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ELASTIC WAVE PROPAGATION IN FLUID-SATURATED
POROUS MEDIA.

PART I. THE EXISTENCE AND UNIQUENESS THEOREMS (*)

by Juan Enrique SANTOS (*)

Communicated by J. DOUGLAS Jr.

Abstract — The propagation ofelastic waves inaporous solid salurated by a compressible viscous
fluid can be described by a set of partial differential équations given by BioL In the paper denoted
here as Part I theproblem of the existence anduniqueness of the solution ofBiofs équations is analyzed.
Numerical methodsfor the approximate solution ofsuch équations shall be derived in Part II ofthis
work.

Resumé. — La propagation d'ondes élastiques dans un solide poreux saturé par un fluide visqueux
compressible peut être décrit par un ensemble d'équations aux dérivées partielles donné par Biot.
Dans le présent article ( l r e partie) le problème de F existence et l'unicité de solution des équations
de Biot est analysé. Des Méthodes Numériques pour l'approximation de telles équations seront
décrites dans la 2e partie de ce travail.

1. INTRODUCTION

We shall analyze the problem of the existence and uniqueness of Biot's
dynamic équations describing elastic wave propagation in a System composed
of a porous solid saturated by a compressible viscous fluid. The numerical
solution ofsuch équations shall also be considered

On a mâcroscopic^cale the fluid^solid-aggregate shaH be^assumed isotropio
and elastic. For the validity of Biot's équations the wave length has to be appre-
ciably larger than the diameter of the pores and relative movement between fluid
and solid has to take place according to Darcy's law of fluid flow through
porous media. The effect of dissipation is taken into account under the assump-
tion that it dépends only on such relative movement between fluid and solid.
For simplicity only the two-dimensional case shall be analyzed.

(*) Received in February 1985.
(*) Yacimientos Petroliferos Fiscales and University of Buenos Aires; Avenida Presidente

Roque Saenz Pena 777, 10° Piso, Oficina 1003, 1364, Buenos Aires, Argentina.
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114 J. E. SANTOS

The organization of the paper denoted here as Part I is as foliows. In Section 2
we introducé the Biot model and write the associated partial differential
équations in a compact form more appropriate for the analysis. In Section 3 we
present some notation and known results to be used. Then in Section 4 we
dérive the weak form of the problem and prove the results on existence and
uniqueness. Finally in the paper denoted as Part II we defme the continuous
and discrete-time Galerkin procedures and perforai the corresponding error
analysis.

2. THE BIOT MODEL

We shall consider wave propagation in a fluid-solid system identifïed with an
open bounded domain Q c H 2 such that its boundary, denoted dQ is piecewise
smooth. Let x = (xl9 x2) dénote a generic point in IR2. Let u(x, t) — (wx(x, t\
u2(x, t)) be the displacement vector on Cl, where ux = (ulu u12) is the displace-
ment vector of the solid and u2 — (u2l, u22) is the average fluid displacement,
uJt being the displacement in the .^-direction for 1 ^ ij < 2. Let

2

fc=i

be the strain and stress tensors in the solid. Here dtJ dénotes the Kronecker
symbol and A = A(x) and N = N(x) are the Lamé coefficients of the solid
frame. It shall be assumed that

(i) 0 < A. < A(x) < ^ * < o o , JceQ = Q u 3 Q ,
(2.1)

(ii) 0 < N^ ^ N(x) < iV* < oo , x e Q .

Next let the tensor QtJ(u) and the scalar s(u) be defined by

e,>) = av(Ml) +Q5 l JV.t/2 J

s(u) = gV.Wi + RV.u2.

Also set

e,(M) = (e11(«)»el2(M)), / = 1,2.

The coefficient Q — Q(x) is a measure of the coupling between the volume
change of the solid and that of the fluid. The coefficient R = R(x) is a measure
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WAVE IN FLUID-SATURATED POROUS MEDIA. PART I 115

of the pressure required on the fluid to force a certain volume of the fluid into
the aggregate while the total volume remains constant [1], [2].

No difficulty appears in the évaluation of the coefficient N since it is the
shear modulus of the bulk material. The coefficients A, Q and R can not be
measured directly but they can be expressed in terms of another set of physical
constants which can be evaluated in laboratory tests. Such expressions are

.1 * \ * / 2
N

A- -2 --N,

2
2 -

e =

R =
m + / » - x

where P is the effective porosity, \J/ and p are respectively the jacketed and
unjacketed compressibilities and co is the fluid content, which is the ratio
between the volume of fluid entering the pores of a solid sample and the pres-
sure applied during an unjacketed compressibility test. For a description
of the jacketed and unjacketed tests and the physical interprétation of the
coefficients G>, p and \|/ we refer to [3]. Some measurements of these coefficients
can be found in [5].

The physical properties of the fluid-solid System allow us to assume that

(i) 0 < Q ^ Q ( x ) < fi* < oo, x e Q ,

(iiT0~< R^ ^ RfxT^lt* < oo , ^ r ^ S ,
(iii) R(A -f N) - Q2 > 0, x e Q ,

Let px = Pi(jc) (respectively p2 = p2(x)) be the mass of solid (respectively
fluid) per unit volume of the aggregate and let pj 2 = px 2(x) be a mass coupling
parameter between fluid and solid Set

P u = Pi - Pi2>

P22 = P2 ~ P12 »

vol. 20, n° 1, 1986



116 J. E. SANTOS

and assume that

(i) 0 < P7J ^ Pxi(x) ^ pfi < oo , X G Q ,

(ii) 0 < P22 < P22M < P^2 < 00 , x e Q ,

(iii) - co < p72 < p12(x) ^ pf2 ^ 0, x e Q ,

(iv) pljL(x) p22(x) - (p12(x))2 > 0, x G Q (redundant).

Next let b = b(x) be a dissipation coefficient defîned by

(2.3)

b =
K

where IK = K(x) is the permeability and \i = \i(x) is the fluid viscosity and
assume that

O < b(x) ^ b* < oo, x e Q . (2.4)

Then the propagation of elastic waves on Q can be described by the
équations [2]5

® ^ 2 (Pi l Pl2 J («11 - «2i) -

Ü ) ^ 2 (P

(2.5)

l 2 P22 W2l) - è ^ ( W ü * W2r) ~ ^

for x G Q5 / G J = (O, T) and / = 1, 2.

Let the matrices j / , ? e i ï 4 x 4 and the vector F e RA be given by

Pu

0

P12

0

0

Pu

0

0,,

P12

0

P22

0

0

Pi 2

0

D o ,

(/> _

*

0

-b

0

0

b

0

-b

-b

0

b

0

0

-b

0

^ = C/i, f2> Suffi)*'

Note that it follows from (2.3 (iv)) and (2.4) that si is positive defmite ahd <ê
is nonnegative.

Let JS? (W) be the düTerential operator defîned by
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WAVE IN FLUID-SATURATED POROUS MEDIA. PART I 117

Then the set of équations (2.5) can be written in the equivalent form

= F(x, t)9 (x, t) e Q x J . (2.6)

We shall impose initial conditions

(i) u(x, 0) = «° = « M°) , xeQ,
( 2 -7 )

and boundary conditions

(i) (G^-v , 62(W).V) = c|>(x, 0 , (x, t) e 3Q x J ,
(2.8)

(ii) s(«) = -q^, 0 , (x, t) e m x J ,

v = v(x) being the outer unit exterior normal along d£l.

3. NOTATION AND PRELIMINARIES

For m a nonnegative integer let /7m(Q) = Wm-2(ÇÏ) be the usual Sobolev
space with the norm

M L = r E f \D«
Ll«l̂ m JQ

For n ^ 1 the norm of v = (vl9..., vn) in [#m(Q)]n will be given by

11/2

The inner product and norm in [1/^(0)]^ will be denöted~by

fe ^ ) = i ^ j è , || f? ||g = (v, v) .
i = i Ja

Also we shall dénote the inner product and norm in [L2(3Q)]n by

< v, w > = Ê vi wi d<J > I v lo = < v> v > »
*=i Jan

rfa being the arc length on ôQ.

vol 20, n° 1, 1986



118 J E . SANTOS

Dénote by X' the dual space of X, Then by définition set [#~m(Q)]rt =
[(/f m(Q))']w with the norm

where ( , ) dénotes the duality between [//"m(fi)]n and [
Next recall that Sv = v/dQ e [L2(dQ)]" for any v e \_H1(O)Jt and that

l ^ l o ^ c\\v\\y2\\v\\{f2.

Here and later C is a generic constant that may be difFerent at difFerent places.
Then [ i / 1/2(5Q)]" is defïned as the image of [ i / 1 ^ ) ] " under 15 [7]. The norm

of Ç e [Hlt2(dÇÏ)]n will be given by

|Ç | 1 / 2 = inf || v || A -

Let [/f~1/2(<3Q)]" be the dual space of [i/1/2(<3Q)]", the norm of an element
g G [/f "1/2(3Q)]n being given by

" | ç, |

Here < , > dénotes the duality between [i/~1/2(5Q)]" and [/f1/2(dQ)]n.
Let i/(div, Q) = { q e [L2(O)]2 : S/.q G L2(Q) }, provided with the norm

Dénote by v = v(x) the outer unit exterior normal along dQ. Then it is known
that q.veH' 1/2(dQ) for any q G #(div, Q) and

k . v | _ 1 / 2 ^ C H | | H ( d i V j n ) . (3.1)

Also it can be seen that for any q e //(div, Q) and any v e Hl(Q) the following
formula of intégration by parts holds [7] :

(V.fciO +(ftVt>) = <«.v,i>>. (3.2)

Set F = [if ^Q)]2 x H(dïv, Q), the norm of an element v = (u1? i>2) G F
beiiig defined by

M2 AN Modélisation mathématique et Analyse numérique
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WAVE IN FLUID-SATURATED POROUS MEDIA. PART I 119

Note that since [#(div, Q)]' can be identified with a closed subspace of
[L2(Q)]3, any element in V' can be represented by a quintuple (zl5 z2, z3, z4, z5),
where zl5 z2 e H~1(Q) and 23 5z4 )z56L2(Q).

Letw = (wl5 n>2) = ((w l l s w12), (w21, w>22)) G F a n d z = (z1; z2, z3, z4, z 5 ) e F '
and dénote by [ , ] the duality between V' and V, i.e.,

[z, w] = ((zls z2), wx) + ((z3, z4).w2 -f z5 V-w2) rfx .
Jn

Then,

| [z, w ] | ^ || ( z l 9 z 2 ) ||_1 II Wl II, + II ( z 3 , z 4 , z 5 ) II0 II w 2 ||H(diVjn)

Dénote by ®(Q) the space of C°°-functions on Cl which have compact support
in Q, and by 2) f(ÇÏ) the space of distributions on Q. Also if X is a Banach space
with norm || ||x let @'(J, X) dénote the set of distributions on J with values
on X, i.e, B\J9 X) = &{@(J\ X) [8]. If fe2'(J9 X\ its derivative in the
distributional sensé is defïned by [8],

&•> - - ^
Finaliy, recall that

f f CT ~|i/2 1
L2(J, X) = \ v J -+ X ' \\v\\ 2 = II vit) ||2 dt\ < oo l1 L2(J'X) LJo J i

and

L0 0^, X) = { v : J - X : || v \\^{JfX) = su^ || t>(t) ||x < oo } .

4. THE EXISTENCE AND UNIQUENESS THEOREMS

First we shall obtain the weak form of the problem (2.6)-(2.8). For v
Ü2) e V,w — (wu w2) e V set

i , O = f U v . ^ V . w , +2N f, BtJpjBi/vSjdx,
JoL u=i J

B(v9 w) = M(vu w±) + (QV.i>2, V.Wi)

vol. 20, no 1, 1986



120 J. E. SANTOS

Then we multiply (2.6) by a test function veV and integrate over Q. Applying

the formula of intégration by parts (3.2) to the (if (w), v) — term and taking

into account the boundary conditions (2.8) we conclude that

M O Xi \ I ,-sj *->**> I „ , » / T - ! \

veV.tej'. (4.1)

Next we shall analyze the properties of the bilinear form B. First note that B is
symmetrie and

| B(v, w) | ^ C(|| v, I|2 + II V.v2 Util wx h + || V.w2 ||0) ^ C || v \\v \\ w \\v,

v,weV. (4.2)

Also recall Korn's second inequality, which states that, [4], [6], [9],

x + W v W l ^ C . W v W l (4.3)

Next Iet the symmetrie matrix E = (etj) e i ? 4 x 4 be defined by exl = e22 =
A + 2N, e33=4N, e^=R, ei2=A, e14=e2^ = Q, e13 =e2 3 =^34 =0,
and letz(i;) = (£n(üi), £22(^1)^12(^1), V.t?2)

f. Then note that

B(v,v)= [[Ez(v),z(v)l(x)dx,

[,]t denoting the usual scalar product in R4.

The assumptions (2. l)-(2.2) on A, JV, Q and i? imply that J^ is positive
defmite. Thus if X^ dénotes the minimum eigenvalue of E and

Ac \
C2 = min f * 1 , ^ 1, using (4.3) we conclude that

B ( v 9 v ) ^ C 2 \ \ v \ \ $ - X + \ \ v \ \ l 9 v e V . (4.4)

It will be convenient for the analysis that follows to defme the bilinear form
By by the rule

By(v9 w) = B(v, w) + y(v, w), v9 w e V,

M2 AN Modélisation mathématique et Analyse numérique
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WAVE IN FLUID-SATURATED POROUS MEDIA. PART I 121

where y is a fixed constant such that y ^ X^. Then By is symmetrie and

(i) | B f a W ) \ < C \ \ v \ \ v \ \ w \ \ V 9 ü , w e F , (4.5)

(ii) By(v, C2\\v\\2
Vi

Next, set

(i) Df =
dts

+

g5r|
ôts

(FF_

ôts

V(,J,HlIHBSl))

(4.6)

(ii) G 2 = | | W ° | | 2 + | | Î ; 0 ||2 + | | F ( 0 ) | | 2 + 1.

Now we can state the theorem of existence.

THEOREM 4.1 : Let F, 4>, r|, w°, v° be given and such that Go < oo, Do < oo
and Dx < oo. Then there exists a solution u(x, t) of (2.6)-(2.8)

^eL^(J, V)andv-^s. , [L2(Q)]4).

Proof: Following [8], let (vn)n^ x be a séquence of functions in [7/2(Q)]4 such
that for all m vx,..., vm are linearly independent and the finite linear combi-
nations of the u/s are denses in [//2(Q)]4. Let Sm = Span (vu ..., vm) and let
um = (wlm, w2m) G Sm be determined by the relations

(i)«m(0)eSm!Mm(0)^+M° in

WôJ£(0)eSmi^(0)—Tv° in

Note that

(4.7)

(4.8)

«m Ho < II um dt

vol. 20, n° 1, 1986



122 J. E. SANTOS

du
Then the choice v = —^ in (4.7) implies that

,Sum dun

2 dtl

< C II F

dt £.£
]•<**> +

ÖM.2m • (4.9)

Next we shall obtain bounds for the intégrais in time of the last two terms in the
right-hand side above. Using intégration by parts with respect to time we have

(s)ds

, Ulm > (0 - < (|), Ml

^ £ ƒ ulm(s) \\l

h\ =

«2m-v, il > (0 - < u2m.v, r| >(0) - / u2m.v, -£ \ (s) ds

u2m(t) iï>O) + c f D0
2 + || u2m(0) | |â (d i ï ,n

II «2»(-s) l l l ( d i v , n ) * •

Thus if we integrate (4.9) in time from to 0 to t, the bounds for Ix — I2 and
(4.5) imply that

dt

E || Um(t) II2, + C

K um(s)\\2
v)ds\. (4.10)
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Next note that

we have

\\ôum
is equivalent to -̂ — (t) andthatfrom(4.8)

du.

Then since <& is nonnegative the choice e = •= C2 in (4.10) and a Gronwall
2

argument show that

dt

Now taking derivative in time in (4.7) we obtain

+GO). (4.11)

dF

The choice v = — ^ in the relation above and a répétition of the argument
dt

leading to (4.10) imply that

2 (t)
 2 + %*) 2 < QDl + Gl + %(0)

dt2 dt

+

Next we shall obtain a bound for the term
dt

'(0)

. (4.12)

. Using(4.7) and the

formula of intégration by parts (3.2) we can deduce that

v)-[V-^(0),v Mm(0)), v), veS„

vol. 20, n° 1, 1986



124 J. E. SANTOS

Then choosing v = ^ 2
m (0) in the équation above we obtain

dt
l(0) cf,, dt

•(0) < G 2 .

(4.13)

From (4.12)-(4.13) and Gronwall's lemma we fmally get the estimate

dt

, V) = [L»(J, V')1'

(4.14)

But note that

and

Thus (4.11) and (4.14) imply that there exists a subsequence of («m)ms=i>
which for simplicity in the notation we call again (wra)m^ l5 such that

i n L ° ° ( J ' ^) w e a k - * '

(ü)

(iii)

du. du
(4.15)

dt1

82u
-^ in L°°(J, *) weak-* ,

[ [v,uj(t)dt-^ [ [v,u
Jo Jo

]{i)dt,

for all v e LA( J, F') and similarly for (4.15 (ii)) and (4.15 (iii)).
Now we observe that (4.15 (ii)) and (4.15 (iii)) imply that, for any v e Sn

ii) (* W ' V)

' — j , ») in L"(J) weak-*,

Tt ' v) i n L°°( J )

(4.16)
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WAVE IN FLUID-SATURATED POROUS MEDIA. PART I 125

Next let g(t) e LX(J) and v e Sm. Using (4.15 (i)) and applying twice the
formula of intégration by parts (3.2) we obtain

lim f B(um,v)(t)g(t)dt =
m - G O J o

= lim f [-(<?(v\um) +<(el(ü).v,e2(i?).v),ttlM> +
m - a o J o

<u2m.v9s(v)y](i)g(t)dt

= [
Jo

2»

[ - &(v)9 ü) + < (G^-v , 02(Ü). v), Ml

= f
Jo

B(Uiv)(t)g(t)dt,

so that

B(um, v) - ^ ^ * 5(w, Ü) in L°°(J) weak-* , (4.17)

for any v e Sm.
Then taking limit in m in (4.7) and using (4.16) and (4.17) we conclude

that

= (F,Ü) + < * , » ! > + < Ü 2 . V , tl >, veSm, a.e. i n J . (4.18)

The density of the séquence (üm)m>1 in [i/2(Q)]4 implies that (4.18) also

Next note that B(u, v) = - (Jöf (M), U) for any v e @(Q), where the appli-
cation of the diflferential operator S£ to u is in the distributional sense in ®'(Q).
Thus it follows from (4.18) that

-^JT + ^ Y - ^ M ) = F in [^ ' (^)]4 , a.e. in J . (4.19)

But since —%, ̂  and F are all functions in Lœ(J, [L2(Q)]4)5 (4.19) is also an
ot ot

equality as functions in L^(J, [L2(Q)]4) and so (2.6) holds.

vol.20,n°l, 1986



126 J. E. SANTOS

Now we shall show that the boundary conditions (2.8) are satisfied. First
using (4.18) and the density of [C°°(fi)]4 in [#2(Q)]4 and in V we have

= (F, v) + < <|>, i>i > + < »2-v, Tj > , for any v = (i?ls i>2) e F . (4.20)

and a.e. in J.
Now the fact that u e L°°(J, V) and i?(w) G L°°(J, [L2(Q)]4) allows us to

apply again the formula of intégration by parts (3.2) and obtain

B{uy v) = - {<£{u\ v) + < ( G ^ . v , 02(w).v), Vl > +

+ < u2.v, s(u) > , for any v = (vx, v2) e V (4.21)

and a.e. in J.
Thus combining (4.19) and the remark immediately below with (4.20)-

(4.21) we conclude that

(i) < (ö^w). v, Ô2(«).v), v± > = <{(>, vx > , vxe \^H1(ÇÏ)~\2 , a.e. in J ,
(4.22)

(n) < v2.v, s(u) > = < u2.v, r| > , i;2 G #(div, Q), a.e. in J .

It follows from (4.22 (i)) that (2.8 (i)) holds. Since for any z e H~li2(dQ)
there exists q e H(div, Q) such that q.v = z,(4.22 (ii)) implies that (2.8 (ii))
holds. Finally the argument given in [8] can be used here to show that the
initial conditions (2.7) are satisfied. This complètes the proof

Now we shall give an uniqueness result for the problem (2.6)-(2.8).

THEOREM 4.2 : Under the hypothesis of theorem 4 .1 , the solution obtained
in theorem 4.1 is unique.

Proof : Let ux and u2 be solutions of the problem (2.6)-(2.8) in the sensé

of theorem 4.1 and let u = ux— u2. Then «, - ^ G Lœ(J, V\ —^ e L2(J, [L2(Q)]4)

and u satisfîes the relations

(ii) «(x, 0) = 0, xeQ, (4.23)

(iii) |£(x,0) = 0, X G Q ,

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



WAVE IN FLUID-SATURATED POROUS MEDIA. PART I 127

(iv) (v.G^w), v.02(w)) = 0 , (x, 0 e 3Q x J ,

(v) s(u) = 0 , (x, f) e 30 x J .

The argument given in the dérivation of (4.1) can be repeated here to see that

ÓS2K \ . („du \ . „ , , „ veV^ t e J

The choice v = -^- in the relation above knplies that

Next, add the inequality

Y " n
2ltlu

to the équation above and integrate the result from O to t. Then,

•f
Jo

du

so that

Ho Jo

= O and the theorem is proved.
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