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MATHEM
MOMUSA

EMATICA!. M0DELL1NG AND NUMERICAL ANALYSIS
TKW MATHÉMATIQUE ET ANALYSE NUMÉRIQUE

(Vol. 29, n° 5, 1995, p. 577 à 603)

A LOCAL L2 -ERROR ANALYSIS OF THE STREAMLINE DIFFUSION METHOD
FOR NONSTATIONARY CONVECTION-DIFFUSION SYSTEMS (*)

GUOHUI ZHOU C1)

Communicated by V. THOMÉE

Abstract. — We consider the discretization of linear, nonstationary, convection-dominated,
convection-diffusion Systems by the streamline diffusion finite element method and give local
error estimâtes in the energy norm for both linear scalar équations in arbitrary dimensions and
for Systems in one space dimension. For piecewise linear shape functions in time-space that are
continuons in space and discontinuons in time, we obtain optimal local error estimâtes of order
O(h ) in those strip régions parallel to the streamline direction in which the exact solution is
smooth.

Résumé. — Dans cet article nous considérons la discrétisation par la méthode SDFEM
(Streamline Diffusion Finite Element Method) d'équations de convection-diffusion linéaires
instationnaires à convection dominante. On donne une estimation d'erreur locale dans la
norme-énergie pour des équations de convection-diffusion scalaires linéaires instationnaires à
convection dominante dans un espace de dimension arbitraire ainsi que pour des systèmes
unidimensionnels. On obtient, pour les fonctions de base linéaires par morceaux en temps ainsi
qu'en espace (continues en espace et discontinues en temps), une estimation d'erreur locale
d'ordre optimal O(h ) dans les bandes parallèles aux caractéristiques où la solution est lisse.

Key words : Hyperbolic Systems, convection-diffusion problems, finite element method,
stream-line diffusion, local error estimâtes.

1. INTRODUCTION

We consider two kinds of nonstationary convection-dominated convection-
diffusion (or, essentially hyperbolic) problems. The first sort are scalar prob-
lems of the form

eAw =ƒ, in Q : = I x f i , ( l . l . a )

, . ) = M 0 , in Q, ( l . l i?)

u = g , in ƒ x dQ , ( l . l .c)

(*) Manuscript received september 5, 1994.
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578 G. ZHOU

where D is a bounded polygonal domain in Rd, / = ( 0 , T),
ƒ? = (fiv .-.-> fîd) is a öf-dimensional vector depending possibly on space and

time, Au = 2 uXlXi, and £ is a non-negative parameter. Boundary condition
(l.l.c) is imposed in the case a > 0, whereas for £ = 0, we prescribe only
inflow boundary conditions, see Smoller [14].

We also consider linear (essentially) hyperbolic Systems in one space
dimension,

u, + Bux + u - eu^ zrf, in Q := I x Q , (1.2.a)

u(0 , . ) = u 0 , in Q :=(0, 1 ) , (1.2.&)

u( . , 0 ) = g / ,u( . , 1 ) = g r , in 7 : = ( 0 , r ) , (1.2.c)

where B(t,x) is a real M xM possibly unsymmetric matrix, while u and f
are M-dimensional vector functions (bold letters are used to dénote vectors).
System (1.2) is said to be of (essentially) hyperbolic type if the matrix B is
diagonalizable with real eigenvalues. The case of a multi-dimensional domain
is considerably complicated. For instance, in two dimensions, the transport
term looks like Bux + Cu, and the problem is hyperbolic if for every real pair
a and y, the matrix <xB + yC is diagonalizable. However, this does not imply
that the matrices B and C are simultaneously diagonalizable, which causes
diffîculties. Therefore, we confine ourselves to one-dimensional Systems in
this paper.

In both the scalar case and the case of a System, the solution is usually
discontinuous if the initial or boundary conditions are not smooth. In a System
there is the additional complication in that the characteristics can intersect,
which implies for instance that a discontinuity of the initial condition can
cause M jumps in each component of the exact solution. In all these cases,
therefore, it is not reasonable to assume global smoothness in estimating the
error of a discretization method. On the other hand, the solution of a hyper-
bolic problem is usuaîly not rough everywhere, since the discontinuities of the
initial and boundary data propagate along the corresponding characteristics.
More practically, one can consider the local convergence behavior of the
discrete solution on those strip régions where the exact solution is smooth.

For the space discretization, we consider the streamline diffusion finite
element method which was proposed in the engineering literature by Hughes
et al. ([3], [4], [5]). Error analysis was first performed in Johnson et al. [8] and
Navert [11] (and other literature cited therein). The discontinuous Galerkin
method was proposed in Eriksson et al. [2]. Combining this with the stream-
line diffusion method, one obtains a fully discrete scheme constructed on a
time-space mesh {cf. Johnson [6]). For piecewise linear shape functions in
both time and space, the error in the energy norm is O(h3/2) if the solution
is in H2(Ô)-
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NONSTATIONARY CONVECTION-DIFFUSION SYSTEMS 579

Nâvert [11] performed a local L -error analysis for stationary scalar con-
vection problems, obtaining the convergence order O(h3n) with piecewise
linear shape fonctions. In Zhou [16], a detailed error analysis gave a local
pointwise error of O( h ~ ) for nonstationary (essentially) hyperbolic prob-
lems. The sub-optimal rate of the convergence resulted from insufficiently
sharp estimâtes of the discrete Green fonctions.

In this paper, we prove that the streamline diffusion method for linear scalar
hyperbolic équations in arbitrary dimensions converges locally with an order
O(hV2) in those strip subregions that are parallel to the characteristics,
provided that the exact solution possesses H2-regularity in slightly larger
subregions. For hyperboiic Systems in one dimension we show that the
streamline diffusion method has the same local convergence property in
subregions that satisfy certain « shape » conditions that reflect the genera!
properties of solutions of hyperbolic Systems.

2. THE STREAMLINE DIFFUSION METHOD

We describe the streamline diffusion method for (1,2) and indicate the
modifications needed for (1.1). Without loss of generality» we assume homo-
geneous boundary conditions. We let 0 = t0 < tx < - < tN=T be a
partition of [0, T], set In = ( tn, tn + l) and Atn = tn — tn_v and define
time-spaee « slabs » Sn = Inx Q and « intersecting surfaces »
Ln = {tn} x Q. For h > 0 and 0 =£ n ^ N - 1, we let Tn

h be a
quasi-uniform triangulation of Sn into time-space éléments e with element
diameters he « h satisfying the minimal angle condition. Note that Tn

h and
Tl~~l may be chosen independently. We assume that there exist constants
Kv K2>0 such that

Kxh^ Atn^ K2h, (2.1)

On the triangulation Tn
h, we define the finite element subspaces

for j = 1, ...,M, where Pj dénotes the space of linear polynomials. We let
V^ dénote the tensor product of V .̂ for j = 1,..., M and V ,̂ the tensor product
of V^ for n = 0f ..., N— 1. A fonction in \ h is continuous in each Snf but
may be discontinuous across the intersecting surfaces Ln. Hence, we dénote by
W*+ and W" the two values

W"+ = f lim W(/ , . ) , W! = f lim_ W(r , . ) ,

vol. 29, n° 5, 1995



580 G. ZHOU

while by

we dénote the jump of the function W across the intersecting surface Ln. We
define various inner products for the vector functions u and v by

M »

u>v)s, t = 2 UjVjdxdt, ( u , v ) = 2
= 0

7 = 1

The streamline diffusion method for (1.2) is defined as follows : for
n = 0, ..., N - 1, given U" , find Un e \n

h such that

<5(U" + #U" + U'\ W" + BTWn
x)s + e(U", W") 5 +

+ ( u ; + BUX + u", w f t )Sn + (u ; ; , w"+ )Li

= ( f, W" + <5( w ; + BT W" ) )S( + ( I f , W"+ )Lw, VW l e V^ , (2.2)

where BT is the transpose of /?, <5 = A'/i for an appropriate constant AT, and
U^ = u0. Note that U ^ vanishes in each element since we are dealing with
piecewise linear functions.

The coefficient 8 in this scheme can be small, or even zero (in which case,
we add an outflow boundary term), and this causes difficulties in the error
analysis. Therefore, following Johnson [10], we introducé an artificial viscos-

em = max {Ko h , fi} . (2.3)

Later, we will see that this choice allows optimal local error estimâtes. The
modified scheme is thus

S( U" + BVn
x + Urt, W" + BT W" )5|i + em( U", W" )Sn +

+ ( U" + BVX + U \ W" ) s + <Uft
+, W"+ )Lt)

for n = 0, ...9N- 1.

M2 AN Modélisation mathématique et Analyse numérique
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NONSTATIONARY CONVECTION-DIFFUSION SYSTEMS 581

Summing these équations for all n, we obtain a « global » formulation of the

, W) +

streamline diffusion method : find U e VA such that

N- 1

2 „ „
n« 1

= (f, W + <5( W, + B r Wx)) + <u0, W°+ ) u , VW e V, . (2.4)

If we define the bilinear form B( • , . )

B(U, W) = <5(U, + BUX, W, + B r W J + e (U , W J + (Uf + BU , W) +

rt= I

and the linear functional L( . )

then the streamline diffusion method can be rewritten as : find U e V^ such
that

£ ( U , W ) = L ( W ) , V W e V r (2.6)

It is easy to verify that the following quasi-orthogonality relation holds
between u and U :

B(u- U,W) = Per{u,W) , VW e \ h , (2.7)

where

3. LOCAL ERROR ESTIMATES IN THE SCALAR CASE

In order to explain the main idea, we consider the scalar problem (1.1) in
one dimension with constant coefficients,

w,+ ux+u-mxx = ƒ , in J x D , (3.1.a)

M ( 0 , . ) = M 0 , in fl, (3.1.&)

« ( 0 , . ) = 0 , M ( . , 1 ) = 0 , in ƒ, (3.1.c)

vol. 29, n° 5, 1995



582 G. ZHOU

where £? = (0, 1) and / = ( 0 , T). The energy form simplifies to

B{ U, W) = ô( Ut + Ux, Wt + Wx ) + em( Ux, Wx ) + ( Ut + Ux, W) + ( U, W) +

N-ï

+ â(U, W, + WX)+^ ([Un], W"+ )Ln + (U°+, W°+ ̂  , (3.2)
n= 1

and

L(W) = (/.W + d(W,+ Wx)) + <Mo,W°+>^. (33)

The quasi-orthogonality relation (2.7) holds with

Periu, W) = sô(uxx, Wt + Wx) - (em - e)(uxf Wx) . (3.4)

Integrating by parts in B( U, W) yields

B(U,W)=S(Ut+ UXJ Wt + Wx ) + em( !/„ Wx ) +

+ (U,W)-(l-SXU,W,+ Wx)-2<^-.[w"]>i. + <^-.^>^-
n - 1

(3.5)

Taking W= C/ in both (3.2) and (3.5), we find that

B(W, W) ^ %3(Wt+ Wx9Wt+Wx) + em(Wx, WX) + ±(W,W)

N- 1

2 n=l ^ ^ 2

which implies that (2.6) has a unique solution. Defining the L2 -norms by

N-i t f

| | V ^ | | 2 = 2 W2dxdt and |W"|2n= (Wn)2dxy
n — oJs„ JQ

and the energy norm by

N-l

n = l

M AN Modélisation mathématique et Analyse numérique
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we obtain

and get the global stability estimate,

v f c .

(3.7)

We consider a given trapezoidal subdomain Q with its horizontal sides being
the boundaries of Q, (seefig. 1). In addition, 6d dénotes the angle between the
characteristic direction and the *-axis, 8{ represents the angle between the left
side of Q and ;c-axis, while 0r is the angle between the right side of Q and the
x-axis. Our goal is to find conditions on Ql and Br so as to be able to estimate
the error in Q,

/ / Q AU
7/ / /

Figure 1. — Given trapezoid Q and its enlargement Qo,

First, we define a distance function

and a weight function

where

(p(t,x) = exp(- d(t, x)/a) , (3.8)

(3.9)

with y > 0 to be determined. Obviously, <p(t, JC) = 1 for (*, x) e Q, and it
decreases exponentially away from Q. We define the weighted norms

I|W||2,= E <pW2dxdt and \Wn\lLit = \ <p\Wnfdx.
n - 0 v Sn J Lu

vol. 29, n° 5, 1995



584 G. ZHOU

Using the définitions of the weighted norms and the bilinear form
# ( . , • ) , we obtain

ô(Wt+ Wx, (<pt+<px) W) + em(Wx, <px W)

+ ö(W,(<Pf+<Px)W)-(Wf(<Pf+<Px)W). (3.10)

In order to prove that the weighted bilinear form B( • , <p. ) is positive
definite, we will see that the last term on the right side must be non-negative,
or equivalently

^ + $ ^ 0 , V(r ,x )e Q. (3.11)

This holds automatically in the interior of Q. On the left side of g,
(pt — ^rcos 0t and <PX — — ^'sin 0t, thus

q>t + <px = cp'' ( cos öz - sin öz ) = - ^ ' sin ( 0t - n/4 ) .

Since ç/*£ 0 for ail ( Ï , JC) , 0, : 0 ^ 0, «£ rc, must satisfy

Similarly

and therefore, the subdomain Q must be chosen so that

Q^eî^ed^er^n. (3.12)

We can explain condition (3.12) in the following way. We want to estimate
the error in Q in terms of a norm on the exact solution in a slightly larger
région. This is possible only when ail points in Q are influenced exclusively
from this larger région. In other words, ail points in Q must originate from the
larger région along the characteristic direction and, therefore, both sides of
Q must be outflow boundaries.

M2 AN Modélisation mathématique et Analyse numérique
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Note that if the side boundaries of région Q or the characteristics are not
straight lines, (3.12) must hold at every point on the side boundaries of Q,
which implies once again that the side boundaries of Q cannot be inflow
boundaries,

We now assume that (3.12) holds and therefore <p satisfies (3.11). Since

k + P j * 5 ^ a n d k l ^ P . V ( f , x ) e Ö , (3.13)

the terms in (3.10) can be majorized as folio ws :

ô\(W,<p(Wl+Wx))\ ^ < 5 | | W , + Wj|2p + <5||W||^

W\\

Taking into account that S/a ^ Cly and zm fa2 = 1/y, we have from (3.10),
for y sufÏÏciently large,

B(W, <pW) 3= 1,51| Wt +

5 2

We define the weighted energy norm by

2 U U U
so that the inequality derived above can be rewritten as

B{ W, q>W) ̂  \ IIIWIlJ , V W € V r (3.14)

vol. 29, n° 5, 1995



586 G. ZHOU

We défi ne the enlargement Qo of a given subdomain Q by

ƒ Union of time - space éléments entirely contained in 1
0 0 = 1 {{Ux): dist (O,x),ê) *Kv\logh\}nQ J (3*15)

in 1
J (3*1

with K to be determined and a given in (3.9). We set Qc := Q\Q0. Since, for
e very small, em = ^ 0 ft

3/2, the enlargement Qo is only 0(hy4 |log /i| ) wider
than Q (cf fig. 1).

We now prove a local error estimate in the energy norm. We dénote by
III. 111̂  the norm defined in (3.6) with intégrais taken over Q.

THEOREM 3.1 : Given a subregion Q satisjying (3.12), for anyfixed number
v ^ 3/2, we can détermine the constant K>0 in (3.15) to fix the
enlargement Qo. Assume that

and that e ^ em = Ko h
V2, then there exists a constant C > 0, independent

of e, such that

Proof : We split the error into two parts,

where lhu is the linear piecewise interpolant of u in \ h . Since
<p(t,x) = 1 for (r,jt) G Q and Q cz Qo cz Q,

\WU-UW\Q ^ \\\rj\\\Qo -H 1 1 1 ^ . (3.17)

Standard interpolation theory implies that

thus the crux is to prove that (3.16) holds with u - U replacée by £.
Since £ e Vfc, we use (3.14) and (3.4) to get

\ >Z-W) + Per{u,W) - B(rj,W) =

, E) - Per(u, E) + Per(u, <pÇ) + B ( r , , E ) - B(rj, <pÇ), (3.18)

M2 AN Modélisation mathématique et Analyse numérique
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NONSTATIONARY CONVECTÏON-DÏFFUSION SYSTEMS 587

where W = Ih( <p£ ) e Vh and E = ç>Ç - W. Let 0 < 6 < 1 be a generic
constant. Given v ^ 3/2, we claim that for K in (3.15) sufficiently large,

~+y , |£il/ ^Ölllrf, (3.19a)

(3.1%)

(Ö.) ^
(3.19c)

For example, to prove (3.19a), we use (2.3) to get (the index e refers to the
intégral over element e)

where the last step holds for y sufficiently large. The other terms on the left
side of (3.19a) can be bounded similarly. To get a bound at the first term in
(3.19&), we use the fact that <p(t,x) decreases exponentially away from QQ,
For any v ^ 3/2, we take K in (3.15) sufficiently large so that

and |Vç>(tfx)| ^ Ch2v

Once K is fixed, £?o ^s determined for the given subdomain Q. On the grid
subdomain Qc, we apply the inverse inequality of finite éléments several times
to obtain

vol. 29, n° 5, 1995



588 G. ZHOU

The other estimâtes in (3.19b) and (3.19c) are obtained in the same way.
We now examine (3.18). Applying (3.19) to £ (£ ,£ ) , we obtain

\B(Ç,E)\ Alliai*. (3.20)

For Per(u, E), we write

\Per(u,E)\ ^eô\(uxx,Et + Ex)\ + \em-e\ \(ux, Ex)\ .

Integrating by parts over each element in Qc and applying (3.19), we have for
the first term

u^E,* Ex)Qo\+ô\{ut + ux + u-f,Et + Ex)Qc\

Since | e m - e | < Ch3'2, we get similarly

Therefore,

\Per(u,E)\ ^ ÖI!ia^+C/ ï
3||W||^(öü) + C/ ï

2 v ( i |w| |^ ö )+ 11/11 l\Qc)) - (3.21)

In the same way, we obtain

+C/ î
3 | |M | |2 ,2 ( e ) + Œ2l l(| |M | |2

L- (e )+ ll/H2
L.(e)).

(3.22)

The treatment of each of the terms in B(tj, E) is very similar. For example,
we consider ô{tjr + t]x, Et + Ex). Using the interpolation results on Qo and
(3.19), we obtain

+ ch ii u ii i HQa) + ch2 v ii u ii 2- (e),
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and therefore

\B(ri,E)\ ^ flliaC+CA3||M||^(eo) + C/i2v||i«||J-(ö). (3.23)

We have an identical resuit for the last term B{rj, ç>Ç) in (3.18)

C+CA3 | |M | |^ (Qb) + CA2 v | |M | |^ ( f i ) . (3.24)

Summing up (3.20)-(3.24) complètes the estimate for Illf 111̂. Together with
(3.17) we get (3.16) for the case d- 1. Since the interpolation results for
finite éléments also hold in three dimensions, we conclude that estimate (3.16)
is also valid for d—2,. The interpolation results remain also true for
d ^ 3 with proper choice of a generalized interpolation fonction in the finite
element spaces {cf. Scott and Zhang [13]). D

If the characteristic is not a straight line, i.e.» /?(*,*) is not constant, the
analysis still holds under some reasonable conditions on j$(t,x) and Q. We
begin with determining the shape of Q that guarantees that B{ . , . ) is positive
defmite. Given Q, we define the weight fonction <p(t,x) as in (3.8). Instead of
(3.10), we now have

N-l

2
= 1

r + Wx, ( f,

To guarantee the positive definiteness of the weighted bilinear form
B( . ,(p. ), we therefore assume that

& ( f , x ) < 0 , V( f ,x )e Q. (3.25)

As before, we also require that

)E Ö- (3-26)

In the case of variable coefficients, the angles 6cP 8t and 6r are also fonctions
of (t,x) and (3.11) is equivalent to

0 ^ öf ^ 0d ^ 0r ^ n , V(t, JC) e dg , (3.27)

vol. 29, n° 5, 1995
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where dQ stands for the side boundaries of Q. This implies that the side
boundaries of Q are not infiow boundaries of the subdomain Q. One admis-
sible shape of Q, for example, has two characteristics of équation (1.1) as side
boundaries.

In view of (3.25), we define a new energy norm by

N-\

2

It is easy to check that

B{ W, W) 5= i !

Due to (3.26), we define the weighted norm

•WIII* = ÖII W,

i 2 (3.28)

V,LQ * (3.29)

Now, it follows that (3.14) is valid, and we obtain the following theorem in
a straightforward fashion.

THEOREM 3.2 : Given a subregion satisfying (3.27), for any fixed number
v > 3/2, we can détermine the constant K> 0 in (3.15) sujficiently large to
fix the enlargement Qo, Assume that

and that

and fe

O, div/?e L~(Ö0). divfleV(Q) and

M2 AN Modélisation mathématique et Analyse numérique
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e, such that
and e =£ em = KQh , then there exists a constant C > 0, independent of

imû * chm\\u\\HHQo)(

+ Ch\ 1 +

4. LOCAL ERROR ESTIMATES FOR HYPERBOLIC SYSTEMS

In this section, we prove that the resuit for the scalar problem is also true
for hyperbolic Systems (1.2), at least in one dimension. Roughly speaking, if
the exact solution in a time-space subdomain belongs to H2, then the discrete
solution of the streamline diffusion method converges in the energy norm with
the order O(h ). This means that the full convergence rate is achieved
locally. However, we will see that the « shape » condition of the subdomain
is very different from that in the scalar case.

As before, we first consider the simplest case, Le., System (1.2) with a
constant coefficient matrix B. The corresponding discrete solution satisfies
équation (2.4). Since we have assumed that problem (1.2) is of (essentially)
hyperbolic type, there exists a real invertible matrix D such that

D~lBD = A and DTBTD~T=Ai (4.1)

where À = diag (Ar) is a real diagonal matrix and the i-th column of the
matrix D is the eigenvector of the matrix B corresponding to the eigenvalue
Â.. Since B may be unsymmetric, D is generally not an orthogonal matrix.

Introducing function transformations,

and W = D " r W , (4.2)

and noticing the f act that D is a constant matrix and using (4.1), we obtain

B(V, W) = ö(V, + A%Vtt + AVTX) + 6m( Vx,Wx) + (V,

+ ( v.w) + S( v,w,

A f - 1

This leads us to introducé an auxiliary bilinear form

B(V,W) : = B ( V , W ) . (4.3)

vol. 29, n° 5, 1995
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Si nee A is a diagonal matrix, the bilinear form B( , , . ) can be separated as
a sum

7 = 1

with

Bj(VJ,Wj)=ô(Vjt+XJVjx,WJt

+ (Vj,Wj)+S(Vj,Wjt+ÂjWjx)

N-\

n = 1

As in the scalar case, we define the energy norm for Ë.{ . , . ) as

S 11 T17 1 T17 11 2 11 T T / 11 2 11 T T / 11 2 .

/ y - 1
|2

and we have the positive definiteness relation

"I" / , I I rr ; I I T ' 1 " ; _ I T .. ' ! r r • < | £<

This leads to a natural définition of the energy norm associated with the
bilinear form È( . , . ) :

M

IÜW1I12 = 2 IIIW/f = S II W^ + ylW x ||
2 + £m || W J I 2 + || W ||2

+ E | [ W " ] | 1 + |W^|2
L N + |W°+ |2LO>

n= 1

and the positive definiteness relation remains true due to the separability of

/?(W, W) 5= iillWlli2. (4.4)
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Recalling the variable transformation (4.2), we have the relation

B( V, W) = B(D~ l V, DT W) . (4.5)

From these two relations, we obtain the positive defmiteness inequality :

B( V, D~ T D' l V ) 2* j \\\D~ l VIII2 , VV e \ h , (4.6)

which gives the global stabiiity estimate

lilUIII sS 21|D|| IID^lKlIfll2^ | u o | ^ ) 1 / 2 . (4.7)

For completeness, we introducé an additional perturbation term

Per(v, W ) s Û5( Vjcc> Wf

it is also separable, i.e.,

M

with

Per/vJt Wj) = fi<5(Vj, Wj, + Xj WJx)-(en-eXvjx, Wjx) .

Furthermore, we have the transformation relation

Per( u, W ) = Per{ D~ l u, DT W ) . (4.8)

We now suppose that a subdomain Q is given on which we want to know
the convergence behavior of the discrete solution. First, we assume that Q is
a trapezoid with its horizontal sides to be the boundaries of Q (see fig. 2). We
seek for conditions under which we can estimate the local convergence in the
energy norm with the exact solution being measured on an larger subdomain.
As in the last section, we deflne a distance function and a weight function as

</(*,*) = dist ( (* ,*) , Q) , <p(t,x) = exp(-d(tJx)/a) , V(*,*) G Q,

with a given in (3.9). We define the weight matrix as
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which has identical diagonal entries. Similarly as in (3.10), there holds

l+ || W||* + <J(W, (<P, + A0X) W)

N-l

+ <5( W, 0 ( W, + AWX ) ) + ô( Vft + ̂ Wx, ( 0 , + /KZ^ ) W )

-(W, (&t+A0x)Vf). (4.9)

É to be positive deflnite, we have toIt is clear that, in order for É{ W,
impose conditions on <P such that

- (W, 0,

which is equivalent to

Let 6. = arctan ( MX) be the angle between the characteristic direction of
X- and the x-axis and let 6l and 0r be defined as in the previous section. From
the discussions above, we conclude that

9, ^ min 0., dr ̂  max 0..

An admissible subdomain is shown in figure 2.

t

A, =

/Xi

//
1 //

),

/

Q

\ \
W A,=

Ww
- 1

Figure 2. — An admissible subdomain Q and its enlargement QQ.
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Then, we assume that the given subdomain Q satisfies

0 ^ min 0. ^ 9. ^ 9 ^ max 9 ^ n . (4.10)
j } l r j J

Correspondingly, we define the weighted energy norm as

Since the weight function <p(t, x) satisfies the estimâtes (3.13), we conclude
the desired positive definiteness from (4.9), i.e.,

xlllWIII* (4.11)
2 '

For the given subdomain Q, we define its enlargement QQ as

ƒ Union of time-space éléments entirely contained in
Qo= \ {(t,x) :dist((t,x)9 Q) ^ Ko~\\ogh\} n Q

with K to be determined and a given in (3.9). Furthermore, we set
Qc := Q\Q0. As usual, this enlargement Qo is only O(h |log h\ ) wider than
Q' Condition (4.10) seems to be necessary for the local error estimate. Later
we will show that if (4.10) is not imposed on the subregion Q> t n e n the
enlargement Qo must be increased significantly. With this définition, we state
the first resuit in this section.

THEOREM 4.1 : Given a subdomain Q e Q satisfying condition (4.10) and
for any v ^ 3/2, we can détermine the constant K in (4.12). Suppose that on
this fixed subdomain Qo :

2 JUI M K/f \ h/f

u e n ( ö o ) . u « E k ( ö ) , t e L ( ö c ) ,

and that the diffusion coefficient satisfies e ^ em = Ko h
m. Then, there exists

a constant C > 0, independent of the diffusion coefficient e, such that

IHu — Ulllö «S C/i3 / 2 | |u | | / / 2 ( ö o ) M+C/iv( | |u | i^ ( ö )M+ | | f | | L i ( f i v") .

Proof: We split the error into two parts
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and deduce

Mu - Ulllö ^ IIITIIIIÖ + Heilig ^ llltiHlÖ0 + | |D|| IIID" QWy ,

with || D || the usual euklidian matrix norm. As Qo consists of entire éléments,
we can apply the Standard interpolation results and get

ilhi - Ullló ^ Chm || u |i H2(Qof + || D || Ill̂ lll̂  , (4.13)

with the abbreviation § = D~ l Ç. In the rest of the proof we focus on
estimating lli|ill̂ . Recalling the transformation relation (4.5) between the bi-
linear form B( . , . ) and the auxiliary bilinear form É( • , • ) as well as the
positive definiteness relation (4.11), and using in addition the quasi-
orthogonality relation (2.7), we have, setting |

\ IllCllI2, ^ B{ i 0% ) = B{ Ç, D-

Per{u, D~TW)~B(TJ, D~TW)

- W) + /W(ü, * | ) - P^Kö, # | - W)

<P% - W) - i |

with ü = D~ l u and f| = D" ! i|. Here, we have used again the fact that

ft.D" T W is also in Vft. Setting E = # | - W, we get

~ lll|ll£ ^ B ( | , E ) - P^r(ü, E ) + P^r(u, <P|) + B(fj, E ) - B(% <p|). (4.14)

Comparing this inequality with (3.18), we find that both are very similar
with respect to the notation used. In fact, since the auxiliary bilinear form
B( • , . ) and the auxiliary perturbation Per{ . , . ) are separable, they can be
viewed as a sum of M scalar inner products. Thus, we apply the result in the
scalar case to (4.14) and obtain

IIIIBÇ ^ ch3ilüil2
HHQO)M + Ch2v( l l ü | l ^ ( 0 ) - + IIf \\l>(Qcf ) ,
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with f = D~ 11 Clearly, there holds

|| Ü || 2 M ^ || D ™ l || | | U | | 2 M ,

| |U|(L» ( Ö )M =S max \du\ \\u\\L-{Qr,

with D~~ l = (dij). Therefore, we have the estimate

IHÇIII* ̂  C/Ï3 | |U| |^2 ( Ö O )M + Ch2v( l|u||^ (ô)M + ||f | | ^ i ( ö r ) .

Combining this estimate with (4.13) complètes the proof. D
The result in Theorem 4,1 is only valid for subdomains like the one shown

in figure 2. This is because we want the measure of Qo \Q to be very smaiL
Certainly, if we do not confine ourselves to that case, such a shape condition
becomes redundant,

Now, suppose an arbitrary subdomain Q is given. We can flnd a point
(to,xQ) and constants /u (j — 1» ...,M) such that the given subdomain Q is
contained in the intersection of the following M subdomains (see fig. 3) :

t
>

/
/

/ ,
= 1 / Q

S /
/ /

(to,xo)

/ \ V

\
\ \

- i

Figure 3. — Gïven arbitrary subdomain Q and its affecting subdomains

i.e.,
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We define the distance functions and the weight functions as

dj(t, x) = dist (( t, x), Q7'), ç>j(t,x) = exp(- dj(t,x)/<j) , V(r, *) G Q ,

for '̂ ^ I, ...,M, and the weight matrix as

We define the enlargement of the subdomain g7 as

f Union of time-space éléments entirely contained in "1
0 |̂  {( f, x ) : dist ( ( t, x ), g': ) ^ Ka| log h|} J

with a defined in (3.9) and K being an appropriately chosen constant. Further,
we set Q?c = Q\Q*0. With these définitions, we state the second resuit.

THEOREM 4.2 : Given any subdomain Q and any fixed large v ^ 3/2, we
can specify the constant K to fix the widths of the subdomains {ôo}. Assume
£/i<2? the exact solution u and ü = D u satisfy the following conditions

and f

and that the diffusion coefficient satisfies e < em = Ko h
V2. Then, there exists

a constant C > 0, independent of the diffusion coefficient e, but possibly
dependent on the matrices D and A, such that the streamline diffusion method
of problem (2.4) admits the local error estimate

M

lllu-Ulllö*S Œ 3 / 2 2 ll»,-ll^(fit) + CA v ( | |u | | L - ( e ) «+ | | f | | L . ( ö ) *0 .
7= 1

Proof: As in the proof of the previous theorem, we have

Illu - Ulllö ^ || D || ( lllfjlllç + Hl&llê ) •

Taking condition (4.16) into account, it follows that

M M

Since q>.{ t, JC ) = 1 for ail j in Q, we have

MM M

ni|iii2ö = 2 ml/ié = E il I, il l Q ̂  2 '"^'î =
7 = 1 y = l 7 = 1
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Now, inequality (4.14) is again useful for estimating illt, _£pplyifïg ~ the*,
separability of É{ . , • ) and Per( • , . ), we agam reduce the fc&stdm to &evëral
scalar problems. Thus, we obtain

M

and the proof is complete. •
If the given subdomain does not satisfy condition (4.10), the result in

Theorem 4.2 is different from that in Theorem 4.1 with respect to the right
hand sides of the corresponding estimâtes. In Theorem 4.1, we estimate the
local error with the exact solution on a slightly larger subdomain. However, in
Theorem 4.2 we must control the local error with the single component of the
solution on each strip. In a certain sense the result in Theorem 4.2 is sharper
than that in Theorem 4.1. Usually the solution u of (1.2) is not globally smooth
and has some (smeared) shocks (as diffusion is present), but the transformed
solution ü has its shocks separated. If every ü} is smooth on the corresponding
strip öo» then ü or u must be smooth on the intersection Q of these
subdomains.

After having treated the constant coefficient case, we naturally turn to
Systems with variable coefficients. Since almost all the proof s given in the
previous theorems can be carried over to this situation, we do not give the
proof in detail. Consider problem (1.2) with the coefficient matrix B depending
on ( t, x). Given the subdomain Q, we first want to estimate the error on Q just
with the exact solution on its enlargement. In order to do so, we must introducé
some shape conditions like (4.10). For simplicity we assume that

f The left side of Q is a characteristic corresponding to Amax . T

l The right side of Q is a characteristic corresponding to Anun . l (4.18)

[ The other two horizontal si des are the boundaries of Q . J

This coincides with the condition 9{ = min dj and 6r = max 0 in (4.10) in
the constant convection case. We define the enlargement Qo as in (4.12).
Clearly, Qo is larger than Q only by 0(/i3 /4 | log/z| ). Then, we have a result
similar to Theorem 4.1.

THEOREM 4.3 : Given a subdomain Q G Q which satisfies condition (4.18),
and for any fixed number v ̂  3/2, we can specify the constant K in (4.12).
For this fixed subdomain <20, we assume that

ueH2(g0)M, ueL~(ô)M, feL'CQ)",
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and that the diffusion coefficient satisfies e ^ em — Koh . Moreover,
assume that the coefficient matrix B(t, x) satisfies the condition

YTD~l BxDY^0, V r e R M , V(f , jc )ef i . (4.19)

and that

dueC\Q), 1,7=1,..., M,

with dt j being the entries of the matrix D. Then, there exists a constant
C > 0, independent of the diffusion coefficient s, such that the discrete
solution (2.4) approximates the exact solution of (1.2) with a local error

Illu -Ulllé s= Chm | |u | |„2 ( e o ) M+ Ch\ | | u | | t - ( Q ) «+ \\t\\O(Qc)») .

Proof: As for the constant convection case, we estimate the error with the
help of the auxiliary bilinear form Ë{ • , . ). Setting % = Ih u - U,
r\ = u - lh u, | = D~ l Ç and fj = D~ J t], we split the error into two parts
and obtain

lilu - Ulllô ^ iliu - lh ulllö + Mh u - Ulllö ^ Ch3/21| u || H2(ÖO)M + IIIÇI1IÔ .

Setting 0 to be the weight function matrix similarly deflned as in (3.8), we
obtain the obvious estimâtes

It is easy to show that there holds the positive deflniteness estimate

From the transformation relation (4.5) and the quasi-orthogonality (2.7), we
infer

Per(u, P\D~

, D" T «PD" ! % - P\D~T0D~ lïs))-B(i\,D-T <PD

fi, DT{D~ T <P% - Ph{D~ T

DT(D~ T0Ï-Ph(D-T0Z,)))-B(ri,<Pi) + Per(ü,
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Finally, setting E = DT(D~ T &% - Ih(D' T # £ ) ) , we see that

E) - /W(ü, E) + 5(fj, E) - 5(TJ, &$) + /W (ü,

This inequality is the same as in (4.14) for the constant convection case. Since
we have assumed that B( . , . ) and Per{ .,. ) are separable, we estimate just
as before. We skip further details. D

If the given subdomain does not satisfy condition (4.18), we have a similar
result as above. For any given subdomain Q, we define Q as follows : It
consists of complete characteristics originating from the boundaries of Q and
encloses the given subdomain Q. This définition coïncides with (4.15) in the
constant convection case. We define £>o and Q .̂ just as in (4.17). A répétition
of the proofs of the previous theorems gives

THEOREM 4.4 : Given any subdomain Q and anyfixed number v ^ 3/2, we
can specify the constant K tofix the subdomains {öol- Assume that the exact
solution u of (1.2) and ü = D~ l u satisfy

u e L " ( Ö ) M , M , e H 2 ( Ö o ) . J = l , ...,Af and f e L 2 ( Ô ) M ,

and that the diffusion coefficient satisfies e ^ em = Koh . Moreovery we
assume that the coefficient matrix B(tyx) satisfies the condition (4.19) and
that

n, there exists a constant C > 0, independent of e, &u? possibly dependent
on the matrices D and A, such that the streamline diffusion method for
problem (1.2) admits the local error estimate

M

r 3/2 ^T»
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