form 
(3.2) 

where we have w=W(z). The formai expansion of F(z) on C in 
the polynomials p,.(z) can'then be written 

., 
(3.3) F(z) rv "5'pn(z) ( F(z1)p,,(z1) 1dz11 ...... Jç 

0 . 

= ± l N(~) w"+ Oih")j Î F(zt)[N(z1) Ïv'; + Oz,(/in)] 1d.;11-
C 

The subscripts z and z1 serve merely to indicate functional depen-
dence. W e express the last member of ( 3. 3) as the sum of four 
infinite series, which we study in order. With 1v1 W(z1), the 
coefficient 

where y is I w1 1 = 1, is except for the factor 2'1t the coefficient in the 

formai expansion of the fonction Fl(~\:\~1) i~ powers of w. It is not 
necessary for the present purpose to relate this latter fonction to the 
boundary values of an analyLic fonction; it is sufficient merely that 
this fonction is of class L( o, C() on y. It then follows from the corol-
lary to theorem 2. 2 applied where C ( notation of theorem 2 .2) is 
identical with y, that the series. 

± w"f F(z1) N(z1) w~ 1dz11 
o C , 
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and hence also the series 

converges uniformly on C. It is obvious that the three series 

I O.,(hn) 1F(z1) N(z1) w11 d,;;, [, 
o C 

±N(z) wnl F(z1) Oz.(h;i) 1 dz, 1, 
, 0 

233 

also converge uniformly on C, so the series ( 3. 3) converges uniformly 
on Ç a_nd therefore converges uniformly in the closed interior of C. 
Interior to C the sum of ( 3. 3) is F( z ), by lemma 2. Lemma 3 
follows. 

We are now in a position to establish the analogue of theorem 2 .1 : 

TH~OREM 5. L - Let the norm function n(z) be positire and of class 
L( o, 0t ), o < 11. < 1, on the analytic Jordan cur.re C, and let/( z) be of 
class L 2 on C. IVe introduce the notation 

(3,4) 

(3.5) 

·c I in(t)p;-.(t) 1 dt_: d qki z) - -. . - -d t, 
27!l _C t-.~ t 

qk2(z)=_-1 __ 1· n(t)pk(t) :dti dt, 
27!l c t-z dt 

z iuterior to C, 

z exterior to C, 

. and also use the notation qki ( .z) and qk2 (z) for the bounda,y values 
on C of thèse f unctions; by theorem i. 3 the functions qk1 ( z) and qk2 ( z) 
are of class L( o, 0t) on C. 

If f( z) is of class L 2 on C, then we ha,)e ( notat/on of theorem i . 3) 

Ji (z) = --Î'Pk (z) 1 /(~) qk2 (t) dt, 
o C 

, (3.6) 
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umfonnly on any closed set interior to C, 

umformly on any closed set exterior to C. 

With the not~tion (3.5), we have [Walsh, 1935, p. 137J 

(3.8) 

uniformly for z on C and for t on any closed set exterior to C. 
Equation ( 3. ?) follows at once. 

By theorem 1 . 3 we have on C 

(3.g) 

and by lemma 72 we have 

(3.10) /1(z) = !iakpk(z~, 
. 0 

uniformly on any closed set interior to C. But we have [ compare 
Walsh, 1935, p. 145] 

whence from (3. IO) and (3.9) 

ak=-JJ1(z) qk2(z) dz =-JJ(z) qh(z) dz, 
C C 

and ( 3. 6) is a consequence of ( 3. IO ). There follows incidentally 

CoROLLAR~ 1.. - If in theorem 5 .1 the only requirement on n(z) is 
that of bting positiçe and 'measurable, with n(z) ·and ntz) bounded, 
then (3. 6) and (3.?) persist. • 

To prove corollary 1, we note ( loc. clt.) that the second member 
of (3. 8) is dominated by a geomeLric series of con,stant terms, uni-
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formly for z on C and fort on_any closed set exterior to C, so (3 .. 7) 
follows. The identity of ( 3. 6) and ( 3. 1 o) follows as before from 
the fact [compare Walsh, 1935, p. 145] that the integral oyer C is 
zero of the product of any two funclions of class H2 or of class G2 • 

CoROLLARY 2. - If in theorem 5. i the function n(z) is analytic 
on C, and if either f(z) or f1(z_) is assumedof class L(o, a) on C, 
then ( 3: 6) is 'iJalid unzf ormly in the closed interior of C. 

Corollary :l follows from lemma 2 . 
. W e have not shown ( 3. 7) to be valid uni:formly in the closed 

exterior of C. To obtain an expansion of f 2 (z) valid in that closed 
exterior, we introduce the polynomials P n(:;) in i of respective 
degrees n orthogonal on C with respect to the norm function n(z ). 
We prove 

THEOREM 5. 2. - Let the norm function n(z) be positiçe and of 
class L( o, a), o <a< 1, on the analytic Jordan curçe C, let the ori'gin 
be /nterior to,C, and let f(z) be of class L2 on C. We introduce the 
notation 

(3.u) 
• I ln(t)PkU) [dt[ d 

Pk1 (z) = -. ---- -dt t, z interior Lo C, 
27rl C t-z 

(3. 12) 
_. •• I Jn(t)Pk(f)·'idt[ 
Pk2 (z) - -. ------'--'- -- dt, z exterior to C, 

27!t C t -J:l dt' 

and also use the notation P ki ( z) and P t, 2 ( z) for the boundary values 
on C of these functions, bounda,y values of class L( o, a) on C .. 

If f( z) is' of class L2 on C, then we haçe ( notation of theorem 1. 3) 

(3.13) 

unzformly on any closed set interior to C, 

f2(z) =-iPkG)lf(!)Pki(t)dt, 
o C 

(3. r4) 

unzformly on any closed set exterior to C. 
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The expansion properties of the polynomi{lls P n(;) are readily 

deduced from the classical results by the substitution w = ;· Thus 
wehave[Walsh, 1935,p. 137] 

(3. 15) - 1- =- 2rri~ pk(.:)pk1(t), t-.z ,"'1J z 
0 

uniformly for z on C and for ton any closed set interior to C. Equa-
tion ( :L 13) follows. 

By theorem 1. 3 we have on C 
n ( z) P k G ) 1 dz 1 

P k1 ( z) - P k2 ( z ) - dz , 

and by lemma 2 we have 

J2(z)=:±bkPkG), 
0 

uniformly on any closed set exterior to C. W e have also 

f!i(z)Pk1(z)dz=o, jJ2 (z)Pk2 (z)dz=o, • 
C . C 

whence we have 
bk=-1/(z)Pkl(z)dz, 

so (3. 16) is essentialy (3. 14). 
Although / 2 ( z) vanishes at infinity, the individu al terms of the 

second member of ( 3. 14) do not necessarily vanish at infinity. Here 
1 

three remarks are appropriate. First, let Qk(;) denote the poly-

nomials in of respective degrees k obtained by ~rth~gonalizing and 
norrnalizing on C the fonctions z-t, z-2, ... ; it is still true [compare 
Walsh, 1935, p. 310] that the formai expansion of / 2 (z) on C in 
terms of the Q1c G) converges in the mean to / 2 ( z) on C. If we set 

n(t)Qk(.:) • 
Qk1 (z) - ~1 t • I ddt I dt, z interior to C, 

27rl C l'-Z t 
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and use the notation Qk, ( z) also for the boundary values on C of this 
fonction, the method of proof of( 3. i4) establishes 

/,(z) =-± Qk G) 1 j(t) Qk1(t) dt, 
1 

uniformly on any closed set exlerior to C; each term of the second· 
member of ( 3. 1 1 )vanishes at infinity. Second, the fonction z / 2 ( z) 
is analytic exterior to C, and we have the expansion 

(3. 18) zf2(z) = ± Pk G) J;n(z) z/2(z) î\G) 1 dz 1, 
0 

uniformly on any closed set exterior to C. -The coefficient in ( 3. 18) 
cannot necessarily be written as J: zf(z)P;"(z)dz, however, for the 

equation;: z/2 (.z) I\,2 (.z )dz = o may not be valid. 

Third, suppose n( z) continuous on C and so chosen that the func-
tion unit y is orthogonal with respect to n( z) on C to each of the 
fonctions !. , ~, • • • : , .z z2 

( n ( z) I dz 1 = 0 le, zn 

For this it is necessary and sufficient [Walsh, 1935, p. 41] that there 
exist a faction anal y tic exterior to C, continuous in the closed exterior 
of C, zero at infinity, with the boundary values n(z~~dzf on C. A 

consequ_ence of ( 3. 1 g) is that the polynomials P,, ( n obtained by 
orthogonalizing and normalizing with respect to n( z) on· C the 
fonctions 1, ~, ~, • • •, satisfy the equation P ,.( o) - o for n > o. In 

the notation previously introduced we have P n (:;-) == Q,, (; )far n > o, 
and ( 3. 1 '7) holds. Moreover in the expansion ( 3. 16) known to be 
valid for z = oo, we set z = oo and deducè b0 = o, the proofof ( 3. 16) 
is valid, and establishes ( 3. 14 ), now in the form 

(3.20) • / 2 (z) =-± PkG) i /(t-) Pki (t) dt, 
1 
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uniformly on any closed set. exterior to C. It will be noticed that 
like J2 ( z ), each term of the second member of ( 3. 20) vanishes at 
infinity. 

Equation ( 3. 19) is both necessary ·and· sufficient that we have 
P n( o) = o for n > o, and ( 3. 1 g) itself is not difficult to study. As 
before we set z = r.j;( w ), dz = r.j;' ( w) dw, whence on 1 : 1 w 1 = 1 we 
have dw= iwl dwl, • Thus (3. 19) becomes 

( n ( z) 1 tj;' ( w) 1 .1 dw 1 _ 
J' l lJ; ( w) Jn - o (n=1,2, ... ). 

On I any fonction of the set~, ~2, ... can be uniformly approximated 
by a linear combination qf fonctions of the set [ y;(w)J-1, [ r.j;(w)J-2, ... , 
and conversely, so ( 3. 19) is equivalent to 

(3.21 ) • 1n(z)itJ;1(w) l,idwi =o (n=i, 21 ••• ), 
wn 

y 

,and by taking conjugates we have also 

(3.22) j n ( z) 1 t);' ( w) 1 wn I dw 1 = o 
y 

Il follows froffi ( 3. 2 J.) and ( 3. 22.) that all the coefficients on I of the 
fonction n(z) 1 r.j;'(w) 1 vanish, for the expansion in terms of the complete 
set of normal orthogonal fonctions e;ne (n= ... , -2, -1, o, 1, 2, ... ), 

except the coefficient corresponding to n = o. Consequently the 
formal expansion on I of that fonction reduces to a constant, so we 
have n( z )1 r.j;' ( w) 1 • co~st. Except for a multiplicative- constant we 
have n( z )= 

1 1, ( . , an equation which thus is essentially necessary 4' w) 1 • • 

and sufficient for (3. 19) and (3.20); the fonction n(z) is uniquely 
determined except for a multiplicative constant ( 1 ). • 

To theorem 5. 2 wè add the 

(1) This method establishes also the following result : 

Let C be an analytic Jordan curve containing the origin in ils interior, 
and let the polynomials,pn(z) (n=o, 1, 2, ... ), of respective degrees n, be 
normal and orthogonal on C with respect to the positive continuous norm 



POLYNOMIAL EXPANSIONS OF FONCTIONS. 

CoROLLARY. - Undertheconditionsoftheorems5.1 and5.2, ifn(z) 
is posi'tire and analytic on C, and tj f( z) is of class L( o, a) on C, 
then ( 3 . 6) and ( 3. r 4) are valid respectirely in the èlosed interior and 
the closed exterior of C. 

This corollary follows from theorem 1. 3 and lemma 3. Under the 
hypoLhesis (3. 19), éq11ation (3. 14) ~an be replaced here by (3.20). 
Although we have used the same notation, the norm fonction n( z) • 
need not be the sà.me in theorems 5 .1 and 5. 2 nor in equation,s ( 3. 6) 
and (3. 14) .. 

4. ÛRTHOGONALITY OF INNER. AND ÛUTER FuNcTIONS. Each of the 
. theorems 2 .1, 2. 2, 5. i, 5. 2 furnishes a sieve for the separation of 
a given fonction f( z) of class L2 on Cinto its two components f 1 ( z) 
and -f2 (z) of respective classes H 2 and G 2 ; the sieve involves inte-
gration over C with respect to dz. The question naturally arises as· 
to whether there exists a similar sieve involving integration over C 
with respect to j dz 1, corresponding to orthogonalization with a norm · 
fonction on C. The_ answer here is negative unless C is essentially 
the unit circle : 

THEOREM 4. i. - Let C be an anàlytic Jordan curre contaùiing the 
origin in its interior, and let there exist a po-sitire norm f unction n( z) 
continuous on C such that we hare 

j~ n ( z) zn I dz 1 = 0 
C zk. 

(n=o, 1, 2, ... ; k=-r, 2, ... ). 

Then C is a circle whose center is z = o and n( z) is identically constant 
on C. 

function n(z). Then a necessary and sufficient ·condition for the equation 
Pn(o)=o(n=1, 2, ... ), is that n(::) be a constant multiple ofthefunction 
j <p' ( z) 1; where w = <p (z) with qi ( o) = o maps the interior of C onto the interior 
of·r: 1 w 1 1. • • 

Of course the mapping fonction w=qi(z), z-<l>(w) is not uniquely deter-
mined by the condition <p ( o) = o, but any two fonctions <p ( z) differ onJy by a 
inultiplicative constant of modulus _unity, ll,nd I qi' (z) i is uniqueJy determined .. 

Journ. de Math., tome XXXI. - Fasc. 3, 1952. 2'7 
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W e treat first the case that C is the unit circle I z 1 = r. On. C we 
havez=;, so ( 4. 1) can be written (z -e;8) . . 

(li,.2) [ n(z) zk I dz 1 =[ ~(z) (cosk0 + isink0) d0 = o 

Here we set 
c = 1n(z) d6, 

2 7r C 

whence .{ n0 (z)d0=o. h follows from (4.2) that n0 (z), a real 

continuous fonction on C, is orthogonal on C to each of the func- • 
tions i, cos k0, sink0 ( k = 1, 2 1 ••• ). T.hus n 0 (.z) vanishes identically 
and we have n(z) == c on C. Incidentally, this conclusion is a conse-' 
quence of (4.2) rather than (4. 1). 

Let now C be an arbitrary analytic Jordan curve in the z-plane 
whose exterior is mapped onto the exterior of y : IH-' 1 = 1 by the 
transformation z=41(w), W- W(z), with 41(00)=00. We set 
n( z) 1 dz 1 == n1 ( w) 1 dw 1, so ( 4. I) now becomes 

( 4, • 3) j' n1 (w) [ 'f (w)Jn[ f ( w )]-k [ dw 1 = o 
y 

(n=o, .1, 2, ..• ; k=1, 2, •.. ), 

The fonction w-m (m~1), càn be uniformly approximated[Walsh, 
1935,.p. 37] on y by a linear combination of thefunctions [41(w)J--"(k:::::::,.1 ); 
it follows from ( 4. 3) with n. = o that we have 

I n1(w)w-mldwl=o,. (m=1, 2, ... ). 
y 

This equation is essentially ( 4. 2 ), so ·we conclude that n1 ( w) 1s 
identically constant. 

From ( 4. 3) with n = 1 we now write 

1<.j;(w)i-*ldwl=o, (k= 1, 2, ••• ), 
y . 

(4.4) 1<.j;(w) wk dw = o, 
y . 

(k=o, 1, 2, ... ) •. 

It is a consequence of(4.4) [Walsh, 1935, p. 4o] that there exists a 
fonction 411 (w) analytic in I w 1 < 1 and continuous in I w 1 .<:::::::1 which 
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coïncides with 1.p( w) on î. The fonction t( w) already defined 
for I w I::::::,. 1 and now defined as (f1 ( w) for I w 1 < I is uniquely defined 
and continuous OIL)', hence artalytic also on î· Thus t( w) is analytic 
at every finite • point of the plane an,d has a simple pole at infinity, so 
we have~( w)-Aw, where Ais a non-vanishing constant. Then C: 
IW(z)l-~1 is a circle whose center is Z=O ê\nd n(z)= ni(~~~tvl 

is iden:tically constant, so theorem 4 .1 is established. 

a. DEGREE OF CONVERGENCE; SUMMABILJTY. - If the fonction f1(z) is 
analytic iz 1 < 1, continuons I z IL1, and of class L(k, a)on G: lz 1 =•, 
then it is known [ Sewell, 1942, p. go, 112] that there exist poly-
nomials 7tn( z) of respective degrees n such that we have 

( 5. I) 

where Mis independent of n and z. Moreover, the polynomials 7tn(z) 
can be founq as a Jackson summation of order k of the Taylor deve-
lopment of / 1 ( z ). For the partial sums of the Taylor development, 
polynomials Pn( z) of respective degrees n, we have the weaker 
inequality [de la Vallée Poussin, 1919, p. 27; Jackson, 1930, p. 21] 

(5. 2) 

These known results extend directly to the polynomial expans10ns 
of Sections 2 and 5. 

From the results of Sewell [1942, !oc. c~·t.] and Zygmund [1945] 
we have at once • 

TuEOREM o. L - If C is an analytic Jordan curre and if f( z) is of 
class L(k, a) on C, o <a< 1, then for the expdnsions (2.4) and(2.7) 
we have the inequalities ( 5. 1) and ( 5. 2 ), ~vhere Pn( z) de notes the sum 
of the first n + 1 terms of the expansion and 1t,,( z) de notes the sum of 
the first n + 1 terms of the Jackson sum~ation of order k; we also have 

• M 
(5.3) l/2(z)- 7rn(z) J L nk+r,.' z on C, 

(1L4) 



2fi2 J. L. WALSH. 

i'n analogous notation for the expansions (2. 5) and (2.8). If f(z) is 
of class A* ( k) on C, the inequalities ( 5 . 1 )-( 5 . 4) are valid with oc -:- 1 . 

Sewell [ !oc. cit. p. 100] proves essentially that if a series converges 
like a convergent geometric series, then its Jackson summation of 
arbitrary order k converges to the same sum, with an error o(n-k-œ), 
o < a L 1. Consequently the results of Section .3 yield 

THEOREM a. 2. -,- Let C be an analytic Jordan cwve containing the 
origin in its interior, let the norrn f unction n( ~) be positire andanalytic 
on C,and let f( z) /:Je of class L( k, a) on C, o <a< 1. Then for the 
expansion ( 3. 6) we haçe the inequalitl°es ( 5. 1) and ( 5. 2 ), where p" ( z) 
de notes the sum of the first n + 1 terms of the expansion and 7t" ( z) 
denotes the sum of the Jirst n + 1 terms of its Jackson summation of 
order k; we. also ha(-•e ( 5. 3) and ( 5. 4) in analogous notation for the 
expansion (3. r4). If f(z) is of class A*(k) on C, the inequa-
lities ( 5. 1 )-( 5. 4) are valid with a= 1. 

This conclusion relative to ( 3. 14) applies also to ( 3. 20) under the 
hypothesis (3. 19). 

Inequalities ( 5. 1) and ( 5. 2 ), valid for z on C, are also valid for z 
in the closed interior of C, and inequalities ( 5. 3) and ( 5. 4) are valid 
in the closed exterior of C. Corresponding inequalities, obtained by 
addition of (5. 1) and (5.3) and addition of (5.2) and (5.4) hold 
for J(z) on C. . 

If ~he given fonction /(z) is it~elf analytic on C, so also are the 
fonctions f 1 ( z) and ]2 ( z ). To be more explicit, let f(z) be analytic 
in the annulus bounded by the Jordan curves CR: 1 W(z) 1 = R(> 1) 

. and C,.: 1 q,(z) 1 = r( < 1). The Cauchy integrals (1. 10) defining/1.(z) 
and / 2 ( z) may be taken over any Jordan curve interior to CR but 
containing z, and exterior to C,. and having z in its' exterior, respec-
tively. Thus f 1 (z) is analytic throughout the interior of CR and/2 (z) 
is analytic throughout the exterior of Cr. From the general theory of 
the Faber polynomials we then have for (2.4) 

Il 1 

lim:~~[max jf1(z) -l>kFk(z) 1· z 00 Cr L. i_; 
0 
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convergence is uniform on any closed set interior to Cn; and for ( 2. 8) 
we have 

convergence is uniform on any closed set exterior to Cr . . 
From the general theo:ry of the Szegô polynomials we also have· 

for (3.6) 
n 1 

lim;~t[ rnaxjf1 (z)-~akpk(z) 1, z on CrL'. Ri 
0 

convergenoe being uniform on any closed set interior to CR and 
for (3. I 4) 

n • ! 

lim ns~~ [ max jl2 (z) - b~PkG) 1• z on C ]\~ r, 
0 

• convergence being uniform on any closediset exterior to C, .. 

19ft.9. 
\ 

1903. 

1930: 
1919. 

19.10. 

1919. 

1908. 

1916. 
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