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UNIFORM IN e DISCRETIZATION ERROR ESTIMATES FOR
CONVECTION DOMINATED CONVECTION-DIFFUSION PROBLEMS (*)

by G. LUBE (*)

Communiqué par Ph CIARLET

Abstract. — Asymptotically fitted variants o f the standard Galerkin finite element method and
o f the streamlmed diffusion method o f Hughes and Brooks for solving a mixed boundary value
problem for convection dominated convection-diffusion flow problems are considered

We discuss the existence o f global and local L2-discretization error estimâtes (and sometimes in
energy norm) which are uniformly valid wtth respect to the diffusion parameter e

Résumé — On considère des variantes « asymptotiquement adaptées » de la méthode des
éléments finis habituelle de Galerkin, ainsi que de la méthode dite de « streamlmed diffusion » de
Hughes et Brooks pour résoudre un problème aux limites mixtes pour des problèmes de
convection-diffusion avec convection dominante

On discute l'existence d'estimation L2 de l'erreur, globales et locales (et aussi en norme de
l'énergie), qui sont valables uniformément par rapport au paramètre de diffusion e.

1. INTRODUCTION

In this paper, we consider convection-reaction-diffusion problems of the
form

- e Aue + b . Vwe + cuz = ƒ in ft c RN

î = gl on r l } s - ^ + cr(We - 0 2) = 0 on T2

where ft is bounded domain with boundary 9fl = Tx U r2) Tx n F2 = 0 . e
is the diffusion parameter with 0 ̂  e ̂  1. In the singularly perturbed case
0 <= e < 1, the solution of (if E) is characterized by sharp boundary layers.

(*) Received in October 1986
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478 G. LUBE

In gênerai, the numerical solution of standard finite element methods
(f.e.m.) applied to (j£?e) has undesired oscillations unless the mesh is very
fine. In the case of the Galerkin f.e.m. (with piecewise polynomials of
degree k), and for essential boundary conditions on the downstream layer
part of d£l, we have the L2-discretization error estimate

jt + i

Well-known modifications of standard f.e.m. are mesh-refinements, up-
wind-schemes and exponentially fitted schemes. In this paper, we dérive for
adapted finite element schemes global and local discrétisation error
estimâtes in the L2-norm and sometimes in the energy norm which are
uniformly valid with respect to the full range of e. More precisely, a family
of approximations, uhi 0<h^h0 converges uniformly (with respect to
0 ^ e ^ e0) to ue in the norm || . || of order p if with a constant C
independent of e and h

sup \\uz

An important conséquence of such an uniform in e discretization error
estimate is that the given f.e.m. well approximates the solution u0 of the
limit problem

b • Vu0 + cu0 = f m O\r_

u0 = g1 on r_

if e, h -• 0 (independent on the relation between e and h). (Compare the
discussion concerning finite différence schemes in Giles/Rose [6].)
F_ = {x e d£l\3v, b . v < 0 } dénotes the inflow part of 3ft. For simplicity
we assume F_ ç ^ . In case of b = 0, uniformly in e convergent finite
différence schemes are considered by several authors (Miller [12], Niijima
[15], Shishkin-Titov [21]). Jemeljanov [9], Kellogg [11] and Shishkin [20]
considered special one- and two-dimensional cases with \b\ >0. Concerning
uniformly in e convergent finite element schemes in case of b ~= 0, we refer
to Schatz-Wahlbin [18]. In case of \b | => 0 Nâvert [14] derived uniformly in
e valid local energy and L2-norm estimâtes for the streamlined diffusion
f.e.m. The question of local L^-estimates for this situation is studied in
Risch [17] for a hybrid f.e.m. preserving the maximum principle. The
problem of uniformly in e convergent (with respect to global norms) f.e.m.
in case of b ^ 0 seems to be open. In the present paper, we propose
"switching" algorithms of the following kind : in case of e ^ hK (with some
K > 0 ) , the f.e.m. is exactly the standard Galerkin f.e.m. (SG-FEM). The
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CONVECTION-DIFFUSION PROBLEMS 479

first variant in the case 0 ^ E < / I K (modifiée! Galerkin f.e.m.-MG-FEM)
consists on replacing the given boundary conditions on 8f!\r_ by homo-
geneous conditions on Neumann type {cf. Axelsson [1] with no rigorous
asymptotic analysis). A second variant is to approximate the limit problem
(JSfo) instead of (J5fe) by the streamlined diffusion f.e.m. of Hughes/Brooks
[8] (scheme MSD.l) or to solve (=Sfe) with homogeneous conditions of
Neumann type on 8fl\F_ approximately by the streamlined diffusion
method (scheme MSD.2).

This paper is organized as follows : Section 2 is concerned with notations
and with estimâtes for problem (if e). In Section 3 we consider the Galerkin
f.e.m. and the modified Galerkin scheme MG-FEM. Section 4 contains
error estimâtes for the streamlined diffusion f.e.m. and its modifications
MSD.l and MSD.2. In Section 5 sufficient conditions on the limit problem
(J5?o) which guarantee uniform in e error estimâtes are given. Concluding
remarks are contained in Section 6.

2. ESTIMATES FOR THE CONTDVUOUS PROBLEM

We use the conventional Sobolev spaces Wp{G) on G e i l and their

norms (or seminorms) || . \\k G (or | . \k G). Wk
p{G) dénotes the closure

of C™{G) in the norm of w£. Further let | . \k r be the norm on

W*(T')9 F ç ô a ( . , . )G dénotes the inner product in L2(G) = W$(G). If

there is no doubt we omit the index ft.
We shall consider the convection-reaction-diffusion problem

Ltuz = - e Aue+b. Vuz+cuz = f in
du

u = gy on Tl9 e —1 + <j(ue - g2) = 0 on F
8v

2

where some scalar field uE (concentration of heat or a chemical) is driven by
a velocity fieldt, e is the diffusion parameter with 0 ̂  e ̂  1, v is the
outward pointing normal vector on dfl and

r ( T )= \xem\3v(x), (&.v)(x)<
l (>)

Fo= {xem\3v(x),(b.v)(x) = 0}

are the inflow (outflow) and characteristic parts, respectively, of 9H.
For the given data we assume :

vol. 22, n° 3, 1988



480 G. LUBE

(H.l) ( î c R N bounded domain with the boundary 3 ü c C 2 o r a polyhed-
ron

an = T1 u r2, i\ n r2 = 0 .

(H.2) &G[C1(Û)f3 ceZ^Cfl), / e L 2 ( Ü ) ; ^ e L^t), / = 1, 2,

a e L ^ ^ ) with 0^cr(x, e )^Ce T , T ̂  0.

(H.3)+ 3g e W2
2(H) with ^ ^ 0 1 1 ^ 8 ^ + <r(g - g2) = 0 on T2.

ov
(H.4)0 inf {c(x)-±(V. &)(*)} ^ a0 > 0.

(H.5) T_ s rx.

Let We = W](ft) if s > 0, W° = {w e L2(n) I Lo w e L2(n)} , 28 = Tx if
s > 0 and 20 = r_ . Further let Ve = {w e Wz\ w = g1 on Se} and
y e = {we We\w = 0 o n 2 £ } .

The variational formulation of (J5fe) is

(2.1) w e € y e : Beïff(«e,p) = / » VueVE

where

(2.2) B£ a(w, ü) = e(Vw, Vi?) + (fc . Vw + eu, v ) + auv ds
JT2

(2.3) » = (ƒ,!;)+ f agaüds.

W i t h r e s p e c t t o t h e w e i g h t e d n o r m III . III s>0 def ined b y

(2.4) III u III £y 0 = (e || Vu || l 2 + a 0 1 | u || J 2

r 1 r \1/2

+ <TU2ds + ï- (b.v)u2ds)
JT2

 l Jr+ /
we obtain using Green's formula and Standard inequalities.

L E M M A 2.1 : Under the hypotheses (H.1)-(H.5) it holds for any
u, v e W2(ft) and 0 = e ^ 1.

( 0 B , F f f ( « , « ) f e i « i ; i 0 - l f \ b . v \ u 2 d s .

2 J r _

( i i ) \ B Z t < J { u , v ) \ S C ( l l l M ! l l E ; o f l U I I I E > o + | | « | l o , 2 ! I & - V ü l l o , 2 +

| b . v | uv c
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CONVECTION-DIFFUSION PROBLEMS 481

As a conséquence of Lemma 2.1 (i) there exists an unique solution
ue of (2.1), 0=ie=i l .

Let us now assume a sharper hypothesis as (H.3)+.
(H.3) The solution of (2.1) belongs to Wf(ft) and satisfies

Remark 2.1 : Consider the following imbedded form of (2.1) with
O ^ ô ^ l

(2.1), ueV*: £e
5

ff(u, v) = / » Vi> 6 Ve

with

(2.2)8 Blv(ju,v) = B(VU,VV) - sb £ (AM, b . Vi?)n,. +
i = 1

+ (Lo u, v + ôft . Vu ) +

(2.3)ô /5(ü) = (ƒ, ü + 8& . Vt? ) + f <rg2v ds
^r2

where H = \^J OI5 ft(. n ft;. = 0 if / #;*. Under our hypotheses the
i = 1

solutions of (2.1) and (2.1)5 are identical. •

Further we have the following a priori estimâtes.

LEMMA 2.2 : Under the hypotheses (H.1)-(H.5) it holds for the solution
uz of (2.1) with a constant K(f, g) independent on e.

(i) s3 /2 |we|2>2+ lllw

In case of uz e Wl
2
 + 1(£l), it is

(ü)

Proof: The estimate III wg III Eto = K(f,g) follows from Lemma 2.1 with
foregoing homogenization of (J5?e) by the aid of (H.3)+. Hence the
assertion (i) follows by (H.3).

The second assertion follows by induction. •

Remark 2.2 : The estimâtes of Lemma 2.2 are sharp in the case
r+ n rx * 0 . •
vol. 22, n° 3, 1988



482 G. LUBE

In the singularly perturbed case O ^ E ^ E O < I 1 , the properties of the
solution we of (J5fe) are depending on the properties of the solution
u0 of the limit problem (=5f0)- I* holds

lim i | u e - w 0 | | 0 2 - 0

if dfl = T1 (Bardos-Rauch [3], Th. 1). Note that we cannot ensure in gênerai
that uQ e WliQ). In regard of uniform in e discretization error estimâtes we
need the following sharpened regularity and convergence hypotheses on the
solutions of (=2%) and (jSf0), respectively.

(H.6) 3r £ No : u0 e Wr
p
+l(n) , 2 ^p =S + oo .

(H.7) 3p=>0: | | « e - i i 0 | | 0 > 2 ^ ^ ( / , g ) e P

with a constant K(f9 g) independent on e.
Sometimes it holds even

(H.8) 3 ^ 0 : lil ut - u0 I e?0 ^ X( / ? g) e?

with a constant K(f, g) independent on E.
The question of sufficient conditions for (H,6)-(H.8) will be discussed in

Section 5.
For subdomains G ç û we dénote by (6G)_ (<*G)+ and (BG\

respectively, the inflow, outflow and characteristic parts of 8G? respectively.
In préparation of interior discretization error estimâtes, we give the
foiîowing resuit for subdomains of special type, First of ail, we need some
notations. Let £x(r) be the solution of

(the "streamline" passing through x e Ù). For any point

dénotes the first exit time of ê*(T) from O. Let for T'ç F_ be

DÉFINITION: A domain O is of "channel type" if Ù = E(T_ ). /«
particular, this property implies that ail streamlines £X(T), X E Ö Zeave O m

The resuit announced above is :

M2 AN Modélisation mathématique et Analyse numérique
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CONVECTION-DIFFUSION PROBLEMS 483

LEMMA 2.3 : Let flt, î = 1 , 2 be simply connectée domains of "channel
type33 with n x ç O2 ̂  ft. Further let

dist

dist ((aft^o, (3ft2)o) = '

and b • v (9ftl) +

independent on

0. 7%e« it holds with q = s and constants K(f, g)

(iii) \\uG-Uv\\QpÇï^K{f,g)E with 2 ^ ^ ^

Proof: Assertion (i) holds in case of 3O = Tx (cf. Nàvert [14], Th. 2.3).
We can generalize the proof given there to our case since another structure
of the boundary values on 8ü\r_ is not essential.

(ii) We use a modification of the proof of Lemma 2.2 in Schatz-
Wahlbüi [18] in the case b=0. The proof is somewhat technical and
therefore omitted.

(iii) We can generalize the proof given in Goering et al. [7], Theorem 4.3
using a generalized maximum principle (cf Lemma 5.3). •

3. AN ASYMPTOTICALLY FITTED GALERKIN FINITE ELEMENT METHOD

Let cük be a quasi-uniform triangulation of Ù with (for simplicity)
i(h)

H = | ^ J Tf. Let SfrCzWlc^) be a finite element space of piecewise
i = 1

polynomials of degree k satisfying

(A.l) (inverse property)

WvsS^^e^: | |» | |m > 2 i T iSC/i- 1 | | i ; | | I i l_ l i 2 ï T | , m S

(A.2) (approximation property)

V c e ^ + 1 ( f l ) , l = i / ^k with v = g on r' <= 9ft

mhveSh, Uhv = gh on I" with |ffft|0>oo>r.^ lfflo,

vol. 22, n" 3, 1988



484 G. LUBE

such that

h2\\v-nhv\\22Ji + h\\v-u.v^ 2+ \\v-nhv\\02 +

where
//<*) \ 1/2

I I ' I I 2 , 2 , ft = ( Z I I * 1 1 2 , 2 ,

Let V\ = {w G Sh\w = glthon 2e} with glfh = nh gi and V% = Sk n V\
The standard Galerkin finite element method (SG-FEM) is

(3.1) u ^ h e V l : B B t V ( u E - u Z t h , v ) = 0 V u e ^

and it holds

LEMMA 3.1 ; Suppose that the hypotheses (H.1)-(H.5) and (A.l)? (A.2)
are valid. Then we have the bounds for the scheme SG-FEM

( i ) III ue - MB I J l l e,0 ^ C i n f ( lil uE - w lil £)0 + 4 = K -
E

( n ) III M E - M e ( A l l l 0 f 2 ^ C - ^ 1 + - J H l w £ - w e j J l l e ï 0 .

Moreover if uE e Wl
2
 + 1(Sl), 1^1 ^k and e^h, we find

Proof: It is a straightforward generalization of the resuit given in
Nàvert [14] for the special case 8X1 = Tx using Lemma 2.1 and Aubin's
duality trick. •

Remark3.l : Lemma 2.2 implies that the estimâtes in Lemma 3.1 are
uniformly valid on hK^ s ^ 1, 0 ^ K <: 1

s u p ( \ \ u £ - u s , h \ \ n o + - I l l w 8 - « e J l l £ n ) ^ K ( f , g ) h V + l){l-K\ M

Remark 3.2 : For the scheme SG-FEM we obtain with respect to the
adapted norm Illl . Illl (cf. Schieweck [19]) defined by

Illl Illl III III e> o A ^ > W ).Illl U illl = III U lil e n 4 - S U p —fij ru

M2 AN Modélisation mathématique et Analyse numérique
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CONVECTION-DIFFUSION PROBLEMS 485

the foilowing error estimate

( 3 . 2 ) III uz - u Z t h III E)0 = C i n f Uil ue - w Illl . •

Exponentially fitted schemes with adding boundary layer-like functions to
the trial space are one way to obtain useful error estimâtes in case of
0 ^ e < 1 (cf Schieweck [19] with iV ^ 2). Because of the difficultés arising
for such schemes in case of a more complex geometry, we propose another
modified Galerkin scheme. Let wE be the solution of (j£?E) in the special case

r_ =r1 ; r2 = r+ ur0 , a = 02 = O:

(3.3) D E e f f J ( f l )nV° : fle>0(He, v) = (ƒ, v) Vi> e W](n) n V°

and let üEjh be the projection corresponding to SG-FEM

(3.4) S E ,*en°: 5E,0(üe - u.tk, v) = 0 Vv e V°h .

Then we define the modified Galerkin scheme MG-FEM

(MG-FEM) f
[Ueth defined by (3.4) if 0 ^ z^hK ,

We obtain the foilowing result.

LEMMA 3.2 : Under the hypotheses (H.1)-(H.5) and (A . l ) , (A.2) it holds
for the scheme MG-FEM with 0 ^ 8 < / Ï K

? K : > 0

I \
I 0,2

+ C ( Illl UÉ - u0 Illl + inf Illl u0 - w I

Moreover, if (H.6), (H.7) w/tó r ^ 1 and (H.6), (H.8) mï/i r ^ 1, respect-
ively, are satisfied, we have the bounds

(i) ||Me - « fcW||02

(ü ) III uz -

respectively. •

vol. 22, n° 3, 1988



486 G. LUBE

Proof: (3.5) follows from triangle inequality and (3.2). By Lemma 5.2 we
have

(3.6) U n e - n 0 » s 1 > 2

Further it is

Illl u o - w Ml ^ III u o - w III e>0 + C | | M 0 - w | | 1 )

and with the approximation property (A. 2)

(3.7) inf Illl M 0 - w Illl ^Chr\u0\r + 1 2 .

The assertions (i), (ii) are obtained combining (3.5)-(3.7) and (H.6), (H.7)
or (H.6), (H.8). •

Regarding uniform in e discretization error estimâtes we obtain now from
Remark 3.1 and Lemma 3.2.

T H E O R E M 3.1 : Let the hypotheses of Lemma 3.2 be satisfied and let
M £ G W J + 1 ( ( Ï ) and u0 e Wr

2
 + x(ft), 1 ̂  / ^ k, l ^ r ^ k be the solutions of

(cS?e) and (JS?o)> respectively. Then it holds for the scheme MG-FEM

(i) \\ut-ufiM\2SK(f,g)nân

/ + 1 ,J7 /TT £\ /TT 7̂\ . „

~ l l + 1 + min

(ii) «I uz -

K = K2 if (H.6), (H.8) are valid. •

/ +min {1/2 ; p}
Conclusion 3.1 : Theorem 3.1 implies the uniform in s estimâtes with the

corresponding assumptions of Theorem 3.1 (i), (ii)

(i) sup ||uz — Ufi |̂| = K{f> Q) h 1

(ii) o sup i III uz - uP I . , o S K( f, ~g ) ̂  * <10 rp> . •
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4. ASYMPTOTICALLY FITTED STREAMLINED DIFFUSION FINITE ELEMENT
SCHEMES

We consider now the streamlined diffusion scheme (SD-FEM) of Hughes-
Brooks [8] starting from the imbedded form (2.1)s with 0 ̂  e, 8 ^ 1 .

(4.1) < A 6 7 | : Bla(uB-ulh,v) = 0 Vi> e V% .

Additionally we assume

(H.4)8 V ô € [ 0 ; l ] : eS=iC/i2 , inf {1 + ôc(x)} ^ c8 ̂  0
da

inf | c ( * ) - \ (V . &)(*) - | (V . 6C)(JC)} i= <*8 > 0 .

Further let III . III £j 8 be the norm defined by

(4.2) • « • . , » = (E||V«||g i2 + 8 | | 6 .V« | | g i 2 + a 8 | | « | | 2 2 +
f f \

+ <ju2ds+ (b.v)(l +hc)u2ds\
Jr2 Jr+ /

Remark 4.1 : The term \/ô||fc . VM||0 2 in (4.2) represents an essential

effect of the scheme SD-FEM with 8 > 0. There is additionally control on
the derivative b .Vu. M

First of all, we prove 5^-ellipticity and continuity of the bilinearform

LEMMA 4.1 : Under the assumptions (H.1)-(H.5) and (A.l), (A.2) it holds
form the scheme SD-FEM with 0 % 8 ̂  1

1/2

2 * ^ Jr_
(ii) Vw, v e Wl(ft) :

\ B l a ( u , v ) \ ^ d III « III 8}ô III p III £jS + C 2 ( e 8 | | M | | 2 ( 2 ( A + | | M | | 0 ( 2 ) X

Ü \ 1/2 / f \

\b . v\ u2ds\ \b . v\ v1 ds)
Proof : It is a straightforward generalization of the result in Johnson et al.

[10] for the special case 312 = Fv M

A first conséquence is the stability result.

vol. 22, n 3, 1988



488 G. LUBE

LEMMA 4.2 : Under the hypotheses of Lemma 4.1 there is a unique solution
we% e Sh of the scheme SD-FEM, O ̂  8 ̂  1 satisfying

The following error estimâtes generalize the results given in Johnson et al.
[10] for dft = Tj and Axelsson [2] for Tx = T_, T2 = To U T+, a = 0.

LEMMA 4.3 : Under the assumptions of Lemma 4.1 the solutions
«e% of SD-FEM with 6 ^ 0 and ue of (j£?e), respectively, satisfy

(4.3) l l l w e - M e % l l l e 5 8 ^ C inf

Together with approximation property

Lemma 4.3 implies :

Conclusion 4.1 : Let the assumptions of Lemma 4.3 be valid. Moreover, if
uz e Wl

2
 + 1(n), l ^ l ^ k holds with h = Ch ^ e ^ 0, we have the bound

(4,4) iil Ws - < ; ï iil £>/ï ^ Chl + m\uB\l+11. •

Remark 4.2 ; According to Lemma 2.2 the estimâtes of Conclusion 4.1
are not uniformly valid on 0 i e ^ 1 in the gênerai case setting 8 = 0 if
e^Ch. m

Regarding discretization error estimâtes, uniformly on O ^ e ^ l , we
propose asymptotically fitted schemes of the following kind. For e ^ / i K w e
solve (j£Pe ) by the scheme SG-FEM. In case of 0 ^ s <= h K, we solve in a first
variant the limit problem (j£?0) instead of (JS?e) by SD-FEM

(4.5) ulheV°h: 30
8
 0(u - uo%, Ü) = 0 VP G F f .

A second variant is analogously to scheme MG-FEM. We solve problem
(3.3) instead of (JSfe) by SD-FEM

(4.6) üieV°h: BE%(0e - ui v) = 0 VÜ e po .

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



CONVECTION-DIFFUSION PROBLEMS 489

Thus, we define the modified streamlined diffusion schemes

K ) if h ' X s X l(MSD.l) u*»>=K*
[uih defined by (4.5) if 0 =s e < h

and

K * defined by (3.1) if * -

j defined by (4.6) if 0^
(MSD.2)

Because of définition of the adapted schemes, we have to perforai the
analysis only in the case 0 ̂  E < h\ First of all consider scheme (MSD.l).

LEMMA 4.4 : Under the hypotheses of Lemma 4.1 it holds for the scheme
MSD.l with 0 =i e < /zK, 0 < K < 1, b = Ch

[ l l l u e - W h
( 5 1 > l l l 0 , 5 l III K 8 " « O II 0 , 8

f l )

+ C i n f ^ J l l | M o - w l l l O i A + - ^ | | M O - w | | O ( 2 J .

Moreover, //(H.6), (H.7) and (H.6), (H.8), respectively, are valid, it holds
(\\ Wil 7j(S1)\\ ' -•-

\ ) e — h n o :

and
(ii) l«.-ujP1>lO| ii/.S.

respectively. •

Proof : (4.7) follows from triangle inequality and Lemma 4.3 with
e = 0. Assertion (i) is now a conséquence of (4.7), (4.3) with e = 0 and
(H.6), (H.7). Further it holds for 0 ̂  e < hK with 0 < K < 1

( 4 . 8 ) III uE - u 0 III 0) E I / K ^ III u z - u0 III 0) e ^ C III u e - u 0 III Ei 0

and

(4.9) Illiio-iio^lllo,,!/^ i l l W o - 4 J I I O ) ^ C

Thus we obtain (ii) combining (4.7)-(4.9). •

Summarizing Lemma 4.4 and Lemma 3.1, we obtain :

vol. 22, n° 3, 1988



490 G. LUBE

THEOREM 4.1 : Let the hypotheses of Lemma 3.2 be satisfied and let
ue e Wl

2
 + \CL) and u0 e Wr

2 + \a), l^l,r^k be the solutions of ( i ? £ ) and
(J*?o)> respectively. Then it holds for the streamlined diffusion scheme
MSD.l

(i) \\u£-4
s

with K = K3 = , Z 3 1
 1 if (H.6), (H.7) are valid and

( i i ) l l l « 8 -

with K = K4 = —-— i/(H.6), (H.8) are va/id.

Conclusion 4.2 : Theorem 4.1 implies the uniform in 8 estimâtes (with the
corresponding assumptions of Theorem 4.1 (i) (ii))

(i) sup ||we - wft
(51)||0 ^ K(f, g) h*3^

(ii) sup \\uz-4
s%el/K^K(f,g)hK«\ M

0 ë 6 ̂  1

Considering scheme MSD.2, we obtain the foliowing global error estimate
for sufficiently small £.

THEOREM 4.2 : Under the hypotheses of Lemma 4.1 it holds for the
modified streamlined diffusion scheme MSD.2 with

0 ^ E ̂  hK , K ̂  2 and 8 = Ch

if (H.6), (H.7) are valid and

(ü) B « . -

if (H.6), (H.8) are valid. •

Proof: We have to modify the proof of Lemma 4.4.
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The first right hand side term is bounded by (H.7) or (H-8). For the second
term we obtain from Conclusion 4.1 with 8 = 0

(4.11) l M o - u 0 % l l l 0 , , ë C ^ - 1 / 2 | M o | r + 1 : 2 .

For the third term we estimate with v = ui — u^ h e V% and using Lemma

4.1 and inverse properties (A. l )

i ill v 1 1 ^ Blo(v, v) = Bi0(nJ, v) - B(VÜI V») +
i(h)

+ eô £ (Aöt b . W \t - Blo(ulH, »)

Hence, we obtain together with Lemma 4.2

\ !"«ISSC (i K J )

and thus

(4.12) « B j - « o ' , J o , . ^

Summarizing (4.10)-(4.12), we have with (H.6), (H.7) or (H.6), (H.8)

if (H.6), (H.7) are valid
and

I ut - 4 III 0>e Ê C ] « t - « o 16> o + I u0 - ü\ 1 0, h

if (H.6), (H.8) are valid.
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Conclusion 4.3 : Theorem 4.2 implies in case of 0 ̂  e <: 7iK, K :> 2 the
uniform in e estimâtes

(i) s u p \\uE - uJiS2)\\Q 2^ K(f, g) hmn { ' + I / 2 , K / 2 - I , 3

in case of (H.6), (H.7)

• ••x m (Ç?\ III ^~ Tjr / r ~ \ i min ƒ r + 1/2 , K / 2 — 1 ,

( n ) s u p III ue - u f 2 > III o , e ̂  A : ( ƒ , g ) h x

in case of (H.6), (H.8). •

Remark 4.3 : The question of global error estimâtes, uniformly on
O ^ e ^ l , for the modified streamlined diffusion scheme MSD.2 is
open. •

Lastly, we consider local discretization error estimâtes in case of
sufficiently small e, say 0 ̂  e < h. Let additionally be the local interpolation
property (A.3) of Nâvert [14] be satisfied which is valid in case of
Lagrangian triangular éléments or tensor products of one-dimensional
Lagrangian éléments. Nàvert [14] proved in case of dfl = Tl for subdomains
of "channel type" :

LEMMA 4.5 : Let 8fl = Fx and let the hypotheses of Lemma 4.1 and (A.3)
be valid. Let £ln i = 1, 2 be subdomains of Vt satisfying the hypotheses of
Lemma 2.3 with q = h. Then it holds for the streamlined diffusion scheme
SD-FEM, 0 =i e < h, 8 = Ch with uB e W£ + 1(ft2), 1 ̂  / ^ h

By the aid of Lemma 4.5 which is valid also for the problem (J5f e) , we
obtain for the modified streamlined diffusion schemes MSD.l and MSD.2.

THEOREM 4.3 : Under the assumption of Lemma 4.5 (without the restric-
tion dfl = 1 )̂ it holds for the solutions u^and u^9 respectivelyy of scheme
MSD.l and MSD.2, respectively, and with s ̂  / + 1/2.

(i) ||«e - «iH|0 | 2 f n i ^ K(f, g) (hl + m + e)

(ü) \ \ u z - u ^ % ^ t i m

Proof: Assertion (i) follows from Lemma 2.3 (iii), Lemma 4.5 with
e = 0 and triangle inequality. Assertion (ii) is a conséquence of the estimate
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where the first right hand side te rm is bounded by L e m m a 2.3 (ii) (because
of LE (we - uz ) = 0) and the second te rm by L e m m a 4.5 with s ^ l + 1/2. •

Remark 4.4 : A s u m e that the inverse proper ty

holds. Then we obtain the (non-optimal) L^-estimate

if Me € CCÖj) n W^+1(^i)- The boundedness of K | / + 1 m a follows from

Lemma 2.3 (i) and Sobolev's imbedding theorem. •

5. SOME ASYMPTOTIC ERROR ESTIMATES

It remains to give conditions which are sufficient for the
hypotheses (H.6)-(H.8). Clearly, such conditions depend essentially on the
asymptotic behaviour of the solution we of (oSf£) and on the limit problem

We restrict the considérations to domains of "channel type" or to
situations where F„ is closed in 8O. More precisely, let one of the following
conditions be satisfied :

(Cl ) T_ closed in dû ; c(x) ^ co(r) with sufficiently large c0 (estimâtes of
c0 are given in [7]5 Th. 3.1).

(C.2) T_ closed in dQ ; 3t\(x): b .Vj)^bQ^0 in O? c(x)^c0 with
c0 arbitrary.

(C.3) r_ simply connected ; Ü = E(r_ ), b . v # 0 on T^ u r + ) c(x) ^ c0

with c0 arbitrary.

Lemma 5.1 yields sufficient conditions for the regularity assumption (H.6)
(cf. [7], Sect. 3).

LEMMA 5.1 : Let the datas of («Sf 0) and T_ , T+, TQ be sufficiently smooth.
Then any of the conditions (C.1)-(C3) is sufficient for (H.6). •
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Remark 5.1 : Condition on r\ in (C.2) is equivalent to the fact that ail
streamlines ê*(T)> x G il leave A in finite time (Devinatz-Ellis-Fried-
man [4]). •

Remark 5.2 : We find local regularity statements of type (H.6) applying
Lemma 5.1 on subdomains G ç f2, especially in case of G ç £(F_ ). j

Remark 5.3 : Sometimes we need instead of (H.6) the weaker hypothesis.
(H.6)+ u0 is semiregular in Ü, (there exists a constant M > 0 such that
Aw0 ̂  w in the sensé of W^^fl).

Felgenhauer ([5], Th. 5) gives sufficient conditions for (H.6)+ in case of
(C.3) and piecewise smooth T_. •

Consider now the assumptions (H.7) and (H. 8) of asymptotic conver-
gence. In case of the special mixed boundary value problem

Leue = f in n<=R"
due

ue = g on Tx = F_ , e + aw = 0 on F 2 = F + U Fo

with 0 ^ a ( j c , e ) ^ CsT ,

(5.1)

it holds

LEMMA 5.2: Under the hypotheses (H.1)-(H.5) and (H.6) with r = 0,
p = 2 the solution of (5.1) satisfies the hypotheses (H.7), (H.8) wiffc
p = p = 1/2 min {1 ; T } . •

Vérification of (H.7), (H.8) is more complicated if essential boundary
conditions are given on F' c Fo U F + . Let us consider for simplicity
Dirichlet's problem

(5.2) . - . - P - . I in n

As a rule, we need some more information about the asymptotic behaviour
of ue for 0 < s ^ e0 <̂  1. We discuss two variants.

In case of sufficient smooth datas of (JSf e) and of (H.6) with sufficiently
large r, there exists an asymptotic expansion

uas(x, e) = uo(x) + £ !>,(*, e)
; = i
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where u0 dénotes the solution of (££0) and the Vj are boundary layer terms.
If asymptotic error estimâtes and estimâtes of the Vj in intégrais norms are
available we find

or

Remark 5.4 : Let F ï n r + ¥= 0 - Then there exists an index ƒ such that
II v. 1 e 0 ̂  o if e -» 0. Hence (H.8) cannot be valid. •

The disadvantages of the first method are the smoothness assumptions
and the explicit construction of boundary layer terms. Another way is to use
a generalized maximum principle and boundary layer-like barrier fonctions.

LEMMA 5.3 (cf. Felgenhauer [5], Th. 2) : Under the hypotheses (H.l)-
(H.5) let be v^s on BG. Further let Lzv^Lzs in the sense of
W£X(G), G s O. Then it holds v^s a.e. in G. •

Hence we prove (H-7) by the aid of a pointwise valid estimate

(5.3) \(uz-u0) (x)\^s(x,s) a.e. in O

via ||Mg — MO||O 2 ̂  \\s ||0 2 Pointwise estimâtes of type (5.3) are given in [7],
Section 4.1 by the aid of classical maximum principle (cf. Protter-Wem-
berger [16]). Using Lemma 5.3 we can weaken the smoothness assumptions.
We omit the somewhat technical details refering to [7] and give only results.

LEMMA 5.4: Let T_ be closed in 3O (cf. (C l ) , (C.2)) and let

r_, r+ , F o be sufficiently smooth. Let u0 e W^(O) or let uQ be semiregular

in O. Then one of the following conditions is sufficient for (H.7) ;

(i) 3O = r_ (hence r + = r 0 = 0 ) with p = 1 .

(ii) 3O = r . U T + (hence To = 0 ) with p = 1/2 .

(iii) Let for F(x) = - dist (je, T+ U To) in Uy(T+ U To) -

{x e a | - F(x) ^ 7} be b MF ^ 0. Then it is p = 1/4. •

LEMMA 5.5 : Let (C.3) be valid and let r + , To be sufficiently smooth. Let
UQEW^^) or let u0 be semiregular in O. Then it holds (H.7) with
p = 1/2 if To = 0 and p = 1/4 else. •

vol. 22, n° 3, 1988



496 G, LUBE

Remark 5.5 : In case of a convex polyhedron £1 (or convex fl with
piecewise smooth T+ U Fo), the resuit of Lemma 5.5 remains valid. •

Remark 5.6 : In case of interior boundary layers (« shocks ») we can
prove estimâtes of type (H.7), (H.8) in subdomains away from the
shock. •

6. CONCLUDING REMARKS.

Under certain assumptions concerning the asymptotic behaviour of the
solution ut of (c2%) and the limit solution w0 of (JSf0)

 w e proved global
L2-error estimâtes which are uniformly valid on 0 ^ e ^ e0 for the modified
Galerkin le.m. MG-FEM and for the modified streamlined dif-
fusion f.e. m.'s MSD.l and MSD.2. Sometimes error estimâtes in the
weighted norm II!. III Ej5 are possible. Obviously, the modified streamlined
diffusion schemes MSD.l and MSD.2 seem to be favourable because of the
improved global L2-error estimate O(hr + m) and the high order and
uniform in e local error estimâtes in case of small e.

The question of quasioptimal interior L^-estimates which are uniformly
in e valid has been discussed in Schatz-Wahlbin [18] for b == 0, N ^ 2. In
case of ft # 0 this seems to be an open problem. One way to overcome this
situation is perhaps given by the scheme proposed in Mizukami-
Hughes [13], where a discrete maximum principle holds in the special case
N = 2, fc = l.
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