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Well-poised hypergeometric service
for diophantine problems of zeta values

par WADIM ZUDILIN

RESUME. On montre comment les concepts classiques de séries
et intégrales hypergéométriques bien équilibrées devient crucial
dans P’étude des propriétés arithmétiques des valeurs de la fonction
zéta de Riemann. Par ces arguments, on obtient (1) un groupe
de permutations pour les formes linéaires en 1 et ((4) = 7*/90
donnant une majoration conditionnelle de la mesure d’irrationalité
de ¢(4) ; (2) une récurrence d’ordre deux pour ¢{(4) semblable
a celles introduites par Apéry pour ((2) et {(3), ainsi que des
récurrences d’ordre réduit pour les formes linéaires en des valeurs
de la fonction zéta aux entiers impairs ; (3) un gros groupe de
permutations pour une famille d’intégrales multiples généralisant
les intégrales dites de Beukers pour ¢(2) et ¢(3).

ABSTRACT. It is explained how the classical concept of well-poised
hypergeometric series and integrals becomes crucial in studying
arithmetic properties of the values of Riemann’s zeta function. By
these well-poised means we obtain: (1) a permutation group for
linear forms in 1 and {(4) = 7*/90 yielding a conditional upper
bound for the irrationality measure of {(4); (2) a second-order
Apéry-like recursion for {(4) and some low-order recursions for
linear forms in odd zeta values; (3) a rich permutation group for
a family of certain Euler-type multiple integrals that generalize
so-called Beukers’ integrals for ¢(2) and ¢(3).

1. Introduction

In this work, we deal with the values of Riemann’s zeta function (zeta
values)
o)
1
)= —
n=1
at integral points s = 2,3,4,... . Lindemann’s proof of the transcendence
of m as well as Euler’s formula for even zeta values, summarized by the

Manuscrit recu le 5 juin 2002.
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inclusions ¢(2n) € Qn?® for n = 1,2,..., yield the irrationality (and tran-
scendence) of ¢(2),((4),{(6),... . The story for odd zeta values is not so
complete, we know only that:
o ((3) is irrational (R. Apéry [Ap], 1978);
e infinitely many of the numbers {(3),{(5),{(7),... areirrational (T. Ri-
voal [Ril], [BR], 2000);
e at least one of the four numbers ((5),¢(7),¢(9),((11) is irrational® -
(this author [Zu3], [Zu4], 2001).

The last two results are due to a certain well-poised hypergeometric® con-
struction, and a similar approach can be put forward for proving Apéry’s
theorem (see [Ri3] and [Zu5] for details).

After remarkable Apéry’s proof [Ap] of the irrationality of both {(2) and
€(3), there have appeared several other explanations of why it is so; we are
not able to indicate here the complete list of such publications and mention
the most known approaches:

e orthogonal polynomials [Bel], [Hat] and Padé-type approximations
[Be2], [So], [So3];

¢ multiple Euler-type integrals [Bel], [Hat], [RV2];

e hypergeometric-type series [Gu], [Nel];

e modular interpretation [Be3].
G. Rhin and C. Viola have developed a new group-structure arithmetic
method to obtain nice estimates for irrationality measures of ¢((2) and {(3)
(see [RV1], [RV2], [Vi]). The permutation groups in [RV1], [RV2] for multi-
ple integrals can be translated into certain hypergeometric series and inte-
grals, and this translation [Zu4] leads one to classical permutation groups
(due to F.J. W. Whipple and W. N. Bailey) for very-well-poised hypergeo-
metric series.

The aim of this paper is to demonstrate potentials of the well-poised

hypergeometric service (series and integrals) in solving quite different prob-
lems concerning zeta values. Here we concentrate on the following features:

e hypergeometric permutation groups for {(4) (Sections 3-5) and for
linear forms in odd/even zeta values (Section 8);

e a conditional estimate for the irrationality measure of {(4) via the
group-structure arithmetic method (Section 6);

e an Apéry-like difference equation and a continued fraction for {(4)
(Section 2) and similar difference equations for linear forms in odd
zeta values (Section 7);

LThe first record of this type, at least one of the nine numbers ¢(5), {(7), ... ,(21) is irrational,
is due to T. Rivoal [Ri2].

2We refer the reader to [Ba], Section 2.5, or to formula (69) for a formal definition, to [An]
for a nice historical exposition, and to Sections 2-8 below for number-theoretic applications.
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o Euler-type multiple integrals represented very-well-poised hypergeo-
metric series and, as a consequence, linear forms in odd/even zeta
values (Section 8).

All these features can be considered as a part of the general hypergeometric
construction proposed recently by Yu. Nesterenko [Ne2], [Ne3].

Hypergeometric sums and integrals of Sections 3-6 are prompted by
Bailey’s integral transform (Proposition 2 below), and it is a pity that the
permutation group for ¢(4) (containing 51840 elements!) leads to an esti-
mate for the irrationality measure of ((4) under a certain (denominator)
conjecture only. We indicate this conjecture (supported by our numerical
calculations) in Section 6. The particular case of the construction is pre-
sented in Section 2; this case can be regarded as a toy-model of that follows,
and its main advantage is a certain nice recursion satisfied by linear forms
in 1 and {(4).

Section 7 is devoted to difference equations for higher zeta values; such
recursions make possible to predict a true arithmetic (i.e., denominators)
of linear forms in zeta values.

The subject of Section 8 is motivated by multiple integrals

xﬂ(l — 1:1)":!:72'(1 - xz)n cen :c"(l - -"’k)"

J] ni=/-- 1 n o

k, .{(; ][(1 —(1=(--(1-Q1Q-z)zK=1) " )T2)T1 )] T dzs Ty
,1

that were conjecturally Q-linear forms in odd/even zeta values depending
on parity of k (see [VaD]). D. Vasilyev [VaD] required several clever but
cumbersome tricks to prove the conjecture for k = 4 and k = 5. However,
one can see. no obvious generalization of Vasilyev’s scheme and, in [Zu4], we
have made another conjecture, yielding the old one, about the coincidence
of the multiple integrals with some very-well-poised hypergeometric series.
We now prove the conjecture of [Zu4] in more general settings and explain
how this result leads to a permutation group for a family of multiple inte-
grals.

Acknowledgements. I am grateful to F. Amoroso and F. Pellarin for
their kind invitation to contribute to this volume of Actes des 12émes ren-
contres arithmétiques de Caen (June 29-30, 2001). I am kindly thankful’
to T. Rivoal for his comments and useful discussions on the subject and to
G. Rhin for pointing out the reference [Co], where the recurrence for ¢(4)
was first discovered by means of Apéry’s original method. Special gratitude
is due to E. Mamchits for his valuable help in computing the group & of
Section 5 for linear forms in 1, {(4).
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2. Difference equation for ((4)

In his proof of the irrationality of {(3), Apéry consider the sequences u,
and v, of rationals satisfying the difference equation

(1) (n+1)%ups1 — 20+ 1)(170% 4 170 + 5)u, + nu, = 0,
u =1, wu; =5, =0 v, =6.

A priori, the recursion (1) implies the obvious inclusions n!3u,,n!3v, € Z, A
but a miracle happens and one can check (at least experimentally) the
inclusions

u, €Z, D3v,€Z

for each n = 1,2,...; here and later, by D, we denote the least common
multiple of the numbers 1,2,...,n (and Dy = 1 for completeness), thanks
to the prime number theorem

@) lim 280n _ ;.

n—00 n
The sequence
unC(3)"'vm n=0,12,...,

is also a solution of the difference equation (1), and it exponentially tends
to 0 as n — oo (even after multiplying it by D3). A similar approach has
been used for proving the irrationality of {(2) (see [Ap], [Po]), and several
other Apéry-like difference equations have been discovered later (see, e.g.,
[Bed]). Surprisingly, a second-order recursion exists for ((4) and we are
now able to present and prove it by hypergeometric means.

Remark. During preparation of this article, we have known that the differ-
ence equation for ¢(4), in slightly different normalization, had been stated
independently by V. Sorokin [So4] by means of certain explicit Padé-type
approximations. Later we have learned that the same but again differ-
ently normalized recursion had been already known [Co] in 1981 thanks
to H. Cohen and G. Rhin (and Apéry’s original ‘accélération de la conver-
gence’ method). We underline that our approach presented below differs
from that of [Co] and [So4]. We also mention that no second-order recursion
for ¢(5) and/or higher zeta values is known.

Consider the difference equation
(3) (n + 1)°uny1 — b(n)un — 30°(3n — 1)(3n + up—1 =0,
where

@ b(n) = 3(2n + 1)(3n2 + 3n + 1)(15n% + 15n + 4)

= 270n° + 675n* + 702n3 + 378n? + 1050 + 12,
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with the initial data
(5) ‘U.o=1, u1=12, Vo =0, v1=13
for its two independent solutions u,, and vy.

Theorem 1. For each n =0,1,2,..., the numbers u, and v, are positive
rationals satisfying the inclusions

(6) 6Dpu, €Z, 6Ddv, €Z,
and there holds the limit relation
. Un _
&) Jim 28 = T = ).
Application of Poincaré’s theorem then yields the asymptotic relations
lim log un = lim log vn
n—o0 n n—00 n
and (see [Zul], Proposition 2)
lim '8 I""((4) Unl _ 310 13— 2V3| = —2.30205525. ..,

n—00

since the chara.ctenstlc polynomial A2 — 270\ — 27 of the equation (3) has
zeros 135178v/3 = (3+£2v/3)3. Thus, we can consider v, /u,, as convergents
of a continued fraction for {(4) and making the equivalent transform of the
fraction ([JT], Theorems 2.2 and 2.6) we obtain

Theorem 2. There holds the following continued-fraction ezpansion:
@) = 13 L 17-2-3-4] 27-5-6- 7|' + n’(3n — 1)(3n)(3n+1)| N
[6(0) | (1) T b(2) - b(n) ’
where the polynomial b(n) is defined in (4).
Unfortunately, the linear forms
6D (un((4) — vn) € Z((4) +Z

do not tend to 0 as n — c0.3
A motivation of a hypergeometric construction considered below leans
on the two series

X d[(t=1)---(t-n)\>
8 - I e@(3)+Qa n=0,12,...
® - alEri )

(Gutnik’s form of Apéry’s sequence [Gu], [Nel]), and
n!zi(zt_'_n)(t—1)---(t—n)-(t+n+1)---(t+2n) € Q(3)+0,
=1

= 3log(3 + 2v3) = 5.59879212..

tE+1)--(t+n))*
n=0,1,2,...

9)

3For a simple explanation why ¢ (4) is irrational, see [Han].
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(Ball’s sequence), and on the coincidence of these series proved by T. Rivoal
[Ri2], [Ri3] with a help of the difference equation (1). These arguments
make possible to give a new ‘elementary’ proof of the irrationality of ¢(3)
(see [Zub] for details).

Consider the rational function

(t-1)---(t—n)-(t+n+1)---(t+2n)\>
(t(t+1)---(t +n))? )

(10) R,.(t)==(—1>"(2t+n)(

and the corresponding series
o o]

(11) Fo:==)_ Ryt
t=1

In some sense, the series (11) is a mixed generalization of both (8) and (9).
Lemma 1. There holds the equality

(12) Fy = Un((5) + Un¢(4) + Ur¢(3) + Uy'¢(2) — Vi,

where Uy, DU, D2U", D3U", D3V, € Z.

Proof. The polynomials

(t-1)---(t—n)
nl

’ P’?)(t) — (t+n+1)n'~-(t+2n)

(13) PM(H) =
are integral-valued and, as it is well known,

Y
(14) Qf'iif'ﬁ €Z for k€Z and j=0,12,...,

LI 1~ A P
where P,(t) is any of the polynomials (13).

The rational function

n!
(15) )= F e n

has also ‘nice’ arithmetic properties. Namely,

(-)*(M ez ifk=0,1,...,n,

16 ap = t t+k — =
(16) k2= Qn()( )lt——k {0 for other k € Z,

that allow to write the following partial-fraction expansion:

a

WO=25T

=0
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Hence, for j =1,2,... we obtain

Di i D{, ¥ l—k
(17) w3 (Qn(t)(t+k) leei = G @Zal(l—m) lt——k

1
= J=lpi Z.
=(-1y"'D} g T=w €
l#k
Therefore the inclusions (14), (16), (17) and the Leibniz rule for differenti-
ating a product imply that the numbers
w1 d4-7 4
(18) A= Ajy = a=3) a= ]( Ra(t)(t +K)*)| e s

4—j
G lw <(iit4—1 ((~1)"(2t +n) - BD(2) - BA(8) - @n(®)(t + )|,y

satisfy the inclusions
(19) Dii-APez for k=0,1,...,n and j=1,2,3,4.

Now, writing down the partial-fraction expansion of the rational func-
tion (10),

(20) Ra(t) = ZZ

7=1 k=0

(n)
(t + k)J ’

we obtain that the quantity

iA 4 n o A
DI DI IS D IP IR

t=1 j=1 k=0 j=1 k=01=k+1
4 . n 00 k 1
iy An(-X)
Jj=1 k=0 =1 I=1

has the desired form (12) with

n n n n
@) V=4 AR, Ui =33 AR, Up=2)_ 4, Uy =3 AP,

k=0 k=0 k=0 k=0
: 4 n ) k 1
. n
(22) Va=Y 3 A% Zu_ﬁ
Jj=1 k=0 =1

Finally, using the inclusions (19) and

k
Dﬁ*l'zu%ez for k=0,1,...,n, j=1,2,3,4,
=1
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we deduce that Uy, DU, D2U", D3UM, D3V,, € Z as required. O

Now, with a help of Zeilberger’s algorithm of creative telescoping ([PWZ],
Chapter 6) we get the rational function (certificate) Sn(t) := sn(t)Rn(?),
where

23)  salt) = 1

(2t + n)(t + 2n — 1)2(t + 2n)?
x (—(122n% + 1150 + 29) (¢ + 2(5n — 1))t
— (4796n* + 2336n° — 859n% — 459n + 16)t°
— 2(4333n° — 43n* — 264513 — 734n? + 86n + 7)t°
— (3965n° — 13782n° — 14109n* — 2207n® + 878n?
+142n + T)tt
+2(5906n7 + 17354n° + 109017° + 329n* — 1340n°
— 28902 — 15n + 2)°
+ (22774n8 + 4260207 + 2074015 — 2935n° — 4922n*
~ 116203 + 13n2 + 44n + 4)¢2
+ 2n(8249n® + 13764n” + 5775n° — 2178n° — 2468n*
— 568n° + 94n? + 64n + 8)¢
+ n2(4549n8 + 7531n7 + 2923n® — 1975n° — 2056n*
— 424n3 + 196n® + 112n + 16))
satisfying the following property.

Lemma 2. For each n=1,2,..., there holds the identity

(24) (n+1)°Rpy1(t) — b(n)Ra(t) — 3n%(3n — 1)(3n + 1) Rn-1(2)
= Sn(t+1) — Sn(t),
where the polynomial b(n) is given in (4).
Proof. Divide both sides of (24) by R, (t) and verify the identity
% +n+1)(t —n—1)%(t +2n + 1)2(¢ + 2n + 2)°
(2t +n)(t+n+1)8
— 3(2n + 1)(15n% + 150 + 4)(3n® + 3n + 1)
(2t +n —1)(t +n)®
t —n)2(t + 2n — 1)2(t + 2n)?
@t +n+2)t8(t+2n+1)2 on(®)
@t+n)t-n2t+n+1)8 T

—(n+1)5-(

+3n33n-1)(3n+1)- Tl

=sp(t+1)
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where s, (t) is given in (23). O
Lemma 3. The quantity (11) satisfies the difference equation (3) for n =
1,2,....
Proof. Since Ry(t) = O(t™3) and S.(t) = O(t~2) as t — oo for n > 1,
differentiating identity (24) and summing the result over ¢ = 1,2,... we
arrive at the equality

(n+1)3Fuyq — b(n)F, — 3n3(3n — 1)(3n + 1) F,_; = S,(1).

It remains to note that, for n > 1, both functions R,(t) and S,(t) =
sn(t)Rp(t) have second-order zero at ¢t = 1. Thus S},(1) =0forn =1,2,.
and we obtain the desired recurrence (3) for the quantity (11). 0O

Lemma 4. The coefficients Uy, U,,, Uy, UM, V, in the representation (12)
satisfy the difference equation (3) forn=1,2,..
Proof. Write the partial-fraction expansion (20) in the form

4 +oo (")

R.(t)=)_ ) T ot

J=1k=-

where the formulae (18) remain valid for all k € Z and j = 1,2,3,4. Mul-
tiply both sides of (24) by (¢ + k)*, take (4 — j)th derivative of the result,
substitute £ = —k and sum over all k € Z; this procedure yields that, for
each j = 1,2,3,4, the numbers (21) written as

+o00 +00 +oo
U,=4 Z Ag';), U, =3 Z A:(:,:), U =2 E (n) UM = Z A(")

k=-00 k=-—00 k=—00 k=-o00
satisfy the difference equation (3). Finally, the sequence
Va = Un((5) + Up¢(4) + U¢(3) + Up'¢(2) — Fn
also satisfies the recursion (3). O

Since 12 13 13

Ro(t) = 52?7’ B() = _%J’ (t—fl)“ + (CES A (T ) ok
in accordance with (21), (22) we obtain

0=6, Uy=Uj=Uy=Vp=0,
U;=172, =18, U =U{=U"=0,
hence as a consequence of Lemma 4 we arrive at the following result.
Lemma 5. There holds the equality
Fp = Up¢(4) = Va,

where D,U., € Z and D3V, € Z.
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The sequences u,, := U, /6 and v, := V,, /6 satisfy the difference equa-
tion (3) and initial conditions (5); the fact | F;,| — 0 as n — oo, which yields
the limit relation (7), will be proved in Section 4. This completes our proof
of Theorem 1.

The conclusion (6) of Theorem 1 is far from being precise; in fact, (ex-
perimentally) there hold the inclusions

up €Z, Div,€Z,

and, moreover, there exists the sequence of positive integers ®,, n =
0,1,2,..., such that

®;lu, €Z, ®;'Div,cZ.

This sequence can be determined as follows: if v is the order of prime p in

(3n)!/n!3, then
Qn = le.VP/2J ;
P

here and below |z] and {z} := z — | ] denote respectively the integral and
fractional parts of a real number z. For primes p > v/3n we obtain the
explicit (simple) formula

1 if {n/p} € [},1),
/2] = ] 3
0 otherwise,
hence
. log<I> _
Jim =52 = y(1) - «p( ) = 0.74101875.. .,

where 9(z) := I'(z)/T'(z). Thus, we obtain that the linear forms

(25) 81 DA (un((4) - vn) € Z((4) + Z

do not tend to 0 as n — oo.

3. Well-poised hypergeometric construction
Consider the set of eight positive integral parameters
h= (h01 h—l; h17 h'27 h37 h'4’ h5’ hﬁ)’
(26) where h_; =2+ 3hg — (h1 + ho + h3 + hy + hs + he),

satisfying the conditions

1
_hO, .7 = 1727 37 4, 57 6’

(27) hg—h_1 < hj < 2
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and assign to h the rational function

— 4] ho . . .7_—1 F(h +1)
(28) R(t) = R(h;t) := (—1)"y(h) - (ho + 2t) T T(L+ho—hy + )
= (1) (ho +2t)

I'(hy +1t)
[(1+ho—hy+1t)

I'(hs + t)
T(1+ ho — hy +1)

T(he +1t)
T(1+ho — ha +1)

(ke + 1)
F(1+ho—h3+t)

Xr(l+ho—h1—h2)

xI‘(1+h0—h1—h5)

XF(1+ho—h2—h4)

x T(1 + ho — h3 — he)

1 T(hg+1t)
“T(hs) TA+D)
1 T(hy + t)
P(h—l —ho+hy) T(1+hg—h_y+1)
1 T(ho + t)
P(h5) F(1+h0—h5+t)
1 L(h-1 +1)

F(h_l — ho + he) I'(1+ho —h5+t)
In the last representation we pick out the rational functions
Fla+1t) (b—a-1)!
T(b+t) (t+a)t+a+1)---(t+b—1)
1 Tla+t) (t+b)(E+b+1)---(t+a-1)
I'(l+a-b) I'(b+1t) (a—b)!
of the form (15), (13), having some nice arithmetic propertles ([Zu4], Sec-
tion 7
It 1; easy to verify that, due to (26), for the rational function (28) the
difference of numerator and denominator degrees is equal to 3, hence
(29) Rt)=0(t3% as t— .

The series

L'(b—a) ifa<b,

ifa > b,

F(h) = — Z R(h t)
(30) i, 4
withany ¢y €Z, 1- 11<n_i£16{h,} <tp<1—-max{0,hg —h_1},
SIS

produces a linear form in 1 and ¢(4).
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Lemma 6. The quantity F(h) is a linear form in 1 and {(4) with rational
coefficients.

Proof. Order the parameters hy,...,hg as h} < --- < h§ and consider the
partial-fraction expansion of the rational function (28):

4 ho—=hj,,
(31) R(t) = ,
,Zl k; (t+k)1
where
(32) Aje = =) : 7)! dt4 J(R(t)(t+k)4)lt _:€Q

for k=hj,,. .oyho—hji, and j=1,2,3,4.
Then we obtain

4 ho—hjy, 4 ho—hj,, oo  k-hj

jA
= T3 Y mgmon S (LX)
- J=1 k=h; =1 =1
"ZAaC(J‘H) Ao,
]_.
with
ho—h}, 4 ho—hj,, k—h3
Aj=3 Y A, i=1,234, A= Z i ,kZ,,+1,
=h}12 =1 k=hj,,

and the well-poised origin of the series (30) (namely, the property R(—t —
ho) = —R(t), hence Ajx = (—1)7"1A;jpo—k by (32), cf. [Zud], Section 8,
with r = 2 and ¢ = 6) yields Ay = A4 = 0, while the residue sum theorem
accompanied with (29) implies A; = 0 (cf. [Nel], Lemma 1). O

Remark. The question of denominators of the rational numbers A3 and Ay
that appear as the coefficients in F(h) can be solved by application of
Nesterenko’s denominator theorem [Ne3] (announced by Yu. Nesterenko in
his Caen’s talk). Namely, consider the set

N = {h3 —1,h_y—hg+hsg—1,hs—1,h_1 — hg + he — 1, hg — 2h4,
ho — 2ha, hg — hy — h2,ho — h1 — h3, ho — hy — h4, ho — hy — hg,
ho — ha — h3,ho — ha — hs, hg — ha — he, ho — h3 — hs, ho — hy — hs,
ho — ha — he, ho — hi — h3, ho — h] — h3, ho — hi — hy, ho — hi — A3,
ho — ki — hg},

then,

(33) Dy Dypy Dy Dypy Dy - F((B) € Z((4) + Z,
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where m; > --- > ms are the five successive maxima of the set N.

Unfortunately, we have not succeeded in using the inclusion (33) for
arithmetic applications; actually, our experimental calculations show that
the stronger inclusion for the linear forms F(h), indicated at the beginning
of Section 6, holds.

Using standard arguments, the property (29) and the fact that R(t)
has second-order zeros at integers ¢ = 1 — hj,...,—max{0,hg — h_},
one deduces the following hypergeometric-integral representation of the se-
ries (30).

Lemma 7 (cf. [Nel], Lemma 2). There holds the equality

T 2
2ri £, —ioco R(hs?) (sinﬂ't) dt
_ (=1)P-1q(h) [+ D(ho + ) T(L + $ho + t) T'(h_y + t) T(h1 + 1)
- i £ —ioo T(1ho +t)T(1 + ho — by + )
[(hg +1t)---T'(he +1t) - T'(h_y — ho — t) T'(—2)
I'(1+ho—hy+t)---T'(L+ ho— hg +1)
with any t; € R, 1 — h] < t; < —max{0,ho — h_1}.

1 t1+i00
(34) F(h)=

dt,

The series (30) as well as the corresponding hypergeometric integral (34)
are known in the theory of hypergeometric functions and integrals as very-
well-poised objects, i.e., one can split their top and bottom parameters in
pairs such that

ho+1= (1+%ho)+%ho =h_1+(1+ho—h_1) = =h6+(1+h0—h5)
and the second parameter has the special form 1+ 1ho.

Remark. As it is easily seen, the sequence F, of Section 2 corresponds (after
a suitable shift of the summation parameter t) to the choice

(35) ho=h_1=3n+2, hi=hy=hi=hsy=hs=hg=n+1

of the parameters h. Hence the equalities U, = U, = U} = 0 in the
representation (12) can be deduced from Lemma 6.

4. Asymptotics
We take the new set of positive parameters

(36) n=(7’0777—l;"71a-"77’6)
satisfying the conditions

6
1 .
(37) 4’70 = Z N4, M —N-1<1j < 57701 71=12,3,4,5,6,
Jj=-1
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and for each n = 0,1,2,... relate them to the old parameters by the for-
mulae

(38) ho=mon+2, h_i=n_1n+2, hi=nmn+1, j=12,...,6.

Then Lemma 6 yields that the quantities F,, = Fy, 5, := F(h) are linear
forms in 1 and ¢(4) with rational coefficients, say

Fr = Fop = un((4) — vy, n=0,1,2,...,

and the goal of this section is to determine the asymptotic behaviour of
these linear forms as well as their coefficients u,, and v, as n — oo.
To the set (36) assign the polynomial

6 6

(39) [MeE-m) -l E-m+n)

j=-1 j=—l

and the function

6
fo(r) =" njlog(n; — 7)
j=1
6
— (M0 — n-1) log(r =m0 +n-1) = Y _(n0 — 15) log(nmo — mj — 7)
i=1

+ (0 — m — m2) log(mo — m — 1) + (M0 — M — 75) log(mh0 — M. — 1s)

+ (0 — 72 — 1a) log(mo — m2 — n4) + (10 — 713 — M) log(1i0 — 13 — 706)

— 13 logns — (-1 — no + n4) log(n-1 — 10 + 74)

— 15 log 15 — (-1 — 1o + 76) log(n—-1 — 70 + 76)
defined in the cut 7-plane C\ (—oo, max{0,m9 — 17-1}] U [n],+00), where
N} <3 < -+ < ng denotes the ordered version of the set n1,7,...,76.

The first condition in (37) implies that (39) is a fifth-degree polynomial;

moreover, the symmetry under substitution 7 — 79 — 7 and the second
condition in (37) yield that this polynomial has zeros

’;—‘l, ’;—‘liso, and %‘iﬂ:isl,

where 1722 — 39 € (max{0,n9 — n-1},mt), s1 € (0,+00).

The last four zeros can be easily determined by solving a certain biquadratic
(in terms of 79/2 — 7) equation. Set

(40) T0 = % — 89 and = % + is;.
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Proposition 1. The following limit relations hold:

W . log|Fy| _
(41) Co = — lim — = —fo(70),
(42) C: = limsup@u—"I = limsup!‘&v"I = Re fo(m1)-
n—00 n n—oo n

Proof. The proof is based on application of the saddle-point method to
the integral representation of Lemma 7 for the quantities F;, and a similar
integral representation (see formula (48) below) for the coefficients uy,; the
fact that both limits in (42) are equal follows immediately from the limit
relation

lim =% = lim ﬂﬁl’—fﬁq@);&o

n—00 Up n—o0

since —Cp < 0 < C} under the conditions (37).
Without loss of generality, we will restrict ourselves to the ‘most sym-
metric’ case (35), i.e.,

(43) P=7n-1=3 and p=--=n=1,

that corresponds to the linear forms in 1,¢(4) constructed in Section 2.
In the case (43), the zeros (40) of the corresponding polynomial (39) are

as follows:
/3 73
—4/-+—=—=0. 2...
4+ 2 0.2287701 ,

3
2
3 l/4 o T 3 /3 V3 .
= - —_— I - -——— = ., o 2 1....
51 2-l-‘z3 sm12 2+ 1 5 1.5 + 10.3406250

By Lemma 7,

—1)n [htico ['(3n +2+t)2I'(n + 1 + ¢)ST(-t)?
F"=(21r3 /tl_,-w (3n+2+2)- I‘(;n-f-2+t)6 e
_ (=" /tl+‘°° (Bn+2+2t)(3n +1+t)2(3n+t)%(n +1)°
2w Sy ieo (2n+1+t)5(2n + t)®

['(3n + t)°T'(n + t)5T(—¢)?
I'(2n + )8
with any ¢; € R, —n < t; < 0. Using the asymptotic formula

logI'(2) = (z - %) logz — z + log V2 + O(lzl“l)

dt

dt,

for z € C with Re z = const > 0, taking ¢; = —n7y and changing variables
= —n7, after necessary transformations we obtain

2n(=1)" [0+ (3 -27)(3 - 7)3(1 = 7)% Lf(r -
) £ =20 /m_,-m ( )T((z-r))g( Lt (1.+ 0w~ dr
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as n — 00, where
f(1):=2(3-7)1og(3—7)+6(1—7)log(1—7)+27logT—6(2—7) log(2—7).
Since

72(2 — 76
(45) £y =g r T

and 7y is a zero of the polynomial (39) (which is (7 —3)2(7 —1)6 —7%(7 —2)°
in the restricted case), we conclude that f’(79) = 0 and 79 is the unique
maximum of the function Re f(7) on the contour. Thus the integral (44) is
determined by the contribution of the saddle-point 79 (see [Br], Section 5.7):

_ (=)ren)2? (3 - 2m0)(38 —n0)3(1 - 7o)

3
n5/2 10(2 — 79)? | (7o) 72 - e )

F,
X (1 + O('n.—l)),
hence
6) tim 2B _ ) = fm) 10 f(m0) = folro)

(3 —70)%(1 — m0)®
(2 - To)12

= log = 3log(2v3 - 3) =: —Co.

This proves the limit relation (41).
In the neighbourhood of t = —k, where k = n+1,...,2n+1, the function
R(t) has the expansion

A A A
(tf_“,"c)4+ S o2k 4 Tk 4 0q)

R(t) = t+k3E  (t+k?  t+k

by (31). On the other hand,

(sin1rt>2 _ (M(f_tk_))2 =@t+k)?2+O(t+k)?)

™ T

about ¢t = —k for k € Z. Therefore,

i 2 Az ifk=n+1,...,2n+1,
Rﬁst=_k((Sln1rt) R(t)) _ [ Ak
n 0 for other k € Z,
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and if £ is a closed clockwise contour surrounding points t = —n — 1,...,
—2n — 1, then
2n+41 . 2
1 sinwt
47) = Ag = t)dt
(47) gUn = k_§n+:1 3 = o a( - ) R(t)

B ) fi(SiI:rWt)4(3”+2 +2t)

271
N ['(3n+2+1t)°T['(n+ 1+ t)T'(-t)?
I'(2n+2+1¢)8

Taking the rectangle with vertices ity & N, for some fixed real ¢ > 0 and
any N > 2n + 1, as the contour £ and using the estimates

: wia

TR, RE=0(N) asN oo

on the lateral sides of the rectangle, from (47) we deduce that
3( l)n ita+N —ito—N sin 7t
=S [ (2
its—N ito+N
I'(3n +2+1)’T(n + 1 + )T (~¢)?

['(2n+2+1¢)8

where the constant in O(N~2) depends on ¢; only. Tending N — co and
making the substitution ¢ = —t — hg = —t — (3n + 2) in the first integral,
we obtain

(48) up=—2CD" / e (Si’:r"t)4(3n +242t)

™ —ita+o0

dt.

x (3n 42+ 2t)

dt + O(N~?),

y I'(3n+2+t)2['(n + 1 + t)5T(—t)?

de
I'(2n+2+t)8
(cf. [Zu2], Lemma 3.1). Finally, take t2 = —ns; = —nImy, change the
variable t = —n7 and apply the asymptotic formula

logI'(z) = (z - %) logz — z + log V2 + O(|z|"1) + 0(3—27f| ImZI)
for z€C, |Imz| >y >0
(see [Br], Section 6.5, and [Zu2], Lemma 3.2), to get from (48) the expansion

_ Lan(=1)" /"1+°° (3-21)B -1 -7 apn
in? is1—00 T(2—-1)°

(S‘“ ’"”) (1+0(n™1) + O(e™2™1) dr.
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Since
sinrnT 4 —4minT e—4minT
( ™ ) - et [ en
X I _ 4621rim' + 6641rin1' _ 466m'n-r + e81rim'|
< 156—211%31 . e—-41rin‘r
(2m)*

for 7 € C with Im 7 = s, > 0, we obtain

(49) wu,

— 3(_1)n /i31+oo (3 - 27—) (3 _ 7)3(1 _ T)3 en(f(-r)-41ri1')
4m3in? Jig oo T(2-17)°

x (1+ O(n™t) + O(e~2™1)) dr.

By (45) and the definition of the point 7; (that is the zero of the polyno-
mial (39)), hence f'(1) — 4mim; = 0, we conclude that 7 = 7 is the unique
maximum of the function Re(f(7) —4mi7) on the line Im 7 = s;. Therefore,
the saddle-point method says that the asymptotics of the integral in (49) is
determined by the contribution of the point 7 = 7; that yields the desired
limit relation

timsup '8l _ Re £(r,) = Re(f(m) — /() == Re fo(m)

n—o0
|3 - T1|6|1 - 'I'1|6
|2 - T1|l2

=log = 3log(2v3 +3) =: C,.

The proof of Proposition 1 is complete. O

Remark. The limit relation (46) yields that |F,| — 0 as n — oo, and this is
the fact that we have promised to prove for Theorem 1 (see the paragraph
after Lemma 5). To be honest, the fact, that the asymptotics of the linear
forms and their coefficients in the case (35) is determined by the zeros
(3+£2+/3)3 of a quadratic polynomial with integral coefficients, gave us the
idea to look for a second-order difference equation.

5. Group structure for {(4)

This section can be viewed as a continuation of the story in [Zu4], Sec-
tions 4-6, where we explain the Rhin—Viola group structures for ¢(2) and
¢(3) by means of classical hypergeometric identities.
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Proposition 2 (Bailey’s integral transform [Ba], Section 6.8, formula (1)).
There holds the identity

_1__/*'°° Fla+t)T1+ia+t)T(b+t)T(c+t)T(d+1)
2mi Jio T(a+t)T(l+a-c+t)TQ+a—d+t)
Lle+t)I(f+¢)T(g+t)T'(h+t)['(b—a —t)T'(—t)
Fl+e-e+t)TQ1+a-f+t)T(1+a—g+t)T(1+a—h+t)
_ Tl @I (e)T(f+b—a)T(g+b—a)T(h+b—a)
_F(k+c—a)I‘(k+d~a)I‘(k+e—-a)I‘(1+a—g—h)
xI'(l+a—-f—-h)T(1+a-f—g)
L/"“I‘(k+t)I‘(1+%k+t)1‘(b+t)1"(k+c—a+t)I‘(k+d—a+t)
2m ) io T(zk+t)T(1+a-c+t)T(l+a—d+t)T(1+a—e+t)
L(k+e—a+t)I(f+)T(g+t)T(h+t)T(b -k — t) ['(—t)
FQl+k-f+t)T1+k—-g+t)TQA+k—-h+1)
where k = 1+ 2a — ¢ — d — e, and the parameters are connected by the
relation

(50)

dt

dt,

2+3a=b+c+d+e+f+g+h.
By Lemma 7 the transform (50) rearranges the parameters h as follows:
(51) b="b123: h— (1+2hg — hy — hy — h3,h_1;1 + hg — hy — ks,
1+ ho — hy — h3,1+ hg — hy — ho, hy, hs, he).
Consider the set of 27 complementary parameters e,
eje=ho—hi—hg, 1<j<k<6, egp=he—1, 1<k<86,
(52) €k =h_1—ho+hg—1=1+2hg— (hy +---+ hg) + hy,

1<k<6,
and set
H(e) := F(h).
Then Bailey’s transform can be written as follows:
r 1)T'(e 1
(53) H(e) — P(COI + 1) (602 + 1) P(CIZ + ) (305 + )H(be),

I'(eas + 1) T'(es + 1)T'(eos + 1) T'(eqs + 1)

where b from (51) is the following second-order permutation of the param-
eters (52):

(54) b = (eo1 €23)(eo2 €13)(eo3 €12)(€oa €s6)(€os €a6)(Eo6 €45)-
We can also write the transform (53) in the form
(55) Hie) = H(be) where II)(e) := ep1! ega! 12! Eg5! .

Mi(e) II(be)’
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Further, the h-trivial group (i.e., the group of permutations of the pa-
rameters hy,ho,...,hg) is generated by second-order permutations of hg,
1 < k <5, and hg. The action of these five permutations on the set (52) is
as follows:

b1 = (h1 he) = (eo1 eos)(€o1 €o6) (€12 €26)(€13 €36)(e14 €46)(e15 ess),
b2 = (h2 he) = (eo2 eos)(€o2 Bo6)(€12 €16)(e23 e36)(e24 €s6)(e25 es6),
(56) b3 = (h3 he) = (eos eos)(€o3 €os)(e13 e16)(e23 e26)(€34 €46)(e35 €56),
bs = (hs he) = (eos €o6) (o4 €o6)(€14 €16)(€24 €26)(e34 €36)(e45 €s6),
bs = (hs he) = (eos €os)(€os €o6) (€15 €16)(e2s e26)(e3s e36)(ess €as),
and the quantity
I'(eg3 + 1) '(€oq + 1) T'(egs + 1) I'(€ps + 1)
I‘(eu +1)I'(e1s + 1) I'(e24 + 1) I'(e36 + 1)
(due to the definition (28)) is stable under the action of (56). Setting

(57)

- H(e)

(58) &= E&(e) := {eo1, €02, €4, €06, €01, €02, €03, €05, €125 €15, €24, €36 }
and combining the above stability results we arrive at the following fact.

Lemma 8. The quantity

H(e)
==, where II(e) := H eji!,
H(e) ejkEE

is stable under the action of the group

S .= (b, bl, b2, ()3, b4’ b5)

Moreover, the quantities h_; and
Y(e) := E €jk
ejr€E
are also B-stable.

Proof. Routine calculations show the stability of H(e)/II(e) under the ac-
tion of b, b1, o, h3, ha, h5 with a help of (55) and (57). Hence H(e)/II(e) is
stable under the action of the e-permutation group generated by these six
permutations (54), (56).

The stability of h_; under the action of (56) is obvious, and b does not
change the parameter h_; by (51). Finally,

Y(e) = 12hg — 4(hy + ho + ha + hg + hs + he) =4h_; — 8

that yields the stability of ¥(e) under the action of &. The proof is com-
plete. a
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With the help of a C++ program we have discovered that the group & con-
sists of 51840 elements, hence the left factor 8/Gg includes 51840/6! = 72
left cosets; here &g is identified with the h-trivial group (b1, b2, b3, ba, bs).
It is interesting to mention that the group & acting trivially on the set (58)
consists of just 4 elements: gy = id,

g1 = (h3 b1 25 b b1 habs by)?
= (eo1 €o2)(eo2 €o1) (€03 €os) (€04 €os)(eos €o4)(eos €o3)
(e13 €26)(e14 €25)(e15 €24)(ex6 e23)(e3q €s6)(e3s €a6),
92 = (h1b2bab2bbabshy bz)3
= (eo1 e24)(eo2 €03) (€03 €46) (€04 €os)(eos €26)(eos €o1)
(€02 e15)(€o4e13) (€06 €35)(e12 e36)(e14 es6)(e2s €34),
93 ="h1b2bbsbhibshabsb=g192
= (eo1 e15) (€02 €o6)(€o3 €35)(eos €13)(€o1 €o3)(€o2 €24)
(S04 €26) (€06 €46)(e12 €36)(e14 €34) (€16 €23)(e25 es6)-
Remark. In the most symmetric case (35) all complementary parameters
(52) are equal to » that means that any permutation from & does not

change the quantity F'(h). This fact explains why do we dub this case as
‘most symmetric’.

6. Denominators of linear forms

As we have mentioned in Remark to Lemma 6, ‘trivial’ arithmetic (33)
of the linear forms H(e) = F(h) does not lead us to a qualitative result
for {(4). We are able to estimate the irrationality measure of {(4) under the
following condition, which we have checked numerically for several values
of h satisfying (26) and (27).

Denominator Conjecture. There holds the inclusion*

Duny Diny Dy Din, - @71 (€) - H(e) € Z¢(4) + Z,

where m; > mg > m3 > my are the four successive mazima of the set e
in (52) and

oe):= [[ r”
p>y/h-1
with
1{1 €k 1 €jk 1|h_1—-2 1 €jk
R ]
l.z 4ejk€€ p 88_,‘],65 p 2 p 88_,'1;68 P

4In the most symmetric case (35) this conjecture reduces to the conjecture (25) of Section 2.
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If this conjecture is true, then taking any element g € & and writing
conclusion of Lemma 8 as

- II(e)®(ge
Dmleszst4H(e) = Dy Dy Dy Din @ l(ge)H(ge) . L(_g__)_

II(ge)
we deduce that, for any prime p > {/h_;,
II(e)®(ge)
II(ge)
- |2]- ¥ G|y [L]Aaz2) 1oy~ |
P 2l p 8 pll
€ k€£ 'k€§£ e;-kegs

where g€ = £(ge) and ordp(u((4) — v) := min{ord, u,ord, v} for rational
numbers u,v. Finally, setting

Ale) = H pr
p>y/hoa

(59) ordp(Dm; DmyDmy Dy H(e)) > ord,

with
/ /
€ik €k 1lh_y1—-2 1 €.k
Ap := max -’—J_ l.LJ+ _[ }__ lLJ ’
P gea(,zlp > P 2l p 82 P
ejkEE €, €9 ik
from (59) we obtain the inclusion
(60) Dy, Dy Dy Dy, - A™Y(e) - H(e) € Z¢(4) + Z.
Now, to each n = 0,1,2,... assign the parameters h in accordance
with (38) and set
ejk=m N~ 1Zj<k<6, er=m 1Jk<6,
Ck=n-1—Mo+m=2m0—(m+---+n)+m 1<k<6,
so that the set of complementary parameters e-n corresponds to the set h.
Then, in the above notation, we can write the inclusion (60) as
DumynDmynDmgnDmgn - A (en) - H(en) € Z{(4) + Z.
The asymptotic behaviour of the linear forms H(en) € Q¢(4) +Q and their
coefficients as n — oo is determined by Proposition 1; in addition,
lim log(Dmlananm:mqun)
n—o0 n

by the consequence (2) of the prime number theorem, while the arithmetic
lemma of Chudnovsky-Rukhadze-Hata (see, e.g., [Zu2], Lemma 4.4) yields

log A(en) / Az) dy(z),

=m; +mg +m3+ my

lim

n—>00
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where
' 1 1 '
A(z) = I’?eag(ej,,zee lejxz] — e;kze:gelejkzj + li [7-1z) - 3 engG:gelejszJ)

is a 1-periodic function.

Recalling the notation of Proposition 1 and combining its results with
saying above, as in [RV2], the proof of Theorem 5.1, we arrive at the fol- -
lowing statement.

Proposition 3. Under the denominator conjecture, let
Co = —fo(m),  C1=Re fo(m),
1
Co=my +my+mg+my— / A(z) dy(z).
0

If Cy > C3, then the irrationality ezponent of ((4) satisfies the estimate

Co+C,
wew) < 212,

Recall that the irrationality ezponent p = p(e) of a real irrational num-
ber « is the least possible exponent such that for any € > 0 the inequality
p

a--|< 1
q —qﬂ+€

has only finitely many solutions in integers p,gq with ¢ > 0.
With a help of Proposition 3 we are able to state the following conditional
result.

Theorem 3. The irrationality exponent of ((4) satisfies the estimate
(61) p(¢(4)) < 25.38983113...

provided that the denominator conjecture holds.

Proof. Taking n = (68, 57; 22,23, 24, 25, 26,27) we obtain

7o = 11.83684636.. ..., Co = —fo(ro) = 37.85606933 ... .,
T =34 +1i6.34312459...,  C, = Re fo(1) = 104.96178579...,

and
1
Coy=mi+ma+m3z+my— / A(z) dy(z)
0
=27+ 26 + 25 + 24 — 69.76893283 ... = 32.23106716... .
Thus, application of Proposition 3 yields the desired estimate (61). O
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The estimate (61) can be compared with the ‘best known’ estimate
1(C(4)) < 204.94259587.. .,

which follows from the general result of Yu. Aleksentsev [Al] on approxi-
mations of m by algebraic numbers.’

7. Further difference equations for zeta values

A natural very-well-poised generalization of Ball’s sequence (9),

cet=n)-F+n+1)---(t+2n)

R -1
(62) Fyp:=nlF? Z(Zt +n) (¢ )tk+1(t + 1)k (¢ n)k+1

=1

x (_1)(k—1)(t+n+1)

(k) +X(k-2)+---+Q(2) +Q  for k > 2 even,
€
(k) + Xk -2)+---+QB)+Q  for k> 2 odd,
where n =1,2,..., gives rise for searching difference equations satisfied by
both linear forms Fj , and their rational coefficients. Applying Zeilberger’s

algorithm of creative telescoping in the manner of Section 2 we deduce the
following result for the linear forms

(63) Fs5 50 = ua((5) + wn{(3) — vn.

Theorem 4. The numbers uy, wy, vy, in the representation (63) are positive
rationals satisfying the third-order difference equation

(64) (n+1)(n+2)°bo(n)uns2 — b1 (R)uns1 — b2(n)un
+2(2n + 1)n®by(n + 1)up—; =0,

with

=2, wy=0, v=0, u; =18, w; =66, v =98,

6125 74463
us =938, we = 5 v = 6’

SIn fact, the result of [Al] is proved for approximations of 7 by algebraic numbers of sufficiently
large degree.
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where
bo(n) = 41218n3 + 4845902 + 20010n + 2871,
b1(n) = 2(n + 1)(3874492n® + 33613836n" + 123666762n° + 250134420n°
+ 301587620n* + 22001173873 + 9437281502 + 219177367 + 2131500),
ba(n) = 2(48802112n° + 350188128n° + 108063164677 + 1882848690n°
+ 2045758212n° + 14427541070 + 66324876103 + 192486369n>
+ 321367567 + 2360484).

The characteristic polynomial A3 — 188)2 — 2368\ + 4 of the difference
equation (64) determines the asymptotic behaviour of the linear forms (63)
and their coefficients as n — oo.

A similar (but quite cumbersome) fourth-order recursion with character-
istic polynomial A\* — 8283 — 1322462 + 260604\ — 27 has been discovered

by us for the linear forms F7 , and their coefficients. These recursions allow
us to verify the inclusions

D3 Fs,, € Z((5) + Z¢(3) + Z, DlFp, € Z{(T) + Z¢(5) + Z¢(3) + 2
up to n = 1000, although we are able to prove that
(65) DE'@;1Fy, € Z((K)+Zl(k—2)+ -+ Z¢(B3)+ Z for k odd,

where
51; = H D,
. p<ﬂ
(66) {n/p}el2.1)
. log &, _ 2 1
Jim 2820 — (1) - ¢(§) — 5 =0.24101875....,

using our arithmetic results [Zu2], Lemmas 4.24.4.
Another story deals with the quantities

& (=D =n) E+nt1) (t+2m))°
”'_2t=1dt2(‘2” ’( (EE+ D)t +m)? ))
= an(('{) + '&)’nC(5) - 5111

where %y, Wy, U, are positive rationals. We have discovered a (quite cum-
bersome) fourth-order difference equation satisfied by uy,, Wy, Up; its char-
acteristic polynomial is

At +9264X3 — 1211616602 — 7523001 — 19683 (19683 = 3°).

As we have proved in [Zu2], Proposition 4.1, the following inclusions hold:

D8 .83 . F, e Z((T) + Z¢(5) + Z,
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where &, is given in (66), while our calculations up to n = 1000 with a
help of the recursion mentioned above show that

Dl -8;2.F, € Z¢(7) + Z((5) + Z.
What is a trick that makes arithmetic as it is?

8. Multiple-integral representation
of very-well-poised hypergeometric series

In [Zud], Section 9, we conjecture, for integer k > 2, the coincidence of
the very-well-poised hypergeometric series (62) and the multiple integral

— x?(l - xl)nxg(l - 1,‘2)" .. z;:(]_ _ xk)n
(67) Jkyn -—'/ / Qk(zl, $2, . zk)n+1 dxl d.’Bz dxk’
[0,1]*

where Qg := 1 and

(68) Qk = Qk(z1,22,...,2k) =1 (1= (--- (1 = (1 — zk)Tg—1) - - )T2) 71
=1 - 21Q-1(z2, ..., k)
= Qi_1(z1,...,7x_1) + (-1)*z129- - - 7%

for k > 1. The integrals J, and J3, have been studied by F. Beuk-
ers [Bel] in the connection with Apéry’s proof of the irrationality of ¢(2)
and ¢(3). In [Zu4], we prove the coincidence of F3 ,, and J3 , with the help of
Bailey’s identity ([Ba)], Section 6.3, formula (2)) and Nesterenko’s integral
theorem ([Ne2], Theorem 2), and use similar arguments for showing that
F5 5 = Ja . For general integer k > 2, the integrals (67) are introduced by
O. Vasilenko [VaO] who states several results for Jio. The cases k = 4,5
and an arbitrary integer n in (67) are developed by D. Vasilyev [VaD]; in
particular, he conjectures the inclusions

DEJin € Z(K)+ ZC(k—2) + - + Z((3) + Z  for k odd

(cf. (65)), and proves them if k = 5.

There is a regular way to obtain difference equations for the quanti-
ties (67); it is a part of the general WZ-theory developed by H. Wilf and
D. Zeilberger [WZ)]. However, difference equations for Jy , and J5 , by these
means are out of calculative abilities of our computer, so we cannot use a
‘routine matter’ to verify the identity F, = Jrn even when k = 4,5.

The aim of this section is to deduce the desired coincidence of (62)
and (67) from a general analytic result on a multiple-integral representation
of very-well-poised hypergeometric series.5

6As it is mentioned by G.E. Andrews in [An], Section 16, “an entire survey paper could be
written just on integrals connected with well-poised series”. The following theorem would extend
this survey a little bit.
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Consider two objects: very-well-poised hypergeometric series
r(1 + ho) TT5-, T'(hj)
]_1 ria+ ho k;)

(69) Fi(h) = Fi(ho;ha,...,hg) :=

ho, 1 + 1ho, h, ceey hg k+1
x’°+2F’°+1( lho, l+hg—hyy...,1+ho—hy (-1)
k :
= 3 tho+ ) BTy

and multiple integrals

(70)  Ji(a,b) = Ji (ao,zl, ,ak)

$ 1—2x; bj—a;—1
/ f H’ =L ( ) dz;dzsy - - - dzy.

0,1+ Qk (171, T2,.. xk)ao
1

Theorem 5. For each k > 1, there holds the identity

Hk+l T'(1+ho — hj — hjt1) .
F(hl) P(hk+2) ) Fk+2(h0’ hl, ey hk+2)

-7 hy, ha, h3, ceny hgy1
k 14+ho—h3,1+hy—hygy..., 1 +ho—hgy2)’

(71)

provided that
k+2

(72) 1+ Rehg > -—2— - " Reh;j,

j=1
(73) Ré(1+ho—hj+1)>Rehj>0 for 7=2,...,k+1,
(74) | Pyhigs #0,-1,-2,.... .

Remark. Condition (72) is required for the absolute convergence of the
series (69) in the unit circle (and, in particular, at the point (—1)¥+1),
while condition (73) ensures the convergence of the corresponding multiple
integral (70). The restriction (74) can be removed by the theory of analytic
continuation if we write I'(h; + u)/T'(h;) for j = 1,k + 2 as Pochhammer’s
symbol (h;), when summing in (69).

In the case of integral parameters h, the quantities (69) are known to be
Q-linear forms in even/odd zeta values depending on parity of k£ > 4 (see

[Zu4], Section 9). Therefore, if positive integral parameters a and b satisfy
the additional condition

(75) bi+ax=by+a3="--=bg_1 +as,
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then the quantities (70) are Q-linear forms in even/odd zeta values. Spe-
cialization a; = n + 1 and b; = 2n + 2 gives one the desired coincidence
of (62) and (67). The choice aj = rn+1 and b; = (r + 1)n +2 in (70) (or,
equivalently, hg = (2r+1)n+2and hj = rn+1for j=1,...,k+2 in (69))
with the integer 7 > 1 depending on a given odd integer k presents almost
the same linear forms in odd zeta values as considered by T. Rivoal in [Ril]
for proving his remarkable result on infiniteness of irrational numbers in
the set ((3),((5),¢(7), ... .

In addition, we have to mention, under hypothesis (75), the obvious
stability of the quantity

Fria(hoihy .-y higa) _ Ji(a,b)
[15221(hy) Hf:; L'(hj) - Hf;ﬁl (1 +ho — hj — hjt1)
Jk(a’7 b)

- [15-1 T(a;) - T(b1 + a2 — ao — a1) - [T5=; T'(b; — a;)

under the action of the (h-trivial) group & of order (k+ 2)! containing all
permutations of the parameters hj,...,hg4+2. This fact can be applied for
number-theoretic applications as in [RV1], [RV2] and Sections 5, 6 above. In
the cases k = 2 and k = 3 the change of variables (zx—1,zx) — (1 — zx,1 —
Zk—1) in (70) produces an additional transformation b of both (70) and (69);
for £ > 4 this transformation is not yet available since condition (75) is
broken. The groups (&2, b) and (&3, b) of orders 120 and 1920 respectively
are known: see [Ba], Sections 3.6 and 7.5, for a hypergeometric-series origin
and [RV1], [RV2] for a multiple-integral explanation. G. Rhin and C. Viola
make a use of these groups to discover nice estimates for the irrationality
measures of {(2) and ¢(3). Finally, we want to note that the group & can
be easily interpretated as the permutation group of the parameters

eq=h—-1 1<I<k+2, eji=ho—hj—h, 1<j<I<k+2,
as in Section 5 (see [Zu4], Section 9, for details).
Lemma 9. Theorem 5 is true if k = 1.
Proof. Thanks to a limiting case of Dougall’s theorem,
(k1) T'(ho) T'(h3) T'(1 + ho — hy — ho — h3)

F(1+ho—h1—h2)r(1+ho—h1—h3)
xI'(1 4+ ho — hy — h3)

(76)  F(ho; h1,he,h3) =

(see, e.g., [Ba], Section 4.4, formula (1)), provided that 1+Rehg > Re(h1 +
hs + h3) and h; is not a non-positive integer for j = 1,2,3. On the other
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hand, the integral on the right of (71) has Euler type, that is
7 (hh ho ) _ /1 xhz—l(l _ x)ho—hz-hs dz
1+ho—hs 0 (1—.’!:)"1
_ T(h2)T'(1 + hg — hy — hy — h3)
- I'(1 + ho — hy — h3) ’
provided that 1 + Reho > Re(h; + hg + h3) and Rehy > 0. Therefore, .

multiplying equality (76) by the required product of gamma-functions we
deduce identity (71) if k = 1. O

Remark. If we arrange about Jy(ap) to be 1, the claim of Theorem 5 remains
valid if £ = 0 thanks to another consequence of Dougall’s theorem ([Ba),
Section 4.4, formula (3)).

Lemma 10 ([Ne2], Section 3.2). Let ag,a,b € C and ty € R be numbers
satisfying the conditions

Reag >t >0, Rea>ty; >0, and Reb> Reag+ Rea.
Then for any non-zero z € C\ (1,+00) the following identity holds:

1 o101 _ g)b—a-1
(77) /0 (1-2) dz

(1 - 2z)%
I'(b—a) 1 [9H°D(ag+1)l(a+1t)I(-t) (=2) dt
= T(ao)  2mi ) tyico T(+1) Z

where (—z)t = |z|te’a8(-2) _x < arg(—2z) < 7 for z € C\ [0,+00) and
arg(—z) = #x for z € (0, 1} The integral on the right-hand side of (77)
converges absolutely. In addition, if |z| < 1, both integrals in (77) can be
identified with the absolutely convergent Gauss hypergeometric series

[(a)T(b—a) ag, a I'(b - a) w=T'(ag +v)I'(a +v) W
T(5) '”F‘( b )‘ T(ao) Z WUTb+v)

Set e =0 for k even and ¢, = 1 or —1 for k odd.

Lemma 11. For each integer k > 2, there holds the relation
i (ao, a1, - .-, Gk-1, ak)

bl’ ey bk—l, bk
_ Tk —ar) 1 [~0+®T(ag+1)(a+t)T(~t)
T T(a) 21 ) 4y ioo (b +t)

ExMEL a0+t’al+t""’ak—l+t dt
xe Jk_l( b+t ..., b1+t

provided that Reag > tg > 0, Reay > t9 > 0, Reby > Reag + Reag, and
the integral on the left converges.



622 Wadim ZUDILIN

Proof. We start with mentioning that the first recursion in (68) and induc-
tive arguments yield the inequality

(78) 0 < Qi(x1,x2,...,2x) < 1 for (z1,%a,...,zx) € (0,1)F and k > 1.
By the second recursion in (68), Qi = Q-1 - (1 — zz) for k > 2, where
_ )My gy

Qr-1(21,- - -, Tp—-1)

For each (z1,...,Zx_1) € (0,1)¥~1, the number z is real with the property
z < 0 for k even and 0 < z < 1 for k odd, since in the last case we have

z

_ zlcooxk_l — zl.oowk—l
Qr-1(z1,. .., Tk-2, k1)  Qr—2(z1,...,Tk—2) + T1 -+ Tp_1

by (78). Therefore, splitting the integral (70) over [0, 1]F = [0, 1}*~! x [0, 1]
and applying Lemma 10 to the integral

z <1

1 61 1- by —ar—1
/ T ( Tk) dz;
0 (1 = zzy)%
we arrive at the desired relation. O

Proof of Theorem 5. The case k = 1 is considered in Lemma 9. Therefore
we will assume that k > 2, identity (71) holds for k — 1, and, in addition,
that

k+1
(79) 1+Reho>%-zRehj, Rehg4o < 1.
j=1

The restrictions (79) can be easily removed from the final result by the
theory of analytic continuation.
By the inductive hypothesis, for ¢t € C with Ret < 0, we deduce that

(80) Ji hy +t, he + t, hs +t, veey he +1

k-1 1+ho—h3+t,1+hg—hg+t,...,1+ho—hgyr+t

b T +ho — hj — hjt1)
T(hy + ) T(hrt1 + t)

_IGaT@+ho—hi=hjr) 1 /—3°+‘°°

L(h1 +t)D(hesr +1) 28 J_gpioo

T(ho + 2t + s) [[¥X1 T(hj + t + s) T(~s)
e

« Fiy1(ho + 2t; hy +t, ... b1 + 1)

(ho + 2t + 2s)

j=1

[T +ho - hj+t+3)

Ek—1T18 d s,
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where the real number sy > 0 satisfies the conditions

Re(ho +2t) > so, Re(l+ 1hg+1¢) > s,
Re(hj+t)>sy forj=1,...,k+1,

and the absolute convergence of the last Barnes-type integral follows
from [Ne2], Lemma 3. Shifting the variable ¢ + s +— s in (80) (with a help
of the equality efk™it . gfk-17is — efr-17i(t+s) . g£17it)  applying Lemma 11,
and interchanging double integration (thanks to the absolute convergence
of the integrals) we conclude that

(81) J hl7 h27 h37 seey hk1 hk+l
k 14+ho—h3g,1+ho—hg, ..., 1 +ho—hgs1,1+ho— hya

_ l-_[k+1 I'(1+ ho — hj - hj+1)

j=1
I'(hy)
y L —31+ioo(h0 +25) H";’:ll F(hj +3) _ER_1Ti8
= TEEIT( 4 ko — iy + 3)
y L —to+100 F(...s + t) F(ho + s+ t) P(_t) cel‘n'it dt ds,

218 J _tg—ico L(1+ ho — hgya +1)

where s; = so + to. Since Rehiy2 < 1 and hgyo # 0,—1,-2,..., the last
Barnes-type integral has the following closed form by Lemma 10:

1 [TWHOT(—s4+¢)T(ho+ 5+ ) T(~t) srp dt
28 J_g)—ioo T(1+ho —hez+t)

_ I'(—s) 1 ghots=1(] — g)~hu+a—s i
" D(L-he2—39) Jo 1-2)—°
I'(-s) T'(ho + 8) (1 — hx42)

T T - kg2 —3) T +ho— hiya+5)
_ D(ho + ) T(hxt2 +5)T(=s) sinm(hrya +3)
- T(hk42) T(1 + ho — hgya +8) sin Thyyo
_ D(ho + 8)T'(hgy2 +5)T'(—3)
" D(hi42) T(L + ho — hiy2 + 5)
9 (e’”" 1 —icot whiio 4TS 1+ icot 1rhk+2) '

2 2
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Substituting this final expression in (81) we obtain

J hi, ha, hs, hy, hi41
K\ 14h- m&+m—m, 1+m i1, 1+ ho — hgya

1‘[’°+l T(1+ ho — hj — hjy1)

['(h1) T'(hk42)
_ —s1+ioc0
X(Llﬂﬂﬂﬂ/ (ho + 25)
41!'1. —31—i00
k+2
y [[;Z0T(hj +5)T(-s) elEr—1+1)mis 4o
[0 +ho — hj +39)
1+ icotwhiyo / ~sitieo
L i 102

1523 T(h; + ) T(—s)
H’°+2r(1 +ho—hj+s)

(ek_ 1—1)wis ds) .

If k is even, we take x_; = —1 in the first integral and €x_; = 1 in the
second one. Therefore the both integrals are equal to

/-sl+eoo(ho 29 15231 (hj + ) T(—s) (kTS 4 g
—81—100 H,I;:? P(l + ho - hj + 8)

= 2mi - Fyo(ho; b,y - .., hiy2)

that gives the desired identity (71). The proof of Theorem 5 is complete.
O

Another family of multiple integrals

d:z:1 dxz s d:L‘k,

) ) K
(52) ma_ém/ T O e o)

1<rm<rp<---<rp=k,

is known due to works of V. Sorokin [So2], [So3]. Recently, S. Zlobin [Z11],
[Z12] has proved (in more general settings) that the integrals (70) can be
reduced to the form (82) with z = 1. Therefore, Theorem 5 gives one a
way to reduce the integrals S(1) to the very-well-poised hypergeometric
series (69) under certain conditions on the parameters aj, bj, c;, and r;
in (82). In addition, Zlobin [Z11] shows that, for integral parameters in (82)
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satisfying natural restrictions of convergence, the integral S(z) is a Qz~1]-
linear combination of modified multiple polylogarithms

z™ . .
—_,l—;w with SjZ]., 8j€Z,]=l,...,l,
m>na>o>m>1 L 2 1T

where 0 < s;+s2+---+s5<kand0<I<m.

Following a spirit of this section, we would like to finish the paper with -
the following

Problem. Find a multiple integral over [0,1]% that represents the series
defined in (30) (or, equivalently, the integral (34)) of Section 3.
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