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EXTERNAL FINITE ELEMENT
APPROXIMATIONS OF EIGENVALUE PROBLEMS (*)

by M. VANMAELE (*) and A. ZENÏSEK (2)

Communicated by J. DESCLOUX

Abstract. — The paper is devote d to the finit e element analysis of second order e Hipt ie
eigenvalue problems in the case when the approximate domains Oh are not subdomains of the
original domain fl a U2. The considérations are restricted to piecewise linear approximations
and in the case of eigenfunctions to simple eigenvalues. The optimum rates of convergence for
hoth the approximate eigenvalues and the approximate eigenfunctions are obtained.

Résumé. — Cet article est consacré à l'analyse des problèmes elliptiques spectraux du
second ordre par la méthode des éléments finis dans le cas où Vouvert approché
Qh n'est pas contenu dans l'ouvert original Cl c ïS2. Les développements sont faits pour des
approximations linéaires par morceaux et dans le cas des fonctions propres pour des valeurs
propres simples. On obtient des ordres optimaux de convergence pour l'approximation des
valeurs propres et des fonctions propres à la fois.

1. INTRODUCTION

In [11, Chapter 6] the second order elliptic eigenvalue problems are
approximated by the finite element method in the case of domains
/2 which are such that nh^f2J flh being the approximate polygonal
domain.

The aim of our paper is to generalize the results of [11, Chapter 6] to the
case where approximate domains flh are not subdomains of the given
bounded domain fi c U2. We analyse piecewise linear finite element
approximations and (similarly as in [11]) we do not take into account the
numerical intégration and restrict our considérations concerning the eigen-
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566 M. VANMAELE, A. ZENISEK

functions to the case of simple exact eigenvalues. To our knowledge this
paper is the first one devoted to eigenvalue problems where the situation
f2h o= O is considered.

When the exact eigenfunctions wm belong to V =HQ(I2) we prove the
convergence of both the approximate eigenvalues and the approximate
eigenfunctions. In the case when the exact eigenfunctions belong to
V H H2(f2) we prove the optimum rates of convergence, i.e.

l A m- Am.»l ss C(m) h2 ,

\\^m-^m.h\\iiiih^C(myh2-i (i = 0 , 1 ) ,

wm being an extension of wm.

The convergence of approximate eigenfunctions corresponding with
multiple exact eigenvalues and the effect of numerical intégration will be
considered in a subséquent paper.

2. FORMULATION OF THE PROBLEM

Let Q be a bounded two-dimensional domain with a Lipschitz-continuous
boundary which is piecewise of class C3. (This means that /2 may have
corners.) Let f2h c R2 be a polygonal domain approximating /2. Let us
assume that all vertices of the polygonal boundary df2h are lying on
3/2 and that ail points where the condition of C3-smoothness of 3/2 is not
fulfilled are vertices of 3/2/r We have 12 h c /2.

Further, let fl c R2 be a bounded domain satisfying Û ZD Ö U f2h9

regardless of h. Next, let a : Hl (12 ) x H1 (/2 ) -* R be a bilinear form given
by

a(u,v)= £ k *L?L (2.1)

where the coefficients ktj, i, j = 1, 2, are defined on Û and satisfy

( i ) kijeWl<*'0),i,j = l,2, . (2.2)

(ii) kn = k21 a.e. in Ù , (2.3)

(iii) 3fx0 > 0 : £ ktjix) ^ ij s A*0(f ? + f2
2) a.e. in

V f , , f 2 e R . (2.4)

We consider then the following eigenvalue problem, associated with
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APPROXIMATIONS OF EIGEN VALUE PROBLEMS 5 6 7

2.1. Problem

Find A e IR, w e V s H j ( i 3 ) ( w ^ O ) :

a(w, v) = A(w, v) VveV^Hl
0(f2), (2.5)

with ( . , . ) the inner-product in L2(f2 ).
The pairs {A, w} are called eigenpairs, A is an eigenvalue and

w is an eigenfunction.

2.2. Remark : Wm>p(f2)9 1 ̂ p ^ o o , Hm{D) = Wm' 2(/2 ) and H%(& ) are
the usual notations for the Sobolev spaces (see, e.g., [4], [11], [13]). The
symbols || . \\k n and | . |̂  n dénote the norm and the semi-norm, respecti-
vely, in Hk(O) [we have L2(Ü) = //°(/2)].

Assumptions (2.2)-(2.4), properties of L2(f2) and Hl
0(n\ and [11,

Theorem 6.2-1] imply the following theorem :

2.3 THEOREM: The eigenvalues of Problem 2.1 form an increasing
séquence,

0 < À x =s= À 2 *£ • • -=sAm=s= > + oo .

corresponding eigenfunctions {wm}™_ lform a Hilbertian orthonormal

basis of L2(<O ).
In this paper we shall approximate Problem 2.1 by the finite element

method using triangular finite C°-elements with polynomials of first degree.

2,4. Triangulations

We consider a triangulation ([11, § 1.5]) ̂ h of the polygonal domain
nhJ consisting of a finite number of closed triangles T. Denoting by
ah the set of all vertices (nodal points) of 75/,, we assume :

(i) ah^ n, o-hn dühcz a/2,
(ii) the points of 9 f2, where the condition of C 3-smoothness of

8/2 is not satisfied, are éléments of crh.
The symbols hT and 6T dénote the length of the maximum side and the

magnitude of the minimum angle of ï c TŜ , respectively. We set

h = max hT .

We assume that the family of triangulations {^^}^e co h y h0 > 0, satisfies

the minimum angle condition (see [11, (5.1-21)]) and the inverse assumption
(see [4, (3.2.28)]).

vol. 27, n° 5, 1993



568 M. VANMAELE, A. ZENISEK

We shall consider only such triangulations 7^ that at most two vertices of
each T e *Ç>h lie on 9/2. A straight triangle with two vertices on 9/2 is called a
boundary triangle.

2.5. Idéal triangulations.

Let f e *üh be a boundary triangle. We associate with it an idéal triangle

f'd. This closed curved triangle is obtained from f replacing the side of

T which approximates a part of 9/2, by this part of 9/2. When we replace ail

boundary triangles in T^ by the associated idéal triangles fld we obtain the

idéal triangulation TS^ of the domain /2 associated with ^h.

2.6. Remark : For simplicity, we shall assume in Sections 4, 5 and 6 that
the triangulations rüh € {TSA} are constructed in such a way that for ail
boundary triangles lying along the boundary 9/2 we have either 7 c fld or
f ZD T0.

2.7. Remark: Following the terminology of [6] we call f2h an internai
approximation of /2 if /2 / l ( = /2 . In the opposite case Ï2h<t.f2 we call
flh an external approximation of Q. To our knowledge the finite element
approximations of Problem 2.1 have been studied till now only in the case of
domains /2 having internai approximations f2h (see [1, 2, 3], [11] and the
références in [1, 2, 3]). D

With the triangulation of f2h we associate the finite element spaces

Xh= [vh G C°(f2h) : vh\f = a linear polynomial V f e Vh} cz Hl(f2k\

(2.6)

Vh = {vh e Xh : vh = 0 on 9/2 J c Hl
0(nh). (2.7)

We have in gênerai Xh <tH{(f2) and Vh<tV ^H{
0(f2 ).

Let us set

ah(u,v)= Y f * iJT-T-àx Vu,veHlWh), (2.8)

(u,v)h= f uvdx Vu,veL2(nh). (2.9)

From (2.2)-(2.4) and [13, p. 221, case r , = 9/2] it is seen that ah{., . ) has
the following properties :

(i) flA(n, «) = fl*(«. M) Vw> veHl(f2h); (2.10)

M2 AN Modélisation mathématique et Analyse numérique
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APPROXIMATIONS OF EIGENVALUE PROBLEMS 569

( i i ) 3 C 1 = > 0 : \ a h ( u , v ) \ ^ C x \ u \ U Q j \ v \ i n h

VM, I? eHl(f2k\ VA; (2.11)

(iii) 3C2>0: f l A(ü , i ;)3 s A t0 | i ? |^^C2 | |ü | | Ï i / j A

VveHl
0(nh\ VA. (2.12)

The first inequality in (2.12) holds also for ail u e Hl(nh).
With aA(. , . ) we associate the continuous eigenvalue problem on

2.8. Problem

Find A(/ï)e R, wUn s Hl
0(f2h) ( w ( ' " # 0 ) :

The consistent mass (internai) approximation of it reads :

2.9. Problem

FindA^e R, whe Vh (wA # 0) :

A, vh\ Vvh e V^ . (2.13)

The properties (2.10)-(2.12) of ak9 the properties of L2(f2h) and of
H}

0(I2h), and [11, Theorem 6.4-1] imply the following theorem :

2.10. THEOREM : The eigenvalues of Problem 2.9 form an increasing
finite séquence

0 < A { h^ A2 %h*z • • • ̂  A 7 th (I(h) = dimVh).

There exists a basis ofVk, consisting of eigenfunctions wm h{\ ^ m ==s I (A)),
which satisfy

2.11. Remarks : a) In accordance with Remark 2.7, in the case
I2h<tf2 we call the eigenpair {Am fv wm A} an external finite element
approximation of {Am, wm}.

Z?) As this paper is a generalization of [11, Chapter 6] we use the same
notations as in [11, Chapter 6].

c) The main tool in generalizing [11, Chapter 6] will be the simultaneous
considération of vh e Vh and vh € V, where vh is the function associated with
vh [a generalization of the techniques developed in [12], [5] and [13]].

d) As usual, the symbol C will dénote a generic constant independent of
A with generally different values at any two different places.

vol. 27, n° 5, 1993



570 M. VANMAELE, A. ZENISEK

3. EXTENSION THEOREM

In the case of external finite element approximations we estimate the
expressions of the form ||wm - wmtA||. ^ (i = 0 , 1), where wm is an

extension of wm. As we restrict our considérations to two-dimensional
problems we can use the following theorem proved in [10, Section 1.3] to
define this extension :

3.1. THEOREM : Let O be a bounded two-dimensional domain with a
Lipschitz-continuous boundary df2 which is piecewise of class Ck,
k =s= 1. Then there exists a linear and bounded extension operator
S : Hk(f2) -> Hk(R2). The operator ê is also a linear and bounded extension
operator from Hk~i {O ) into Hk~l (M2\ 1 ̂  i =s k.

3.2. Remark : For a given k we set ü = S {u) for ail u s Hk(f2) (usually

4. SOME AUXILIARY RESULTS

Let To be the référence triangle which lies in the (f ls £2)~plane a nd n a s t n e

vertices P,*(0, 0), P2*(l, 0) and P?(0t 1). We consider the usual affine
invertible mapping F T which maps the référence triangle r0 onto the triangle
T e TZh (see [13, Theorem 9.1]). In addition we need a one-to-one mapping
F fid : To -• fld. For this we lean on a suitable analytical représentation of the
curved side of fid G *&l

h
d. (For details see [13, Section 22].)

4.1. LEMMA : To every vh e Vh there exists afunction vh e V (called to be

associated with vh) with the following properties :

a) vheC°(n);

c) vh is linear on each triangle T e ÇUh n ¥>l
h

d) ;

d) if f cz Tid then vh = 0 on Tid - f and vh = vhonî;

e) if fid c f then vh = vhoFTo F^i on fid.

Proof : This follows from the définition and the properties of F^a (see [13,
Sections 22, 23]). D

4.2. LEMMA : Let vh e V be associated with vh e Vh and let f => fid.
Assume that the Lipschitz-continuous boundary 9/2 of O is piecewise of class
C\ Then

r , ^ C h2"l \\vh\\2rd = C h2"l \\vh\\ UTid (i =0, 1 ) .

M2 AN Modélisation mathématique et Analyse numérique
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Proof : This follows immediately from [14, Theorem 2] (see also [13,
Section 25]), Lemma 4.1 and the linearity of vh on f. •

4.3. Notation : We dénote

rh = nh-n, <oh = a-nh, (4.1)

Mh = [fid e T5J? : fld c= f) , (4.2)

Sh= \^Jf , Nh= { T E ^ : 7 D rd, fid G &h
d} . (4.3)

TeNk

4.4. LEMMA : Wé> have

\\v\\o,Sh*Ch\\v\\Ufi9 VveH\f2) (s = r, co ) , (4.4)

||v ||0 ^CA2!!?^ , Vt; e / / 1 ( /2)witht ru = 0 on dO. (4.5)

Proof : For the proof of relations (4.4) see [13, Lemma 28.3] ; estimâtes
(4.5) are a simple conséquence of the cited proof. D

4.5. LEMMA : We have

\v\UTh^Chi>2\v\lSh^Chil2\v\inii V r e X , , (4.6)

IMIo.r.'sCAIMI^ VtfeX,, (4.7)

• | M l o . T , * C * 2 | t ; | l i T à V * e V A . (4.8)

Proof: Relations (4.6)-(4.7) are proved in [5, Lemma 3.3.12] ; estimate
(4.8) is a conséquence of the proof of (4.7). •

4.6. LEMMA : We have

I/2 \Ö (4.9)

o . s 4 T » 1 . s / t T j k (4.10)

where the set Sh is defined by (4.3).

Proof : The proof is a simple modification of the proof of [5, Lemma

3.3.11]. We use the fact that the distance of the vertex of J e Sh, which lies

in the interior of f2, to the opposite side is O (h). •

4.7. DEFINITION : Let u e V n Hk(f2). We define the elliptic projection

(also called the Ritz approximation) Uhu e Vh of u by

ah(fi-nhu9vh) = 0 VvheVh, (4.11)

vol. 27, n° 5, 1993



572 M. VANMAELE, A. ZENISEK

where ü = S (u) and ê : Hk(f2) -* Hk(U2) is an extension operator front
Theorem 3.1.

4.8. THEOREM : We have

\\u~nhu\\in^Ch\\u\\2n Vae V nH2(f2). (4.12)

In addition, if the boundary df2 is of class c€1'1 (for the notation
<gltl see [4, p. 12]) and the coefficients ktj GCOA(Ô) then

\\ü- n*u\\^nh^
ChlWu\hn VueVnH2(n). (4.13)

Proof : A) Let KJ/" e Vh be the interpolant of u, i.e. u^"{P(-) = u(Py ) for ail
Pi e <rh. Using (2.12), (4.11) and (2.11), we obtain

K-'-^-II^^^K-Sll^^ (4.14)

Combining (4.14) with the standard finite element interpolation theorem and
Theorem 3.1 we obtain (4.12).

B) The form of V and the assumptions concerning df2 and ktj enable us to
use [8, Theorem 4.2.1] and we see that relations [9, (45)] are satisfied. Thus
we can repeat ail considérations introduced in [9, pp. 416-419]. To obtain
estimate (4.13) we note only that [9, (62)] can be improved to the form

4.9. THEOREM : Let {h} = {hJ}
œ^l with lim h} = 0. Then

j ->co

l i m \\ü-nhu\\ ^ 0 VueV . (4.15)

Proof: According to [13, Theorem 31.4] for every u G V there exists a
séquence {uh.), where uh, e Vh.9 such that

The functions uh, satisfy an estimate similar to (4.14) (replace u!™ by

uh) which combined with (4.16) leads to (4.15). •

M2 AN Modélisation mathématique et Analyse numérique
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5. CONVERGENCE OF APPROXIMATE EIGENVALUES

To extend the results from [11, Section 6.4] we first present some lemmas.

5.1. LEMMA : Let wh i s= 1, be eigenfunctions of (2.5), orthonormal in
L2(f2). Then

(wh wj)h = 8u+DiJ%h (ij 3* 1) (5.1)

wi th

where

(w, v)eft = uv dx (e — r, co ) .

Further, we have

\DiJ%h\^ChA^Tj ( i , 7 ^ D - (5-3)

Proof : Relations (5.1)-(5.2) follow immediately from Theorem 2.3, (4.1)
and Theorem 3.1. Further, we see that

We estimate the terms on the right-hand side. Using on the one hand (4.5)
and Theorem 3.1, and on the other hand Friedrichs' inequality and (2.5),
relation (5.3) follows. •

5.2. C O R O L L A R Y : For v e V satisfying \\v \\Q n = 1 we can write

\\V\\Q, nh ~~ + m. *

wit h
B™,h= l | 5 | l o . T j f c - l l ü l l a „ A - (5>V

Ifv* Vm> \\v\\o,n = !• with

Vm = span (wl9 ..., wm), wt eigenfunction of (2.5) (1 « / ^ w) , (5.7)

I5m,ft| ^ C / ï 4 Am . (5.8)

Proof : It is easily seen that the relations (5.5)-(5.8) follow from Lemma
5.1 and Theorem 2.3. We only note that for v s Vm, \\v \\Q n = 1 we have

m m

V m 3 V = ^ a i W i , Z * ? = l . (5.9)

D

vol. 27, n° 5, 1993



574 M. VANMAELE, A. ZENISEK

5.3 . L E M M A : Let Vh
m be the space spanned on ivf := Wi\nh 0" = 1» • •*, m )•

Then we have

dim Vh
m = dim ühVm = m , /z ̂  *0(m) ,

where I7h is the elliptic projector defined by (4.11) and Vm is given by (5.7).

Proof : A) From Lemma 5.1 it follows that

4 (ij = l , . . . , m ) .

This implies that the set (vvf X ̂  ^m is linearly independent. Hence,
dim Vh

m - m.

B) T o prove the second equality, we show that (ITh wi)l^i^m is a linearly
independent set. F rom

(nh wi9 nh wj)h = (nh wi - wi + wh nh Wj - w} + wj\, (5.10)

it follows that

\<nhwi9 nhwj)h\ ^ \\nhwi-wi\\Q^[c\\wj\\Qn+ 1 1 ^ ^ . - ^ 1 1 ^ ^ ] +

Using (5.1)-(5.3) and (4.15) we see that for every s :> 0 we can find
ho(m, e) such that

| (nh wh nh wj)k\ <z s ( 1 ^ 7 ) , A ̂  AO(WI, s).

On the other hand (5.10), combined with (5.1)-(5.3) and (4.15) (or (4.12)),
leads to

1 ~ 112

'h

Thus, the matrix ((77Aw,, nhwj\\s.i js-m is non-singular. n

5.4. L E M M A : For t> e V satisfying ||w||0 fl = 1 we have

H77*Dllo.iï4
S5l-fi«.*<B> ( 5 - n >

with

« « , * ( » ) = | B m , J + 2 | | S - / 7 f c » | | 0 i i Ï 4 ( l + | B m , A | ) i / 2 . (5.12)

M2 AN Modélisation mathématique et Analyse numérique
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APPROXIMATIONS OF EIGENVALUE PROBLEMS 575

Let {h} = {hj}œ
= j with l im hj — 0. Then, ifv e Vm9 \\v\\Q a = 1 we have

y -*oo

lim ôm,A.(i?) = 0 . (5.13)

/7YN? convergence is uniform with respect to v e Vnr | |u | | 0 /? = 1./

Moreover, if Vm c: H2(I2 ) then

C{m)h Vh^ho(m), (5.14)

where C {m) is a constant depending on m.

Proof : Let v e V. We have

hence

o, /2A o, nh II IIQ, /2A "o, nh '

Then , if | | t? | |0 a - 1, re la t ion (5.5) leads to (5 .11) - (5 .12) .

For v G Vm, || u || 0 n = 1 w e find us ing (5.9) and the C a u c h y inequa l i ty tha t

hence, due to (4.15),

lim \\v-nhv
h: -v 0

Taking into account (5.12) and (5.8), relation (5.13) follows.
If Vm cz H2(O\ (4.12) is applicable on the terms of (5.15) ; hence

Substituting this estimate and (5.8) into (5.12) we obtain (5.14). •
Let Am and Am>A be the m-th eigenvalue of (2.5) and (2.13) respectively.

Analogously to [11, Lemmas 6.4-1, 6.4-2 and Theorem 6.4-2], we first
estimate Àmh from above.

vol. 27, n° 5, 1993



576 M. VANMAELE, A. ZENISEK

5.5. THEOREM : We have

1

with Ômh(v) given by (5.12) and with

Gm(sh) = £

sup

*.-iî,,

, (5.16)

(5.17)

Hère wt is eigenfunction of (2.5) and wf = é>(yvi) (see Remark 3.2)
(1 ^ i ^ m ).

Proof ; Let T̂ "m> A dénote the set of all m-dimensional subspaces of
Vh. According to the min-max characterization, Lemma 5.3 and Lemma 5.4,
we find

À m h — min max =s max —-—-—1~ =

= max

Using the définition of i7^ u we can write

ah(I7hv, nhv)^ah(nhv, nhv) + ah(v - nh v, v - nhv) = ah(v, v) =

= a ( v , v ) + aTh(v, ü ) - a W / , ( ü , Ü ) « a ( ü , t ? ) + £ a Ê f t ( ù , Ü ) , ( 5 . 1 9 )
f = T , (W

where we dénote

rA, coh being defined in (4.1).
Using (2.2), (5.9) and (5.17), we obtain

s~y M rt M 2\aH(v,v) = l . (5.20)

We have

max a(v, v) = max = max^(w) = A, (5.21)

where the last relation holds according to [11, (6.2-22)].

M2 AN Modélisation mathématique et Analyse numérique
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Relations (5.19)-(5.21) give

,nhv)^\m + C £ Gm(sh). (5.22)

Substituting (5.22) and (5.11) into (5.18) we easily obtain (5.16). •

5.6. LEMMA : For Gm(eh\ (5.17), we have

l imG m (e , )^0 (£ = r, <o) . (5.23)

Let Vm^H2(ny Then we have

2. (5.24)

Proof : Relation (5.23) follows from the absolute continuity of the
Lebesgue intégral. If VmczH2(O) then (5.24) is proved by means of
Lemma 4.4. D

Now, we estimate Amh from below.

A. Case ft A Q ft (internai approximation)

Let vhe V be the function associated with vh e Vh, according to Lem-
ma 4.1. Then (5.18) can be rewritten as

a(vh, vh)
Am h = min max , (5.25)

where Èm is the space of functions from V which are associated with

functions belonging to Em. As vh = vh in the case of a polygonal domain

H and vk is the extension of vh by zero in the case of internai approximations

of /2, it is obvious that dim Ém = m.

As the set Y~nh h of all spaces Ém is a proper subset of *Vm (the set of all m-

dimensional subspaces of V) we see that

Am i A> A m . (5.26)

B. Case fth^O> (external approximation)

In this case estimating Amh from below is much more difficult.
W e define

vol. 27, n° 5, 1993



578 M. VANMAELE, A. ZENE5EK

with (see (4.1), (4.2) and Lemma 4.1)

\2
i)dx, A02{vh)= \vh\\lTh. (5.28)

Further we define

Ai(ph)'.= ah(vk, vh)-a(vh9 vh) Vvhe Vh. (5.29)

For simplicity, we first assume that kn = 0 in (2.1) and (2.8). Then (5.29) is
reduced to

A 1 ( Î ; , ) - A U ( Î ; , ) + A 1 2 ( I ; , ) (5.30)

with (using the short notation di for d/dx;)

&.. [(9-i?A)2 - (3/û;i)
2] dx , (5.31)

i f -̂O,-»* x. (5.32)

5.7. LEMMA: For AO, (5.27)-(5.28), and Au (5.29)-(5.32), we have

\ A (v ) \ ̂  Ch\v \^ VÜ G V (5.34)

Proof : Using (4.1)-(4.2), Lemma 4.2 and Lemma 4.5, we obtain from
(5.28) that

Substituting both inequalities in (5.27) and using (2.12), we obtain (5.33).
Using (2.2), relation (5.34) can be proved by similar devices as above. D

5.8. Remark ; If kl2 ¥= 0 then we can dérive the same estimate (5.34). For
this, observe that for the additional term in Au (5.29), we have

ivhdjVh - biVhBjVh) = (divh - diùh) djVh + 3 , -^ (3^^ - djûh) -
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According to (5.27) and (5.29), the quotient in (5.18) can be rewritten as

1 +Al(vh)/a(vh, vh)

Making use of Lemma 5.7 and (2.12) we obtain

rf —î. (5.36)

Relations (5.35)-(5.36) form a starting point for estimating the approximate
eigenvalue Amh from below. According to (5.13) and (5.23), the right-hand
side of (5.16) tends to Am with h-+Q. This means that Am h^2Xm for
h ^ ho(m). Hence, (5.18) can be rewritten as

Am>„ = min max °* ***" , (5.37)

where only the m-dimensional subspaces E* of Vft are (needed to be)
considered, satisfying

max ' " ^ 2 A m . (5.38)
I 0, eft

5.9. LEMMA : We have

s= CA VrA e E* R* e T̂ *m A . (5.39)
IvJ?

i^llo./ï

Proof : Using (5.38) and (2.12) we find that

By Lemma 4.1 and (4.3) we have
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In view of the définition of Vh (see (2.7)), the minimum angle condition and
the quasi-uniformity of 'Bh (guaranteed by the inverse assumption) it can be
proved that

Using these three relations for vh G E* we obtain (5.39). •

5.10. LEMMA : For H(vh) defined in (5.35) we have

. (5.40)

Proof: Combination of (5.35)2 with (5.36) and Lemma 5.9 yields the
desired resuit. •

We now give a lower bound for Am h.

5.11. THEOREM : We have

i (5.41)

Proof: From (5.35) and (5.37) it follows that

\m h*t I min max —v~~ I I m*n m m H(vh) | . (5.42)
\\\\

Dénote by È* the subspace of functions from V which are associated with
functions belonging to E*. The correspondence vh .-̂  vh is a linear bijection.
This implies that dim È* = m and Y*nh h cz if m ; the meaning of i^nh h and of
if m were explained in relation with (5.25). Hence

h, vh)
mm max

a{vh, vh) # a(vh9 vh)
= min max — ^ min max — s= A

||

by the définition of Am (see [11, (6.2-21)]), and (5.41) follows from (5.42)
and (5.40). •

We formulate the main resuit as

5.12. THEOREM : Let Am be an eigenvalue of Problem 2.1 and Xmh the
corresponding eigenvalue of Problem 2.9. Then it holds that

l i m A M i / , = À m . ( 5 . 4 3 )
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Moreover, if Vm c H2(f2 ) then we have

Proof : Combine Theorems 5.5 and 5.11 and apply Lemmas 5.4 and
5.6. •

6. CONVERGENCE OF APPROXIMATE EIGENFUNCTIONS

As in [11, Chapter 6] we restrict ourselves in this section to the case of
eigenfunctions corresponding to simple exact eigenvalues. We start our
considérations with some lemmas.

Let us set

Pm,h= m a X

i * ; * ƒ ( * )
/ ^ m

We note that pmh is defined in [11, (6.4-21)]. As Xi h -• A,-, it is easily seen
that

6.1. LEMMA :

~ m, n ' i n

h
1

max

i ^ m 1 -

1
A

A,
m

, h

,
Am~ A m - 1 - e Am+l ~ Am — £

with

0 < : £ < m i n {Am + 1 - A m , A m - A m _ 1 } .

6 .2 . L E M M A : We have

i = 1

ssCOn) Y i\(wm- nhwm,w:h)h\
2 + \r,2h\K, + \mK0\

2] (6.1)

where j = 1 or, *ƒ wm G H2(Ï2 ), y = 2 a^J w/z^re we dénote

Ko =KQ(m,i9h)= (wm, w i t h ) - (wm, w i i h ) h , (6.2)

^ ^K^m, i, h) = ah(wm, wiJt) - a(wm, w i j A ) , (6.3)

^ 2 S ^ 2 ( m , i, A) = (Lwm5 W/fA)A - (Lwmf w/f A) , (6.4)

L = - V — (* f / — \ . (6.5)
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Proof : As nh wm e Vh we have by (2.13), Définition 4.7, (2.5) and (6.2)-
(6.3)

(nhwm, with)h = Xil
hah{IIhwm, with) = *rtk

ak(&m> wi,h)

| , with) + Kx]

. (6.6)

m, wih)h andSubtracting from both sides of (6.6) the term Am A~^(7
using Lemma 6.1, we obtain

(IThwm, with)h ~ nhwm, wi>h)h\
A Î , / I

This implies (6.1) with j = 1.
If wm e H2{O) then we have, according to Green's theorem [8,

Theorem 3.1.1] (which can be used because ktj 9wm/8x; G Hl(O)),

Hence Kx - /Î:2.

6.3. LEMMA : We have

\KQ(m, i,

> ™i, h) = (L™m> Wf, h) •

•

. (6.8)

IfwmeH2(n) then

\K0(m, i , A ) | * C A 7

^ , (6.9)

5 / 2
N / Â ^ . (6.10)

Proof : A) Making use of (4. l)-(4.2) and Lemma 4.1, we canrewrite (6.2)

as

KQQTII I, h) = y\ - ^K01 - K02 .

(6.11)
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Notations (4.1)-(4.3) and Lemmas 4.2, 4.4, 4.5 and 4.6 imply

2W l l
/

OiSA-rJ E
V

1*02 1 * l l^ l lo^Jl^ . l lo^^^^l^l^J^^lusr (6-13

Combination of these estimâtes with Theorem 3.1 and with the relations

and substitution in (6.11) leads to (6.7). If wm e H2(f2 ) we first apply (4.9)
on (6.12) and (4.4) on (6.13).

B) For Kl we dérive in an analogous way

K.im, i9h) =

f 1
J

Using similar devices as in part A) we obtain (6.8).

C) If wm e H2{Ü ) then relation 7^ = /T2 holds with

f f
K2(m, i9h)= Y (wfi A - w^ A) Lwm dx + w/f

dx

According to Green's theorem [8, Theorem 3.1.1] and the density of
H\(O) in L2(/2), the eigenvalue équation (2.5) for the eigenpair {Am, wm)
can be rewritten :

Lwm - Amwm a.e. in Ü .

It is easily seen that these equalities directly lead to (6.10). D

6.4. LEMMA : For the eigenvalues Art
(A) of Problem 2.8 we have

c1n^AJl
h)^c2n Vh^h0 (n = 1, 2, . . . ) ,

where cu c2 > 0 are constants independent of n and h.

Proof : The proof follows from [7, pp. 375-378]. •
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6.5. THEOREM : Let \m be a simple eigenvalue of Problem 2.1. Then,
choosing conveniently the sign of every wm> hm, we have

| | ) | = 0 . (6.14)

If wm G H2(O) then, choosing conveniently the sign ofwmh, it holds that

||wm - wm JL n ^C(m)h Vh^ho(m) . (6.15)

Moreover, if 6/2 is of class c^{'1 and k^ e C°'l(f2) then we have

WL 2 Vh^hQ(m). (6.16)

Proof : We estimate the second term in

\™m-Wm.h\Otüh^ | |^m-7 7^H ;m|| ( ) ) / 2 / !+ || Hh Wm - Wm, h || ̂  ^ . (6.17)

Using (2.14) we obtain

vh B nh wm = £ (nh wmJ wit h\ wlt h (6.18)
/ = 1

and
nm 2

| |^ rAwm-W«1*ll0 , / ï , = Z U /7fcW«' W.\*>* I + \(nhWm*Wm.h)h- 1\ •
i = \
i # m

(6.19)

The first term of the right-hand side is bounded by the right-hand side of
(6.1), where we separately estimate each term.

(i) Let zm h dénote the orthogonal projection of the function wh
m — ITh wm

on the subspace of L2{Oh) with the orthonormal basis {w;^}1.^ (for the
notation wh

m see Lemma 5.3). Then we have

Z | ( w m - n h w m 9 w î t h ) h \ = \ \ z n h h \ \ ö n } =
( = i

= Vi*m-nkw4lak- | | ^ - i IAwM -zm ,A«^ f i . (6.20)

(ii) For the second term in (6.1) we use Lemma 6.3. Hence we obtain

(/ = 1,2), (6.21)
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where the case y = 2 requires wm e H2(f2 ). (This assumption will be made in

every case where y = 1, 2.) Now we estimate h2 £ Af\. By (5.26) we have

An
(/t)s== A w / r This result combined with Lemma 6.4 gives

Hence, observing that / (h) = O(h~2),

Substitution of this estimate in (6.21) gives

Combining this estimate and (6.20) in (6.1). we arrive at

(j - 1, 2 ) (6.22)

Let us dénote

As to the second term of (6.19) we find

71 * "o, nk

0' = l , 2 ) ,

using (6.18) and (6.22) in the last inequality. In view of Lemma 5.1 we
obtain

II0, 12, 'o, nf

Combination of this est imate with the former one results in

~ IThwm\ = \, 2 ) . (6 .23)
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We can always choose the sign of the function wm h in such a way that

Combining (6.23) and (6.22) with (6.19) and then with (6.17) we find

(j = 1, 2 ) . (6.24)

Applying Theorem 4.9 on (6.24) (ƒ = 1, p s» 2) leads to (6.14). Estimâtes
(6.15) and (6.16) follow from the combination of (6.24) (j = 2, p 3= 1) with
Theorem 4.8. •

By means of Theorem 6.5 it is possible to obtain the error estimate (5.44)
under weaker conditions for the exact eigenfunctions wl9 ..., wm_^
Moreover this estimate can be improved to O (h2) if 3/2 is of class
<&lt 1 and the coefficients ki} e COll(f2).

6.6. THEOREM : Let Am be a simple eigenvalue of Problem 2.1. If
wm e H2(f2) then

\Am^h-Am\^C(m)h1 + i \th*ho(m) 0 = 0 , 1 ) ,

where i = 1 if 9/2 is of class <gu 1 and kî} G CO^

Proof : As in the proof of Lemma 6.2 we find

= *m(&m-nhWm> Wm,h)h+K2(™> m, A ) + A m K0(m9 m, h)

Relation (6.23) (ƒ = 2 and p s= 1) combined with (4.12) implies

|(77^wm, wmtA)A| & - Vh

Hence

| A M * - A m | ^ 2 A m | | ^ m - i 7 , w m | | o ^

Combination of this estimate with (6.9)-(6.10) and with (4.12) or, if
df2 is of class <gltl and kej e C 0 ) 1 (^) , with (4.13) leads to the desired
resuit. D

To prove the convergence and an error estimate for the approximate
eigenfunctions in the H1 (12h)-norm, we first estimate IJh wm — wmh.
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6,7. LEMMA : Let Àm be a simple eigenvalue of Problem 2.1. Then we
have

lim\\nhwm-wmJ\\ = 0 (6.25)

hj -+ 0 ' hJ

provided thaï the signs ofwm h, are conveniently chosen. Ifwm e H2(f2) then

\\nhwm-wmth\\hûh^C(m)hi + i Vh^ho(m) (i = 0, 1 ) , (6.26)
where i = 1 if 3/2 is of class <gl>l and ktj eC°>l(n%

Proof: Let us set uh = IThwm- wmJl. Using'(2.12), Définition 4.7, (2.5)
and (2.13), we get

uh)-ah(wmh, uh)

m, Ùh) - (Wm, Uh)h]

- Am, h(wm, H> Uh\ + [%fc , uh) - a(wm9 ùh)] . (6.27)

In the first place, we see that

= \*m(Wm- Wm,h> ^h)h + (Am - Am t h)(wmt h, Uh\\

« [ A m | | w M - w m t A | | 0 ûh+ | A M - A m ï A | ] | | M ^ | | i ; i>fc,:

Using similar tricks as in the proof of L e m m a 6.3 we obtain

| (wm, Ûh) - (wm> uh)h\ ^ C(m) \fkr+~5\\uh\\h ûk (j = 1 , 2 ) ,

\ah(wm, uh) - a(wmi ûh)\ ^ C(m) \Zh^IÏ\\uh\\u ^ (j = 1, 2 ) .

Substitution of the last three inequalities in (6.27) results in

(/' = 1 ,2) , (6.28)

with the estimate for j = 2 being valid only if w>m € H2{H). Combination
with Theorem 6.5 and Theorem5.12 proves the convergence (6.25). Esti-
mâtes (6.26) follow from (6.28) combined with Theorems 6.5 and 6.6. The
results are of course evident in the case uh = 0. •
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6.8. THEOREM : Let Am be a simple eigenvalue of Problem 2.1. Then we
have

i v m - w m J l _ = 0 . (6.29)lim

provided that the signs ofwm h, are conveniently chosen. Ifwm e H2(f2 ) then

||*m " Wm9h\\ h nh ^C(m)h VA ̂  hQ(m) . (6.30)

Proof : Relations (6.29) and (6.30) follow from (4.15), (6.25) and (4.12),
(6.26), respectively. •

6.9. Concluding remark : In the case of eigenfunctions we have obtained
results of the same quality as in [11, Chapter 6].

In the case of eigenvalues, in order to obtain the rate of convergence
O {h2), we cannot avoid the assumption that 8/2 is of class <€li *.

The error estimâtes for both the eigenvalues and the eigenfunctions only
require wm e H2 {O ), while in [11, Theorem 6.5-1] this //2(/2)-regularity is
also required for the eigenfunctions wu ..., wm_1.
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