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THE FINITE ELEMENT METHOD
FOR ILL-POSED PROBLEMS (')

by Frank NATTERER (%)

Commumqué par P G CIARLET

Summary — The Tikhonov regularized solution s approximated by the finite element method
A relation between the regularization parameter and the mesh size is given which implies that the
regularized solution and us finite element approximation are of the same order of accuracy
Applications are made to the Radon transform and numerical results are given for an integral
equation of the first kind

1. INTRODUCTION

Assume that E, F are real inner product spaces and 4 : £ —» F 1s a linear
injective map. If ferange (4), then there is a umque y € E such that

Ay = f. (1.1)

If A~! 1s unbounded, then the problem : Given f, find y, is called ill-posed.
The reason for this is the following : If instead of f only some f, with
| f = £llr < €is available, then the solution p, of 49, = £, (it at all existent)
need not be close to y. But even if f is known exactly, we still have the pro-
blem that any discrete version of 4 is badly ill-conditioned. One of the standard
remedies is to use more information on y. Let ¥ & E be a Hilbert space, the
embedding ¥V — E being compact. If we know that y € ¥V, then we can
replace J, by the regularized solution y, obtained by minimizing

J) = |Au = L7 + & [ul (1.2)

(*) Manuscnit recu le 7 juillet 1976, révision regue le 3 janvier 1977
(*) Angewandte Mathematik und Informatik, Fachbereich 10 der Universitat der Saarlandes
Universitat des Saarlandes, Saarbrucken
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272 F. NATTERER

in V. It was shown by Tikhonov [10] and Philipps [8] that y, —» y in E if
¢ — 0; see also Ribiére [9]. For a more recent exposition, see Céa [2].

As E is of infinite dimension, y, has to be computed by some discretization
procedure yielding an approximation y,, to y,, h being the discretization
parameter designed to tend to zero. It seems that little attention has been
paid to estimates on || y,, — y|. Of course & has to be related to € somehow
if y,, is to be as accurate as y,.

This paper is intended to give a relation of this kind for the finite element
method. This relation reads 4 = 0(g!/*) where p depends on the finite elements
and on the ill-posedness of problem (1. 1). If problem (1.1) gets more ill-posed
p increases. Thus we come to a somewhat surprising conclusion : The more
ill-posed the problem is, the coarser the mesh should be chosen.

In § 2, we derive an estimate on |y — y,| similar to the one given by
Franklin [3]. In § 3 we give the basic estimate on || y,, — y|;. In § 4 we apply
our result to the numerical inversion of the Radon transform. In § 5 we give
numerical results for an integral equation of the first kind.

2. AN ERROR ESTIMATE FOR THE REGULARIZED SOLUTION

According to Lions’ lemma, (Th. 16.4 of [5]) there is a function C such that
V8 >0 VYueV  |ulp <38 ul, + CG)|Aul. 2.1)

We assume that C is continuous and non-increasing. Then the function
& — §/C(d) has an inverse vy with y(e) » 0 if ¢ > 0. A typical example is
E = L,(Q) where Q S R* V = H*(Q), the Sobolev space of order & > 0,
and || Aulp equivalent on ¥ to the norm of H~'(Q) = (H'(Q)) where [ > 0.
It follows from standard interpolation inequalities (see Aziz-Babuska [1],

p. 25) that
CE) =B, e y(E) = (6/BFIO (2.2)
with B independent of e.

THEOREM 1 : If y eV, then
ly = yle <4 + [¥15)2 v ).

Proof : Following Tikhonov [10] we start out from J, (y,) < J.(y), i.e.
from
4y = £z + & Iyl
ILf = £lE + ¢ [V
<&+ [y)

ly. = £1F + & |21} <

R A1 R O Analyse Numérique/Numerical Analysis



THE FINITE ELEMENT METHOD FOR ILL-POSED PROBLEMS 273

It follows that
Iyelv < 1+ 23 (2.3)
4y, = £l <& + |y}
The last inequality implies
4 (e = 9Mr = 4y, = flle < 4y, = fle + 14 = fle
<e{(l+[ypy”?+1} (2.4)
By (2.1) we get from (2.3), (2.4)
Iy =vle <81y = yly + CO A0y = y)ls
<8 {yly + A+ [y[B)72 ) +eCc@) {0+ [¥2)2 + 1}
<2+ [y[9)2 {8 + eC@) ).
The theorem follows by choosing & = £ C(3).

3. THE FINITE ELEMENT APPROXIMATION TO THE REGULARIZED SOLUTION

Now let E = L,(Q), where Q is some region in the euclidean n-space.
We put ¥V = H*(Q), the Sobolev space of order k > 0. We assume that there
are constants / > 0, C, such that

VueV |dulp < C, [u]g-van (3.1)

where H™'(Q) is the dual space of H'(Q).

This means that we require a certain amount of ill-posedness, the amount
being measured by the number /.

The finite element space Si*(Q) we use is supposed to be a (¢, k)-regular
system which satisfies the inverse assumption (see Aziz-Babuska [1], chapt. 4).
‘From theorem 4.1.5 of Aziz-Babuska [1] we conclude that there is a map
I, - H*(Q) > Sp*(Q) such that

"“ - Ihu“H—’(Q) < Cyh* Hu“V=
Vuel (3.2)

Zyully < Cy |uly
where C, is independent of 4 and
p=k+ 1L

It is this approximation property of Si*(Q) with respect to negative norms
which will play the essential role in the' proof of theorem 2 below.

Naturally, the finite element approximation y,, to y, is defined by mini-
mizing J, (4) in S;* (). Now we are able to state the main result of our paper.

THEOREM 2 : Let ye V. Assume that there is a constant C, independent
of &, h such that h* < C,¢. Then there is a constant Cy, independent on y, h, €,
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such that
[ve —¥]e< C(1 + Ly[3) 2y (e).

Proof : Starting out from J, (y,,) < J, (I,»), we get from (3.1), | f — f.| <,
(3.2) and from A" < C;¢

l4ye — £I7 + € |yal? < 4Ly — £]F + & |Ly]5
= ALy = ») + f = flF + & |15
< ([4Gy =)+ 1f = £l + € [By]7
< €y 14y = yla-ra + € + & Ly}
< (GG yly i+ e + G yly
{(CLCCs ylly + 17 + C3]7 3 €2
< 6'2 L+ IIyllv)e
where C, independent on y, A, €. As in the proof of theorem 1, it follows that

Iyalz < C3(L+ |¥]3).
4 e — Ve <e{Q+[¥F)2Cs + 1}

Using again Lions’ inequality (2.1) exactly in the same way as in the proof
of theorem 1 yields the desired estimate.

/

//\/

4. APPLICATION TO THE RADON TRANSFORM

Let Q be a bounded domain in R%. The Radon transform of ye
defined to be

(1)(6.6) = [y o, o0
Here, se R*, 0 < ¢ < 2, and o, 4 is the Lebesgue measure on the straight

line x, cosd + x,sin¢p = 5. We tacitly assume y to be extended to the
whole of R? by putting y = 0 outside of Q.

Let Z < R® be the cylinder { (cos ¢, sind,s): 0 < ¢ < 2n,se R' }.
In L, (Z) we introduce the norm

2n + o
12,00 = j f £2(cos b, sin b, 5) db ds.
0 -

It follows from the work of Ludwig [6] that 4 may be viewed as a map from
L, (Q)into L,(Z). Moreover, we have.

LEMMA 4.1 : The norms |Ay|y,q)

| ¥||la-1 ) are equivalent on L, ().

R A.LLR O Analyse Numc¢rique/Numerical Analysis
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Proof : Following Ludwig [6]. p. 51 we write

+ 0

(Ay)(s, $) = J e §(r cos ¢, r sin ¢) dr 4.1)

—

where

- 1 _
J@ =75~ ¢ %8 y(y) dx
R2

is the Fourier transform of y. Applying Parseval’s relation to (4.1) we obtain

+ o0

f (4y)(s, d))* ds = 2n Jv [7(r cos &, r sin ¢)|? dr.

o —

Integrating with respect to ¢ we get
2n + o
14yl Z.z = 27 J f |7 (r cos §, r sin §)|* dr ddp
] —

I RECRE @.2)
R2
Using the norm

T f {4+ [0 O d

in H™'*(R?), it follows from (4.2) and supp (y) € Q that |[4y|,,, and
I »|lg- &) are equivalent. Here we used the fact that the norms || y|/g-i: (x2,

and || y| - q)are equivalent. This follows from the extension theorem 2.3.2
and the definition 2.3.% of the norm in H'/? of [1]. Thus the lemma is proved.

Now it is easy to apply the results of our paper to the Radon transform :
We put E=L,(Q), F=L,(Z), V=H(Q) From (2.2) we get that
C(8) = 0(8"*?)in (2.1), hence y(g) = 0(¢?/3). Thus, theorem 1 states that

“J’ - ye”u(m = 0(e*3).

Let Q be a square region and (7,) a regular sequence of triangulations of Q
i.e. there is C > 1 such that each triangle of 7, contains a ball of radius 4#/C
ans is contained in a ball of radius Ch. Then

S21(Q) = {ue C(Q) : u linear in each triangle of T, }

is a (2,1)regular system. Theorem 2 tells us that it suffices to use a mesh
size h = 0(e?/3) in order to obtain the estimate

”J’ - yah”Lz(ﬂ) = 0(e??).

vol. 1. n° 3 1977
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It is doubtful (at best!) wether this method can compete with older ones
as described e.g. in Guenther et al. [4], by the following reasons : It is not
clear wether an efficient implementation is possible, and, more seriously,
the assumption that y € H' (Q) is not realistic for many application e.g. in
computerized tomography. Nevertheless, it seems that presently this finite
element method is the only one the convergence of which is on a sound theore-
tical basis.

5. APPLICATION TO INTEGRAL EQUATIONS OF THE FIRST KIND

Let E=L,(a.b), F = L,(c.d)and for ye E
b

(A3)() = f K(x, 0y(0) de

a

where K e C*([a, b] x [c,d]). Then the norm |Ay| is weaker then the
norm of H™!(a, b)for any finite /. Thusif ¥ = H*(a, b), k > 0,then C(8) »
in (2.1) for 8 — 0 faster than any power of §, i.e. y(¢) —» 0 for € — 0 slower
than any power of 2. Consequently, the accuracy of y, guaranteed by theo-
rem 1 is very poor. This result explains the difficulties one encounters in the
numerical solution of the Fredholm integral equation of the first kind Ay = f.
One might guess that a very accurate discretization procedure is needed to
deal with a problem which is ill-posed that much. Theorem 2 tells us that
the opposite is true. If we use for Sk*1:* splines of class C*~! and of degree k
nnnnnnnnn
s an appropriate choice for A. As / can be chosen’ arbitrarily
large, we can keep 4 nearly constant if € — 0.

To see what this means in practice we solved

h o= gll2+D |

A

J exp(— S(x — t)})y(t)dt = f(x)y, O0<x<1

where y(t) = exp (— t). We considered the case k = 1.

The right hand side f was given exactly. The numerical results are given in
table 1. Smaller values of 4 than those noted in table 1 gave no essential decrease
or even a slight increase of the error. Thus the optimal value of 4 was always
in [1, 1/4] while € varied from 10~2 to 10~°. This clearly coincides with our
theory.

As a second example we solved the problem

Jl(sinh ((t = D)x)?y@)dt = f(x)y 0<x<3

R.A.I.R.O. Analyse Numérique/Numerical Analysis
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which arises in finding the dielectric profile of a slab (see [5], p. 148). The
exact solution was taken to be y(t) = exp (— ?). The computation, the results

of which are shown in table 2, was carried out with £k = 2.

1072

1073

1074

1073

107!

10~2

1073

107+

TABLE 1

h

1

1/2
1/3
1/4
1

1/2
1/3
1/4
1

1/2
1/3
1/4
1

1/2
1/3
1/4

TABLE 2

h

1
12
1/3
1

12
1/3
1

12
1/3
1

12
1/3

“}’ = YenllL, o
0.31
0.31
0.31
0.31

0.31
0.30
0.30
0.30

0.31

0.085
0.075
0.072

0.31

0.065
0.035
0.046

||J’ - ysh"L;(O,l)
0.14
0.14
0.14

0.061
0.061
0.061

0.048
0.048
0.047

0.0048
0.011
0.0067

Again we see that for all realistic values of €, a very modest step size suf-
fices. The strange behavior of the error for ¢ = 10™* is related to the vanishing
of K(x, t) at t = 1 which is responsible for very large errors of y, near ¢t = 1.
Forh = 1, y,,isa quadratic on [0, 1 ] approximating y, in an L ,-sence. Thus y,,
is not likely to exhibit the same growth of error near ¢t = 1 as does y,. For
h =1/2, 1/3, y,, is a spline which can be fitted much easier to y, even for
t close to 1. This argument is supported by the numerical results which give an
error of — 0.0181, 0.0358 and 0.0251 for y,, (1)if A = 1, 1/2, 1/3, respectively.
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