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(Vol. 29, n° 3, 1995, p. 303 à 337)

FOURIER-CHEBYSHEV PSEUDOSPECTRAL METHODS FOR THE
TWO-DIMENSIONAL NAVIER-STOKES EQUATIONS (*)

Guo BEN-YU O) and Li JIAN (*)

Communicated by P. CIARLET

Abstract. — Fourier-Chebyshev pseudospectral approximation for the two-dimensional uns-
teady Navier-Stokes équations is analyzed. The generalized stability and convergence are proved
strictly. The numerical results are presented.

Résumé. — Dans cet article, on propose une méthode combinant Vapproche pseudo-spectrale
de type Fourier et l'approche pseudo-spectrale de type Chebyshev pour résoudre les équations
de Navier-Stokes en dimension 2. Une équation de type Poisson est utilisée pour calculer la
pression. On démontre la stabilité et la convergence. Les résultats numériques sont présentés.

Key words : Navier-Stokes équations, Fourier-Chebyshev pseudospectral approximation.
Subject Classification. AMS(MOS) : 65N30, 76D99.

1. INTRODUCTION

Since spectral and pseudospectral approximations have the accuracy of
« infinité order », they have become two of the most efficient numerical
methods for solving the nonlinear partial differential équations arising in fluid
dynamics (see [1-7]).

In studying the channel flow, parallel boundary layer and some of related
topics, we of ten meet semi-periodic flows. We could use mixed spectral-flnite
différence approximation or finite element approximation. But the accuracy is
limited due to the finite différence approximation or finite element approxi-
mation. Thus in order to keep the accuracy of « infinité order », some authors
proposed mixed Fourier-Chebyshev spectral or pseudospectral approximation,
e.g., see [8-10]. In this paper, we consider the mixed Fourier-Chebyshev
pseudospectral approximation for the two-dimensional Navier-Stokes équa-
tions.

(*) Manuscript received December 3, 1993 ; revised June 5, 1994.
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304 GUO BEN-YU, LI JIAN

L e t x = (xv x2 ) T a n d Q = Ixx I2 w h e r e Ix ~ {xx I - 1 < xx < 1 } ,
I2~{x2f - n < x2<7z}. We dénote by F the boundary
{JC/IXJ = l , x 2 e I2}. The speed and the pressure are denoted by
U(x, t) = ( t / jO, t), U2(x, t))T and P(x,t). v > 0 is the kinetic viscosity.
UQ(x) and ƒ(*, r) are given functions with the period 2n for the variable
x2. Let dt— d / dt and d. = d / dx., j = 1,2. The Navier-Stokes équations
are as foliows (see [7])

'P=f, in flx(O,r],

VzP+0(f/) = V-/, in Qx(O9T]9 (1.1)

, in Q

where

<P(U) = 2(d2Ul dxU2- dxUx d2U2) .

Suppose that U and P have the period 2 7r for the variable JC2, and that the
boundary is a fixed non-slip wall and so U = 0 on F. There is no boundary
condition for the pressure generally. But if we use the second équation to
evaluate the value of the pressure, then we need a non-standard boundary
condition. Since the boundary is non-slip, we can assume approximately that
dP/dnlr = O (see [11]). Then the second équation of (1.1) is a Neumann
problem for P at each time. It requires the consistency condition, i.e.,

I ) - V •ƒ)(!* = 0.
Q

Since

0(U) = 2[d2(Ux dxU2) - d2(U, Ô2U2)]

and the boundary conditions for U, we know that

Moreover, by the symmetry of the boundary F, we can assume that

ff ( / ( l , * 2 , f ) - / ( - 1 ^ , 0 ) ^ 2 = 0, \fte [0,7],

and so
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FOURIER-CHEBYSHEV PSEUDOSPECTRAL METHODS 305

Thus this Neumann problem for P is consistent. For fixing the value of
pressure, we require that for all t ^ T,

L x, t) dx =

This model is often used in fluid dynamics.
We shall propose a scheme for the above model, by using Fourier pseu-

dospectral approximation in the periodic direction and Chebyshev pseudospec-
tral approximation in the other direction. This algorithm keeps the conver-
gence rate of « infinité order » as Fourier-Chebyshev spectral approximation,
but it is much easier to be performed. In particular, it is easy to deal with
nonlinear terms and saves a lot of computations. On the other hand, since we
calculate the pressure based on the second formula of (1.1), we avoid the very
difficult job of choosing the trial function space in which the divergence of
every element vanishes everywhere. We construct the scheme in the next
section and present the numerical results in Section III, which show the
advantages of this method. We list some lemmas in Section IV. Then we
analyze the generalized stability in Section V and the convergence in Sec-
tion VI respectively. As we know, the theoretical analysis of Chebyshev
pseudospectral approximation is much more complicated than the spectral or
pseudospectral approximation based on Fourier expansion. So the technique
used in this paper is quite précise. It is also very useful for other related
problems.

2. THE SCHEME

Let D be an interval (or a domain) in R (or R2). L2(D) and
Hr(D) (r> 0) dénote the usual Hubert spaces with the usual inner product

2 - -

and norm, etc. Let co(xl ) = ( 1 - xr) 2, and u and v be scalar or vector
function. Define

f I

(u,v)œf = uvco dxx , | |v || f = (f , v )2

L^,(/j ) = {i?/ü is measurable and || v W^^ < 00} .

Furthermore,

(1^,1;)^ = ^ uvœdx, | |ü | | = (ü»i>)i>»

L^( ^2 ) = {ü/y is measurable and IMI ö < «>} .

vol. 29, n° 3, 1995



306 GUO BEN-YU, U JIAN

Now, let M and N be positive integers. We dénote by 0*M the set containing
all polynomials with degree ^ M, defined on Iv Let

Set

We dénote byV^ the subset of VN, containing all real-valued functions. Let

*Af, N = *M X *JV ' "Af, Af ~ *^W X ^ V •

Let P^) be the orthogonal projection operator from L^( I{ ) to &M and
P^2) be the orthogonal projection operator from L2(I2) to VN. Furthermore,
p _ p(D p(2)
rM,N~ rM rN '

Next, let {JC '̂\ a/y)} be the nodes and weights of Gauss-Lobatto intégration,
i.e.,

x[J) = cos-^, for 0 ^ j ^ M,

Cü(0) = c ü ( M ) = _ ^ ) œ u ) = i f f o r i ^ ^ M - 1 .

Let h~2n/2N+\ be the mesh size for the variable x2, and set

Q M , N = { ( x v x 2 ) / x x = x \ J \ x 2 = k h 9 l ^ j ^ M - l f \ k \ ^ N } ,

We introducé the following discrete inner products and norms

M

M
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FOURIER-CHEBYSHEV PSEUDO SPECTRAL METHODS 307

Let P(
(}

) be the interpolation from C(l} ) to ^ M , and P(
c

2) be the interpo-
lation from C(72) to VNi such that

P <
c

2 ) ü( jc l f 4
t ) ) = i;(jc1>4*)) = i;(jc1 >x^ )), O ^ j s S A f , |Jfc|

Moreover Pc = P(
c
l)P(

(?
) and then

P c ü(x j , x 2 ) = v(xvx2) , inf2M ^ .

Let T be the step of time f, and

For simplicity, we dénote u(x, t) by u(t) or u sometimes. Let

To approximate the nonlinear terms, we define

Now, let u and p be the approximations to U and P respectively. The
Fourier-Chebyshev pseudospectral scheme for problem (1.1) with the bound-
ary condition mentioned in the above, is to find u e VM N,p e WM N for
t G 5T, such that

vol. 29, n° 3, 1995



308 GUO BEN-YU, LI JIAN

where a is a parameter and O ̂  a ^ 1. In addition, we require that for all
t G Sr,

p(x, t) dx = 0 .
Ja

3. THE NUMERICAL RESULTS

In this section, we present some numerical results. The test functions are

^ix]- l)2sin2x2,

eBt(x]-xl)cos2x

{p=CeBt(3xx~x\)$m2x2.

2 = 2 A eB\x\ - xx ) cos 2 x2 ,

For describing the errors, define

E{z(t)) =

where z = U or P, £ = u or p.
We solve (1.1) by scheme (2.1) with o = 0, M = N=4 and

T = 0.005. We obtain very accurate results, see Table I and Table II. For
comparison, we also consider the Fourier pseudospectral-finite element
scheme (FPSFE). In scheme FPSFE, we approximate the speed and the
pressure by linear éléments in the x1 — direction. The interval Ix is uniformly

Table I. — The errors of (2.1), A = 0.5, B = 0.1, C - 0.2, v = 0.001.

t

0.5
1.0
1.5
2.0
2.5

E(U(t))

0.1602E-3
0.3967E-3
0.7814E-3
0.1423E-2
0.2559E-2

E(P(t))

0.1748E-3
0.3653E-3
0.5823E-3
0.8793E-3
0.1405E-2
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partitioned with the mesh size h = 2 / M . The calculation is carried out with
a = Q, M* = N = 4 and x = 0.005. The numerical results show that (2.1)
gives much better results than scheme FPSFE, see Table III and Table IV.

Table H. — The errors of (2.1), A = 0.5, B = 0.1, C = 0.2, v = 0.0001.

t

0.5
1.0
1.5
2.0
2.5

E(U(t))

0.1614E-3
0.3962E-3
0.7840E-3
0.1425E-2
0.2573E-2

E(P(t))

0.1769E-3
0.3707E-3
0.5902E-3
0.8829E-3
0.1408E-2

Table m . — The errors E(U(t)), A = B = 0.1» C - 0, v = 0.001,

t

0.5
1.0
1.5
2.0
2.5

Scheme (2.1)

0.1283E-3
0.2528E-3
0.3745E-3
0.4979E-3
0.6629E-3

FPSFE

0.2254E-1
0.4549E-1
0.6922E-1
0.9442E-1

0.1219

Table IV. — The errors E( U(t ) ), A = B = 0.1, C = 0, *> 0.0001.

t

0,5
1.0
1.5
2.0
2.5

Scheme (2.1)

0.1288E-3
0.2548E-3
0.3779E-3
0.5025E-3
0.6806E-3

FPSFE

0.2264E-1
0.4602E-1
0.7050E-1
0.9682E-1

0.1258
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4. SOME LEMMAS

GUO BEN-YU, LI JIAN

We first introducé some notations. For any integer r 5= 0, define

i r, co, I\
drv
dx\ a>,I\

2
k=0

For any real r > 0, Hr
œ{ Ir ) is defined by the complex interpolation between

the spaces H^( Ix ) and H^+1]( 7t ). Let fibea Banach space with the norm
II . II* . S e t

L2(D,B) = {v(z) : D -^ B/v is strongly measurable, and ||u \\L2(D B) < 00},

C(D, B) ={v(z) : D —> B/v is strongly measurable, and ||t; || C ( A B ) < °°}

where

\Hz)\\2
Bdz)2,

Moreover, for all integer \i 5 0,

H\D, B) = {v(z) e L2(D,

equipped with

dKv
dzK

For real JJ>0, we can define H^(D,B) by the complex interpolation. We
now introducé some non-isotropic spaces as follows

H'~\lv H^

M2 AN Modélisation mathématique et Analyse numérique
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with the norms

Also let

r{s(Q)=Hs(IHr+\l))r^Hs+\lHrXr{s
a)(Q)=Hs(IvH

r+\ll))r^Hs+\l2,H
r(Il))> r, 5 £ 0 ,

r,s ^ 0 .

Their norms are defined similarly. Let C~(Q) be the set of all infinitely
differential functions defined on Q, with the period 2 n for the variable x2.
CQ (Q) dénotes the subset of Cj(f2) , whose éléments vanish on 7". Fur-
thermore, Hr

p
s
œ(Q) and Hr^p(û(Q) are the closures of C j ( f i ) and

in Hr
œ\Q), etc. Besides let

a ü | L \\v\\loo= | | Ü | L + | Ü | 1 M .| ü | L = s u o | Ü | , | Ü | , ^ = max | | a . ü | L , \\v\

Next, we list some lemmas. Throughout the paper, c will be a positive
constant which may be different in different cases.

LEMMA 1 : If u(x, t) e C( f i ) for all t e 5T,

LEMMA 2 (Lemma 1 of [10]; : If u e C(Ï2) an<i u G ^ M X

Furthermore if also u G 3?M X V ,̂

LEMMA 3 : For all v e 0>M x VN,

Proof : Let

vol. 29, n° 3, 1995



312 GUO BEN-YU, LI JIAN

Then vt(xx ) e &w and

v(xvx2) =

By (9.5.3) of [7],

LEMMA 4 : /ƒ u e Hr
p^{Q) and r, 5 ̂  0,

/ƒ* in addition

v G # ' ( / 2 , ^ ( 7 , ) ) n H\IT Hl(Ix ) ) n Hs\lT

0 ^ a ^ r, K, 0 ^ ^ ^ ^ , 5 7 , r, / > ^, 5,

I» -

=0 for $>\ and q(fi)=l for 0 « i

Proof: The first conclusion comes from Lemma 2 of [8], We now prove the
seond one. Let •& be the identify operator, then

where

| v - P<» v \

M2 AN Modélisation mathématique et Analyse numérique
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By (9.7.7) and (9.7.26) of [7], we have

If £ > i then

D2

If p>^ then

In order to obtain the optimal error estimations, we introducé the projection
operator P'M N from « ^ JQ) (or ((ff^ ' ( O ) ) 2 ) onto Vw w

(°r( V^)2)' i-e-'for any « e < ' i j 2

c2 such that
We also assume that there exist positive and suitably big constants cx and

cxtâ^M^c2N3. (4.2)

LEMMA 5 : If v G Mj* W ( & ) anöf ^ 5 ^ 1 , then

Proof: The flrst conclusion cornes from Lemma 3 of [8], By means of the
duality as in [12], we have from (4.2) that

vol. 29, n° 3, 1995



314 GUO BEN-YU, LI JIAN

LEMMA 6 : If ve Hr^pa(Q)r,Xr^(Q),y>\,s>\, and ft =1,2,
then

Proof : Let vl(xl ) be the same as in (4.1) and

p*.»*=

Then v* e VM, and al(vl-v*nu) = 0, for all we Vw where

If « e / / ^ ) and M ( - 1) = M( 1 ) = 0, then

and

Thus

We take u = vl*, vt+ being the H^(^ ) -projection of t?, onto VM. Then by
(4.2) and (9.5.17) of [7],

Moreover by means of the duality,

We now estimate | |P^ N v || j oo. Obviously

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



FOURIER-CHEBYSHEV PSEUDOSPECTRAL METHODS 315

and

c W,) IL , / ,+ II''e1}(«i»/)-«!»/*IL./, •

By embedding theory,

Next let x, = cos 6, le = (0, 2 n) and

Then

v^ cosj9, 0eI0.

Let Pc be the trigonométrie interpolation on Ie. Then P c ü; = Pc v r We have

that for 0 < e < ̂ ,

i ? _ M

B y the e o n t i n u i t y of t h e m a p p i n g vl-^vl f r o m Hr
œ(Ix) to Hr(I0),

Thus

vol. 29, n° 3, 1995



316 GUO BEN-YU, LI JIAN

We have also from the inverse inequality that

IIP^W*)-^!!-, / , ^ cAà(,\\Pl
c
l\alv,)-dlv,\\Wtli+

The previous statements lead to

| Z | « S J V

We can estimate 2 O + K I ) ! 1 ^ ! . * , / sinülarly and get the first conclusion.
\l\ ^ N l

F o r t h e s e c o n d c o n c l u s i o n , w e h a v e t o c o n s i d e r | |d\P*M Nv\\, e t c . C l e a r l y

By embedding theory,

Next, we have

Moreover by (4.3),

M2 AN Modélisation mathématique et Analyse numérique
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and by (9.5.3) and (9.5.20) of [7],

Furthermore we have from (9.5.3) and (9.5.4) of [7] that

while

Therefore

\l\*N ' r+4'aJ' / l J \\l\*N

Similarly

, N V II - ^ C II ü II «•*

LEMMA 7 : If v e 0>
M x V̂ ,,

Proof : Let u e SPM. u and w dénote the coefficients of Chebyshev
expansions of u and dxu. By (2.4.22) of [7],

M

c w = 2 ^ mum, c0 = 2, c = 1 for ^ > 1 .
m = £

vol. 29, n° 3, 1995



318 GUO BEN-YU, LI JIAN

Thus

2 ^ 4 NT» m X^ 2 ^ n us3 NT* 2

Cq Wq ^ F" ^ C~ ^ Cm Wm ^ 2 M 2 ^ Cm Mm
m + q odd m + q odd

and

Then the conclusion follows.
LEMMA 8 : Let v e WM N and g e SPM x VN satisfy the following équation

-(V2^W)M > M ö >=(6f,u)M > i V , t ó , V « 6 V (4.4)

Then

The prove this lemma, we need preliminary knowledge. Let
= ( 1 — jCj)1/2. Define the spaces £^(/j) and Hr

n(Ix) in the same way as
^ / j ) and Hr

œ(Ix), etc. From Lemma3,1 of [14], we know that for any
e L^( Ix ) and / ^ 0, there exists a unique function w e #2( ^ ) such that

i n / j ,

(4.5)

Let /f~ \ll ) be the dual space of H^^ ). By an argument as in the proof of
Lemma 3.1 of [14], we have from the Lax-Milgram lemma that

Also (4.5) leads to

and so
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Thus

On the other hand, if Ç G L2(L ), then w e H2(L ). Furthermore, by multi-
9 / 9

plying (4.5) by w, d w / dxx and integrating by parts, we obtain that

By the theory of interpolation of spaces, we have that if Ç e H~ \lx ) with
20 < s < 1, then w e H2~\Ix ) and

(4.6)

According to Theorem 4.2 of [14], we know that for any real s ^ 0,
Hs

v{ ï])^Hs~l/\ll), Therefore £ e L*,( Ix ) e H~ l / \ 7: ). and
w e //2(Ix ) c f/7/4(7X ). So (4.6) implies

Moreover, Theorem 4.1 of [14] tells us that for any real s ^ 1/4,
IX ) c HS~H\IX ) c HS~UA{IX ). Hence (4.7) leads to

Now, we prove Lemma 8. Let

o= 2 "Ai) e'"2. 9=

where vl e WM and gt e ^ M . Firstly, we consider the case with / ^ 0. Let
u = ( 1 - x[ ) z{ e

itXl in (4.4), with zx G ^ M _ 2- Since
Ud\ V

Thus we have from (4.4) that

= (9l,zl\h + E,(zl) + E2{zl), \/Zle0>M_2 (4.9)
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where

Let zl = f*<M-2Lv[ in (4.9) where P^l2 *s giv e n in Section II and L is the same
as in (4.5). We have that

z, = Lv, - l\vt - P^_2Vl) e&M_2. (4.10)

So (4.9) reads

= (g;, Lu(),,7i - l\glt », - P^2»,),./, + £ , ( ^ - 2 ^ ) + £ 2 ( ^ - 2 ^ / ) •

(4.11)

By (9.3.5) of [7], we have

Moreover by (4.10),

Similarly, we have

and so (4.10) leads to
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By substituting the above estimations into (4.11), we obtain

' (4.12)

Clearly \\v\\nJi ^ IML,/, and by Theorem 2.2 of [13],

Therefore by letting £> -Lv{ and w = v{ in (4.8), we have from (4.12) that

By (4.2), we have that for sufficiently large M,
1-16 cl4 M 3 ^ 4 a > 0. Thus

Next, we deal with the case with / = 0. By taking
u = - (l ~x]) d\vl in (4.4), we get

Moreover,

J Û > ( a ^ f dxl = | 7 « ( * i ) ( j X ' 1 3^ ; (C) rfC V

vol. 29, n° 3, 1995



322 GUO BEN-YU, LI JIAN

Thus for / = 0,

Finally,

This complètes the proof of Lemma 8.
LEMMA 9 (Lemma 9 of [10]) : For any v e VMN,

LEMMA 10 (Lemma 4.16 of [15]) : Assume that thefollowing conditions are
fulfilled

(i) E(t) and Ex(t) are non-negative functions defined on Sz ;
(ii) /?, M} and M2 are non-negative constants, and M3 > 0 ;
(iii) A(z) is a function such that if z ^ Mv then A(z) ^ 0 ;
(iv) for all t e ST,

2
Ce SrC<t

(v) E( 0 ) ^ /?, anJ for some tx e 5T,

Then for all f e ST, t s* tv

E(t) ^ pe2Ml'.

5. THE ANALYSIS OF GENERALIZED STABILITY

This section is dedicated to the generalized stability of scheme(2.1). The
scheme(2.1) is equivalently written as

\ut + dc(u, u) - vV\u + mut) + Vp, v)MN œ = {Pcf, v )M N w,

in QMN.
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If M( 0 ) and ƒ have the errors w( 0 ) and ƒ, then u and p have the errors ü and
p. They satisfy

\a + oxüt) + V

V M „ ) 2 , t e S t ,

where

Let e > 0, and m be an undetermined positive constant. By taking
v = 2ü+ mzüt in the first formula of (5.2), we have from Lemma 1,
Lemma 2 and Lemma 9 that

-2 vaT( v2"" fiw.» -
^ ( + ^ ) IIPcƒII2 (5.3)

where

= 2(dc(ü,u),ü)MNa>,

= mx(de(ü,u),üt)MtNt<o,

= 2(dc(ü,ü),a)MN(O,

= mx{dc(ü,ü),üt)MNa},

vol. 29, n° 3, 1995
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It is easy to verify that if w, v e 0*M x V^ and uv e &2M_X X V2/V, then
(see [10])

Hence

- 2

- vmr(V2w, i/f

where

Aj = 2

= 2 VÖ-T( dxüt, xx co2ü)m ,

It can be shown that

By Lemma 1 of [16], we have that
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and so

|A3| 'S 21^113,8, || „Ha.fi IL

|B3| SS vifir 113,8IIJI^Ö,IL

2 •

Thus (5.3) reads

By Lemma 2 and Lemma 7, we get
i - M 2

7 = 1

We turn to estimate \Fj\. By Lemma 2,

""È
2

C l _
V ^ 1

vol. 29, n° 3, 1995



326 GUO BEN-YU, LI JIAN

Similarly,

\F3\

By Lemma 2 and Lemma 3, we have

|F4| =S c ||fi|LI|fi

c{MN)kü\\l\ü\U

\F5

cxm MN | | f 7 | | 2 . - i 2

1— I I M I L I W I I , O > -

Next, we apply Lemma 8 to the second formula of (5.2), and obtain that

By Lemma 2 and Lemma 3, we have that

and

Therefore,

\Fe\ « 2 \P\iM.N,Jü\\M,M,m « 4 |#|
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Let IIIMIIIJ ^ = max | | u ( O l l i «« e t c - By substituting the above estimations

into (5.5), we get

We take

11+ 5e +

\ü,Wl

^ M, || âll'+MjwIl'+^C HfilDIül^+G! (5.6)

where

-(rm2 + ±)\\\u\\\2 , M2 = ^K
~~ y V / 1,°° 2 cv '

\\pc(V-f)\\L-

Let e be suitably small, and suppose that

X > 1 . (5.7)

Then the coefficient of the term ||M,||^ in (5.6) is not less than T / 3 2 .
Obviously

m
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Thus if

(5.8)

then the coefficient of the term \ü\x m in (5.6) is not less than v/ 16. Thus we
have frorn (5.6) that

ü ^ * M2\\ü\\4„ + B(\\u\\œ) \ü\2
Uo)+ Gx (5.9)

with

By summing (5.9) for t e ST, we have

Let

We get from (5.10) and Lemma 2 that

T 2 [Af̂ CO + Af^^O + ^lliïCOIDI^OIï J .
C 5 C

Finally we use Lemma 10 to obtain the following result.

THEOREM 1 : Assume that the following conditions are satisfied
(i) (4.2), (5.7) and (5.8) hold ;
(ii) for certain small positive constant cv z lllwll̂  ^ c3 v ;
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(iii) for some tx e Stt there exist positive constants dx and d2 depending
only on lll«lllloo and v, such that p(tx) e

d{h ̂  d2/MN,

Then for all t G 5T, t ^ tv we have

6. THE CONVERGENCE

In this section, we consider the convergence of scheme (2.1). Let
U* = P*M N U and ü = u- U*. Since dx P e H^1

 œ(^)y w e follow the ie
in Section 10.4 of [7] to define

^M_h^dxP(xvx2))éilt p=p-P* .

By (1.1) and (2.1), we have

(w, + dc( U\ ü) + de(ü, U* + ü) - VV2(M + axüt) + Vp, ü )MiWf œ = 2 4/ •
7 = 1

ü(0) = PcUo-P*MNU0,

(6.1)

where A. =A.(t>, t) and

A1(o,o = (afi/,»)<B-(t/;,o)J#.w,a>.

A2(», O = ( ( U • V ) U, v ) m - (dc( U\ U* ), i; )M N w ,

A3(v, t) = - v(VV,i)) f f l + KV2u\v)MNa ,

A9(v, t) = ( V •ƒ, v)a - (Pc( V • ƒ ) , i>)MJVi<0 .
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We now estimate \A.(vt t)\. Firstly, we take v = 2 ü in Aj(v,t)
(j = 1, ..., 6 ) . We have from Lemma 2, Lemma 4 and Lemma 5 that

By embedding theorem, we know that (see [10])

II«°II»S- (O) ^ c | | a | | M t ^ . + .(O) I I » I U » . . . * . ( O ) . r , s > \ . ( 6 . 2 )

Let y42( a,t)=Bl+B2 where

^((tZ-V)!/-^*,^),^,

fi2 = (dc(£T, f/*), «)„ - (rfe(ï/*, l / ' ) , ü)MN(a .

We have

By Lemma 4, Lemma 5, Lemma 6, (4.2) and (6.2), we get that for
r > 5 / 4 , 5 > l / 2 ,

U-d-pc)«u*-u)-V)u*\\(û+

AT ' || ( ( U' - U) • V ) U* \\H>(hMUh)
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1 ) \\U\\hJ\U*-U\\2

Moreover, Lemma 4, Lemma 5 and Lemma 7 lead to

H c(M2 +N)(\\U* - U\\lœ+ \\U - PçUWt J + \\PcU-U\\Xa.

By using Lemma 4 with / = r + 1 0 / 4 and s'=l, we have

Moreover by using Lemma 4 with the same values of r and s as in the above,
we have
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Finally

It is easy to see that

=S cN\\U -PcU\\2,co +

where the term \\U — Pc U\\2 œ is estimated as in the above. By Lemma 4,

\\PCU-U\\H.UMI))+ \\Pcu-u\\H^

r + N 2 * ) x

II U II H'(72, «;+ï(/, )) n H\h, H'jkh)) n H'~'(/2, Hj,(A) ) n //"(/a, Wj,(/, ) ) •

Let

H\lv Hr*klx ) ) n H\I2, Hl( ƒ, ) ) n HJ+I(72,

where a > l / 2 , /?> 1/2. Then

r
 + AT 2 ï ) || { / | | 4 ^
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By Lemma 2 and an argument similar to that in the estimation of \BY |, we have

\ B 2 \ ^ c \ \ a \ \ * * *

By (5.4) and the intégration by parts,

A3(K, O = v(d2U\ d2u)œ-v(d2U\ •

Therefore, Lemma 2 and Lemma 5 lead to

|A3(ü, 0 | «ev !«£„ + <;"

Similarly,

Moreover, we get from Lemma 2 that

By Lemma 4,

-Pu-,.*

By the définition of P*, Lemma 5 and trace theorem,

Let
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Then

|As(fi,f)| =£ || ü

Similarly,

K(«.0| < 11*11* +

On the other hand, since dxP = d{ P = 0 for | ^ [ | = 1, we can still integrate
A 7 ( v , t) by parts, and so

B y s i m i l a r e s t i m a t i o n a s i n J A 5 ( M , ̂ ) j ,

{A^Ol ^ e \\v\\l + ^(M-2r
 + N-2s) \\P\\2

Z,XQ)

Similarly,

Mr
a
+ ls+ \Q) r> H\l2, Hrj4(!x
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Next, we take v = mxüt in Aj(v91) (j= 1, ..., 6) and estimate the resulting
ones as before. We get

cm x

\mrA2(ü,0\ ^e

\mTA3(ü,t)\ < e

\mrA,(ü,t)\ ^ e

\mxA5(ü,t)\ < e ^

\mrA6(ü,t)\ ^ er \\üt\\l + s l l {M~ 2r + AT 2 s ) WfWl

Moreover, Lemma 4, Lemma 5, Lemma 7 and (5.7) imply

and Lemma 6 gives

Besides, if (4.2) and (5.7) hold, then for r > 5 / 4 and s > 1 !6,

+ M +JV- =o{m).2

Finally by an argument similar to that of Theorem 1, we obtain the following
result.

THEOREM 2 : Assume that
(i) condition (i) of Theorem 1 holds ;
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(ii) for r > 5 / 4 , s>l /6,a>l/2 and P>\/2,

t / e C(0,T;Yr
m\Q)n*C\Q)),

d,Ue C(O,T;Mr^'

P e C(O,T;Zr
m

s(Q)),

f G C(0,T ^l+1's+\Q) n H\l2,H
rf4(I,)) n H\l2, H'j

Then for all t s£ T,

«<*3(r
2 + M" 2 ' + AT 2 ' ) ,

d3 being a positive constant depending only on the norms of U, P and f in the
spaces mentioned in the above.

REFERENCES

[1] D. GOTTLIEB and S. A. ORSZAG, Numerical Analysis of Spectral Methods,
CBMS-NSF, SIAM, Philadelphia, 1977.

[2] Y. MADAY and A, QUARTERONI, Spectral and pseudospectral approximations of
the Navier-Stokes équations» SIAM, J. Numer. AjiaL, 19, 1982, 761-780.

[3] Kuo PEN-YU, The convergence of the spectral scheme for solving two-
dimensional vorticity équation, /. Comp. Math., 1, 1983, 353-362.

[4] GUO BEN-YU, Spectral method for solving Navier-Stokes équation, Scientia
Sinica, 28, 1985, 1139-1153.

[5] Y. MADAY and B. MÉTIVET, Chebyshev spectral approximation of Navier-Stokes
équations in a two dimensional domain, Model Math, et Anal. Numer,, 21, 1987,
93-123.

[6] GUO BEN-YU and MA HE-PING, The Fourier pseudospectral method for three-
dimensional vorticity équations, Acta Math. AppL Sinica, 4, 1988, 55-68.

[7] C. CANUTO, M. Y. HUSSAINI, A. QUARTERONI and T. A. ZANG, Spectral Methods
in Fluid Dynamics, Springer-Verlag, Berlin, 1988.

[8] Guo BEN-YU, MA HE-PING, CAO WEI-MING and HUANG HUI, The Fourier-
Chebyshev spectral method for solving two-dimensional unsteady vorticity équa-
tions, J. Comp. Phys., 101, 1992, 207-217.

[9] CAO WEI-MING and Guo BEN-YU, Fourier-Chebyshev spectral method for three-
dimensional voriticity équation with unilaterally periodic boundary condition,
AppL Math. J. of Chinese Uni, 7, 1992, 350-366.

[10] Guo BEN-YU and Li JïAN, Fourier-Chebyshev pseudospectral method for two-
dimensional vorticity équation, Numer. Math., 66, 1994, 329-346.

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



FOURŒR-CHEBYSHEV PSEUDOSPECTRAL METHODS 337

[11] RJ . ROACHE, Computational Fluid Dynamics, 2'nd édition, Hermosa Publisher,
Albuquerque, 1976.

[12] Y. MADAY and A. QuARTERONl, Legendre and Chebyshev spectral approxima-
tions of Burgers' équation, Numer. Math., 37, 1981, 321-332.

[13] C. CANUTO and A. QUARTERONI, Approximation results for orthogonal polyno-
mials in Sobolev spaces, Math. Comp., 38, 1982, 67-86.

[14] C. CANUTO and A. QuARTERONl, Variational methods in the theoretical analysis
of spectral approximations, in Spectral Methods for Partial Differential Equa-
tions, 55-78, éd. by Voigt, R. G., Gottlieb, D. and Hussaini, M. Y., SIAM-CBMS,
Philadelphie 1984.

[15] GUO BEN-YU, Différence Methods for Partial Differential Equations, Science
Press, Beijing, 1988.

[16] M A HE-PING and Guo BEN-YU, The Chebyshev spectral method for Burgers-like
équations, J. Comp. Math., 6, 1988, 48-53.

vol. 29, n° 3, 1995


