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MA1HEMATICAL MODEUING AND NUHERICAL ANALYSIS
MODÉLISATION MATHÉMATIQUE ET ANALYSE NUMERIQUE

(Vol 31, n° 1, 1997, p 27 à 55)

ON A NON-HOMOGENEOUS SHALLOW-WATER PROBLEM (*)

by François-Joseph CHATELON (X) and Pierre ORENGA (*)

Abstract — We present an existence tneorem for a shallow-water probtem with a depth-mean
velocity formulation and no homogensous boundary conditions exp/essing wat421 entering A
resuit has been already shoi %n the ca^e of homogeneous boundary condi* ons Ifwe preserve
a non-zero velocity (or normal velocity) on the boundary, we must also presenbe the water
élévation on the part of the boundary where theflow enters With these boundary conditions, we
obtain a priori estimâtes that show the problem has a solution We budd a séquence of
approximated solutions that preserves energy and to pass to the limit we use a trace theorem for
the space of L -functwns with L -divergence

Résumé —Nous ptésentons un théorème d'existence de solutions d'un problème de shallow-
water, en formulation hauteur-vitesse avec conditions aux limites non homogènes exprimant les
entrées d'eau Un résultat a déjà été montré dans le cas de conditions homogènes Si on fixe la
vitesse (ou la vitesse normale) non nulle sur le bord, on doit fixer également la hauteur d'eau
sur la partie de la frontière ou le flux est strictement entrant Avec ce type de conditions, on
obtient des majorations de type énergie qui servent à montrer que le problème a une solution
Nous construisons une suite de solutions approchées respectant les majorations de type énergie
établies et pour passer a la limite, nous utilisons un théorème de trace sur l'espace des fonctions
intégrables dont la divergence est intégrable

1. INTRODUCTION

1.1. Notations

Let Q be a fixed bounded smooth open domain of (R2 with boundary y. Let
n be the extenor unit normal to Q on y. Physically, Q is the domain
corresponding to the surface of the sea assumed to be horizontal, We dénote
by H(x) the depth of the sea at the point x(xv x2) of Q. Let Q be the eylmder
]0, T[ x Q with boundary dQ. We dénote by f (resp y+ ) the part of the
boundary where the flow enters (resp. is outgoing or is zero).

(*) Manuscript received October 11, 1995
C1) Centre de Mathématique et de Calcul Scientifique, Université de Corse, Quartier Gios-

setti, 20250 Corti, France
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28 F-J CHATELON, P ORENGA

Then» we set :

£= ]o, T[ xy

r = ]o, n x f
E+ = ]0, T[ x y+ .

We will also dénote by ( . , . ) and || . || the scalar product and the
associated norm of L2(O) and L2(Q)2. Moreover, if u = (uv u2) is a vector
function from Q into R2 and q a scalar function from Q into IR» we define the
following operators a, curl, Curl and V as follows :

o(«) = Curl q =
du2 dux

curl u — -r ——
ÖX* ox~

dxx

du
dx2
du

\dxj

1.2. Présentation of the model

The three-dimensional hydrodynamic équations are the followings
([LTW]) :

V .

div v = 0

öx \ öx )

5,

(l.la)

(1.1c)
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ON A NON-HOMOGENEOUS SHALLOW-WATER PROBLEM 29

Hère, v is the velocity vector field, T the température, S the salinity, A the
earth rotation vector, p the pressure, p the spécifie mass of sea water, JC3 the
vertical coordinate, v the vertical eddy viscosity, v the horizontal eddy vis-
cosity, p0, To, SQ référence values of the density, the température and the
salinity respectively and fiT, jis are expansion coefficients (given constants).

Then, we make some particular assumptions on this model. The first
consists in neglecting the horizontal turbulent diffusion compared to the
vertical diffusion because horizontal length scales are much larger than vertical
length scales and that, turbulent fluxes are proportionnai to the gradients of the
mean quantities. Moreover, considering H a characteristic vertical length and

TT

L a characteristic horizontal length, we have y < 1. Then a scale analysis
for the vertical component of the momentum équation allow us to write the
so-called hydrostatic approximation :

That means all the terms of the x3 -momentum équation can be neglected with
respect to the accélération of the gravity and the vertical component of the
gradient of pressure. That also means we no longer have an évolution

équation. We write v = u -H v3e 3 where u dénote the horizontal velocity.
Moreover, if we want to work with cartesian coordinates, we must do

another approximation. We change the earth rotation vector by its component
on the local vertical axis. Then, denoting the mean latitude by A, we can write

2 À Av = œ Av with co = ( 2 A sin X ) e y

If we still dénote the operator ( -—, -— J by V, we write the équations of
the three dimensional model :

= _ yp + pg ( L 2 f l )

du,1

t ^ 3 = AT (1.2c)

St + V . (Su) + ^ (Sv3) = AS (1.2d)

vol 31, n° 1, 1997



30 F-J CHATELON, P ORENGA

The depth averaged motion is described in terms of the mean velocity
denoted by u{x) (where x = (xv x2) is a point of the surface Q) defined by :

u = y \ u dx,

where h is the total depth i.e. h(t, x) = H(x) + £(£, x). Let w' be the

déviations from the vertical mean, with u' dx3 - 0. To obtain a shallow
v — H

water model, we consider that there is no stratification effect, i.e. the sea is
well mixed (p is constant). Then the équations (1.2c) and (1.2<i) are not
necessary any longer. The shallow water équations are obtained by integrating
the momentum équation (1.2a) over depth, we obtain :

ut + div M + i Vu2 + curlüa(u) + g V£ + F(ü) = f.

Hère M dénotes the Reynolds stress tensor that results from the non linear
interactions _of the fluctuations products and g dénotes the accélération of
gravity. F(u) and ƒ come from the intégration of the dissipation term

•^— ( v -r-^- y Indeed, ƒ represents the wind effect at the surface and F(u) is
ÖX^ y "-^3 / _

the shear effect at the bottom. Usually, one can wnte F(u) = Du\u\ui.
Instead of considering this problem, we are going to replace the élévation

of the f ree surface Ç by the water élévation h that leads to the appearance of
a new term g VH (non-dependent on time) that we put in the term of the
right-hand side of the équation.

Finally, we can simply write a good approximation of the Reynolds stress
tensor (see in particular [N]) :

div M = - A Au

where A is the eddy viscosity.
In the same way, with the intégration of the continuity équation over depth,

we obtain :

ht+ d iv (üh) = 0 .

To simplify notations, we are going to dénote the mean velocity M by u and
we take g = 1.

Let us recall the momentum and continuity équation :

ut-AAu + ^Vu+ curl ua(u) + Vh + Du\u\ =f (1.3)

/t, + div (uh) = Q .
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ON A NON-HOMOGENEOUS SHALLOW-WATER PROBLEM 31

A set of natural conditions for this problem to be well-posed consists in the
boundary conditions and the following Cauchy data at time :

u(t = 0,x) = uo(x) in O

h(t = 0ix)=h0(x) infl. ( L 4 )

We present an existence theorem for a shallow water problem with a
depth-mean velocity formulation and non-homogeneous boundary conditions
expressing water entering. If we have to prescribe the velocity on the bound-
ary, we prescribe the water élévation on the part of the boundary where the
flow enters (as it is shown in the third paragraph). In this case, we get a priori
estimâtes that show the problem has a solution. Particularly, about the water
élévation, we show that h and h log h are bounded into Ll(Q) which prove
that h is in a subspace of equi-integrable functions of Ll(Q). To verify the
boundary condition, we have shown a trace theorem on the space of integrable
functions whose divergence is integrable. We know how to prove the existence
of solutions when we consider two cases of boundary conditions.

• u . n prescribed and curl u = 0 on the boundary.
• M prescribed on the boundary.
In the flrst case, if we want to obtain a global solution on [0, <*>[, we have

to take into account the dissipation term at the bottom Du | u | R2 if the domain
is not simply connected. Sometimes, models neglect the shear effect at the
bottom and in this case the theorem remains true if the domain is simply
connected. Otherwise, we always obtain a solution on (0, 7*) where T is
« small ».

In the second case, we prove the existence of solutions on ( 0, + <*> ) for
all domain Q, In the literature (for example [AAPQS]) other boundary
conditions on h are proposed ; in this case, we do not know if the existence
resuit is still true (we do not find a priori estimâtes).

After acting the theorem, we explain in the third paragraph, how we obtain
a priori estimâtes for the problem. And then we present in three lemma how
we can pass to the limit with the approximated solutions whose construction
is developped in a sixth part.

We would like to thank P. L. Lions for his kind help.

2. AN EXISTENCE THEOREM

We give our existence theorem in the case where u .n — G and
curl u = 0 on the boundary. Let ƒ e L2( 0, T ; H~ l ( Q f ), G,

| G L 2 ( 0 J ; H 1 / 2 ( ) ; ) ) , h = /i e L\0, T ; Ll{f ) ) and uQe Hl(Q)2.
We also need the compatibility condition uo.n = G(O).

vol. 31, n° 1, 1997



32 F.-J. CHATELON, P. ORENGA

The problem we consider is the following :

ut~A Au + ̂ Vw2 + curï
u . n = G on E
curl u = 0 on E

(P) { u(t = 0) = uoinQ

h = fi 3= 0 on E~
OinQ.

u\ +Vh=f ing

Let us observe that we have not included the Coriolis term. Indeed, if this
term is important from a numerical point of view, mathematically, this term
does not make any différence in the theoretical analysis.

2.1, Weak formulation

We solve the above problem (P) using a weak formulation. We are going
to transform équations in order to obtain an homogeneous problem.

Since G e L2(0, T; Hl/\y)) and ̂ e L2(0, T; HU2(y)\ we make
sense to G( t ) for each t and then we can solve for each t the following scalar
problem (S) :

' - Ap{t) =fl(t)eL~(Q)

dn

f andwhere fx is chosen in sucharray that

fx G H (0rT; L (Q)) in order to have a solution. Then the function
w(t) = V/?(0 satisfies :

we Hl(0,T;Hl(Q)2)

divwe Hl(0,T;L~(Q))

curl w = 0

w • n = G

(2.1a)

(2.1b)

(2.1c)

(2Ad)

M2 AN Modélisation mathématique et Analyse numérique
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ON A NON-HOMOGENEOUS SHALLOW-WATER PROBLEM 33

Setting u = v + w, we get the problem (P') :

À A / <•« I \ 1 ^ \ / / 4* I \ ^*

v . n = 0 on E
curl u = 0 on E
v(t = 0) = u0 - w(t = 0) in Q
ht + div ( vh) + div ( wh) - 0 in Q

h( t = 0 ) = ft0 ^ 0 in O .

Classically, we obtain the weak formulation (denoted by ( T *̂)) associated
to the problem ( P ' ) :

( u^ ^ ) + Aa( v, <p ) — ;=• ( D , div <p ) — ( DW, div ?̂ ) + (curl va( v ), <p )

+ (curl üa (w) , f ) - (/z, div <p) + (D(u + w) |f + w\, q>) = (ƒ, <£>)

2 '̂

Hère and below, we dénote by a( M, g>) the following bilinear form :

a(u, g?) = div w div cp + curl M curl (p .
Ja Ja

The space V in which we work is the following ;

V = {(p e L2( O )2, div $> e L2( O ), curl (p e L2( O ), (p . n = 0 on y) .

V is equipped with the norm || <p || \ = || ç || 22 + |] div <p || 22 -f
|| curl 0> ||2 2. Then, with this norm, the bilinear form a is elliptic if the domain
Q is simply connected. Note that if Q is sufficiently smooth, this space V is
algebraically and topologically equal to the space {<p e H1 (O) ,
<p • n = 0}.

The continuity équation will be solved into Ll(0,T;W~ hl(Q)) with its
boundary conditions :

ht + div (u&) + div (wh) = 0

V =

vol. 31, n° 1, 1997



34 F-J CHATELON, P ORENGA

We add the initial conditions

v(t = 0ix) = uo(x) - w(t = 0,x) = vo(x) a e m Q

h(t-=0Jx) = hö(x) ^ 0 a e mQ

Remark 1 If we have Dinchlet boundary conditions u = G on y, we
consider w (like in the problem (S)) solution of the Stokes problem with
/7 e \

Remark 2 One often neglect the shear effect at the bottom In this case and
if Q is not simply connected, we know the existence of solutions when T is
small If Q is simply connected, the bihnear form a is elhptic because the norm
|| div <p || L2 + || curl (p || L*> is equivalent to || (p || v

Remark 3 If we consider the condition u = G on the boundary, the
existence resuit is true for all smooth domain Q even if we neglect the viscous
effect at the bottom

2.2. Theorem

We need just a few notations We first consider Ct and C} some injection
constants defmed as follows

& W ^ C J I u l l ^ , (2 3a)

We dénote by C the best constant associated to Gaghardo Nirenberg's
mequality

| | u | | ^4 ( f l ) ^ C | | M | | V | | I I | | ( 2 3C)

The eddy viscosity A and the coefficient of viscous effects at the bottom D
are given constants Let ö e ]0, 1 [ and A e IR* We dénote by h the averaged
water élévation

(2) See [ T~\ for the existence of this function
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ON A NON-HOMOGENEOUS SHALLOW-WATER PROBLEM 35

We present a global existence resuit with controlled data and we assume the
data are not too much larger and satisfy the following conditions :

-2j

and

K=(2inf (A, CjD)-A-1-2D-Â)

(2.3e)

where w is the function of the variable change previously found in (2.1). The
number K which only dépends on the data is assumed to be non-negative.

THEOREM : Assume that Q is a bounded smooth open domain of R with
boundary y. Let vQ € Hl(Q)2, h0 G ̂ (Q) and f satisfy the following con-
ditions :

h0logh0s L\Q),fe L2(0,T;H~\Q)2) (2.4a)

| | v o | |<0§. (2.4b)

Then, for each 9, A, f, v0 et hQ satisjying the previous conditions, the weak
problem ("f) has a solution (v,h) such as :

(v,h)e {(L2(0, T; V ) n L ~ ( 0 , T; L2(Q))) x L°°(0, T;L\Q))} .

Moreover, the solution satisfies the following estimâtes :

Supf h log h + \ G. h log h

vol 31, n° 1, 1997



36 F-J CHATELON, P ORENGA

The proof of this theorem lays on the following lemma that we will present
and prove :

• a priori estimâtes lemma.
• Passage to the limit into the continuity équation.
• Passage to the limit into the momentum équation.
• Construction of approached solutions.

3. A PRIORI ESTIMATES

LEMMA : If (v,h) is a classical solution of the problem ( i^ ), and if the
relations (2.3) are satisfied, then we have :

*ƒ.*--ƒ, Gh (3.1a)
y

meas (Q ) . log h + ̂  || G||O

SI?P hlogh
1 I)Q

G.h\ogh^C0 (3.1b)

^ - C | | ü | | L a ( O ) 2 > 0 (3.1c)

h&Q. (3 Ad)

Proof: The result (3Ad) is a classical result. Let us recall briefly the proof
of this fact : we consider the path ( 2T ) defined by the équation -ir - u where
the data is x{t = r) = z if T ^ O or x(f = 0 ) = x 0 if T = 0. The solution
of this problem is denoted by x(t,r,z) and it satisfies :

JC(T, T, Z) = z if T ̂  0

x ( 0 , 0 , z ) = x 0 if T = 0 .

We solve the continuity équation along the curves x( t, T, Z ) with the
condition h(x0) flxed or h(z) fixed. These data are given by the initial
conditions ho(x) or the boundary condition h-ju on 2T .

M2 AN Modélisation mathématique et Analyse numérique
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ON A NON-HOMOGENEOUS SHALLOW-WATER PROBLEM 37

We obtain :

^ = - h div u , i.e.

Then the solution of this problem ( 3tf ) is

where Cj is a constant obtained by :

h{ T, x{ T, T, z ) ) = ju if T ^ 0 and

( 0 , 0 , z ) ) = /io if i =

This proves that if h0 and JJ. are non-negative functions, Cj is a non-negative
constant and thus h is a non-negative function.

Now we are going to prove (3.1a) ; contrarily to the homogeneous case, we

do not have the resuit h = hQJ but by intégration of the continuity

équation, we have the following resuit :

~r h = — I Gh

i.e.

_ ( O ) + I G ^ C 2 . (3.2)

To obtain (3.1^), the difficulty comes from the continuity équation ; we do
not have div u = 0 as in the Stokes problem. The only estimate on h is (3.2)

vol 31, n° 1, 1997



38 F-J CHATELON, P ORENGA

and it does not allow to avoid the difficulties of the weak topology of
LX(Q). Thus, we write the energy inequality in order to obtain another
estimate on ft ; then, changing (p by v m (2.2) yields :

2(vt, v) + 2Aa(v, v ) - ( v2, div v ) -2(ft, divi;)

\ f, v)

+ 2( v w, div v ) - 2( curl va(w)yv)-2(wpv)-2 Aa( w, D ) + ( w2, div v ) .

We have two terms that we need to estimate (3) :

O 2 , divtO and (VA,i?).

The last term will be transformed using the continuity équation as follows.
Formally, we can write :

Using the continuity équation it follows :

( VA, v ) = (log ft, ht) + (log ft, div ( wh) )

= 4 (ft log ft-ft, 1 ) - f Vft.w+ G ft log ft

= 4 (ft log ft-ft, 1)+ ftdivw+ G(ftlogft-ft)

= 4 (ft log ft, 1 ) + f G( ft log ft) + f ft div w .

Thanks to (2.12?) and (3.2), the term ft div w can be easily bounded and

then, it is put in the right-hand side of the equality.
In order to estimate the term (f2, div i; ), we build a stability space as

following :
First, we bound all the terms in the right-hand side of the équation like :

|(w2,divt>)| ^ \\w\\l* | |»| |vss£lM|*. +Uvfv

(3) These terms are not equal to zero as in the Stokes problem
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ON A NON-HOMOGENEOUS SHALLOW-WATER PROBLEM 39

and

| ( / , w ) | s f I I»I IV + 2 7 I I / I I H - . .

Thus, we obtain the energy inequahty :

h\ogh + 2J G.hlogh

j 11/11» ' + 5 I M I Î * + l|w,||2+||divw||2

î.e.

^ | G.hlogh ^ C3.

If we choose data satisfying J£ | | i> | | 2 - \(v2, div v)\ ^ 0, then we
automatically have K\\ v \\ \ - ( v2, div v ) 5= 0.

Now, using Gagliardo Nirenberg's inequality, we bound the term
( v2, div t; ) as follows :

> 2 , d i v i > ) | ^ | | t ; | | 2 4 | | i > | | v « S C | M | 2 | | i> | | -

as we \
follows :

Then, as we wish to have £"||t?||2 - (u2, d ivu) 5= 0, we choose data as

K-C\\v(t)\\ & 0 Vf.

We are going to prove that we must have | |v(OII < T» ^ e assume the
2 2 J ^

solution is continuous from [0, T[ to L (Q) . Since ||üo|| < 7;, there exists
K K

a time tx such that | | ü ( f ) | | < ̂  on [0, r t [ . Suppose that 11^(^)11 = ^ , we
can write :

+ ( è + « i > ) i .

vol 31, n° 1, 1997



40 F-J CHATELON, P ORENGA

which contradicts the condition (2 3d)
Finally, we obtam (3 \b) by integrating the energy ïnequahty

-l{h meas ( Q ) . log h + ± | |G | |L , (£+ )

)2) + 2 s u P A 1 ° 8 A

T- i - ^ - ^ O i - j o r L2(Q)2)) + 2 G.hlogh

\v\\l»(0T

| w | | j 4 ( o r L 4 ( o ) 2 ) - 2 j G . AI log AI

The left-hand side of the ïnequahty is obtained with these two relations

h(t)\ogh(t) ^ -hmezs(Q)Aogh (3 3a)
ia

f h(t)logh(t).G^~h\G\\Ll(y+) (33b)

It is easy to check the estimate (3 3b) by studying the function
x i-> x log x The estimate (3 3a) is obtained using the following convexity
ïnequahty

hlogh ^ 7ïlog/i+(log/i+ 1) (h-h)

hence, we obtain

<=>

f / z l o g ( | ) ^ f (h~h)=Ö

h l o g ( = ) ^ \ h l o g h - h m e a s ( Q ) . l o g h ^ 0
JQ \h) in

t=> hlogh ^ - TL meas ( X2 ) . log ~h
Jr3

M2 AN Modélisation mathématique et Analyse numérique
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ON A NON-HOMOGENEOUS SHALLOW-WATER PROBLEM 4 1

Remark 4 : With Dirichlet boundary conditions, the estimate is the same ;
the values of the constants are slightly different.

4. A TRACE THEOREM

We dénote by :

equipped with the graph-norm | |M||LJ :

We also dénote by Ll
Oàlv(Q), the closure of &{Qf in Ll

±v(Q).
In the next paragraph, we will need the following resuit :

THEOREM : Let Q be a bounded open subset of Un, (n e N*) and y its

Lipschitz-continuous boundary. We dénote by n the normal extern unit to
Q on y.

Then we have :

i) The space B{Q)n is dense in L\w{Q).

ii) The map yn: u H-> u . n . defined on @!(Q)n can be extended to a linear

continuous map from L±v into [W '°°(y)].

iii) The kernel of yn is the space L\ ±V(£2).
Before proving this theorem, we give a lemma that characterizes the

continuous linear forms onto L^

LEMMA 2 : Let Q be an open subset ofUn and F € ( L ^ v ( ö ) ) ' Then there
exists f0 e L~(Q f and fx e L~(Q) as :

[ j
Q

Proof : Let T be the map defined by :

v ^ (vt div v) .

vol. 31, n° 1, 1997



42 F-J CHATELON, P ORENGA

T is an isometry from Ldiw(Q) into Ll(Q)n x Ll(Q). We note
T( Ll

div( Q)) = G. G is equipped with the induced norm of
L\Q)nxLl(Q):

We also dénote by S the map that applies G on Ll
dly( Q ). The map that for

/ze G(h = ((p, div (p)) associâtes (F, Sh) is a linear continuous form on G.
Thanks to the Haln-Banach theorem, it can be extended to a linear con-

tinuous form on Ll(Q)n xLl(Q), noted <f>.
Using the Riesz theorem, there exists fQ e L°°( Q )n and fx G LT( Q) as :

(<t>,h)= f f o h o + f ƒ , / . , V / i e ( ^ '

Then

>,h) = f /0 / i0+ f ƒ,*! Vfte G

, /i) = f f0 h + \ fx div h VhG G

that achieves the proof. •

Proof of the theorem :
i) To show the density of £&(Q)n into Ll

dlv(Q), we use the classical
following result :

The proposition

{ifa/e (Lj lv(Ö)) //(Ffi>> = O,Vi>€ @(Q)n then F=0}.

is equivalent to <3(Q)n is dense in Ll
dlv(Q).

Let F be a linear continuous form on L^v(^2) such as

{F9v) = 0 \fv e @(Q)n

by the lemma 2, we can write (F,v) as :

< * » = f fov+ f /idivi; with foe L^ÜfJ^ L~(Q) .
Ja JQ

M2 AN Modélisation mathématique et Analyse numérique
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ON A NON-HOMOGENEOUS SHALLOW-WATER PROBLEM 4 3

Then :

\ fov+ / i d i v ü = 0 Vi;
JQ JÛ

zz> /0 = V/j in the distribution sensé .

As f0 belongs to LT(Q)n, and therefore to L2(Q)n, then we have
fxe H\Q).

Consequently

y/i*>+ /1divi? = 0
JQ JÛ

By the Green's formula, we have :

\ v.n fY = 0 Vu
Jy

And by density of 3t{Q)n in H (Q)n and by the continuity trace map,

\ v.nfx=0 Vue H\Q)n

Jy
=> ^o/i = ° t h a t imPh'es that/j e H\{

Then we take a séquence ƒj ^ e ®(i2)n that converges to/j into/f !( O) and
for ail i; e L^v(i2), we can get by the green's formula,

Y/i.*»+f /lttdivi; = O

+

/1divü=0
Q

Hence
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ii) We write the Green's formula :

!>, V<p) + (div

Then we deduct :

Jy
<pdy

L v . n (p dy Wloo(&)

The first term is only dependent on the trace of f onto y. Moreover,

1 «y v —Wl "(y) inf

Then we have :

1v . n ju dy
"(y) *

The map yn : i ? ^ v . n | y e ( W1'°°(7))/denned on ^ ( & ) n equipped with
the norm of the space L d l v (O) is continuous. It can be extended by continuity
to the space L^v( Q ) by (i). •

iii) We must show :

First, it is easy to see that Lx
0 ̂ (O) <= ker yn, by the continuity trace map.

On an other side, ker yn is closed, it is a banach space.

Let Fe (Lly(Q))/(F,<p) = 0 \/<p e ®(Q)n.
We must show (F, q>) = Q V#? e ker yn.
We have, by the lemma 2,

\ fo<P+\

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numencal Analysis



ON A NON-HOMOGENEOUS SHALLOW-WATER PROBLEM 45

We have shown in (i) fQ - Vfx in the sensé of distribution and that
ƒ} G HQ(Q). We can apply generalized Green formula :

f /op

= O V#> d

But @(Q)n n ker yn is dense into ker yn. From which the result : •

5. PASSAGE TO THE LIMIT

5.1. Continuity Equation

We present two lemma that allow us to pass to the limit in the continuity
équation. The first lemma is proved in [O2].

Let hn, vn and wn be three séquences satisfying the following conditions :

i)„e L2(0,T\H3(Q)2)andvn^ v e L2(0, T ; H\üf) weakly (5.1a)

w f le L2(0,T;H3(Q)2)andwn -> w e L2(0, r ; H\Ü)2) strongly (5.1*)

ftB and fcn log ̂ n bounded in L°°(0, T ; L\ Q ) ) (5.1c)

K t+ ^ v ( v
n hn )

 + ^ v ( w« ̂ n ) = 0 • (5.1*2)

Then, we have these following results :

LEMMA 3 : We can extract from vn and hn subsequences such that :

hn0dxdt->\ h0dxdt forall0eL1(O,T;L°°(Q)) (5.2a)

vn hn bounded in L2(Q,T \ L\Ü)2) (5.2*)

vnhn-^Kx inL\Q) weakly (5.2c)

Kx = vh. (5.2d)
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LEMMA 4 : Let hn and vn be two séquences satisfying the conditions of
lemma 3, let Gn be the trace of un = vn + wn satisfying :

Gn^GinHl(O,T;m(y)) strongly (53a)

/Jn —> ju in L ( 0, T ; L (y~ ) ) strongly \hn~ finon E~ (53b)

hn t + div ( un hn ) = 0 . (5.3c)

Then

h = ju on ir . (53d)

Proof : We consider the vectors 0n and 0 such as :

0 = ( /i . u, n h. u0 nh) a n d 0 = (h, u, h, w0 h) .

We have 0 G LX(Q) and:

div,iX 0 = U + div ( w/0 - 0 G Lx( Q) .

Then we have <9 e L^v( Q ) and @n G L^V ( g ). By the previous lemma, we
have 0n ^ 0 in the sense of L^v( f2 ). By the continuity of the trace map, we
obtain :

y0n~^y0 in ( Wl'™( dQ ) Y.

Then, denoting the external normal unit on dQ by iV,

n hn = hn • N+Gnhn,

We obtain :

(hn.N+Gnhn,<p)->(h.N+Gh,<p)

Choosing Ç9 e £2}(IT ), we get :
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By (5.3&), we have Gn hn = Gnfin onto ZT . As Gnjun — G^ in Ll(IT ), by
the uniqueness of the limit, we obtain :

Gh = Gji onto i T

5.2. Momentum équation

We are going to give a lemma that allows us to pass to the limit in the
Momentum équation.

Let {<pv ..., (pn, ...} be a basis of the space V, <pn belongs to H3(Q)2 and let
Vn be the set of linear combinations of the n first éléments of the basis. Assume
that vn and hn satisfy the weak problem (T^) , Vç> e Vn ; assume that
*>„( ? = 0 ) = v0 n G Vn with ü0 n -> f 0 in V and /in satisfies the condition
(5.W).

Finally, assume that t?n satisfies the following estimate :

Then we have the resuit :

LEMMA 5 : If f e L ( 0, T ; //~ ( £? ) ), tóerc, we can extract a séquence from
vn, still denoted by vn, such as :

vn weakly converge to v in L2( 0, T ; V) (5.4a)

vn weakly - * converge to v in L°°( 0, T;L2(Q)2) (5Ab)

4 4

cwr/ rn a( ün) weakly converge to curl Va(v) in L3(0, T ; L3(Ö ) ) (5.4c)

? 0 4 4 9

Vvz
n weakly converge to Vv2 in Ls( 0, T\L*(Q)) (5 Ad)

un t is bounded in U( 0, T ; H' 3(Q)2) and v(t = 0) = v0 (5.4e)

u satisfies the weak problem ( y* ), V#> G Vn . (5.4/)

Proof : The passage to the limit in the momentum équation is easier than the
continuity équation. For the proof of this lemma, we refer to [O2], •

6. APPROXIMATED SOLUTIONS

We introducé a basis of V denoted by {vv..., vn,...}, vn belongs to
H3(Q )2, and Vn the set of the linear combination of the n first éléments of the
basis. We are looking for ( vn, hn ), where vn is of the form

n

vn = 2 &t(t)
 v

t(
x)> solution of the following weak problem

i = î

vol. 31, n° 1, 1997



48 F-J CHATELON, P. ORENGA

Find vne L2(0, T;Vn) n L~(0, T; L2(Q)2) and fcn e <£l(Q) such as

(vnr v)+Aa(vn, v) - i (v2
n, div v) - (vn wn, div v)

+ (curli>Ba(un) , v)

= (/iB, div v) + (ƒ, v) - (wBi/, v) + i ( w B , d i v v ) -Aa(wB , v) Vv e Vn

hnt + dïv (vnhn) + div (wnhn) = 0

where the data and the constants satisfy the conditions of the theorem, and
where wn e Hl(Q, 7j H3(Q)2) with wn. n = Gn e Hl(0, T\ H5/2(y) ). To
prove that hn e f 1 (<2) ,we argue as in the lemma 1 and we obtain the solution
hn, function of the data on ZT u Q x {O}. If we choose hOn e ^(Q) and

l \ then fcrt is in '

LEMMA 6 : 77ie problem ( T^n ) ^ai1 a solution satisfying :

the following estimate :

+ 2supu p | ftBlogftB

Proof : To solve this problem, we apply the Schauder fixed point theorem.
This theorem spécifies that if we consider E a banach space, A^ a convex
compact subset in E and 77 a continuous map from Ko into itself, then there
exists xoe Kö/x0 = IT(xö) (see [GT]).
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this theoren
the following problem :

To apply this theorem, we fix a function v*n in L2( 0, T ; Vn ) and we solve

(H)

The solution kn of the problem (H) belongs to ZT(0, T; L2(Q)) and we
define the following map :

L2(0, 7 ; Vn) -* L~(0,

Then, we solve the following problem based on the weak formulation of the
moment équation with hn = kn previously found :

^ ^
(curlüBa(w l l)1 v) + D((vn + wn) \va + w j , v) - (*n, div v)

1 2

( w d i v v ) ( w v ) A a ( w f l , v) Vv E V;

We define the map 172 that associâtes to kn e L°°(0, T; L (Q)) the solution
of the problem (17), vne L2(0yT;Vn). Then we consider the map
77= 772 oJTv We are going to prove that this map satisfies the conditions of
the Schauder's theorem and then has a fixed point. This map TT must be
continuous and must apply a compact convex into himself. We note that thanks
to the regularity of the basis, L2( 0, T ; Vn ) and L2( 0, T ; Wh°°( Q f n Vn ) are
algebraically and topologically equal. Then we can obtain conditions onto
TT for the weak topology of L2(0, T ; Wh°°(Q)2 nVn) that is metrisable into
a fini te dimensional space.

The problem ( H ) is solved with the method of the characteristics. As in the
lemma 1, the explicit solution of the problem (H) is :

*„( t, x( t, x, z ) ) = C 6 . e
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where C6 is a constant obtained by :

*n(T,jt(T,T,z))=juB ^ 0 ifr * 0and£e y~

,-s)) = /iOn 5= 0 ifr = 0andze Q .

By standard considérations (see [DPL1]), we have
kn e <^°([0, T] ^ ( ^ ï ) ) . Then by the explicit solution, we have fc„=juw

onto iT and the initial condition. Moreover, kn satisfies the following estimate
obtained by the Gronwall's lemma :

This estimate will be necessary to prove the conditions of Schauder* s theorem.
We now solve the problem ( U ) :

vnt, v)+Aa(vn, v ) - i (^ ,d ivv) - ( i? n w B ,d ivv) + (curlü |Ia(üll)) v)

Ia(w / I),v) + D((i;B + wfI) \vn + wn\9 v) - (kn, divv)
1 2

^ w d l v v) ( w v )

where kn is the solution of the problem (H). This problem can be reduced to
a simply differential system with the estimate :

| ( B O I A l l M ( 0 >

The solution of this differential system satisfies :

As in the lemma 1, we show that the left-hand side of the inequality is
non-negative if we choose e2 < K(l - 6). Then vn = IT2(kn) satisfies:

where C8 is a positive constant. The problem (U) has a solution vn in
L2(0, T; Vn). The initial condition is easily satisfied.
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There is a last point that must be checked ; 27 satisfies the conditions of
Schauder's theorem. With (6.2) and (6.3), vn = IT(v*n) satisfies:

u

It is clear that if || v*n \\ v < R, we are going to obtain
H^JI^Vo T v ^ < R> if R i$ well chosen and if T is sufficiently smalL Then,
the last estimate proves there exists R such as :

11(8(0, R)) a B(O,R)

B(O, R) is a convex compact set for the weak topology of L (0, T; Vn).

Finally, we must show that the map 17 is continuous. Thanks to the
regularity of the basis, we use the weak topology of the space
L2(0, T ; WlfO°(Q)2 n Vn) that is metrisable when the dimension of the space
is finite. We consider a séquence v*n that weakly converges to v* in
L2(0, T\ Wh°*(Q)2n Vn). We are going to show un = /7(i>*) weakly-*
converges to v = Il(v*) in L2(0, T\ Wh°°(üf n VJ.

If kn is the solution of the problem (H) with v* = v*n and ^ n (0) = h0, then
kn satisfies the following estimate :

and weakly-* converges to h in L°°(0, T; L2(Q)), with h the solution of the
problem ht + div ( v* h ) -f div ( wh ) = 0. Then vn, the solution of the
problem (U) with h = kn and ^n(0) = P0> weakly converges to
t>=J7(t>*) in L 2 ( 0 J ; f l ! O ° ( O ) 2 n y n ) by the lemma 5.

We have proved all the conditions of Schauder* s theorem. The problem
vn = IT(vn) has a solution in L2(0, T; WUoa(Q)2 n Vn). Since t?n is a
solution of ( f / ) and &n solution of (H) , we have v

n(t = O) = vOn and
fc„('=0) = /zo,,

We have obtained the existence of a solution for small times. It is possible
to extend this resuit for all T thanks to (6.1). Indeed, the solution satisfies this
estimate and then is bounded.
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The solution of the problem is such that vn e Hl(0,T;Vn). Since the
éléments of the basis belong to H3(O)2, we have vn e Z7l(0, T\ H3(Q)2),
i.e.

The solution hn satisfies :

And then (as (jJn e ¥*(2T )) :

Since An satisfies the continuity équation, we have :

f K+\ Gnhn=\ hOn-\ Gntxn.

And since ptn, Gnx + and hOn are positives and Gnx- is négative, we obtain :

hn*o.

7. PROOF OF THE THEOREM

Let ^1(0) 3 hQ n -> h0 in L ! ( f l ) and Fn 3 vOtrt -» ^0
 i n v> w here ü0 and

h0 are the initiais conditions of the problem ( P ) .

Let wn be defined as in the previous paragraph, let ( t?n, An ) be the solution
of the problem 'Vn seen in the lemma 6 with i?0 n and &0 n as initial conditions.
Let jdn—> l* e Ll(IT ) strongly. The functions t>n and An satisfy :
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and

(vnt, v) + Aa(vn, v) - | (v2
n, div v) - (»„ wB, d ivv )

+ (curl »B a(» B ) . v) + (curl vn a (w n ) , v) + £>((t>„ + wB) |i?B + w j , v)

= (fcB, d i v v ) + (ƒ, v ) - ( w „ „ v ) + i ( w B > d i v v ) - A a ( w B , v ) Vv e V„

By the lemma 6, the solution ( vn, hn ) satisfy the estimate

- 2 ( Â m e a s ( f l ) . l o g Â + i ||GB||L.(2.+ )

^ II »- U î -ca T: t*(O)»> -«- 2 S«P I K l ° ë h n

Then, by the lemma 5, we can extract to vn a subsequence, still denoted by
vn, such as :

i;n— v in L2(0, T; Vn) n L°°(0, T;L2(Q)2) .

Moreover, this subsequence satisfies the following results :

4 4

curlt;n a(i;n) weakly converge to curl ua(u) inL3(0, T\Li(Q) )

? 9 4 4

VIT weakly converge to Vu in L3( 0, T ; L3( <Q ) )

/ " 3( & )2

ÜBI , is bounded in Lâ( 0, T ; / / " 3( & )2 ) and t;( t = 0 ) = v0

Thanks to its strong convergence, we have clearly the same results for the
séquence wn.
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Now, we can extract to hn a subsequence denoted by hn, by the lemma 3,
such that :

hn--h m Lp(0,T;Ll(Q)) forp<™.

By using the second resuit of the lemma 3, we hâve vnhn^vh e L (Q)
weakly and we can deduce div ( vh) belongs to L l (0 , T;W~ hl(Q)) i.e. that
ht e Ll(0, T ; W~l) \Q ) ) and then, h( t = 0 ) = h0 and finally, thanks to the
lemma 4, h = ju on IT .

This conclude the proof that (v,h) is a solution of the problem *¥~. M

Remark 5 : If we consider Dirichlet boundary conditions u = G on y, the
proof of the theorem is slightly différent ; the main ideas are the same.
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