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MATHEMATICA!. MOOElilNG ANO NUMER1CAL ANALYS1S
MODÉLISATION MATHÉMATIQUE ET ANALYSE NUMÉRIQUE

(Vol 24, n° 6, 1990, p 765 à 784)

ON NUMERICAL SOLUTION OF A MILDLY NONLINEAR
TURNING POINT PROBLEM (*)

by Relja VULANOVIC (*)

Commumcated by R TEMAM

Abstract — A numencal method for a müdly nonhnear singularly perturbed boundary value
problem wit h a turning point is considère d The method is based on a careful analysis of the
problem and uses fimte différences on a special non-equidistant discretization mesh The
umformity of the method wit h respect to the perturbation parameter e is investigated The
convergence of the numencal solution towards the discretization of the continuous solution is
proved in the discrete Ll norm Numencal results show that the discrete L1 error decreases when e
does, as well as that the pointwise convergence uniform in e is present

Resumé — Nous considérons une méthode numérique pour un problème aux limites
singulièrement perturbé et faiblement non linéaire ayant un point de retournement La méthode
est basée sur une analyse minutieuse du problème et utilise les différences fîmes sur un réseau de
discrétisation non équidistant et spécial Nous examinons l'uniformité de la méthode par rapport
au paramètre de perturbation e La convergence de la solution numérique vers la discrétisation de
la solution continue est prouvée dans la norme Lx discrète Les résultats numériques montrent
que l'erreur Lx discrete décroît en même temps que e et que la convergence aux nœuds uniforme
en e est aussi présente

1. INTRODUCTION

Recently some efficient methods for solving gênerai boundary value
problems for stiff linear Systems of ordinary differential équations were
introduced in [8] and [5]. In [8] a procedure for constructing an appropriate
discretization mesh was given and fmite-difference schemes were used. The
paper [5] présents a combination of essentially the same mesh construction
procedure and high order collocation methods. In both papers singularly
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766 R. VULANOVIC

perturbed boundary value problems with turning points were tested
numerically. The results from [5] show that the methods are not uniform in
the perturbation parameter E (as e decreases, the accuracy remains
unchanged only by increasing the number of mesh points). This is quite
normal for such gênerai mesh construction procedures (and it was not the
intention of these two papers to investigate the uniformity in E).

In this paper we shall consider a special singularly perturbed boundary
value problem which models problems having solutions with single turning
points. We shall allow a mild nonlinearity of the problem and show that
properties of the continuous solution may be used in order to obtain
numerical methods uniform in E. We shall follow the technique from [18]
{cf. [15], [16], [17], [20] and [9], [10] as well) which uses fînite-difference
schemes on special non-equidistant meshes. In this paper we shall be
interested in the uniformity in e, rather than in high accuracy. However, we
believe that the high order collocation methods could be used on our
meshes, so that the method would be both uniform in e and highly accurate.
In other words, we expect that a step analogous to the step from [8] to [5]
could be made. Another numerical method for linear turning point
problems, which uses analytical information is given in [12].

Our model problem is :

Tz u := - ew" - xb (x) u' + c (x, u) = 0, x e / = [ - 1 , 1 ] , (la)

By s we dénote the perturbation parameter : 0 < s ^ 8 * < ^ l . The functions
b, c and numbers £/_, U+ are given. Our basic assumptions are :

c(x, u) = xcx(x, u) + sc2(x, u) , (2a)

beC\l\ ck(x,u)eC2(IxU), * = 1 , 2 , (2b)

b (JC) ^ b * > 0, x e I, (2c)

\ck,u(x>u)\*zc*9 £ = 1 , 2 , x e l , ueR, (2d)

fu(x,u)^f*>0, x e l , ueU, (2e)

where :

f(x,u):= (xb(x))' u + c(x,u) .

Moreover, throughout the paper we shall assume that E* is sufficiently
small.

Under the given conditions, the operator (Te, R) is inverse monotone and
there exists a unique solution to the problem (1) (see [11, Theorem 9]),
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TURNING POINT PROBLEM 767

which will be denoted by ue : uz e C\l). In section 2 we give estimâtes of
the derivatives of we. In particular, we estimate the quantities :

\(uz-u_Yk\x)\ , fc = 0 , l , 2 , xs [ - 1 , 0 ] ,

| (u8-u+)<*>(*) | , £ = 0 ,1 ,2 , x e [0,1] ,

where M_, W+ G C3(7) are the solutions to the reduced problems

-b(x)u'± + c 1 (x , i# ± )=0 , w ± ( ± l ) = t f ± .

For instance, from Lemmas 2-4 we get :

| (ne - M+ )<*>(*) | = O(M/ + n"* exp(- mx/p,)).

Jfc = 0, 1, 2, x G [0, 1 ], j = 1 for fc = 0, 1 and j = 0 for k = 2 .

Hère m is a positive constant independent of 8, and throughout the paper
ix:=e1/2. Analogous estimâtes hold for u_. Thus, the estimâtes show an
exponential interior layer at x = 0. The width of the layer is O(|x) and the
steepness of uz in the layer is of order O(\xTl).

Our finite-difference scheme will use u_ and u+, and the analysis of its
consistency error requires the above estimâtes. The numerical error
estimate has a similar form : the error is estimated in a discrete
Ll norm (cf, [1], [14]) by the following quantity :

where n is the number of mesh steps and throughout the paper
Af dénotes any (in the sense of O ( 1 )) positive constant independent of E and
of n. This result is obtained by using the upwind différence scheme, stable in
the discrete Ll norm, on a discretization mesh which is dense in the layer.
The mesh is generated by a suitable function X which redistributes
equidistant points and it dépends on e in such a way that the smaller E
becomes, the more the mesh is condensed in the layer.

In section 3 we give the discrete problem corresponding to the problem
(1) and prove the Ll stability result, uniform in e. We use the technique of
M-matrices [4],

In section 4 we prove the convergence result in the discrete L1 norm. We
have in mind that it is easy to prove the linear discrete Lx convergence
uniform in e, of the numerical solution towards the restriction of
we on the mesh (see [18], [19]). Thus, our aim is to improve this result by
using the functions u_ and u+ in the numerical method. Such an approach
was applied in [20] to the special nonlinear turning point problem having
constant reduced solutions u_ and u+. In the same time, numerical results
presented in section 5, show the pointwise convergence uniform in E, as
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768 R. VULANOVIC

welL Note that it was reported in [18] that the special non-equidistant mesh
alone does not guarantee the uniform pointwise convergence. Because of
that w_ and u+ are introduced to improve the weakest part of the
consistency error.

The problem (1), in the special case :

was considered in [10], where the pointwise convergence uniform in 8 was
shown. Note that our condition (2 e) allows for cu to be négative and
because of that we have to use the discrete Z,1 norm to prove our stability
resuit, cf. [14].

Let us mention some other papers where linear (C(JC, u) =
dx(x) u H- d2(x)) turning point problems have been treated numerically. In
[21], the authors deal with problems of type (1), investigating the ill
conditioning of the corresponding exponentially fitted discretization on the
equidistant mesh. Other papers usually have the assumption d{ (x) > 0,
x e / , or at least </,(()) > 0, [2], [3], [6], [9], [16]. In the first three of these
papers, equidistant discretizations only are considered and upwind or
(exponentially) fitted schemes are used.

2. ANALYSIS OF THE CONTINUOUS PROBLEM

Throughout this section we shall assume (2) and that e* is sufficiently
small. Some positive constants independent of e will be denoted by
m, mu M09 MX etc. Recaii that /x = E112 and let

B(x) = \sb(s)ds.
Jo

LEMMA 1 : \uE(x) \ *= M, x e I.
Proof: Defïne the linear operator :

Lzu := — EU" — xb (x) u' + q (x) u ,

where

Jo
= cu(x,suz(x))ds.

J

The operator (LE, R) is inverse monotone, see [11], since from (2 e) it
follows :

' + ? (X) : * ƒ * > ( ) , XE!.

M2AN Modélisation mathématique et Analyse numérique
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TURNING POINT PROBLEM 769

Let p(x) be a C2(/)-function, such that

p(x) = \x\ , x e l \ [ - \i9^],

|p(x) | , |p ' (x) | , e|/>"(x)|«EÀf, x €[-»*., J L ] , (3)

(for instance :

^ ) = ^ 4 / ( 8 t i 3 ) + 3x 2 / (4 t t ) + 3 ^ / 8 5 xe [ - m p . ] ) .

Furthermore, let a dénote a positive number, such that

<xb* — c* s* mx > 0 .

Let

j/e(x) = M0exp(-op(*)) +Af,exp(-J?(x) /e) ,

where Mo, Mx are such constants that

ye(±l)^\U±\ , (4a)

and for x s I :

Z , £ . y e ( x ) ^ M 2 ( | x | + e ) , (4b)

where

^ £ (± « , W ) = T c(x, 0) < M2( |x| + e) ,

| q ( x , 0 ) | + |c2(x,0) | ^ M 2 , x e / .

We choose the constants Mo and Afi in the foUowing way. First let us
détermine Mo so that :

Mo exp(- a) ^ max { | U± \, 4 M2/m{} .

Then, (4a) is obvious and (4Z>) follows for x e / \ [ - |x, |x] :

Lz ye = Mo Le exp(- op(x)) + ^ r(x) exp(- B(x)/e)

^ MQLZ e x p ( - cr | JC| )

= Mo(- ca2 + a |x | ft(x) + q(x)) exp(~ a | x | )

^ M o ( - ea2 + a^>*|x| — (e + | J C | ) C * ) exp(— cr |x | )

\ - e(o-2 + c * ) ) e x p ( - or |x|)

exp(- d)/2^2M2\x\ & M2(\x\ + e) .

Then choose Mj so that :

M, r(.x)exp(- J5(X) /E) =̂ M2(\x\ + e) - M 0 L Ê exp(- <rp(x)) ,
x e [— JJL, M-] .

vol 24, n* 6, 1990



770 R. VULANOVIC

This is possible because of (3) and

r(x) exp(- B ( X ) / E ) ^ ƒ * exp(- b* x2/(2 e)) *f* exp(- b*/2) ,

XG [- |x, |x] ,
where

b(x)*ïb*, x e l .

Thus, (4) is proved and because of the inverse monotonicity of
(L€, i ï) , we have :

\ue(x)\ ^yE(x)^M, x e l , •

Let

ƒ - = [ - 1 , 0 ] , 7 + = [ 0 , 1 ] ,

LEMMA 2 : |Ü± (X) | ^ M(|x + exp(- ̂ ( x ) / e ) ) , xel*.

Proof: The proof is similar to the proof of Lemma 1. Let

Lf u -- — ew" — xb (x) u' + q ± (x) u ,

where

3± (x) = cw(x, w± (x) + s(ue - M± )(x)) ds .
Jo

We have

Lt v+ = zu'l - ec2(x, w+ ) , x e I + . (5)

Let

ze (x) = jxM3 exp ( - ax) + M4 exp ( - B(x)/e ) ,

where er is the same as in the proof of Lemma 1. Again, M3 and
M4 can be chosen in such a way that

We can take

M3^2 M5 exp (d

so that (see the proof of Lemma 1) :

?! x e x p ( - o-)/2

Af3 Wj e e x p ( - a ) / 2 5= M 5 e , x e [JJI, 1 ] .
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TURNING POINT PROBLEM 771

Then it is possible to choose M4 in such a way that

(note that \v+ (0)| =s M because of Lemma 1), and that

M4r(x) exp(— B(x)/e) =* M5 e — |xM3 Le
+ exp(- crx) , xe [0, jx] .

Then because of inverse monotonicity, we get

\v+ (x)| ^ ze(x) ^ Mfa + exp(- B{x)/z)) , x e I+ .

Analogously, we consider L~ on the interval / " and prove the rest of the
lemma. D

LEMMA 3 :

K (x) | ^ MO + (x2/e + 1/fO exp(- B(X)/E)) , x e I ± .

Proof: Again, we shall give the proof for v+ (x), x e I+, only, since the
rest can be proved analogously. For the technique cf. [7].

First let us rewrite (5) in the form :

- EV<; - (xb(x) v+ )' + (xb(x) + q+ (x)) V+ = e « (x) - C2(x, u+ (x)))

and integrate this equality from 0 to x*, where x* e (0, |x ) is such a point
that

hence

K(x«)|
Then it follows :

I»;(o)|
Now from (5) we get

[(q+ V+)(t)+e(c2(t,u+(t))-u'l(t))}
o

^ + t>; (0)} exp(-

Then from Lemma 2 and \q+ (t) \ ^ M(e + 0» ^ follows :

\v'+ (x) | ^ M(5, + 52 + »JU- ' exp(- 5 ( X ) / B ) ) ,

vol. 24, n° 6, 1990



772 R. VULANOVIC

where

\
o

\* (1+ t/\i)exp[b(12x2)
Jo

Jo

(1 + //jx)exp[Z)*(/2^x2)/(2 e)] dt

exp[b* x(t - x)/(2 e)] dt

Jo

Jo

and

S2 = exp(-i?(x)/e) f* (1 + t/s) dt
Jo

^ M(x + X2/B) exp(- B(x)/e)

LEMMA 4 :

Proof: Let x e I+ (the case xel' is similar). Differentiate (5) and
obtain :

843) + xZ><>)< =*(*) , (6)

where by previous lemmas we have

\s(x)\ ^M(n.+ (^2 / e+l/ ( J L)exp ( - 5 ( x ) / e ) ) . (7)

Then from (6) it follows :

\v'! (x)| ^ M 1 + e"1 \s(t)\ exp(B(t)/s)dt exp(- B(x)/z) ,
L Jo J

(note that from (5) we have 11; " (0) | ^ M), Now, using (7) and the
technique from the proof of Lemma 3, we can complete the proof. O

LEMMA 5 :

(\X\/E)(\X\3/E2

+ \x\/lf+l/lL)cxp(-B(x)/z)\, x e l .

M2AN Modélisation mathématique et Analyse numérique
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TURNING POINT PROBLEM 773

Proof : Differentiate (la) twice and express wE
(3l Then use the estimâtes

of «e and w", which follow from Lemmas 3 and 4, and the same technique, to
prove the assertion. •

From Lemmas 2-5 we dérive simpler estimâtes, which will be sharp
enough to use them in the consistency error analysis, in section 4. Let

Vz(x) = e x p ( - w |

where m >• 0 is an arbitrary constant independent of e. We have :

THEOREM :

| (xv± (*))' I ^ M(yL + VE(x)) , x 6 / ± ; (Sa)

| (xv± (x))"| *= M{\L + fju-' Ve(x)), x e / ± ; (86)

e | < ( x ) | ^ M(e + Vz(x)) , x e I ; (8c)

| ( 3 ) | pu"1 Ke(x)) , x G ƒ . (8d)

Proof: Let us illustrate the proof by showing the last inequality. F r o m
Lemma 5 it follows :

(3) \x\(\x\3/s2 + x2/e

nu" ! exp ( - b* x2/(4 e))]
fji-1 Fe(jc)] . D

3. THE DISCRETIZATION AND ITS STABILITY

Let Ih be the discretization mesh with the mesh points :

*,- = HU)* h• = ~ 1 + 2 i / « s i =0 , 1,..., H ,

Aï = 2 « 0 , H Q G N ,

where

<*>(?) := $\x>t/(y — / ) , t G [O, a ]
ir (O := 8(r - a ) 3 + <o"(a)(r - a ) 2 / 2 +

+ o)'(ot)(? — OL) + ü>(ct), / G [et, 1 ]
-H-O, r e [ -1 ,0 ]

Hère a e (0, 1 ) is an arbitrary parameter (independent of e),

vol. 24, n° 6, 1990



774 R. VULANOVIC

and S is determined from :

ir(l) = l.

We have :

XeC 2 ( / + - ) , \eCl(I),

and

a>(a) = a^y \ <o'(a) = p V / 3 > " " (a) = 2 p 7 . (9)

The parameter 3 should satisfy :

0 < p ^ 7 " l ( l - a ) - 2 ,

which implies

8 s* 0 , i.e. iT (3) ̂  0 ,

provided e* be sufficiently small (see (9)). Then it follows :

i r w ( 0 ^ ir(*> (a) = <o(*> (a) => 0 , f e [a, 1 ] ,

first for k = 2 and then for k - 1. Obviously :

<o<*>(0>0, * = 0 , l , . . . ,*e [ 0 , o ] ,

and taking (9) into account we get :

0 < = \ ( f c ) ( 0 ^ M , * = 1 , 2 , r e / + . (10a)

Furthermore, note the inequaiity :

0 ) , / e [ 0 , $ ] , (106)

which will be used in section 4.
It is easy to dérive analogous properties of the function X in ƒ". The same

function X was used in [18] and a very similar in [17] (see mesh generating
fonctions in [15], [16] and [20] as well). Essentially, the part w is a certain
modification of the inverse of the interior layer function Vz{x) for
x 5= 0 (cf. [15]), and ir is merely its continuous extension.

Let
h( = xi-xi_x , i = 1,2, ...,*;

ï = 1,2, . . . ,*- 1 .

We shall discretize the following forms of the équation

-BU" -g±(x,u)' +s±(x, u) = 0, (11)

M2AN Modélisation mathématique et Analyse numérique
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TURNING POINT PROBLEM 775

where

g± (x, u) = xb{x){u - u± (x)),
s± (x, u) = f(x, u) - (xb(x) u± (x))'

= (xb(x)Y (u-u±(x)) + c{x,u) -

Let wh dénote a mesh function on Ih\{~ 1,1}, which will be identified
with the vector :

and let Th = T^ be the discrete operator corresponding to (11) :

. \Th_w„ i = l,2,...,n0

1%wt = - zD"wl - D'± g± (xiy wt) + *± (xn wt) ,

where

D"wt = [(w(_! -wt)/ht + (wI + 1 - w()/AI + 1]/Â ( ,

/>; w, = ± (w I±1 -wt)/ht ,

c/ [1] for Z>4- Of course, the quantities w0 and w„ should be replaced by
U_ and C/+, respectively. (Instead of Th at xno = 0 it is possible to use
r j , as well as (7^ + r* )/2.)

Thus, the discrete problem reads :

T^w* = 0 . (12)

L e t II • II » a n c i II • II i d e n°te the usual vector (matrix) norms in
Un ~1 (IRn "l*n -] ) . Furthermore, in Un "1 we shall use the following discrete
Lx norm (<ƒ. [1]) :

which can be written down in the form :

||w*||*= \\Hwh\\x, ^/

The corresponding matrix norm is :

MH*= \\HAH-l\\l9

vol. 24, n° 6, 1990



776 R. VULANOVIC

Now we shall prove the stability inequality :

\\wh - zh\\\^f7x\\Thwh -Th z%, (13)

which is valid for all w\ Z ^ Ê R " " 1 .

THEOREM 2 : Let (2b, c, e) hold. Then we have (13) and there exists a
unique solution wje R""1 to the discrete problem (12).

Proof: Let

Ah= (Thy (w*),

where (Th)r (wh) dénotes the Frechet derivative of Th at any wh. It is easy to
see that A h is an L-matrix (the diagonal éléments are positive and the off-
diagonal éléments are non-negative). Furthermore :

where eh = [1, 1, ..., 1 ] T E I R / I ~ 1 . (This inequality should be understood
componentwise.) Thus A k is an M-matrix (Aj^1 ^ 0, see [4]) and we get :

This guarantees that w% exists uniquely (see the Hadamard's Theorem in
[13]), and (13) follows from :

wh-zh = (Thwh- Thzh) ,

which is valid with some e* G IR" ~ 1. D

4. THE CONVERGENCE RESULT

Let us consider the consistency error

r , . - r*M,(* i ) - (TEue)(xt), i = 1 , 2 , . . . , J I - 1 .

We have

rt = r? + r[ ,

rf^eK'UO-zrxe^)],
ri = glW - Di gE(Xi) , i = 1, 2, .... n 0 ,

r'i = 9*(Xi) - &'+ 9*(Xi) , i = n 0 + 1, ..., n - 1 ,

M2AN Modélisation mathématique et Analyse numérique
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TURNING POINT PROBLEM 777

where

0 £ O) = ï ± U « e W ) . xeï± ,

(at XHQ = 0 the derivatives of ge should be taken from the left).
Let w* dénote the solution to the discrete problem (12), let

and

We have :

THEOREM 3 : Let (2) to/c* ÛWC/ /e? e* be sufficiently smalL Then :

where

d= ()JL + exp (~n))/n.

Proof : Because of the stability inequality (13) it is suffïcient to prove :

We shall consider rt for / = n o + l , . „ , w — 1 only, since the analysis for
/ = 1,2, ..., n 0 is analogous. Thus, we shall prove :

£ (14)
i = n0 + 1

The following estimâtes hold :

| r," | ^ Mzht + , | u" « ) | , af G (xz- _ u xt + , ) , (15a)

|r/'| ^ 2 e max \u"(x)\ , (156)

k/i «e i + G,./*^,, (i6)

where

and

vol. 24, n° 6, 1990
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778 R VULANOVIÔ

The proof of (14) is divided into three steps (cf. [15], [16], [17], [18],
[20]) :

2° /, _ i «= a — (A ' / 3 and r, _ ] s a - 6 /« ,

3° a - 6 / n < : f ( _ i < : a - | j . 1 / 3 .

In the steps 1° and 2° we shall prove :

2, (17a)

. (176)

1° From (15a), (10) and (8d) we have :

2[(x + M-' ' Fe(w(a - p,1/ 3))] s M[x./n2,

hence, (17a) holds in this case. Similarly, from (16), (10) and (8a, b) it
follows :

and (17è) holds as well.

2° Now we have

and thus

Using this and (15a), (10) and (8cQ again, we get :

In the same way :

A, + , G,

M2AN Modélisation mathématique et Analyse numérique
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TURNING POINT PROBLEM 779

3° This case occurs at most at two points. Because of that it is suffïcient to
show

(18a)

(18*)

Together with (17) this will imply (14).
In this case it holds that

IJL1/ 3 < 6/n .

We use this, (10) and (8c) to get :

l[e + K e(<o(a-6/«))]

Mn~ '[e + exp ( - m^i/{\i>l3 + 6/n))]
1[e + exp(- wp-yn/12)] .

Now choose an appropriate m to get (18a). On the other hand, from (10)
and (8a) it follows :

~2[=s Mn~2[\x, + exp ( - «)] ,

and

P + l (x, + , -

After intégration we have

hi + , G, « M

thus (ISb) is proved. D

Remark : The case 3° of the proof of the previous theorem seems to be
technical and not essential. It fills the gap between the cases 1° and 2°. A
more natural result, which is confirmed by numerical results in the next
section, is :

but we are unable to prove it.

vol. 24, n° 6, 1990



780 R. VULANOVIC

5. NUMERICAL RESULTS

We consider the test example from [5] :

— eu" — xu' — 7TX sin (TTX) — eir2 cos (TTX) — 0, x e I ,

u ( - l ) = - 2 , K ( 1 ) = 0 .

The exact solution and the solutions to the reduced problems are given by

u£(x) = cos (TTX) + erf [x/(2 e)1/ 2]/erf [(2 e)" l/ 2] ,

(erf is the error function),

u_ (x) = cos (TTX) - 1 ,

u+ (x) = cos (irx) + 1 .

When it is not possible to find «_ and u+ exactly, we have to solve the
reduced problems numerically, and to use approximate values of w_ (x()s

i = 1, 2, ..., «0? and w+ {xt), i = n0 + 1, ..., n - 1.

TABLE 1

a. = 0.8, P = 20 %.

e

1.- 2

1.- 4

1.- 6

1.- 8

1.-10

1.-12

n

E*
Ex

Em

E,

Em

Ex

E*

Ex

50

2.81-2
6.32-3

2.80-2
6.80-4

2.80-2
6.40-5

2.79-2
6.39-6

2.78-2
6.43-7

2.78-2
6.57-8

100

1.25-2
3.06-3

1.25-2
3.23-4

1.24-2
3.19-5

1.24-2
3.21-6

1.24-2
3.24-7

1.24-2
3.37-8

150

8.02-3
2.03-3

7.98-3
2.13-4

7.98-3
2.13-5

7.99-3
2.16-6

8.00-3
2.18-7

8.00-3
2.27-8

(As usual, 1.-2 means 10 2 etc.)
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In the tables we present the errors :
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for different values of n and e. The numencal results confirm the theoretical
ones, and, moreover, the pointwise convergence, uniform in e, can be
observed.

Let P dénote the percentage of the intervals [xl9xl + ï]9 which lie within
[- |x, |x ]. By changing the mesh generating function parameters a and 3 we
can change P. However, for a and P given, P changes slightly when e and
n do. In order to avoid this, we use the following procedure : we choose
P and a, and then we change p so that P remains fixed for ail s and
n, cf. [19].

Comparmg E^ with the results from [5] we can conclude that our method
is better with respect to the uniformity in e.

TABLE 2

a = 0.8, P = 40 %.

8

1.- 2

L- 4

1.- 6

1.- 8

L-10

1.-12

n

£«,
£1

^ c o

E„
Ei

E*

E>

^ o o

£1

E«>

Ex

50

1.24-2
4.69-3

1.27-2
5.37-4

1.36-2
4.71-5

1.41-2
4.83-6

1.44-2
4.96-7

1.45-2
5.04-8

100

5.96-3
2.03-3

6.18-3
2.36-4

6.51-3
2.33-5

6.72-3
2.43-6

6.83-3
2.51-7

6.89-3
2.66-8

150

3.92-3
1.30-3

4.07-3
1.51-4

4.28-3
1.55-5

4.41-3
1.63-6

4.49-3
1.69-7

4.53-3
1.76-8
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