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Q 3 a m HATHEMATICAL MODELUNG AND NU H ER IC AL ANALYSIS
S f i B B MODÊUSAT1ON MATHEMATIQUE ET ANALYSE KUMERIQUE

(Vol 29, n° 2, 1995, p 199 a 233)

HOMOGENIZATION AND TWO-SCALE CONVERGENCE OF THE
COMPRESSIBLE REYNOLDS LUBRICATION EQUATION MODELLING THE
FLYING CHARACTERISTICS OF A ROUGH MAGNETIC HEAD OVER A

ROUGH RIGID-DISK SURFACE (*)

by M. JAI O

Commumcated by E SANCHEZ-PALENCIA

Abstract — The hard disk data storage surfaces of magnetic storage devices are artificially
roughened, and this phenomena induces an équation with a rapidly oscillating coefficients

Jn this work we give homogenization results for both continuüm and slipfiow problems Proofs
are based on a double-scale convergence and a new homogemzed problem is given for the slip
flow problem The existence and uniqueness of the limit solutions are given and some numencai
results are presented

Resumé —Le contact aérodynamique entre une tête de lecture et un disque magnétique
dépend de la microgéométrie des surfaces et conduit a un problème d'homogénéisation

En utilisant la convergence a double échelle, on obtient les équations homogènes correspon
dont a des équations de Reynolds compressible non lineaire L'existence et l'unicité de la solution
limite sont demontrees Quelques résultats numériques sont présentés

1. INTRODUCTION

Motivated by higher recording densities, the clearance or « flying height »
between read/write head and the disk surface of magnetic hard disk drives h as
decreased constantly and continues to do so and is now approaching the
0 1 micron le vel While a drop in flying height can lead to possible contact, an
mcrease in the gap between the head and disk severely dégrades the data
storage performance of the device Therefore, précise control of the flow flying
height is paramount to rehabihty and optimal opération. The hard disk data
storage surfaces are artificially roughened in order to control the interfacial

(*) Manuscript received February 1, 1994, revised June 29, 1994
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200 M. JAI

static force condition that exists between recording head and disk surface
during the rotational start-up. The amplitude of the roughness is typically less
than 0.1 micron, which is of the same order as the flying height

Since the first conception and application of the disk recording head element
in 1956, the classical compressible Reynolds équation (1.1) (continuüm prob-
lem) has been found to predict accurately the performance of the air bearing
operating with film thicknesses on the order 8 - 10 urn [4] :

diw(hl(x)peVpe) = 6judiv(hePeV) XE Q

Pa=Pa>0 On dQ .

The air bearing pressure and clearance variables are given by pE and he

respectively. The ambient pressure appears as pa, while the disk velocity and
fluid viscosity are expressed by V ~ (Vv V2) and JJ. Q <z R2 is the région
(with smooth boundary, dQ ) where the head and the magnetic disk are in
proximity. e is the roughness wave length.

When either the air gap or the ambient pressure is substantially reduced,
Burgdorfer [5] found it is necessary to modify the classical équation by taking
into account the molecular slip boundary conditions at the bearing surfaces.

Therefore the classical Reynolds équation must be replaced by the modified
Reynolds équation which accounts for first order slip-flow effects [5] :

Pe = Pa > ° on dQ .

where À = 6 ka pa ( Àa > 0 is the molecular mean free path of the gas at
ambient pressure).

Surfaces roughness effects have as a resuit been given a great deal of
attention among researchers in the tribology community. Several works have
been published for the équation (1.2) of the one dimensional case [4, 9, 11,
15]. Probably due to the increased complexity of analysis, very little work has
been reported in the influence of two-dimensional roughness patterns on air
bearing performance [18],

In this paper, the two scale-convergence method, introduced by Nguetseng
[14], is used to homogenize both the continuüm équation (1.1) and the slip
flow équation (1.2). In the first part of this work, we give the homogenized
problem of the équation (1.1). When the roughness of the surfaces is longi-
tudinal or transversal, the homogenized problem looks like the classical
Christensen [8] formulas. We give the convergence theorem, existence and
uniqueness of the homogenized problem. In the second part we give the
homogenized problem of the équation (1.2) and the convergence theorem,
existence and uniqueness solution are established. To be noticed is the fact that
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A HARD DISK MAGNETIC STORAGE PROBLEM 201

we can't use the work of Artola and Duvau [10] for the large of quasi linear
problems as they need that the coefficient must be bounded with respect to the
unknown. Finally, the validity of these new problems has been confirmed
through numerical experiments.

2. GENERAL NOTATIONS AND PRELIMINARIES

head

disk

Figure 2.1. — Schematic of slider-disk interface.

Points in Q are denoted by x=(xvx2) (the global variables) and
xiy = (yvy2) with 3̂  = —, /= 1,2 are the local variables defined in the set
G

y= n ]o, F.[
i = 1

a function ƒ ; R —> /? is said Y-periodic if it admits a period Ff. in the direction
F., i = l , 2.

For the sake of simplicity we assume that Y.= l » i = 1,2.
In connection with periodic structure, let us introducé some spécifie spaces.

vol. 29, n° 2, 1995



202 M. JAI

Hl
p( Y) = {<p/<p G Hl(Y),(j> takes equal values on opposite faces of Y)

which is a Hubert space with the norm

the norm of which is

\dy,\n2 Y
which is equivalent to the above £/*~norm.

We suppose that the function h vérifies the conditions :

y —> h(x, y ) is Y - periodic

There exist two positive constants h0 and hx such that

) ^h, for (x,y)inQxY

. h(x,y) G Wlt°°(QxY) and h(x, • ) e Hl
p(Y)9 VJC G Û .

Remark 2.1 : The last hypothesis in (2.1) means that the function /z may be
extended by periodicity to arx element of Wh°°(Q) (see P. Suquet [17],
lemma 5).

For the two scale convergence method, we recall some définitions and
theorems.

DÉFINITION 2.2 : The séquence ue G L2( Q ) is called two-scale converging
to a limit u e L2(Q X Y) if for any y/ G D[Q ; C J ( 7 ) ] , one has

lim we(x)^(x,f)jx= w(^y)^(x,y)dx^. (2.2)

DÉFINITION 2.3 : A function y/(x,y), Y-periodic in yf and satisfying

lim
e
im f y(^)2^=[ f

is called an « admissible » test function.

THEOREM 2.4 : Let ue be a séquence of function in L2( Q ) which two-scale

converges to a limit uo(x,y) e L (Q xY) and assume that

\U£\\LHQ)
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A HARD DISK MAGNETIC STORAGE PROBLEM 203

Then, for any séquence ve which two-scale converges to a limit
vo(*>y) e ^ 2 ( ^ x Y)> we have

JY
i n

Proof : see Allaire [1].

Remark 2.5 : In the définition 2.2 of the two-scale convergence, the class
of test functions y/(x,y) can be enlarged [1], So D[Q ; CJ (7) ] can be
replaced by L2[Q ; Cp(Y)]. Also the validity of (2.2) is extended to ail
« admissible » test functions y/ in the sensé of définition 2.3.

THEOREM 2.6 : Let ue be a bounded séquence in Hl(Q) which converges
weakly to a limit u0 in H (Q), Then ue two-scale converges to uo(x), and
there exists a function ux(x, y) in L2(Q \Hl

m(Y)) such that, up to a subse-
quence, Vue two scale converges toVxu0{x) + Vyux(x,y). D

Proof : see Allaire [1].

3. HOMOGENIZATION OF THE CONTINUÜM EQUATION

If pe is a nonnegative solution to (1.1) then the dependent variable

is a nonnegative solution to

{ -,
div (h(x) Vue) = 6 udiv (h B(up) V) xe Q
ue=lp2

a = ua onar3
where

The problem (3.1) has a unique weak solution ue [6] which is nonnegative and
vérifies

\ e uaH
l
0(Q)

I h3
£VuEV<pdx = 6v\ he\^V-V<pdx 0 e H £ ( f l )

vol. 29, n° 2, 1995
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Remark 3.1 : Let u£ be the solution of (3.2) then pe = \/2 ue is a solution
of problem (1.1).

3.1 A priori estimâtes and homogenized problem

PROPOSITION 3.2 : Let ue be the solution of (3.2). Then there exists a
constant C such that

Proof: By setting 0 = uE - ua in (3.2) and by using the Cauchy-Schwarz
inequality and conditions (2.1) we obtain the bound :

Hère and in what follows, C will dénote a positive constant which can change
from équation to équation. Now we have :

= ff x ^ C - \\ue\\LHn) (3.4)

and Poincare inequality yields

from which we deduce

HM
fiH^(O) ^ H M

£ - M
a H Aa(fl)+ II MJU2(O)

< £ C ( | | V M J L 2 ( f l ) + 1 ) . (3.5)

we obtain from (3.4), (3.3) and (3.5)

L*(fl) ^ C - ( | | V « , | | i ? ( O ) + 1 ) .

PROPOSITION 3.3 : Let ue be a solution of (3.2). Then, there exist functions
uo(x) ^ 0 in ua + Hl

0(Q) and ux(x9y) in L2(Q ; H)n{ Y) ) such that, up
to a subsequence, we have

ue ,~* uo weakly in HX(Q)

ue ~^ uo in tne two-scale sensé

\fu~. —> V^ô" strongly in L (Q)
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and for an other subsequence, we have

Vu£ —» Vwo(x) + V̂  ux(x, y ) in the two-scale sensé .

Proof : From proposition 3.2, we have

K-WJU(<2) ^ c

then, there exists u0 in ua + HQ(Q) (uo(x) 5= 0 since w£(;c) ^ 0) and a
subsequence we such that uE converges weakly to u0 in Hl(Q). Theorem 2.6
applies and we get the existence of ux(x, y) in L (Q ; //m( F) ) such that, up
to a subsequence, ue converges to u0 and Vue —> Vuo(x) + Vy W^JC, y ) in the
two-scale sensé. Now from the inequality ( VX - VB)2 ^ \A - B\,
VA, 5 ^ 0 , we have

f f
( V ^ T - V ^ r ) 2 ^ ^ \u£-u0\dx^yr\Q\ \\ue-uö\\L2(

Jû JQ

so, from the strong convergence of uE to w0, we infer the strong convergence
of \fu~ to

THEOREM 3.4 : The limits u0 and ux obtained by the two-scale convergence
are solutions of the following two scale homogenized System :

= 6 fu d\\y {h(x,y) V ^ v} in Q x Y

= 6/u divx \ y/u^ V h(x9y) dy [ in Q

) = Ua

Mt(x, v) is Y-periodic .

(3.6)

D
Proof: By setting 0 O ) = <p(x) + etp^x, - ) in (3.2), with

(p{x) e D(Q) and <px(x, y) Ö(i2 C~T)) bi; C~(T)), we obtain :

(3.7)

vol. 29, n° 2, 1995
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From conditions (2.1) h is continuous on Q x Y. Then we have :

lim h ( x, - ) ( -r^ ( JC ) + -r—• ( JC, - ) ) dx = ^6( JC, y ) ( -r^ ( x ) +
fî^°Jr2 ^ £ / \ d x . v y av. V ' e / / J^Jy \dxi

d(P\ \ 2

+-r—(x, y) ) dxdy . (3.8)by J

And, from proposition 3.2, Vwe two-scale converges to Vw0 + V̂  ux(x, y).
Now the function

is an « admissible » test function from (3.8), and according to Theorem 2.4
(condition (2.4) is satisfied thanks to (3.8)), we can pass to the two-scale limit
in the left hand of (3.7).

Since h is continuous on Q x Y, we have

weakly in L2(Q).
And by proposition 3.3, V"7 converges to \/w^~ strongly in L2(Q). Then

we can pass to the limit in the right hand side of (3.7) and we obtain :

f I «3(

= f f (3.9)

By density, (3.9) holds true for any (tp,<px) in H\(Q) X L2(f2 ; H^(y)) . An
easy intégration by parts shows that (3.9) is a variational formulation asso-
ciated to (3.6).

3.2. Study of the homogenized problem

In this section we begin by decoupling the two-scale homogenized system
(3.6).

Let Al be the operator defined on Hl( Y) by
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and et be the bilinear form

The first équation of (3.6) yields

We define œt(x, y) and /.(x, y) as the F-periodic solution (up to an additive
constant) of :

(3.11)

(3.12)

coi and /• exist since

Therefore (3.10) gives

du0 duQ

By introducing «j in the second équation of (3.6), we obtain the foliowing
problem :

(A*(x)

uo= ua on dQ
(3.13)

where A* and 0 * are given by

„o

A*(JC) =

®*(x) = 6ju f ( Vx h
3 VyXl + V2 /i

3 Vy x2
v Y

a°(x) = f h\x,y)dy+ f fc3(x>y)^
J Y JY °^i

a°n(x)=\ h\x,y)^dy;a°2l(x)=\ h\x,y)^
V Jy °y\ JY °̂ 2

+Vh)dy

d!y « = 1 , 2

(3.14)

vol. 29, n° 2, 1995
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Using (3.11) and (3.12) we have classically :

f a°(*) = A œ, + yf Û),+ y, ) i = 1, 2

The variational formulation of problem (3.13) is

A*(x) Vu0V</)dx=\ y/ïi^ 0*(x) •

(3.16)

Remark 3.5 : The matrix A* is the same as the one introduced in the
homogenized problem associated to the équation :

which was studied by Bayada and Faure [2], They were shown that A* is a
positive definite symmetrie matrix, i.e, :

V£ = (f p £2) G R2! £A* 4 * c\Ç\2. (3.17)

LEMMA 3.6 : The functions cot and ^ (/ = 1, 2) solutions of (3.11) and
(3.12) verify

N l ^ c , \\Xl\\m *c. D

Proof : Muitipîying (3.11) by œi (i- 1,2) and integraüng by parcs, we
obtain :

Conditions (2.1) provide a constant C such that ||ct;Jm ^ C
Arguing in the same way as for équation (3.12), we get the estimate

For the next lemma we need the following proposition (Brezis [3], propo-
sition IX. 3, p. 153).

PROPOSITION 3.7: Let G be a function in LP(Q), 1 <p ^ «>. Then
G e WUp(Q) iff there exists a constant C such that for all open set
Q'aczQ and t G R2 with \t\ < dist (Q\ CQ), we have

M2 AN Modélisation mathématique et Analyse numérique
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LEMMA 3.8 : The matrix A* and the vector ®* defined by (3.14) verify :

A*(x)e (W1(~(fl))4
f 6>*(jt)<E (Wh~(Q))2. •

Proof : We will show that au(x) e W}'°°(Q) (the proof is the same for the
other terms). From (3.14) we have :

a0?,(*)=[ h\x,y)dy+\ h\x,y)^-dy. (3.18)
jy JY °y\

Since h(x,y) e Wl'~(Q x Y) the first term of the right hand side of (3.18)
lies in W l l " ( f i ) . Now to show that the second term lies in WltOO(Q), we use
proposition 3.7. Let Q'<z <z Q and t e R2 with |r| < dist ( f i ' Cfi ) . By
considering the variational formulation associated with problem (3.11) with
the two values x and x+ t and by subtraction, we obtain :

1Y

= ( {h\x+t,y)-h\x,y))^-dy\x+ty)-h\xy))^-

By setting 0 = œ{(x + t, y) — œx{x, t) e Hl(Y) in the previous équation
and using lemma 3.6, we get :

Hû^U + r,. )-œ,(x9- ) | | m ^ C | r | . (3.19)

Let G(x) be the second term of the right hand side of (3.18). Then G lies in
L°°( Q ) and we have :

-L 1

f h\x,
JY

y) • r ! dy .
y «y 7

As x i-> /i(x, y) e W l tO°(i2), then by proposition 3.7, applied to h3{ • , y ) ,
and by the inequality (3.19), we have :

\G(x + t) - G(x)\ ** C • \t\ VxeQ'-
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Now, from proposition 3.7, G G WU°°(Q) and thus a°u e Wh°°(Q). M

THEOREM 3.9 : The solution of problem (3.16) is unique. Further, suppose
that u\ is a positive solution to (3.16) corresponding to boundary data ua and
u0 is a positive solution to (3.16) corresponding to boundary data ua. If
ua 5s u\ on dQ, then u\ 5* u2

Q in Q. D

Proof : The uniqueness of positive weak solutions follows from the mono-
tonicity resuit. We will use here an argument due to Carillo and Chipot [7].

It follows from subtracting (3.16) with u0 = MQ from (3.16) with
u0 = UQ that

f
JQ

Let £ e C ( f i ) , % > O and é — min I , £ I € HJQ).

Then

A*(x) V(u2
0 - ul

0) • n

- - 7 f A*(jc)V(«5«i4).V(iiJ-i4)dx+i/ (3.20)
> [0

where

/ [0

Then

= f

= f (V4-V4 )(A*-m0*)A*mV(4-ul
o)dx

J [0 < uj - «J « ££]

By using the Cauchy Schwarz inequality, we obtain

[0< «a
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\ J [ 0 < «J-«J

[0 < «J - «» =£ £

+ f A* vu2 -i4).v(«g-i4)A.

Introducing the previous estimation in (3.20) we obtain

f A*(x) V(W
2 - ul) -

(3.21)

From lemma 3.8 and remark 3.5, we have

|A*"1/2yl*|2e L

and thus (3.21) gives

) V ( M
2 - «4

f
J [0 < «J - «i

f II A*" 1/2®* |L f ^x (3.22)

where M = max f. Now the measure of the set [0 < WQ - MQ ̂  sÇ] goes

to zero as e —> 0 and passing to the limit in (3.22), the following estimate holds

f
Now it follows from intégration by parts that

J[«J - « i > o ]

vol. 29, n° 2, 1995
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using the last equality in (3.23) we obtain

J, ( 5 4 ( (
[«5 - «i > 0]

^ - f ( V ^ - V ^ T ) ^ * - VÇdx. (3.24)
J lui - «i > 0]

Let us now introducé a vector n = (nv n 2 ) such that <9*(;c) - n ^ 0 for ail
x e £2. This is possible as 0*(x) e LT{Q)2 from lemma 3.7.

For any positive s, chose W a constant large enough so that
Ç(x) = W-es{niXl + n2*2) is strictly positive. So

- div (A*(x) Vf) = [(a°n(x) n\ + 2 a°l2(x) nt n2 + a^2(^) /^) s2 4-

ö a n ôa10 ôa10 âoE09 \
(3.26)

From lemma 3.8, the coefficients of s and s2, in (3.26), are in L°°(O). A* is
isa positive definite symmetrie matrix (remark 3.5), thus the coefficient of s is

positive. Hence, it follows that for a sufficiently large s, we have :

- div (A*(*) V O > 0 VJC s fl . (3.27)

Finally, the inequalities (3.24), (3.25) and (3.27) allow to conclude that
( u2

0 - MQ )+ = 0. This fmishes the proof of theorem 3.9. 3

3.3. Transverse and longitudinal roughness

3.3.1. Transverse roughness

Hère we consider the particular case where the roughness is independent of
yT Hence the function h does not depend on y2 and we obtain

Moreover, the équation (3.11) with i = 1 becomes
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An obvious solution may be found among y2 -dependent functions satisfying

So

dcox ^ Ux)

By using the periodicity of the function yx —» CDX(X, yx ) and integrating the last
équation on Y we obtain

h~\x)

Thus

a°n(x)=-kl(x)==l—.
h (x)

Now the équation (3.12) with i = 1 and since X\ is independent from y2 gives

~ i r" (h\x, y, ) -^ ) = - / - ( A(JC, y, ) ) .

So

- 2 ,

and by intégration on Y we obtain

Thus the components of 0* become

vol. 29, n° 2, 1995
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Problem (3.13) now reduces to

h~ \x) dxi ) dxi\ ' dxi) * ' dxx \h- \x)

(3.28)

3.3.2. Longitudinal roughness

In this case the function h is independent of y}. The same calculations as in
the transverse roughness gives the following homogenized problem

(3.29)

4. HOMOGENIZATION OF THE SLIP FLOW EQUATION

To study problem (1.2), Chipot and Luskin [6] have introduced an auxiliary
problem obtained by setting the new dependent variable

which leads to the problem

div ( he Vwe ) = div (/?e( x, u£ ) ( A — X VhE ) ) on Q

y e 2 a he
 a tfl

where

and A = 6 (aV.
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In this chapter we suppose that h(x,y) e W%°°(Q x Y), then
hc(x)e W2'~(Q).

The existence and uniqueness of a weak solution to problem (4.2)

h) Vu V<p dx = f £ ( J C , ue)(A-X Vhe) V<pdx<pe H ? ( O ) ( 4 ' 4 )

<JQ Ja

was proved in [6] and appears to be a nonnegative function. As X is positive,
the function given by

^ ( 4 - 5 )

is a weak solution to problem (1.2) which is unique in the class of nonnegative
functions.

4.1* Some estimations and regularity results

LEMMA 4.1 : Let uE be the solution of (4.4). Then
pE(x,ue)eHl(

Proof : Since

ue 3* O,£(JC, ue) - - X + \/x2 + 2 /if ue = •

and since A > 0 we deduce that fi£(x,ue) e Hl(Q). •

PROPOSITION 4.2 : Ler we Z?e ffte unique solution of (4.4) and pE given by
(4.5). TTien

Cha(Ù) with 0 < a < l

. •
; Sinc^ V/ie e (^u°°(r2))2 and from lemma 4.1, the function

( c L g ( D ) 2 , 2 < ^ < o o )

and since he e W2'°°(Q) a C°(Ü), we have from theorem A.l(iii)

Thus PB{x, u€) G Whq(Q) and then /?e(x> ue) (A - X V/i£) G

Now from theorem A.2(i), ue G Cx'a(Q).

vor. 29, n* 2,
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The last property of proposition 4.2 is deduced since X is strictly positive.

PROPOSITION 4.3 : Let pe given by (4.5). Then there exists a constant C
independent of e such that

\\PI\\H\O) ^C and \\pe\\H.iQ)^C.

Proof : The variational formulation associated with problem (1.2) is

f (hîpe + Ah2
epc)Vpe- V</>dx=[ h e P e A - V<pdx < p e °

(4.6)

By setting 0 = p2
e— pa in (4.6) we obtain

) c E ] [ yPeVp2
edx=[ hEpEA- Vp2

edx

then

h2
Pe-(VPc)

2dx=[ hcpEA-Vp2
edx.

JQJQ

Since A > O, p£ 5= O and O < Zi0 ^ 7ie ^ hx we deduce

2 1^1 Aj

hl e LiQ)

t hen

II V n 2 II < r II n2 II ^ T4 7"l
H V " e H L 2 ( £ 2 ) ^ C II " e H L2(Q) V**')

now using the Poincare inequality we have

L(Q) e a LM a L (Q) e a L (Q) ^

We then deduce from (4.7) and (4.8) that \\p2
e\\Hi(Q) ^ C.

By setting <j>-pe-pa in (4.6) we show the second inequality of
proposition 4.3. •
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PROPOSITION 4.4 : Let uF be the unique solution of (4.4) and pe given by
(4.5). Then there exists p0 e pa + H0(Q) such that, up to a subsequence,

Pe -^ Po and Pi ~^Po weakly inH\ü) . •

Proof : From proposition 4.3, llpe II ƒƒ>(#) ^ C t n e n there exists
po(E pa + Hl

Q( Q ) such that, up to a subsequence pe converges to p0 weakly
in Hl(Q).

^y H-PeHn'c^) ^ ^ there exists x e /7Ü + ^ O ( ^ ) SUC^ t na t» UP t o a n o t n e r
O

subsequence, p^ converges to x weakly in Hl(Q). Thus X = PQ a*e- i
then pi e H[(Q). M

THEOREM 4.5 : Let uE be the unique solution of (4.4). Then the function
pv given by (4.5) converges top0 weakly in H (Q) and, up to a subsequence,
Vpr converges to VpQ + Vypl(x, y) in the two-scale sensé where
(Po> P\ ) e (Pa + Ho(Q) )*L2(Q\ Hl

m( Y)) is a solution of the following
two scale homogenized system :

divv

= diVy {h(x,y)p0A} inQ xY

/ f 3
àlvx i l (h (x,y)po + Xh (x,y)) (Vxp0(x)+ Vypx(x,y)) dy

r r i
= 6 JU di> \PoA^h(x,y)dy\inQ

y *-> Pi(x,y) Y-periodic .

•
Proof: From proposition 4.4 there exists p0 e pa + H]

Q(Q) such that.

pc^>p0 and p]->pl weakly in Hl{Q) (4.10)

and by theorem 2.6 there exists px(x,y) G L2(£? ; Hl
m( Y) ) such that Vpe

converges to V/?o + V,p{(x, y) in the two-scale sensé.
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By setting <p(x) = <p(x) + e(px(x, - J in (4.4), with <p(x) e D(Q) and
<p}(x, y) e D(Q ; C~(Y)), we obtaïn :

(4.11)

as for the homogenization of the équation (1.1) (theorem 3.4) we can estab-
lish:

' u Jfi JY

+ Vy<pl(X,y))d.xdy (4,12)

->of f A(*,y)po^-(^(x) + Vyç>1Uy))dxdy. (4.13)

Now we show the last limit.
From proposition 4.4 p2

F converges to p2
Q weakly in H (£2), then from

theorem 2.6, p2
e converges to p^ in the two-scale sensé.

The functions

are admissible test functions in the sensé of définition 2.3, then
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is an admissible test function and since VpE two-scale converges to
VpQ + V P](x, y), we can set the function (4.15) in the définition of the
two-scale convergence to obtain the limit

f f k\xE - » O

(4.15)

From the limits (4.12), (4.13) and (4.15) we obtain from (4.11) :

f f (h\x,y)Po + Ah2Uy)) (VPo(x) + VyPl(x9y))x
Y

= f f Kx9
JQJY

<px(x,y))dxdy. (4.16)

By density, (4.16) holds true for any {(p,(px) in Hl
0(Q) x

L2(Q ; Hl
m(Q)). An easy intégration by parts shows that (4.16) is a varia-

tional formulation associated with (4.9).

4.2. Study of the homogenized problem

Let (po>py) be a solution of problem (4.9) and let Ax(p0) be the operator
defined on H\(Y) by

A1(/?o)v = -divy ((h\x,y)po + Xh2(x,y))Vyv) (4.17)

and a*(pQ) be the bilinear form

a\po)(u,v)=\ (h\x,y)po + Ah2(x,y))VyuVy,vdy Vu, v e Hl
p( Y) .

¥ (4.18)

The first équation of (4.9) yields

IV.KO^^I ^ i c)yi v ^o y dx2 dy2
 v ^ ° y

-p,Ax^-p0A2^. (4.19)
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We define co^pç ) (x,y) and x&Po ) (x> J ) a s t n e ̂ -periodic solution (up to an
additive constant) of :

^I(PQ)
 œi(Pç>) — "T~ (h3Po + ^ 2 ) * = 1* 2 (4.20)

From (4.19) we deduce

dp0 dp0

Pi(x>y) ==~âx~co^po^ + lïx~œ2 (Po) ~ A\ Xi (Po) -
 AiX2 (Po) *

By introducing /?j in the second équation of (4.9), we obtain the following
problem :

[v* (A*(po)(x)Vpo)^divx (®*(po)(x)po)inQ

Po = PaondQ ( 4 ' 2 2 )

where the matrix A*(/?o) and the vector ©*(jp0) are defined by

0

Ahdy+ \

a°tt{poKx)= f (h3p0 + lh2)dy+ f ( h 3 p 0 + V i 2 ) d < 0 £ * o ) d y i = 1,2
JY JY °si

i o dCÛ~

/> + "• )

(4.23)

The variational formulation of the problem (4.22) is

f A*(po)(x)VPoV<pdx= f p 0 ©*(/>„ ) ( * ) . V 0 de V<peHl
(4.24)
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LEMMA 4.6 : A*(/?o) is a positive definite symmetrie matrix. •
Proof : From (4.20) we have

4 0 o ) 0 ) = <**(PoX°>i(Po) + 3V œi(Po) + y/) ' = 1. 2

Then A*(/?o) is symmetrie. Now we will show that it is positive definite. For
this we show that for ail Ç = (£ p ^2) G /?2, the following inequality holds :

Denoting by t{= (co.(pQ) + y.) Ç.(i= 1,2) and from (4.23) we obtain

a°n(Po) ex + 2 a?2(p0) {1 ^2 + a°22(Po) g >

on the other hand

from periodicity of cot{p0) the second term is null and the positivity of the
other terms leads to :

whence the inequality (4.25). •

LEMMA 4.7 : Let p0 be a solution of (4.24). Then there exists a constant
independent of p0 such that

M L ^ p o | | m « C i = l , 2 . D

vol. 29, n° 2, 1995



222 M. JAI

Proof : We will show the proof for &?z(
^( /7 0 ) ) . From (4.20) we deduce

?0) (the proof is the same for

By setting (p = œi(p0) in (4.26) we obtain

h\po(x)

thus

hopo(x)

V<peHl
p(Y.) (4.26)

cku,.(/>o) dy

1/2

As the function t

h\
—, we have
h0

f + Ah3,

, 3 •

is increasing on [0, + oo[ and bounded by

II K A y i \ y 0 / H m ^ , 3 '

K
LEMMA 4.8 : Let p0 and p0 be two solutions to problem (4.22). Then

Pol • D

Proof : we prove lemma 4.8 in the case au (the proof is the same for the
other cases).

+ Ah2) V,(co^pl) - co^pl) ) • V,y, dy . (4.27)
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It follows from subtracting (4.26) with p0 - p^ from (4.26) with pQ = pl
Q that

On the other hand, from équation (4.26) with p0 = pQ and
(p = cûjipl ) - CO^PQ ) we have

f (h3 pi + Xh2 ) Vy( œ^pl ) - ..(pi) ) - Vyy{ dy =

. (4.29)

Now équations (4.27) (4.28) and (4.29) give

- co^pl ) ) • ( Vy co.(pl ) + V̂  y

and from lemma 4.7, there exists a constant C such that

l 4 ( P o ) " a°ü(Po)\ ^ C\Po "Pol • •

THEOREM 4.9 : L^̂  p0 be a solution of problem (4.24). Then there exists
a e ]Q,l[suchthatpoe Cha(Ü). D

Proof : Problem (4.24) can be written as

div o + XK2(x,Po))Vpo} = div {p0 Q*(PO)} (4-30)

where

dœ,(pn)

1 °

dy2

dœ2(p0)
dy2
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Let

,2dCQ2(p0)
1

5/?

as pQ and /^ e Hl(Q), G(p0) e Hl(Q) and since G is non négative,
jr?0 = - i + Vl + 2 G = r( G ). Thus G(/?o) is a solution of the following
problem

'div {a(x9 G) VG} = div {r(G) ©*(r(G) )}
(4.31)

where

The matrix Kx and *T2 lie in ( Wh °°(Û))4 and the vector r( G) ®*( r( G ) ) lies
in {H\Q)f. Then the function a(x,G) e (L"(Q))4 and from
theorem A.l(i) applied to (4.31), there exists a G ]0, 1[ such that
G G C°'a(f2) and then poe C°'a(O) and Kxp0 +XK2 € C°(Q). Now by
applying theorem A.2(i) to (4.30) there exists a e ]0, 1[ such that

Cha(Q).

THEOREM 4.10: The solution of problem (4.22) is unique. Furthermore,
suppose that pl

0 is a positive solution to (4.22) corresponding to boundary data
pa and p0 is a positive solution to (4.22) corresponding to boundary data

PI ifpla * PÏon d Q > t h e n PI * PI in Q- a
Proof: We use the same arguments as in theorem 3.9. We show as for (3.23)

that for ail £ G C°°(Q) and f > 0 we have

[pi - pl
0 > 0]
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which can be written

Po ~ A1, > 0]

+ f
J [P5 - Pi > 0]

~ f
* On - A> > 0]

- f
By integrating by parts the first term of (4.32) we obtain

f (Pi-Pi) [- div (A*(pl) V?)] + 0(x) Vp̂  •
•* [pS - pi > o]

S i ) • V£d fc<0 . (4.32)
o]

-6>*(po) • V{dr-pi i ( je ) • V<J dbc < 0 (4.33)

where g(x) is the matrix defined by

{A*(p2
0)-A*(pl)

lf "O^PO
[O ifnot

and l(x) the vector defined by

jf „-

. 0 ifnot.

From lemma 4.8 g(x) G (L~(fi))4 and /(je) € (L°°(i2))2.
For any positive s, choose W a constant large enough so that

£ = W - e'W| is strictly positive. So
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then

— div

M. JAi

g(x) Vp2
0

(4.34)

from theorem 4.9, the coefficients of 5 and s , in (4.34), are in L (Q). Hence
it follows that when s is sufficiently large (4.34) is positive. Therefore the
inequality (4.33) allows us to conclude that (p%-pl

0) = 0 •

4.3. Trans verse and longitudinal roughness

The same calculations as équation (1.1) in paragraph 3.3 give the folio wing
homogenized problems in the transverse and the longitudinal roughness.

Transverse roughness

f dy

Jyh3(x, yY)po(x) + Xh2(x,

on Q . (4.35)

Longitudinal roughness
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Note that X = 0 gives the homogenized problems (3.28) and (3.29) of the
continuüm problem.

Without any proof, Mitsuya et al [13] have proposed the « averaged
Reynolds » équation extended to the slip-flow regime as foliows

-^(Hp) (4.37)

for stationary trans verse roughness.
Where H3, H2 and H are arithmetically averaged film thickness, and

1
3 »

" 2 1
2 and H -

H~

fr

2

3
* ^ 1 " 2 1 *.

H = ——> & ~ - 2 anc* H= - - 3 a r e harmonically averaged film
thickness. It will be proved by using numerical experiments (see fig. 5.7) that
this « averaged équation » doesn't give satisfactory results.

5. NUMERICAL RESULTS

The équation governing the pressure distribution in a thin film slider bearing
of infinité breadth is the Reynolds équation

\ ( )

{pe(0)=pE(l)=l.

For the case of stationary transverse, sine wave roughness considered hère, the
bearing is given by

( ^ ) (5.2)

Hx will be considered fixed {Hx = 2 ) throughout this numerical results and
e is the roughness amplitude.

Numerical calculations of équation (5.1) was performed by two methods.
The first one consists of applying the Newton-Raphson method to obtain a
séquence of linear problem. Then we solve these linear problems by the
LPDEM method described in appendix B (see for more details [12]). In the
second scheme we linéarise the problem by the fixed point method and then
we apply the classical finite différence method to the linear problems.

First, a séquence of calculations are displayed in figures 5.1 and 5.2 for the
continuüm problem (A = 0) with e = 0.6 and A = 300. The dimensionless
exact, homogenized and discretized pressure profiles are given on figure 5.1

vol. 29, n° 2, 1995



228 M. JAI

for e = 0.02 and on figure 5,2 for e = 0.003. One finds, as e decreases, that
the pressure oscillations decrease to zero in amplitude and so it converges to
the homogenized solution as predicted by the theory. We remark that a great
numerical advantage is achieved for the LPDEM approximate solution, due to
a very much coarser mesh (dx = 1/11) used for the LPDEM seheme. The
finite différence approximate solution (DF) is very far from it.

Figure 5.1. — Pressure profiles oî the continuüm probiem ( e = 0.6, A ~ 300, X = 0 )
e = 0.02.
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_-- -^ - T ^
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Figure 5.2. — Pressure profiles of the continuüm probiem (e - 0.6, À - 300, X = 0 )
s = 0.003.
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Next, the same bearing geometry was investigated but with the slip flow
équation (À = 0.4). The results are presented in figures 5.3 and 5.4. One can
conclude similar remarks to the ones for the continuüm problem.

Figure 5.3. — Pressure profiles of the slip flow problem ( e = 0.6, A = 300, X = 0.4 )
e = 0.02.

3 -

2,5 -

2
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Figure 5.4. —Pressure profiles of the slip flow problem (e = 0.6, A - 300,
£ = 0.003.

= 0.4)
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In figure 5.5, we compare the Mitsuya averaged proposée pressure, given
by équation (4.37) and used in tribology, and the homogenized solution pO
(équation (4.35)). The exact solution does in no way seems to tend to the
average solution but it converges to the homogenized solution.

3 T

2.5 -

2 -

1.5

1

0.5

0

EXACT

• HOMOGENIZED

AVERAGED

Figure 5.5. — Comparison of the Mitsuya averaged and homogenized solutions! X = 10,
y* =300).

APPENDIX A.

Some regularity résulte

Let Q be an open and bounded set of Rn and consider the homogeneous
Diriehlet problem

V,eJïJ(û) (A.l)

for /yer°(fl) ,7=l,2, . . . f / i .
Then we have the foliowing theorems (see Rodrigues [16]).

THEOREM A.l : Let UG Hl
0(Q) be the unique solution to (A.l) with

, for some

^ for

(i) If ƒ.€ Lp(Q),p>n and Ûs C°'\ then ue C°'
0 < a< 1 ;

(ii) /ƒ dû € C\ there exists p* > 2, such thaï, u
2<p<p*, provided f} e Lp(Q).

(iii) If in addition to dQ G C\ a., e C°(Ô) then u e WQP(Q) for each
2 < p < », whenever ƒ. € LP{Q).
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THEOREM A.2 : Let u e Hl
Q(Q) be the unique solution to (A.l).

(i) If a., e Cm^(Ù),fjB Cm'a(Ü)anddQje Cm+ha
Jthen

we C' + 1, a

(ii) Ifa^ Wm and dQj e Cm+h\then

, Vm ^ 0,

231

APPENDIX B.

The LPDEM method

By introducing the new variable

in équation (5.1) we obtain the problem

Po . Po Po , Po

(B.l)

(B.2)

Applying the Newton-Raphson method to linéarise the problem (B.2) we
obtain the séquence

ue is given with M£( 0 ) = u0 and M£( 1 ) = M,

u" + ' is solution of

d f h2
e(A-Àh'c)

< - X 2 ft£
2 < ) \ (B.3)

Let Â  be a positive integer and dx = Trrj anc* xi = i dx (i
0, 1, ...9N+ 1) the grid points. Introducing the notations :
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/1' (A-Xh'(t))
Fx (s, i*")=exp( V , eK " dt

M 5 ) ^X^' "s ) «U-i he(S) Fx,(S> UF. )

*< (A -XK){X2 + h2u1"-x V A 2 + 2fe2< ) ,

a (x., Me )

The LPDEM discretized scheme is

m

v „m

= (a
+ i

m + _ \ 4

m + 1

* ( *

W
+

) (

*/" + 1 j

" )

- e(xp uF )

1 ^ i ^ N (B.4)

The convergence of the LPDEM scheme (B.4) is given in [12].
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