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ON THE APPROXIMATION OF THE SOLUTION
OF AN OPTIMAL CONTROL PROBLEM GOVERNED

BY AN ELLIPTIC EQUATION (*)

by Tune GEVECI (X)

Communiqué par J.-L. LIONS

Abstract. — We obtain error estimâtes for the approximate solutions of an optimal control problem
in which the state is governed by a Neumann problem, To establish the estimâtes the solution is
characterized in terms of the saddle point of a Lagrangian obtained by using Fenchel-Rockafellar
duality theory.

Résumé. — Nous obtenons une estimation de V'erreur pour les solutions approchées d'un problème de
contrôle optimal, dans lequel Vétat est gouverné par un problème de type Neumann, Pour établir cette
estimation, la solution est caractérisée en terme d'un point-selle d^un Lagrangien, obtenu en faisant
appel à la théorie de la dualité de Fenchel-Rockafellar.

INTRODUCTION

Few results exist concerning the rate of convergence of approximate solutions
of optimal control problems governed by partial differential équations [3, 9].
Characterization of the solution in terms of the saddle point of a Lagrangian in
order to obtain error estimâtes, the approach employed in [8] and [9] by
Lasiecka and Malanowski, appears to yield results in a more direct manner than
the techniques employed in [3] by Falk. On the other hand, the existence and
regularity of appropriate multipliers are demonstrated with some difficulty
in [8].

In this paper we appeal to Fenchel-Rockafellar duality [2], as first employed in
a similar context by Mossino [12], in order to characterize the solutions of an
optimal control problem in a way that leads to error estimâtes. We believe that
this approach is more direct and more gênerai than the previous ones.

We consider the problem

(*) Reçu novembre 1978.
0) Mathematics Division, National Research Institute for Mathematical Sciences of the C.S.I.R.

Pretoria, Afrique du Sud.
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314 T. GEVECI

where Q is a given convex polygonal domain in U2; T~dQ, and ydeH1(Q)t

and v>0 are given. The state y(v) is determined by

{v) = 0 in Q,

d
-~y(v) = v on F.
on

In section 1 we give a précise description of the problem (P) and its
discretization, and collect together relevant results concerning the regularity and
fmite element approximation of the solutions of the équations involved.

In section 2 we characterize (lemma 2.1) the solution of (P) in terms of the
saddle point of a Lagrangian. Lemma 2.2 présents the corresponding
characterization of the solution of the approximating problem. We then obtain
(in lemma 2.3) the regularity resuit for the optimal control u (ueH1 (F)), as in
Lions [11].

In section 3 we dérive O {h) estimâtes for the error in the approximation of the
optimal control and of the corresponding state, in L2-norm for the former and
H 1-norm for the latter (h is the largest of the sides of the triangles of a certain
triangulation of Q).

It must be pointed out that, as in [3] and [9], there seem to be no obvious
modifications of our approach which would make it possible to treat cases where
state cons traint s are present. Hints as to the complexity of such cases are
available, for instance in the papers by Kager and Mitter [6], Mossino [12], and
Rockafellar [15].

1. PROBLEM (P), APPROXIMATING PROBLEM (Pft), AND SOME RESULTS FROM THE
THEORY OF FINITE ELEMENT APPROXIMATION

Assume Q is a bounded convex polygonal domain in R2, and the boundary
of Q is r = r 1 u r 2 u . . . ^ r N , each Ti being an open line segment, and
r ( n Tj is either empty or a common end-point for ij=j. The set of admissible
controls is

X - {veL2(T): \v(x)\£l a.e. on T],

so that K is a closed, convex subset of L2(T). The state y = y{v)eH1{Q) is
determined by the variational équation

a(y{v),q>) = (v,yo<t>)L>ir), Vcpetf^Q), (1.1)

where y0 cp is the trace of (p on F,

R.AXR.O. Analyse numérique/Numerical Analysis



APPROXIMATION OF AN OPTIMAL CONTROL PROBLEM 315

and

L (D J^

Thus if y (v) is sufficiently regular, y{v) is the solution of the Neumann problem

O i n O ,

^- = v o n r i ( Ï = 1 , 2 , . . . . AT,
on

where A is the Laplacian and n dénotes the unit normal vector directed towards
the exterior of Q.

The cost functional is

\yA\l^)+\\\4lHr). (1-2)

where ydeH1(Q) and v > 0 are given.

The optimal control problem is

(P) lnïJ(v),
veK

and a unique solution exists, as discussed in Lions [11].

We shall consider an approximation

(Pft) Inf Jh(Vh) Qi a positive parameter),

such that (Pfc) can be solved numerically. Specifically, assume xh is a "classical"
triangulation of Q with the angles of ail triangles Te xh uniformly bounded below
by 60 > 0 for ail h(h i 0), as discussed, for example, in [1], [4] and [14]. Hère, h is
the longest side of ail Te zh. We consider the space H \ (Q) c H1 (fi) of functions
which are continuo us in Q and linear on each Te xh, the space L l (Q) a L 2 (Q) of
functions which are constant on each Texh, and the space L\(Q)c L 2 ( r ) of
functions defmed on F which are constant on each segment determined by an
edge of a Texh that lies on I \

K { L 2 { T ) \ ( ) \ h V r } (K K).

The approximate problem is

(Ph) M Jh{vh),
v,eKh

where

^ ( ^ ) = -||sft.);A(t;A)-sA3;d||^(n) + - | | i ; h | | ^ ( r ) , (1.3)

vol 12, n° 4, 1978



316 T. GEVECI

yh(v)eHl (Q) is determined for any VGL2(T) by the variational équation

a(yh{v), <ph) = (v, Yocp„Wv V<pfc€fli(Q), (1.4)

and sh :L2(Q)-+ L% (Q) is the projection ;

for yeL2(Q), (shy)(x) = * f y, xelnt{T), Texh. (1.5)
/\rea\i ) j T

Since Ll{Q), Ll(T) and Hl{Sï) are fmite-dimensional spaces. (Pft) is a
nonlinear programming problem in finite dimensions, and can be solved by
means of various techniques. Assuming that the minimizer uheKh, the existence
and uniqueness of which are readily established as in the case of (P), has been

computed, we shall estimate ||tth-w||z.»<r> anc* ||3>ft(Mft) —y(M)|U»<n) as O (h),
where u is the solution of (P).

We need some results about the regularity and approximation of the solution
of (1.1). We shall say that v = {vx, v2, . ..,vN)eH2{T) (a>0) iff
i = l , 2 , . . ., N; then we set

It is known ([5, 13], and the références given there) that the solution y(v)
of (1.1) is in H2(Q) if veHm(T), and also that

\\y(v)\\HHa)ïC\\v\\LHQ). (1.6)

(Hère, and in the sequel, C will dénote a generic constant, not necessarily the
same in any two places.) This regularity resuit enables us to interpret y(v) as
being the solution of (1.1').

We also need to consider the "adjoint" équation

a(y{p), <p) = (p, q > W VçeH^O) . (1.7)

y(p)eH1 (Q), for peL2(Q). Again from [5] and [13], y(p)eH2(Q) and

lt?(P)||^(Q,^C||p||L2(n), (1.8)
and y(p) may be interpreted as being the solution of

= p in Q,

=o on r. W-71)

R.A.I.R.O. Analyse numérique/Numerical Analysis



APPROXIMATION OF AN OPTIMAL CONTROL PROBLEM 317

In this context, y0y(p)eH3/2(T)t a fortiori yoy(p)eH1 (T), and

|U(a>^C'||p||L,OT. (1.9)

The corresponding équation for (Ph) is

aGnip), <P*) = (P. Vkhiny Vcp.eH^Q), yh(p)eHl(Q). (1.10)

Let us dénote the linear map v->y(v) by

L: L2{T)^L2(Q), (1.11)

and the map v-+yh (v) by

Lh: L2(T)^L2(Q). (1.12)

Corresponding to sft : L
2(Q)*->L^(Q) (1.5), we shall utilize the projection

th:L
2(r)-+L%(r), and an interpolation operator rh : H

2(Q)-+Hl (Q) with the
property

\\y-rhy\\HliC1)SC\\y\\HHQ).h, VyeH2(Q) (1.13)

(see[l,4, 14]).

sh and tA have the properties

y \ \ y \ \ H i m . h . (1.14)

for each yeH 1 (Q) and each veHl(T), respectively (see [1, 16]).

We collect together as a lemma the required approximation results concerning
the state and the adjoint state.

LEMMA 1.1 :Z,* :L2(Q)-*L2(r),theadjointofL,isgivenbyL*p = y0y(p),

VpeL2(Q); Lf : L2(Q)-+L2(T), the adjoint ofLh, is given by L*p = yoyh(p),
ypeL2(Q);andforvx€H1/2(T)}v2eL2(r)fpX)p2eL2(Q)>wehavethefoïlowing
estimâtes:

\\Lv1-Lhv2\\Hl{Çl)SC(\\vl-v2\\L2{r)+ ||üi||H»*(rv'1)' (1-16)

Proof: By the définition of L, VveL2{T),

a(Lv, q>) = (u, Yo9)i2(r)>
so that, in particular

£i(Li;f y(p)) = (ü, Yo?(p)W), VpeL2(Q). (1.18)

But by the définition oîy(p),

vol. 12, n° 4, 1978



318 T. GEVECI

so that
(Lv, p)L2iQ) = ( ()

VveL2{r), VpeL2(Q), and L*p = yoy(p).

An identical argument yields the statement concerning L £.
Estimâtes (1.16) and (1.17) are obtained by the standard techniques of finite

element approximation. We include the short dérivation of(1.16) for
convenience:

^ r Lv1-Lhv1)

f Lvx—rhLv1)

by the définition of Lt^—3/(1^) [see(l.l)] and Lhvl=yh{v1) [see(lA)];
rh : H

2 (Q)-• Hl(Q) is the interpolation operator with property (1.13). Thus

m^ \\Lv1~Lhv1\\Hl[Q).\\Lvi-rhLv1\\Hi{Q)

and we obtain

l l l U ^ l l l l ^ l I ü i l l ^ ^ . f c , (1.20)
by(1.6).

(1.20) and the définition (1.4) of yJv) yield (1.16).
Q.E.D.

2. SADDLE POINT CHARACTERIZATÏON OF THE SOLUTIONS OF (P) AND (PA) AND
REGULARITY OF OPTIMAL CONTROL

We start by characterizing the solution of (P).

LEMMA 2.1: Ifu is the solution of (P), there exis tp^eL2^) and p2eL2(iï) such
that (u;plfp2) is the saddle point on L2{r)x(L2{T)xL2(Q)) of the
Lagrangian ££ defined by

H^|M£ || lU H H

-(Lv-yd, q2)ma)-(v> 4iW)> (2.1)

u qi)£&(w9 px. Pi)^&{v\ Pi, Pi) (2.2)

for each veL2(r), q1sL2{Y)> q2eL2(Q).

R.A.I.R.O. Analyse numérique/Numerical Analysis



APPROXIMATION OF AN OPTIMAL CONTROL PROBLEM 319

The saddle point characterization leads to the relations

vu-pl-L*p2 = Q> (2.3)

yd = 0, (2.4)

Proof: We appeai to duality theory as discussed in Ekeland and Temam ([3],
chap. III) and use similar notation.

Problem (P) can be expressed as

(P) M [J

where %K is the indicator function of K:
0 if veK,

+ 00 if

We consider the perturbation functional

where yeL2(r), ^ e L 2 ^ ) and q2eL2(Q). Notice that

and that $er o (L 2 ( r )xL 2 ( r )xL 2 (Q)) .
We identify (L2(T))* with L2{T) and (L2(Q))* with L2(Q). The Lagrangian

corresponding to O is thus defmed on L2(T) xL2(T) xL2{Q) and

- i f (u; ?î, «f)= Sup {(«i, rf)i,»
(9l,^2)eL2(r)xL2(Q)

Therefore
v 2

{(«1,

-h sup {(«2. «*)L>(Q)-^|
2 Z

a.e. on T

vol. 12, n° 4, 1978
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-{Lv-yd, (2-7)

Since there are no state constraints, the gênerai discussion of Mossino ([12],
pp. 232-233) is valid (the duality discussed in [12] corresponds to the
perturbation scheme that we are using); the primai and dual problems have the
same value and each has a unique solution. Therefore, u being the solution of the
primai problem and (plt p2) being the solution of the dual problem, (w; pt, p2) is
the unique saddle point of if on L2 {T) x (L2 (T) x L2 (Q)) (see [2], p. 57);

£&(u; Pi, P2)^^(v; Pi, PZ

, qxeL2{T), q2eL2(Q).
Thus

dv
; Pu Pil SU) =0, V&veL2(r),

j-(u;p1,p2),bq2) =0,

(2.8)

(2.9)

, (> I'
- P i , 8i?) i2 ( r )-(L(5ü) f

and

— (w, P i )

(2.8) means

and therefore

Thus (2,3) is valid.
Equation (2.9) immediately yields (2.4), and the proof of the lemma is

complete.

REMARK: The form of the Lagrangian (2.1) resulted from the perturbation
scheme that we chose (2.6). It leads more easily to error estimâtes than the
Lagrangian:

=^\\y- -1

which results from the pertubation functional

R.A.I.R.O. Analyse numérique/Numerical Analysis
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The next lemma expresses the corresponding characterization of the solution
of the approximating problem (Pft).

LEMMA 2.2: If uh is the solution of(Ph), there exist plheLl(T) and p2htL\ (Q)
such that {uh; plh, p2h) is the saddle point on L\(F) x(L\(F) xLj(Q)) of the
Lagrangian 0£h defined by

Vu M 2 M H -*• II

-(Lhvh-shyd, q2h)L>{n)-{vh> 4i*W)> (2.10)

vh] plh, p2h), (2.11)

and we have

W)+ I |

(2.12)

(2.13)

\pih\dr= inf {(u*,<Zi*W)+ I | ^ i f c | d r } . (2.14)
Jr

Proo/' The proof is almost identical to that of lemma (2.1), and we shall only
indicate the necessary modifications.

(Ph) is expressed as

Inf

where %Kk is the indicator function of Kh = {vh e L l (F) : | vh (x) | ^ 1, V x e F } .
The perturbation functional is

for (vh, qlht q2h)eLl{T) xLl(T) xLh(Q), so that the corresponding Lagran-
gian is computed to be

which is equivalent to (2.10) since sh is a projection. (2.12) foliows from

â—(vhl Pih. Pzh)> §vh ) = 0 , V5uheLft (F),

v OVh I
vol. 12, n° 4, 1978



322 T. GEVECI

i.e.:

which yields
(vMfc-pifc-Ljf p2fcf ôi?ft)L2(r)=0,

Since in gênerai Lfp2h $ Z/2(F), we cannot assert that vuh—Pih — L*p2h~0,
but we can assert that

where £h : L
2 (F) -> L £ (F) is rte projection introduced in section 1. (2.13) follows

in similar manner.
Q.E.D.

The regularity resuit about the optimal control can be obtained as in
Lions [11], pp. 53 and 58.

LEMMA 2.3: The solution u of(P) is in H1 (F), the corresponding px € Hl (F) and

Proof: Owing to (2.3), (2.4), the définition of L (1.11) and lemma 1.1, letting
y(u) = y, y(y-yd) = y(1.7), we have

-Ay+y=zO in Q, ^

dy _ > (2.15)
-^- = u on F,
on -J

= 3;-3;d in Q,

#=o onr, ( 2 1 6 )

d

(2.18)
and

:|i>(x)|gl a.e. onT} . ƒ ^' '
By(2.19)

(MJ (2.20)

where P=L 2 (F) -* L2 (F) is the projection into K.
Now, yeH2{Q) since y, ^eL 2(Q) (1.8), so that y0yeif3 / 2(r). A fortiori,

yoyeH1 (T). P leaves Hx (r) invariant (see [7], p. 50 and [10]) so that ueff'(r)
by(2.2O).

R.A.LR.O. Analyse numérique/Numerical Analysis
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Since y^H1 {Cl), p2eHl(&) by (2.17), and PleH1 (F) by (2.18).
Q.E.D.

3. THE RATE OF CONVERGENCE OF APPROXIMATE SOLUTIONS OF (P)

On the basis of the previous preliminary sections we are now ready to prove
the convergence resuit.

THEOREM 3.1: If u is the solution of (P) and uh is the solution of(Yh)> the
estimâtes

\\u-uh\\LHr)SCh (3.1)

and

are valid.

Proof: By lemma 2.2 (2.11):

^ * K ; Pik. P2h)^^h(uhl «

and in particular
shp2), (3.3)

where sh and th are the projections introduced in section 1.
It is readily seen that

[
and we have

so that

J2f/,(U/,; tftPi, S/,P2)è ^hfah l Pl > Sftp2). (j.*t)

By (3.3) and (3.4),
^h(«*; Pih, P2h)^&h(uhl Pu

Now
<&h{uhl Pi, shp2) — ^h{thu; p l t shp2)

V|i | |2 V,. „ 2
— ~||Mft |U2(r)~"öll thu\\L2{r)~(uh> PI)L2(I

yhU, Shp2)L2{Q)

v..
= v{uh-thu, thu)Li 2

vol. 12, n° 4, 1978



324 T. GEVECI

-~(uh-thu, Pi)L2{T)-{Lh{uh-thu), shp2)L2iQ)

-(uh—thu, Pi)L2(r)-(uh-thu, j

= 2II M*~f*Mllia(r>+ ("*-'*"• vhu-pt-LfsnPz)^. (3.6)

From(3.5)and(3.6):

~\\uh—thu\\L2ir)1^J£h(uh', plh, P2h)~^h(thul Pl> shPl)

+ (uh—thU, — V tfcU + p i + L J f Sfcp2)L2(r)

^Seh{thu\ plht P2h)-<&h{hu; plt shp2)

+ (uh — thu, — vtfcu + pi+LJf 5^p2)L2(r) (3.7)

by lemma 2.2 (2.11). Now

P 2 f c ) - - S f * ( t i i " ; P i » ShPz)

v 1.1 | |2 I n i|2

f f
Jr ! P l^ r +Jr !

L2(n)- |p l f t | ^ r+ |pi (3.8)
Jr Jr

By (3.7) and (3.8),

), uh-thu)L2ir)

f f

By lemma 2.1 (2.5):

f l I f l t >
Jr Jr

R.A.LR.O. Analyse numérique/Numerical Analysis
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(3.10), and the fact that sh and th are projections, enable us to conclude
from(3.9):

\\uhthu\\L2ir)S(L

{r) + {u-thu, pifc-pi)L2(n. (3.11)

We'shall now estimate each term on the right-hand side of (3.11) separately.

By lemma 2.1 (2.4),

(-Lh{thu) + yd~p2,p2h-shp2)LHn)^(-Lh(thU) + Lu,p2h-shp2)Li{a), (3.12)

and

{-Lh(thu) + Lu, P2h-shp2)Lzia)

= {-Lh{thu) + Lu} p2h-p2)L>{ÇÏ) + (-Lh{thu) + Lu, p2-shp2)LHQ)

= (-Lk(thu) + Lu, -shLh{uh) + shyd + Lu-yd)L2iCi)

+ (-Lf t(ff tu) + Lu, P2-skp2)L2{Çl)f (3.13)
by lemma 2.1 (2.4) and lemma 2.2 (2.13).

By (3.12) and (3.13),

S \\Lu-Lh(thu)\\L2iQ). \\Lu-shLh{uh)\\L2{Ci)

+ \\Lu~Lh(thu)\\L2{C1), \\yd-shyd\\Li{Q)

+ \\Lu-Lh(thu)\\L*iCÏ).\\p2-shp2\\L2{ay (3.14)

By lemma 1.1,

| |Lu-LhfeW)| |L2(a)^C(||u-t,W | |L2(r )+||u||Hl, ( r )./i), (3.15)

and by lemma 2.3, ueH1^), so that

\\u-thu\\LHr)SC\\u\\Hl{ryh, (3.16)

by (1.15). Therefore

\\Lu-Lh{thu)y^Ch. (3.17)

By lemma 2 .3 , p2sH1 (Q), and it is given that ydeHl (Q), so that by (1.14):

(3.18)

\ \ y { ) (3.19)

Combining (3.14), (3.17), (3.18) and (3.19) we obtain

( - L h ( t ^ ) + yd-p2,p2,~5ftp2)L2(O)^C(|JLw--sftLfl(w,)|]L2(n}./z + /i2). (3.20)

vol. 12, n° 4, 1978



326 T. GEVECI

On the other hand,

\\Lu-shLh(uh)\\L2m^\\Lu-shLu\\L2(Q)

(3.21)

by (1.14) and the définition of sh.

From the définition of L

and we obtain from (3.21),

\\Lu-shLduh)ymSCh+\\Lu~Lhuhy(€iy (3.22)
Now

^C(h+\\thu-uh\\L2{r)), (3.23)

by lemma 1.1 and by (3.16). (3.22) and (3.23) yield

\\Lu-shLh(uh)\\L2{Q)^C(h+\\thu-uhy(r)). (3.24)

From (3.20) and (3.24) we obtain

(-L,(tftt/) + 3 ;d-p2 ,p2 f t-s / lp2) l 2 ( a )^C^2+| |Mh-t f tw||L 2 ( r )^). (3.25)

We now estimate the second term on the r.h.s. of (3.11):

(~vu^pl+Lt{shp2)fuh~thu)LHr)^(Lt(shp2)-'L^p2tuh-thu)LHT) (3.26)

by lemma 2.1 (2.3).

(Lt(shp2)-L*p2, uh-thu)L2{r)S\\L%(shp2)-L*p2\\L2{r). \\uh-thu\\LHr)

SC(\\shp2-p2\\L2{ÇÏ)+\\p2\\L2{Çiyh)\\uh-thu\\L2{r), (3.27)

by lemma 1.1, and

by (3.19), so that we obtain

(Lt(shp2)-L*p2,uh-thu)L2{r)S'C\\uh-thu\\L2ir).h,
and

uA-ti.iill^jn.fc. (3.28)

The last term on the r. h. s. of (3.11) is

by lemma 2.1 (2.3) and lemma 2.2 (2.12).

R.A XR.O. Analyse numérique/Numerical Analysis
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Thus

(u-thu, Pih-Pi)^{r) = v(u-thu, uh-thu)Lz{T)

^v(u-thu, uh-thu)L2{T)-\-(u-thu,L*p2--thL%(p2h))L2{r}

^C||M||fl^.fc(||ttfc-tfcu|| jL,<n+||L*p2-tALîr(p2A)||L»cn), (3.29)
by (3.16). Now,

\\*p2\\wh+\\L*p2-Ltp2h\\L*(n (3.30)

by the définition of th and (1.15).

By lemma 1.1 and (1.8), (3.30) yields

| 2 - p 2 h | | L a ( a ) + | | p 2 | | L » ( a ) . h ) . (3.31)

F r o m lemma 2 . 1 (2.4) and lemma 2 .2 (2.13),

Pi -Pih = {Lu-shLhuh) + (yd-shyd),

so that

||P2-P2h||z.'(Q)S \\Lu-shLhuh\\L2(Q)+ \\yd-shyd\\LHQ)

^C(h+\\uh'tkuy^) + C\\yd\\H^.K (3.32)
by (3.24) and (3.18).

From (3.31) and (3.32) we obtain

l|i*P2-t^î I(P2 fc)||i.(n^C(fc+||tth-thii[|L, (n) f (3.33)

and from (3.29) and (3.33),

(u-thufPlh~Pl)L2{r)^C(h2-{-\\uh~thu\\L2ir).h). (3.34)

This complètes the estimation of the three terms on the r.h.s. of (3.11).
Inserting the estimâtes (3.25), (3.28) and (3.34) in (3.11), we finally obtain

so that
\\uh-thu\\L2ir)SCh

and
| |w-%| |^(r)^ | |w-^w| |^ { r )+ || tA M — Mfc |U*(T> ̂  C ( 11 M II JÏ» (n .

and statement (3.1) of the theorem has been established. (3.2) folio ws from (3.1)
by lemma 1.1, and this complètes the proof of theorem 3.1.
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CONCLUSION

In this paper we singled out a spécifie problem to illustrate the use of Fenchel-
Rockafellar duality theory in obtaining approximation results related to optimal
control problems. The technique is quite gênerai and may be applied to the study
of control problems governed by linear équations, whether higher-order elliptic
(self-adjoint or not), parabolic of hyperbolic (on cylindrical domains).
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