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MATHEHATICAL MODELLING AND NUMERICAL AHALYSIS
MODÉLISATION MATHÉMATHHJE ET ANALYSE NUMÉRIQUE

(Vol. 29, n° 4, 1995» p. 477 à 503)

EQUICONVERGENCE OF SOME SIMULTANEOUS
HERMITE-PADÉ INTERPOLANTS (*)

Marcel G. DE BRUIN C1) and A. SHARMA (2)

Communiqué par R. S. VARGA

Abstract. — In several papers a resuit by J. L. Walsh on equiconvergence of polynomial
interpolation in the roots of unity to analytic functions, has been extended using methods from
complex analysis into the direction of rational interpolation to meromorphic functions having a
given number ofpoles (E. B. Sqff, A. Sharma and R. S, Varga ; followed by M. P. Stojanova who
introduced an extra integer parameter € > 1 that governed the degree of the roots of unity in
the first stage of the interpolation process, for € = «> both stages use the same roots of unity).

The aim of this paper is to extend the results indicated to the situation of simultaneous (or
vector) rationa! interpolation to d-tuples of meromorphic functions, each analytic at the origin,
having disjoint sets of poles of given (finite) cardinality ; the main resuit exhibits so-called
overconvergence : the différence between the rational interpolant for a fixed €,
1 < € < oo and that for € = <» converges to zero (geometrically) on a larger disk centered
at the origin, than the disk of analyticity of the function that is interpolated.

AMS subject classification : 41A05 (primary), 41A28 (secondary)
Keywords : simultaneous interpolation, simultaneous Padé approximation, uniform and geome-
trie convergence.

Résumé. — Dans plusieurs articles un résultat de J. L. Walsh sur equiconvergence des
polynômes d'interpolation sur les racines d'unité des fonctions analytiques est généralisé par des
méthodes d'analyse complexe au cas d'interpolation rationnelle des fonctions méromorphe avec
un nombre de pôles donnés (E. B. Saff, A. Sharma et R. S. Varga ; suivit par M. P. Stojanova, qui
a introduit un paramètre entier î ^ 1 gouvernant le degré des racines d'unité dans la première
étape de l'interpolation, pour î — <*> la première et la seconde étape ont les mêmes racines
d'unité).

Le but de l'article est maintenant une extension des résultats indiqués dans la direction
d'interpolation rationnelle simultanée de vecteurs de d fonctions méromorphe, chaque régulier
a z = 0, avec ensembles de pôles différentes de cardinalité finie donné ; le résultat le plus
important est ici la situation appelée overconvergence : la différence entre l'interpolation
rationnelle avec une valeur fixée pour î, 1 ^ € < <*> et avec € = <» converge vers zéro
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478 M. G. DE BRUIN and A. SHARMA

(de vitesse géométrique) dans un disque plus grand — centrée à zero — que le disque
d'analyticité de la fonction interpolée.

AMS subject classification : 41A05 (primaire), 41A28 (secondaire)
Mots clefs : interpolation simultanée, approximation de Padé simultanée, convergence uni-

forme et géométrique.

1. INTRODUCTION

Our object hère is to extend some recent results of E. B. Saff, A. Sharma and
R. S. Varga [1]. They used complex analysis methods to extend a resuit of J. L.
Walsh on equiconvergence of polynomial interpolants for functions in class
Ap to Hermite-Padé interpolants for functions belonging to Mp(v), p > 1.
Hère Ap dénotes the set of functions analytic in the dise Dp of radius p but not
analytic in its closure Dp, while Mp{ v ) refers to functions meromorphic in
Dp with precisely v given pôles inside. Later M. P. Stojanova [4] extended the
resuit of E. B. Saff et al. For any integer î 5= 1 and any function in
Mp( v) , she defined a rational function which satisfies properties analogous to
Padé approximation. For € = 1, her results give the resuit of Saff et ai but
for £> 1, the séquence of rationals do not reduce to Padé approximants.

Our main concern is to extend the results of Saff et al. and of Stojanova to
simultaneous Hermite-Padé approximation for d given functions Ft{z) which
belong to Mp( vt) (i ~ 1, ..., d). Hère vv...9vd are d positive integers
and {/>.}f are positive real numbers which satisfy
1 < px ^ p2 ^ •— ^ pd . When d ~ 1 and £ = 1, our results will give
those of Saff et al [1], but for £ > \yd~ 1, our results are analogous to those
of Stojanova, but are different from hers. In f act, the rational interpolants
which we define for any £ ^ 1 and d > 1 can be stated in terms of Padé
interpolants. We shall show how our rationals differ from those of Stojanova.

In Section 2, we give the preliminaries on simultaneous Hermite-Padé
interpolation for d given functions in Af^.(v-), (i = l , . . . , d ) . We shall
suppose that the pôle sets of the given functions are disjoint. In an extension
of the theorem of de Montessus de Ballore to vector valued interpolation using
rational functions with a common denominator, P. R. Graves-Morris and E, B.
Saff introduced an analogous condition (termed « polewise independence ») in
[2], We shall first consider the case when the nodes of interpolation are simple
and consist of the zéros of z+X-ota + l (or of zC T + 1-^ f f" f l) where
a, P e C and max( | a | , | ^ | ) < / ? 1 . I n Section 3 we prove the existence and
uniqueness of the operators defined in Section 2. In Section 4, we prove some
lemmas which are used in Section 5 to prove the main resuit. Section 6 will
deal with the formulation of the problem for the case of multiple nodes ; Le.,
the nodes of interpolation are the zéros of (za + l - 1 )r, r 2= 1.

2. PRELIMINARIES AND MAIN RESULT

Let d be a natural number and let Fv ..., Fd be d given functions, each
F. belonging to the class Mpt(vt)9 where vv ..., vd are natural numbers and
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HERMITE-PADÉ INTERPOLANTS 479

1 < px ^ p2 ^ —- ^ pd are real numbers. Since Mpi(v() is the class of
meromorphic functions in the dise Dp, with precisely v. poles inside, we may
set

2au**. ]%L\"iJ*Ji(i=h...,d) (2.1)

where

— TT (z — Z' •) ^ * À = v (2.1)
j=i '•' j = l '•'

For the sake of simplicity, we shall only consider the case when the pole sets
of the d functions F. are distinct, so that

Z{ j =5* Zf f for i ^ f ( j , ƒ arbitrary) .

Let v0 be any positive integer (when d = 1, we generally take v0 = n) and
let a := v0 + vx + - - + vd.

The problem of simultaneous Hermite-Padé interpolation on the zéros of
za+l - OLG*X for some a e C with |a | < px is to find d + 1 polynomials

satisfying the following three conditions :
(i) PQ(z) is monic and of degree o - v0

(ii) Pj(z) is of degree a - v. (j = 1,..., d)
and

(iii) fj(z)PQ(z) - P / z ) B/z) = O(zff+1 - aa + l ), j = 1, ..., d.
The last condition means that P.(z)IP0(z) interpolâtes F{z) on the zéros of
za + l - aa + 1 where Py(z) and P0(z) satisfy (i) and (ii). It is easy to observe

d

that the number of unknowns is a - v0 + 2 ( & - v • + 1 ) which on
simplifying becomes d( a + 1 ) which agrées with the number of interpola-
tory conditions for the d functions. For a detailed historical survey on the
subject for a = 0, we refer to [5].

vol. 29, n° 4, 1995



480 M. G. DE BRUIN and A. SHARMA

For any /? e C, with |/?| < pv /? ^ a, and for any integer î ^ 1, we shall
dénote the Lagrange interpolant to fi on the zéros of z

/î- "» A is given by (2.1), then it is easy to see that

« ( ( 7 + 1 ) - !

*«**

m = 0

rfïl€{ O + 1 )

by

(2.3)

We shall require the Lagrange interpolant to the polynomial
+l - ao+x . Denoting this byin the zéros of

z), we see that

where

f - i

(2.4)
7 = 0

€-\ ~

For / = 1, ...,

r = 0 m = 0

i, we set

, /r € ( (2.5)

(2-6)

We are interested in finding the simultaneous Hermite-Padé interpolant of the
d functions Ff" (i= 1, ..., d) on the zéros of z f f+1-a f f + 1. We dénote the
Hermite-Padé interpolant by Pe

ia(z) which is a rational function whose
numerator is of degree a - v. and whose denominator is monic of degree
cr - v0. We set

BXz) '
(2.7)
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HERMITE-PADÉ INTERPOLANTS 481

Then P[a(z) interpolâtes F?'" on the zéros of za + ] - aa+1 so that

Bi(z)U\(z) = Bî(z)^JA\jj, Z^OLW, a/+1 = l. (2.8)

The left side is a polynomial of degree v. + ( o - v. ) = G while the right
side is of degree o + (a - v0). But on putting z = aco on both sides, since
a / + 1 = 1, the right side becomes a polynomial of degree a, Then comparing
coefficients of z on both sides in (2.6) we get the relations

k=0
2 j i 2J
k=0 k=s+l

( i = l , . . . ,d ;0 ^ 5 ss a ) .

i, a + 1 + s - k (2.9)

If we make the convention that

then the System of équations (2.9) can be written

(2.10)
k = 0

where a a = 0 , /: > v., p^ n = 0 for n>a-vr This System of équations
détermines the Hermite-Padé interpolants on the zéros of z + [ — aa+l of the
d functions F/j;?(i= 1, ..., rf).

= 0, then from (2.5), we have

so that

Remark 1 : If

S

y = 0 /• = 0

When € = °°, then for any /?,

r= 1

vol. 29, n° 4, 1995
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482 M. G. DE BRUIN and A. SHARMA

Remark 2 : Comparing the coefficients A\. with those of Stojanova [4], we
see that there is only a différence for j < 0. Dénote the A's from [4] by
A, then :

Âj;n,v = Ah-ai,(<-l)(<r+D + o+l+J 0 ' < 0 î <7 = * + V ) ,

where i on the right hand side can be omitted because in [4] there is only one
function.

We shall show that for each i ( 1 ^ i ^ d ) and any integer î ^ 1, the
différence between the rational interpolants P°°o( z ) and P\ a( z ) converges to
zero as a —> <*> in a région larger than the région of meromorphy of Ft{ z ) with
the pôles of F.( z ) deleted. More precisely, we prove

THEOREM 1 : Let F = (Fv ..., Fd) be dfunctions meromorphic in the dises
D ( 1 < px ^ p2 ^ •"• ^ pd) respectively as given by (2.1).

Let a, P G C, a ^ /?, max ( | « | , |/?| ) < px and suppose eted and
fiaJ (0 ^y* ^ a ) with af+ = 1 are distinct from the pôle sets of F/s.
Suppose for some integer î ^ 1, P\a(z) = U\(z)IB€(z) dénotes the
simultaneous Hermite-Padé interpolant to Fy" on the zéros of
Za+l-OLa+\ Suppose P~ff(z) = U~(z)/B~(z) is the Hermite-Padé inter-
polant to F( on the zéros of z — CL . Then as a —» ©°, the following
holds :

for | Z | < ^ , (2.13)

(i = 1, ..., d) where R = max ( | a | /pv \fi\ /Px) < 1- The convergence
is uniform and geometrie on compact subsets of the région.

Sharpness of Theorem : We shall show that there are two functions
e Mp( 1 ) for which the resuit of Theorem 1 is sharp. Let

Then as in (2.5), we have

A\={ f _ , where C. = -

M2 AN Modélisation mathématique et Analyse numérique
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HERMITE-PADÉ INTERPOLANTS 483

Following the method in Section 3, we see that y\ and yl
0 in the denominator

z + y\ z + y€
0 of the simultaneous interpolants to F.{ z ) on the zéros of

n + l " + 1, are given by the System of équations given byzn + l -

-(*r
i + 2"

It is interesting to observe from the above that y\ ( / = 0, 1 ) do not depend
on t. Note that as n -> oo, we get y* = - ( a2 + ^ ), y€

0 = ax a2 so that
the denominator of each of the simultaneous interpolants tends to
(z- axXz- a2).

Since y[(k = 0 , 1 , 2 ) are independent of €, it follows easily that
B~(z)=B€(z). Also,

n + 2

Jt-0 j = m
/ * • f = 1 , 2

where

-c-y
i - ( -

- i )

Therefore

B'(z) '«V(z)
Since for z^ OLV a2, we have

lim
l - C , n + 3

it remains to find lim \UT(z)\

vol. 29, n° 4, 1995
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484 M. G. DE BRUIN and A. SHARMA

After some simplification we get

m = 0

^ W ( ( r ) , ,.1.2

where

Because lim C^ = 1, we get for |z| = pR~e, the following

lim

Hence for \z\ ~ pR e, we get

lim

i
rt + 3

= 1
B~(z) B\z)

which proves the sharpness.

3. EXISTENCE AND UNIQUENESS OF HERMITE-PADÉ INTERPOLANTS

We shall prove the following

THEOREM 2 : Let F = (Fv ..., Fd) be d fonctions, Fi e Mpi(v.)9 where
vé 's are integer s and 1 ^ px ^ p2 ^ — - ^ pd are real numbers. If
a := v0 + vx + —• H- vd is sufficiently large, then for any integer
t ^ 1, there exists for each i (1 ^ i ^ d), a rational function
P{a(z), (andP~o(z)) which satisfies (2.8).

Proof : The rational function P\ a(~F ; z) is determined by the System of
équations (2.10). We shall show that the values of
ye

k (k = 0, 1,..., a - v0) can be uniquely determined. For a fixed
/ e {l, ..., d}, we multiply the équations (2.10) by

7 ^

M2 AN Modélisation mathématique et Analyse numérique
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HERMITE-PADÉ INTERPOLANTS 485

2 A. v.
j — i

and sum both sides from 5 = 0 to a. We then get a total of 2 A. • = v.

équations for each L Then the left side becomes

a o-v0 er-v,- f v(.

^£M/ ^—/ i,krit s•- k\ f } ij JLL

where we put s — k = n and observe that o^ fc = 0 for k > v. and
p^ n = 0 for n > a - vr The coefficient of p\ n in the above

ft + Je \ n + k—t 1 XT̂  / , i \ / , i * < * \ n + k-t

= 0 for 0 ^ r ^ A- ; - l , l ^ y Ï£ fxt.

Thus we get from the right side of (2.10) for each i

(3-1)

This is a system of <7 — v0 linear équations in the unknowns
yl (k = 0,..., a - v0 - 1 ) with ya_Vo = 1. We shall show that

,?,•
and will prove that

where

q = max

vol. 29, n° 4, 1995



486 M. G. DE BRUIN and A. SHARMA

To prove this, we set the left side of (3.2) equal to Il—I2 + Iv where

s = cr+ 1
(3.4)

We shall now obtain an estimate for I2 and prove

LEMMA l:Ifï2 is given by (3.4), then

* 1 . where q = Z, . |}] (3.5)

j w aw absolute constant not depending on n.

Proof: Observe that if 0 < x < 1, then for any positive integer t, we have

f (3.6)

for a ^ t + -r^—, r ^ O . This follows from the fact that

d(x a+1

— JC

M2 AN Modélisation mathématique et Analyse numérique
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From this we get the result by itération. Putting q as indicated above, and
s) ) , we get

2 *u.-Aii*t
= <7+ 1

I V
= ff+l

r!

<(^-e> -<
— , using(3.6)

o + l - t

1 - 9

from which (3.5) follows immediately.
It remains to obtain an estimate for Iy We shall prove.

LEMMA 2 : If I3 is given by (3.4), then

D

(3.7)

vol. 29, n° 4, 1995



488 M. G. DE BRUIN and A. SHARMA

Proof : We shall first consider the case when s ^ k— 1. Then

î - 1 oo

r = 0 m = 0 \ P i ~

Pi- Pi-
1 -

- 1 )

1 - •
lai

Pi-'
(3.8)

for ail /: G {0, 1, ..., a - v0}. For € = «> a similar bound is derived (then there
is no contribution from f̂f).

M2 AN Modélisation mathématique et Analyse numérique
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For s ^ k, we havc

m = î

aim€(a+\) + S-kPr

t i

?(. — s
1 ) + s -

I nimf(ff+

/ l«l V+l

489

- a'i, J - k

\fi\ Y

, k ̂  s ^ a .

For € = o° we get a bound like (3.9) with the )9-part missing

vol. 29, n° 4, 1995
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490 M. G. DE BRUIN and A. SHARMA

From (3.8) and (3.9), we see that

s = 0

, - *
1̂1 Y(J+1)1 M " ' (s

M2 AN Modélisation mathématique et Analyse numérique
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HERMITE-PADÉ INTERPOLANTS 491

Using the fact that ( f ) ^ aa"v°, q<l and the boundedness of
Jfc(Jfc^<7-vo = v1 + —- + vd), we find (3.7). D

Combining the results of Lemma 1 and Lemma 2, we find (3.3). Further-
more

S + k\ s + k-t
t )h

showing (3.2).

Proof of Theorem 2 : We are now ready to prove Theorem 2, Dénote the
matrix of the system of équations (3.1) for the y\ by Al

a. Then (3,2) and (3.3)
imply that

where q- max f max {l, |z,,|}l. Remark that

k (0 ^ k ^ a — v0 - 1) is used for the columns and tj, i with
0 ^ t ^ XitJ - 1, 1 ^ j• ^ jUp 1 ^ ï < d for the rows.

For the matrix À with éléments p*D'[z^.(z)] z,-,y. observe that

^ i (t-t)\ '

Introducé the confluent Vandermonde matrix (known to be different from zero)
by

; * ^ <7 - v0 - 1 ,

0 ^ t ^ ktj - 1 , 1 ^ j «S / i . , 1 sS i

Then

vol. 29, B° 4, 1995



492 M G DE BRUIN and A SHARMA

where O = Diag (D1 , , . . . , Z)î ft) .„, Dd , ..., Dd ) is a block diagonal matrix
with building blocks

=

/ƒ,(*,,,) o ... o \
',(zhJ) f,(zhJ) ... O

We conclude that A€
a =* 0 for a sufficiently large.

The équations (3.1) uniquely define the numbers
ye

k(0 ^ k ^ a - y0- l). Moroever the rank of the System (3.1) is
<7-V0.

We now return to the system of équations (2.10) with d(a + 1 ) équations
and unknowns ye

k(Q ^ k ^ a - v0- 1) ; p ^ ( 0 =S j =£
a - vt, 1 ^ / ^ d). We shall show that this system of équations has full
rank. This will prove Theorem 2.

To show this, we rewrite the équations (2.10) putting the y\ 's first and look
at the following three Systems of équations :

(1) Ml : Equations (2.10).
(2) M2: We replace in (2.10), the équations with 0 ^ s ^ vi - 1,

1 ^ i ^ d by (3.1).
(3) M3 : Equations (3.1) and the system (2.10) together.

The determinant of the system M2 is det Ae
a det A, where A is the algebraic

complement of A€
a, where A is a block diagonal matrix with upper tnangular

matrices having a( ( = 1 ) on their main diagonals. Thus det A = 1 and
det Al

a^ 0 for a ^ aQ9 so that rank M2 = d(a + 1 ).
Since the équations (3.1) have been derived from (2.10),

rank M ^ r a n k M g . From the trivial observation that rank Mx ^
d( o + 1 ), and that

tf( e + 1 ) 25 rank Mx - rank M3 ^ rank M2 = d( a + 1 )

for er sufficiently large, we see rankMj = d{a + 1 ), which proves the
(unique) existence of the interpolants. D

Remark 1 : The asymptotics for det A€
a ( o —» <*> ) imply the following result

lim ^ y[**= n ^ ( z ) (1 ^ ^ e o ) ,

M2 AN Modélisation mathématique et Analyse numérique
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HERMITE-PÂDÉ INTERPOLANTS 493

Indeed the set of équations for y€
k ( 0 ^ k =S a - v0 - 1 ) has an asymptotic

right hand side given by

t\ ~ ^ ( )

which shows that the solution yt of the system is asymptotically equal to

det

Hère Vkl il>J ) arises from vl £* ) by replacing the column ( ̂  1 zf "^ (row
number ' j running like : 0 ^ j ^ Xir - 1, 1 ̂  r ^ /if.,

1 ^ / ^ rf) by the column ( ° " " . V o ) zl~v°~j and O is not used. The
quotient of these two Vandermonde déterminants is just the elementary
symmetrie polynornial Ça_Vo_k of degree a — v0 — k on the zéros of

d

U

4. SOME TECHNICAL LEMMÂS

In order to prove (2.13), it is necessary to have bounds on the différences
of the denominators B€(z) and B°°(z) for 1 ̂  € < °° and bounds on
B%z) for 1 ̂  î ^ OP. We have to do the same for U%z) and U~(z). This
will be donc in the following two lemmas :

LEMMA 3 : Let Ht be a compact subset of |Z | (T , T) 0 omitting the singula-
rities of F]3 *»>Fd. Then

^ Y \ • 1 ^ € < oo (4.1)

Pi Pi J

lim Jmax|£€(z)|]â= lim Jmin |fl€(z)|b= 1, 1 ̂  e ^ - . (4.2)

Proof : We shall need an estimate on the différences of the coefficients of
and 5 € (z ) , which are determined by the system of équations (3.4), with

= 1 ( l ^ £ <: oo). Observe that

I4 + 75 , (4.3)

vol. 29, n° 4, 1995
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$ = 0

__ Âe i (s\
s-k ^i.s-kl \ t )

For the case k ^ s, we have

((T+l)

€ - 1

r = 0 m = 0

S i
Û i , r(<T+l) + s-k a

e - i

2*t
m = 0

For k> s, we have

€((T+l)

(4.4)

and now with a + 1 + s playing the role of s in the above, we have

,* . - / M V+1 i
/ eV-*
\Pi-2)

X
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HERMITE-PADÉ INTERPOLANTS 495

For all 8 sufficiently small, 0 < e < min lp . - max{l, \ztJ\ }j (since

( S ) j/ < & anci ( r ) = ° for 5 < l)» w e ê e
_

(4.4) and (4.5) that

i r / M v(g+1)

( e\s-k\cs[ e

Since ƒ \ is bounded (the range of t, k being

[0, Vj + —- + vd] ) and [ \ a is also bounded, it follows that

WiJ

(0 « ï « X,j - 1, 1 « 7 ^ /i(, 1 sS i « rf, 0 « * « a - v0) .

From (4.3) and (4.4), we see that the déterminants det / Ç and det A(
a of the

system (2.4) are related by

e f |«l |£| V ( t 7 + 1 )

det 2l~ = det Ae + cn max \ J—L-, -Jn- \ . (4.7)

Applying Cramer's rule, this implies that

Ll,.-o y.-.j ( 4 8 )

vol. 29, n° 4, 1995



496 M. G. DE BRUIN and A. SHARMA

since e > O was arbitrarily small, this yields (4.1).
d

Finally, lim B°°(z) = lim fi€(z)= FI W z ) (from the remark at the

end of Section 3) and this limit polynomial is different from zero in 3C which
yields (4.2).D

L E M M A 4 : Létf r > 0 and DT = {z e C |z | s£ T } . r&en / o r

Re, T < Pi
limsupJ max |l/~(z) - l/f(z)| U sï { tf x ^ (4.9)

Putting <5. fc := ^ €i * := /£* - p£ * ( 0 ^ € < «> ) with /?^ fc := 05 we
dérive bounds on öi k which lead to (4.7) and to (4.8) for î = 0.

We again start with the System of équations (2.10) for ail unknowns
yl*P*h- W e niultiply t h e équations (2.10) b y ( 5 ~t

m) zs
i~

m'~t and sum over s
from m to a. The range for tj, i is as bef ore : 0 ^ t ^ Xt . - 1,
1 ^ j ' ^ jU., 1 ï£ i ^ d. This leads to the following :

E V CL n (s~ ™\/-*»-'= V \ V Ae (s-m\s-m-ti e

s=m k=0 k-0 \s=m J
(4.11)

As ( s ~t
 m ) = 0 for s — m< t, there are no négative powers of zir The

y€
k 's are known, so we leave the right side and rearrange the summation on the

left taking s — k fîxed say r. We keep in mind that a- k = 0 for k > vè and
p€

ir = Q for r > c r - v r Then the left side of (4.11) becomes

r= m— 1 \ k— m— r
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Now the coefficient of p\r in the second sum can be written as

which is zero, 0 ^ t ^ XtJ - 1, 1 < j *= JJ., 1 ^ i ^ <£
In the first sum, we replace r by m - r and find that (4.11) reduces to

v i v(

r=\ k=r

tr-v0 \ a

We do not write these équations for 1 ^ i ^ d but we fix a value of
i G {l,..., <i}, i.e., we treat one polynomial in the numerator at a time.

Mi

(4.12) is a System of 2 A-- = v équations of the v. unknowns
j - \ J

plm-i>"">p{m-vr Letting m run over the values v(-, v£.+ 1,..., o— vf-+ 1, we
can give estimâtes for all the coefficients.

As the coefficients of/?fm_r(l ^ £ ^ ©o) do not depend upon €, we can
write down the équations for öim_r{ :=p~m_r -p[m-r) •

I I l I

r = l fc Jt O

2J yk 2sAus-k\ t ) za c4-1^;
* = 0 .v = m

( 0 ^ ^ A . . - 1 , l S j ' ^ ) .

The coefficient matrix of (4.13) can be written as a product of two matrices.
A typical row of the matrix is given by

(k-. ( k 2 \ ^ (k-v.
k = 1 k = 2

with £,y' fixed.
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This row helps us to write the matrix as a product of two matrices :

« u

o
o

o

o
o /

Thus the coefficient matrix is the confluent Vandermonde V{ S ) multiplied
\Ai j /

by a matrix whose determinant is 1, that is the determinant of the system is
different from zero and we can apply Cramer's rule to find

$ - m
t

s-m
t

(4.14)

wherc the dr . t are the minors when dcvcloping the determinant with the
column of y's on the r*1 column place with respect to this column. These
dr t depend only on the poles of the function Fi9 and on vf. and t and so are
uniformly bounded :

K,trl a n d (4.15)

To estimate the différence between the curly brackets on the right side of
(4.14), we dénote it by 0 and we see that

ör-V0

(4.16)

If we set iïE := max

\y1-y\\

J, then we know that

from (4.6)
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(2) \y\\ ^ c from the remark at the end of Section 3

(3) t h e b o u n d s f o r \ K , s - k ~ A\ s-k\ f o r 0 ^ s ^ k - 1 a n d
k ^ s ^ a, in (4.4) and (4.5)

O =S s ^ k - 1, method of (4.4)

(5) \A~s-k\ = a.

Using (l)-(5), it is easy to see from (4.16) that

1*1 ^ 2 1
R

(4.17)

Then (4.14) and (4.17) gives

^22 — , ( r = 1,..., v . ) ,

where c22 does not depend on m.
Repeating the argument with different values of m, we get

*1 ^ C 2 3 r v
(pi-8)

Finally, we have

fe' (o ^ * ^ a - v . , ï l Î ^ 0 ) . (4.18)

2 e Dr

o

if T < pt- e ,
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For T ^ /?., we have

'• - 1

>

Pi -e Pi-e

whence we obtain

lim

The first part of the lemma, that is (4.9), follows immediately as e > 0 may
be taken arbitrarily small. As stated before, (4.10) follows on taking
€ = 0. D

5. PROOF OF THEOREM 1

Let 'M be a compact subset of |z| < T, T > 0. Then

= limsup { max \U°°(z) B\z)

limsup (max |f/~

1 ^ , 1 - - 7 ? € }
/7! Pi J

m a x l 1 ^ , 1 - -7? € }by (4.10), (4.1) and (4.2), (4.9)
l/7 P J

Pi
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Now fix a value of z e {l,..., d}, choosing x 2= pi in such a manner that

* < • •

Then the above implies that

and the convergence is uniform on compact sets omitting the poles of
FV ..., Fdn

6. INTERPOLATION WITH MULTIPLE NODES

Let F =(Fv...,Fd) be as in (2.1), (2.2) and let r ̂  1 be a natural
number ; £ is an integer, î ^ 1. Finally put n = a + L If the Taylor-sections
of the ft are given by

nîr-\

t h e n t h e H e r m i t e - i n t e r p o l a n t t o ( 6 . 1 ) o n t h e z é r o s o f (zn - l ) r w i l l b e d e n o t e d
b y

nr— 1

Â((z)=^Ae
itz' (6.2)

with coefficients

for f = .

where

h. ~(—\y+ï~slr+j~~s~l\lr+j\ ( O ^ j ^ r — 1 , ƒ ̂  0 ) . ( 6 . 4 )

For € = oo we write

n r - l
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with

M. G. DE BRUIN and A. SHARMA

and bj s as in (6.4).
The interpolation problem with multiple nodes is now formulated for

1 ^ € ^ oo as :

find d rational functionsions
B7(7j U*(z) ^ nr - v. - 1

deg Z?€ ^ n — v0 - 1, that interpolate the d rationals
nr-\

(6.7)

•;- . ( i = 1,..., d ) on the zéros of ( z - 1 )r ; moreover the

coefficient of z"~ v°~ ' in Be will be 1 ;

Using the same methods as in the previous sections, it is possible to dérive the
following resuit.

THEOREM 3 :

A. For n sufficiently large, the interpolation problem (6.7) has a unique
solution that moreover satisfies

lim y[ = Çk, with
#i -v o - l d

NT1 r k _ TT

B. Let Ht be a compact sub set of \z\<t> T > 0, that omits the
singularities of the functions F({\ ^ i ^ d), then

lim sup \ max
B\z)

/? = max —.
1 S i s d pt
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~x+~r) :

y TM U%Z)
hm —p = 0 ,
» > B " ( ) B\z)

uniformly and geometrically in compact subsets of Ut omitting the singulari-
ties.

The proofs of these results will be given elsewhere.
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