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MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol 31, n° 3, 1997, p 303 à 326)

THE p VERSION OF MIXED FINITE ELEMENT METHODS
FOR PARABOLIC PROBLEMS (*) (1)

by Sonia M F. GARCIA (2) and S0ren JENSEN (3)

Abstract — We investigate a parabolic problem from the point of view of stability and
approximation properties of increasmg order mixed (in space) finite element methods Previous
estimâtes for the Raviart Thomas projection are proven to be sharp We analyze the effects of
mixedfinite element discretizatwn in space to present transient error estimâtes (for semidiscrete
mixedfimte element methods) The results in this paper (submitted in Oct 1993) complement the
results already published in [6 8]

Résumé — Un problème parabolique a été étudié d'un point de vue stabilité, ainsi que des
propriétés d'approximation des méthodes des éléments finis mixtes (en espace) d'ordre croissant
II est montré que des estimations précédentes faites sur la projection Raviart-Thomas sont
précises Nous avons pu analyser les effets de la discretizatwn du méthode des éléments finis, en
espace, afin de présenter des estimations d'erreurs transitoires (pour des méthodes des éléments
finis mixtes semidiscrets) Les résultats de cet article (soumis en Oct 1993) complètent les
résultats déjà publiés dans les références [6 8]

1. INTRODUCTION

Consider the following parabolic initial, boundary value problem

c(x9 t)ut-V. (a(x91) VuO, t) + b(x, t)) =f(x, t)9 (x, t) e Q x J ,

U(X,O) = UO(X),X<E Q, (1.1)

u(x91) = g(x91), (x, t)e dQxJ

(*) Manuscript received October 30, 1993 , revised October 12, 1995
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304 Sonia M F GARCIA, S JENSEN

Hère, Q is a convex, plane polygonal domain, J = (0, T), and we assume that
a, bv b2, c e C ~ ( / 2 x J ) and that inf a(jc, r ) > 0 as well as

inf c(x, t) > 0. We assume that this problem is well-posed and in
x e Q, t G J
particular that a solution exists at each time t for

(ƒ( . , 0 . « o ( ' ) ,0( . - O ) e l\Q)xH2(Q)xH3/2(dQ)

with the regularity estimate

where we have denoted the norms in the Sobolev spaces Hm( Q ) by || . || m and
in Hs(dQ) by | . |̂ , respectively. We dénote the ess sup norm in the space
L~(f2)by || . IL.

Let a be a new variable denoting a « flux » :

er : = - (a(jt, f) VK(JC, 0 + *(•«» 0 »(*,*))

and define the spaces

:=L2(r2),and,

where we take the closure with respect to the norm defined by

When it is clear from the context we will use V and H to dénote V( Q ) and
H(div,Ö).

A solution pair (M, CT)( . , 0 e VxH of (1.1) may be thought of as a
solution of the variational problem

( c ( x , t) ut(x, t),v) + ( d i v a ( x , t)9v) = (f(x, t ) , v),

M(jt ,O) = M o( jc) , (1.2)

where ( . , . ) is the usual L (Q)-inner product, and u furthermore is subject
to the boundary conditions in (1.1). The second term in the first équation of
(1.2) is meant in the dual sense (using that / G H).
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THE p VERSION OF MDŒD FENiïTE ELEMENT METHODS 305

Let

l/a( JC, t) = a(jc, t) and b(x, t)/a(x, t) = /?(JC, r) .

Simplifying the notation by dropping (JC, t) for the time-dependent vari-
ables as well as dropping the (JC) for uQ, (1.2) can be written as

( ^ f ^ ) = <0,^.V>, V*€=JÏ , (1.3)

(cut,v) + (divor.i;) = (ƒ,«?), Vi? e V\ (1.4)

u ( . , 0 ) = ii0, (1.5)

where ( . , . ) is the L2-inner product on the boundary of Q, Le.,

(w, u ) = I wv ds
JdQ

and v is the unit outward normal vector to dû.
This paper studies the behavior of a finite element method to be defined

precisely in (1.6)-(1.8) using a fixed mesh as in [11]. As there we then pay
particular attention to what happens as the polynomial degree of the finite
éléments is increased. This type of method is at times called a p version of the
mixed finite element method, but could also be considered as a mixed,
Galerkin spectral element method.

[6] has portrayed the h-version of the mixed finite element method for the
quasilinear parabolic problem including the questions of uniqueness, exist-
ence, and convergence of the discrete solution as h X 0.

Now, let us define some discrete subspaces, denoting by Af some measure
of the dimension of these. Let ST̂  be a geometrie partition of Q into
parallelograms which we term geometrie « éléments » E. Let Qp'q be the set
of polynomials in two variables (x and y) of separate degree at most p (in JC)
and q (in y), respectively. If p — q, we simply write Qp. For each
E G 9" ,̂ let FE be an affine, orientation preserving (Le., (de t (Z)F £ ) > 0 )
mapping which maps E onto R = ( - 1, 1 )2, a référence square. We then
define two spaces of piècewise polynomials :

Note that

vol. 31, n° 3, 1997
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306 Sonia M. F GARCIA, S JENSEN

With the définitions already in place, also please note that a necessary and
sufficient condition for the inclusion HN ŒHÏS that normal components (after
convening on one common normal) are continuous across inter-element
boundaries (whose common length is positive).

With the above définitions a discrete analogue to (1.2) is given by the
following.

Find (uN,aN)^ VNxHN such that

(aaN,x)-(uN, àîy X) + (fa^x) = (9>X -v) * VZ e HN (1.6)

(cuNt,v) + (dïvaN,v) = (f,v), VveVN, (1.7)

(1.8)

where U{ 0 ) is the first component of an elliptic mixed method projection of
( u, cr)(O) onto the finite dimensional space V^ x HN to be defined precisely
in (2.4)-(2.5). Assume until then that U(0) is well-defined. If one were to
introducé bases for HN and V ,̂ one could rewrite (1.7) and (1.6) in matrix
forai :

with the initial value ( uN)( 0 ) prescribed. The matrices A and C are symmetrie

and positive definite so that we may solve for (aN) in the second équation

(uniquely in terms of ( uN) ). Now we interpret the first équation as a System
of first order ordinary differential équations with a positive definite coefficient

matrix of (uN)t which in turn détermines (uN) uniquely. Thus (uN, aN) exists
and is uniquely defined.

2. ESTIMATES AT F1XED TIME FOR ELLIPTIC MIXED AND OTHER USEFUL PROJEC-
TIONS

The main tools for our work are an elliptic-mixed projection, the Raviart-
Thomas projection for the p-version for the mixed method, and also the
L2-projection onto polynomial subspaces to be defined below.

The L2-projection onto V ,̂ PN\L2^> VN, is uniquely given by

(PNv-v,w) = 07 w<= VN,

M2 AN Modélisation mathématique et Analyse numénque
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THE p VERSION OF MIXED FINITE ELEMENT METHODS 307

where by [12], e.g. we have the following estimâtes,

\\PNv-»U^Cp-m\\v\\m, m ^ O , (2.1)

for i; e Hm(Q).
As in [16], [11] and of course [13] we will use the Raviart-Thomas

projection of H onto HN, IJN : H —> HN.
The définition of 77^ is, for any / e H :

N E EeQ?-hpxQ!''p-1. (2.2)

ITNx exists and is unique by [13]. A conséquence is the commutation property
div IJN = PN div, or precisely,

The approximation properties of JJN — as dependent on the parameter p —
were given in [11] extending results in [16] :

PROPOSITION 2.1 [[11] Prop. 2.1] : Let % <E H and let ITNx be its Raviart-
Thomas projection onto HN given by (2.2). Then, if x e (Hr(&) ) » we have

r , r>\/2, (2.3)

where C > 0 is a constant independent of p and x but depending on r.
Moreover, this estimate is sharp.

The inequality was proved in [16] for r > 1 and in [11] for r> 1/2.
Concerning the sharpness of the inequality, the proof will depend on properties
of the Legendre polynomials to be introduced in section 4. We will postpone
the proof to Lemma 4.8 for that reason.

Define an elliptic-mixed-method projection (U,E) of the solution pair
(u,o~) of the variational problem onto the finite dimensional space
V^ x HN to be the mapping ( U, E ) : V x H x J -> V^ x HN given by

x) = O, VXeHN, (2.4)

t?) = O> V i ? e V w , (2.5)

where X is chosen to be independent of t e J such that

vol. 31, n° 3, 1997



308 Sonia M. F. GARCIA, S. JENSEN

LEMMA 2.2 : There exists a unique solution pair (U,E) of (2A)-(2.5). For
any given f e j , the mapping

is a projection.

Proof: Since the linear System (2.4)-(2.5) is square, we need only verify
uniqueness in order to also have existence. Suppose there exists another pair
( U\ £') solving (2.4M2.5). Then take % = Z ~E' i n (2-4) a n d

v = U - U' in (2.5) and add the resulting équations to get :

(a(Z -£'),(£- Z*)) + (fi(U - U'X(E-?)) + X(U- U\U- £/') = 0,

where then the coercivity above yields uniqueness. This also proves the
mapping defined in (2.4)-(2.5) is a projection. D

Let us ease the notation by setting,

Ç=U-uN, and C = 27-o-JV, (2.6)

so that ||(£, OH is t n e distance from the elliptic projection to the finite
element solution, and

rj = u~U, and p = a - Z , (2.7)

so that || (?/,/?) || is the distance from the elliptic projection to the exact
solution.

In order to estimate these distances and the corresponding distances of
(Vp Pt) — thek partial derivatives with respect to time, we need three lemmas
modelled after [11], Lemma 3.1 and Thm. 4.1 which in turn are modelled af ter
[5]. Lemma 2.3 yields a kind of (super-) stability resuit a la [5].

LEMMA 2.3 [[11], Lemma 3.1]: Let p <E H, g e ( L 2 ( ^ ) ) 2 , and
2 If x e VN satisfies

(ap,X) - (div X,r) + (0T,X) = (Q,x) * V / e / / , ,

q e L2(Q). If x e VN satisfies

\fv^VN, (2.8)

then there exists a constant C — C(a, fi, À, Q), such that,

1 / 2 2 + 110H0+

The proof relies on a duality argument (originating in [10]) and coincides
with the special case of the proof in [11] (with their 0 = 2).

The estimâtes for fj, p, and div/? are given in [11], hère called Lemma 2.4.

M2 AN Modélisation mathématique et Analyse numérique
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LEMMA 2.4 [[11], Theorem 4.1] : Assume that the solution u at any time in
J is in H2(ü). Then there is a positive constant C, independent ofp such that,
for m^ 2

\\u-U\\Q^ Cpl-m\\u\\m, (2.10)

\\a-Z\\0^Cpy2-m\\u\\m, (2.11)

\\div (a- Z)\\Q* Cp2-M\\u\\M. (2.12)

Since the regularity requirements are less than those of [11] (where they
7/2

required u e H used to bound some nonlinearities) we would like to present
a proof.

Proof : Let

e^u-pNu, e =a-nN(T, (2.13)

r = PNu-U9 ö = IINa-£9 (2.14)

then

Tt = u-U=(u-PNu) + (PNu-U) = 0 + T, (2.15)

a- Z)= 2 +ö . (2.16)

To get the estimate for rj we need only concentrate on one for T. If we take
z = PNu-U, p=o-Ei Q = (PNu-u)fr and ^ = 0 in (2.8), we
recover a rewriting of (2.4) and (2.5). Hence, by the previous lemma,

+ || e n 0]

c[p-1/2( || e n o + \\ö\\Q) +p-\ | |div e ||0

where each of the terms enumerated with an odd roman numéral satisfies

I - | |E | | 0= \\a-nNo\\0^ Cp1/2 = r | k l l r ^ C / / 2 - m | | M | | m , m>3 /2 ,

m = || d i v a - PN d i v o || 0 < Op' "\\ d i v «ril r^Cp2~m || u \\ m, m>2,

V = | |ö | | 0 = I I U - ^ B I I O ^ qp-" | |« | | m > m > 0 .

vol. 31, n° 3, 1997
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For the term n, we state (2.4)-(2.5) once more in our recently introduced
notation and split off some terms to the right hand side :

) , V* e / ^ (2.17)

(div<5, Ü ) + A ( T , V) = Q, Vue V r (2.18)

Now let x = ô and v = x in the sum équation (2.17) + (2.18) to obtain

using coercivity once more so that

n=

^ Q>3/2-m|Mlm, m>3/2 .

To obtain the last bound,one on IV, we take v = dïv d in (2.18),

IV = ||div<5||0<C|iT||0

^Cp3/2~m\\u\\m, m>3/2 .

using the bounds above involving \\S\\Q. D

Remark 2.5 : We note that (2.12) is sharp, given the regularity or shift
inequalities : || div a \\ m _ 2 ^ C || G \\ m_ x ^ C \\ u \\ m ( m ^ 2 ). Regarding
(2.11), since we employ an estimate of a term like || E ||0 involving the
Raviart-Thomas projection for which the estimate (2.3) will be proven to
sharp, we could not expect a better bound that (2.11). One may actually
formulate (2.10) differently with the highest order term on the right hand side
being CjT r || a || r — stemming from estimating the term I by (2.3), involved in
our use of the super-stability lemma above (with only a half mitigating power
of p) — (other terms being bounded by ( Cp~ m || u \\ m ), for which we can hope
no better. That would require an improved version of Lemma 2.3.

We now give estimâtes for rjt, pt, and div pv

M2 AN Modélisation mathématique et Analyse numérique
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LEMMA 2.6 : Assume that the solution u and its partial time derivative ut are
in H2( Q ) for all t e J. Then there is a positive constant C, independent of p
such that, for m 2= 2

\\ut-Ut\\0^ Cp3/2-m(\\u\\m+ \\u,\\m) ,

\\at- E,\\o^ CpV2-m(\\u\\m+ \\ut\\J ,

|| c ü v ( < 7 , - 2 7 , ) | | 0 ^ C p 2 - m ( I M I m + l l « J l m ) .

Proof : Rewriting (2.4) and (2.5) using the nomenclature introduced in (2.7)
yields :

) + ( # / , * ) = 0 , V J G J Ï ^

(div p, v ) + À(n, v ) = 0 , Vv <E VN.

Now, differentiate the above two équations with respect to time (taking % and
v to be independent of time) :

~ (div#,*/,)

?) = 0 f Vu

noting that this operator (dfdt) commutes with the spatial operators PN,
nN and div (e.g. ((PNv)t = PNvt) and that

(div P, v) = (div Ef, t?) = 0 , VD e ^ .

To estimate rjt, it suffices to bound rt, since nt = xt+ 0t and 0f can be bounded
using (2.1). Observe that

) - (div*f xt) + ( ^ ^ ) =

( div <$,, i? ) + A( T(, Ü ) = 0 , V u e V^ (2.19)

Take ^ = <5r and v = xt in these last two équations and add them up to get :

vol. 31, n° 3, 1997



312 Sonia M F GARCIA, S JENSEN

Using coercivity we get

II«5,IIo+ K i l o * C( || B , | | o + \ \ p \ \ 0 + | k l | 0 + | | 0 , | | o ) .

It also follows from (2.19) and the fact that div<5( e VN that

lldiv«yo^2||T,uo.

Now,

Hh* W°t\\o
+ k l l o = \\"t-PNu

t\\o+ IIT.IIO.

\\p,h< IIB,||0+ | | * j o = \\<Tt-nNot\\Q+ na,n„,

||div/»r||0« | |div(«T-/7wa) ( | |0 + A||Tt||0.

These inequalities suffice to prove the assertion of Lemma 2.6. D

3. TRANSIENT ERROR ANALYSIS

In this section we first present the L2 and L°°-error estimâtes for
C = E — GN and Ç= U - uN.

PROPOSITION 3.1 : Let u and ut e L2{Hm) for m ^ 2 where u is the
solution of(l.l), and let (uN, aN) and (U,E) be as defined in (1.6-1.8) and
(2A-2.5), respectively. Let ((f, C) = ( U9 27) - (M^, <JN). Then there is a
positive constant C, independent of p such that, for m ^ 2,

Proof: Subtracting (2.4, 2.5) and (1.6, 1.7) from (1.3, 1.4) yields :

(3.1)

,v),ve VN, (3.2)

take

X = Z-GN = t,, andv = U-uN=Ç,

then (3.1) becomes

M2 AN Modélisation mathématique et Analyse numénque
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add them up to get

\jt (cÉ, O + (aC O + (#, O

Bound the terms on the right hand side by the Cauchy-Buniakowsky-Schwarz
inequality, integrate with respect to time, observing that uN(0) = £/(0), and
employ the Gronwall inequality to get

w * C( 11,7,11^+ ||i;||^Ll)). (3.3)

where C then dépends on t

Next, we give an estimate for ||C(Ollo- U s e (3-2) w i t h v = ^ t o obtain

« , St) + (div C, ̂ ) + A(£ ff) = - (dffi O + ̂ (//, 5r) + A(& ̂ ) (3.4)

and differentiate throughout (3.1) with respect to t :

- ( a , C , z ) (3.5)

(with x independent of time). Now choose x — C(Ö in the sum of (3.4) and
(3.5), then a short calculation yields the following identity at an arbitrary
t :

^ ) + A(ri, ̂ ) + A(f, £,) - i { (a f C, C) +

+ (^,C,)-(a(^)/ar,C)}. (3.6)

We proeeed to bound each term on the right-hand-side of (3.6) in turn :

vol. 31, n° 3, 1997
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with the two terms containing a factor k majorizable in a very sinülar fashion
(also using (3.3)), and further in (3.6),

KILIICIIo

, where

In the second estimation we used intégration in time over the interval
(0, r) — which we will perform on all the terms of (3.6) in a moment — here
we did it by parts and used that £ (0 ) = ( f / - uN)(0) = 0 by (1.8).

Integrating (3.6) with respect to time from 0 to t and applying coercivity we
get

Note that ||C(0)||o = 0 due to the facts
in (3.1). Using (3.3) we get

IIÉII ' - ( O + II f II l - C (

= 0 and that we may take

^ + II9, I ) • (3-7)

Using previous lemmas in (3.7), one obtains the inequality stated in the
proposition. D
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We may now state and prove our main resuit regarding estimâtes for the
semi-discrete problem in time :

THEOREM 3.2 : Let u and ut <E L2(Hm) for m ^ 2 and let (u, a) and
(uN, aN) be as defined in (1.1) and (1.6-1.8), respectively. Then there is a
positive constant C, independent of p such that, for m ^ 2

|| IC |

Proof : The proof follows directly from the previous lemmas.

Remark 3,3 : For the équation in (1.1) of parabolic type, one may well hope
that parabolic smoothing will occur so that u( . , t) and ut{ . , t) will be rather
smooth (read lie in Hm(Q) for m > 2). If this is indeed the case, the error
estimate in Thm. 3.2 will yield superior rate of convergence for the error as
compared to an h version with a fixed p once an initial transient has passed
by.

4. p-STABILITY OF MIXED METHOD SPATIAL DISCRETIZATTONS AND A LOWER
BOUND FOR THE RAVIART-THOMAS PROJECTION

In this section we delve a little more into the discretization of the elliptic
problem. Since it is important for existence, uniqueness and error estimations
for the elliptic problem to have éléments that satisfy the gênerai requirements
in the saddle-point framework of [1] and [2], we will prove certain norm
estimâtes for a right inverse of the divergence operator in â$(L2, H(div))
acting between the discrete subspaces. We shall then use this to prove stability
of the Brezzi-Douglas-Marini subspaces and the very same technique is valid
for the Raviart-Thomas case. We conclude with a proof that one cannot in
gênerai improve on (2.3).

Let (for the purposes of simple L2-orthogonality as before) Q be partitioned
into parallelograms E G ?fN affinely mapped onto R = ( - 1, 1 )2 by FE. We
introducé the finite dimensional subspaces of V and H :

H(div, Q) :

where 0*p is the set of polynomials (in two variables x and y) of total degree
at most p.

vol. 31, n° 3, 1997
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In order to have hope for quasi-optimal error estimâtes for a mixed finite
element method based on these spaces, for a saddle point formulation of the
spatial problem, it is necessary to in vestig ate the question of stability : Does
there exist a séquence of positive numbers yBUM(p) satisfying

min max ^ ' ^ =f™(p) (4.1)

that is bounded uniformly from below ? Note the formai resemblance with the
inf-sup constant present in /?-discretizations of Stokes problem and that we
again désire to invert the divergence operator but now in $(L , H(div) ) (in
lieu of H as was the case in [8]).

_Let ( V . y1 : V^DM -» #£DM, p ^ 1, be the operator which associâtes to
any q e V°DM one of the — clearly many — choice of x G H^M of minimal
|| . || ̂ -norm satisfying V . x = <?•

PROPOSITION 4.1 : The operator ( V . )" l : V®DM -> H*DM, p ^ 1, con-
sidered as an operator from a subspace of L (R) to a subspace of H(div)
satisfies

with a positive constant C independent of p.
Before we prove this proposition, allow us to note some properties of

Legendre polynomials ; cf. [14] or [17].
Dénote by ln the n-th Legendre polynomial (with point value + 1 at + 1) of

degree n and L -norm :

f., (4-2)

By induction and L2-orthogonality,

(4.3)

These two identities yield the following inequality :

M2 AN Modélisation mathématique et Analyse numérique
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if the right-hand-side converges (e.g., if 3 if finite) and where C is independent
of 3.

Proof of Proposition 4.1 : Fix an E G ^FN and dénote, for simplicity's sake,
q^E) ~ q\E°FE

l, as an example. For any given </£) G &p~l, there exist
{amn} s u c h

let

m + n <p

m, n 5= 0

x(E) =
m>n yi/ - 1

Then W . X
(E) = q(E). So

(4.5)

« II o

and, from (4.2)-(4.4),

n*r
m + n <p

with a similar estimation for / ^ pro ving the uniform bound sought in the case
of only one element. Note that # ( £ ) . v = 0 for x = ± 1 and also for
, = - 1 . At y = +l, X

{E)

the one term in
^aQQ, a constant. Further, if we exclude
and hence in /^£), also / ( £ ) . v = 0 for

Accordingly, in the case of multiple éléments, where we have to construct
X e H with normal components continuous across inter-element boundaries,
we split

q = qo + q+ with q(
0
E) = o^ V o

and q{E)\E of the form (4.5) with (m, n) ^ (0,0). For q+ we see / +

constructed as above, when pieced together does indeed belong to H(div)
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(since x^ - v = 0 for x = ± 1 and y = ± 1 ). For q0 which is
discontinuous and piecewise constant, there exists — by the following lemma,
e.g. — a *0€E {t?e= H : v{E) e [Q2]2} such that V .XQ = q0 and Xo. v is
continuous across inter-element boundaries. Also, WXOWH^ C\\q ||0. In
conclusion, / 0 + / + satisfies the requirements. D

The next Lemma is actually a simple conséquence of the well-known
(among Stokes people) divergence stability of ( [Q2]2, Q°) on parallelogram
éléments, cf. Example 11.1 in [9], We include a very simple proof sufficing for
our purposes.

LEMMA 4.2 : Let qö be discontinuous and piecewise constant on each
element E of ?FN — a partitioning of Q into parallelograms. Then there exists
a x0 ^ {v e H : f e [ Q ] } such that V . XQ — % anà XQ • n ^ continuous
across inter-element boundaries. Furthermore, | | /0 | | f f

Proof : We meet the objective by a simple counting argument. [Q2] has
1 8 ( = 2 x 3 2 ) degrees of freedom for which we use at most
6( = 4 x 3 x 1/2 ) to ensure the continuity of Xo. n on the four sides of
E whereas div Xo = q0 requires 8 linear équations. Choosing a XQ °f minimal
//-norm, ensures the norm bound with a C independent of p. Note that
J22 cz ^ 4 . D

COROLLARY 4.3 : With the above, there exists y > 0 independent of p such
that

Le., the BrezziDouglas-Marini éléments are p-stable,

Proof : It follows directly from the norm estimate in the previous propo-
sition and the form of the inf-sup constant. D

Remark 4.4 : This establishes that the Brezzi-Douglas-Marini éléments are
stable also with respect to p and improves on the statement of a lower bound
yB D M(p) ^ ceP~€ P r o v e d earlier in [16], Thm. 4.1. Our reason for not
pursuing BDM-elements further in this paper — despite the comparatively
smaller number of degrees of freedom — is that we do not know how to
improve on the projection estimate in [16], Lemma 3.3 where one loses a
whole power rap (as opposed to only 1/2 in (2.3)) relative to the L2 projection.

The case of Raviart-Thomas éléments, [13] may be handled in a very similar
way.

PROPOSITION 4.5 : The operator ( V . )" 1 : V^ -> HN, p ^ 1, considered as
an operator from a subspace of L2 to a subspace of H( div ) satisfies
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with a positive constant C independent of p.
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COROLLARY 4.6 : With the above, there exists y > 0 independent of p such
that

y(p)>y

Le., the Raviart-Thomas éléments are p-stable.

Remark 4.7: This is the same resuit as in [16], Thm. 4.1, but with an
alternate (perhaps simpler) proof.

LEMMA 4.8 : There exist x* e H r\Hr with r > 1 for which their Raviart-
Thomas projection onto HN given by (2.2), ITNx*, satisfy the following
estimate :

3/2 - 2 rII ff y * — V II >

wftere c* > O is a constant independent of p but depending on %*.

Proof : Let

(4-6)

2 2 «*.-'»(*>•
m=On=O

O

and let

= 0 n = 0

From [11], identities (2.5)-(2.7), it follows easily that
and that

= 0 for ail m, n

et ^ ce
m, n m, n,

0 p- l , 0 ^ n ^ p ,

' ' ' m=O

vol. 31, n° 3, 1997



320 Sonia M F GARCIA, S JENSEN

One then may compute that

v1 v -i^
m = p n = O ^

P 4(a )2

2L

= i + ii + i n .

As in [11] (or [16]), II & m can be bounded better than (2.3) :

by [3]. We may verify that

a2m+p,n } \ ZJ a2m+p+l,n

2p+l^0 2n+l 2p + 3 ^ o 2 n + 1

Now let us choose, for a given r> 1,

CÜ = ( 1 + /w +n ) ( 1 + 2 /re ) , WÏ, n ^ 0 .

A straightforward calculation confirms that x* — 2 «1 n ?m %n e Hr. With
this choice, we also readily verify that
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m — 1 m = 1

(l+J2+/)"r(20
i =p + 2, i — p even

(l+x2+p2Yr(2x)dxt.
r

so that

2 n + l ' ^F

which proves the assertion of the lemma. Q

COROLLARY 4.8 : The estimate (2.3) is sharp, Le. there cannot be an
estimate in its stead of the form :

^ independent of p that is valid for gênerai % G Hr, r > 1.

Proof: Such an estimate would, when combined with the lower estimate in the
previous lemma, yield (log/?)1/V3/2~K)~ r =£ Cr Since K < 1/2,
3/2 - /e > 1 and we could choose r to satisfy 1 < r < 3/2 - K to obtain
a contradiction. •

In this final portion of the section we describe two ways in which one could
extend the results in this paper : one is that it is possible to treat curved
domains and also having triangles in the geometrie décomposition of the
domain as long as they border the boundary. Another is a new mixed method
projection which we will describe by ways of an example.

Remark 4.9 : Suppose K is a triangle bordering dQ, which may be mapped
affinely onto the triangle T below by the affine mapping FR
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(0,1 )n---; S

(0,0)^(1,0)

with the vertices as given and one curved side lying entirely within the unit
square S = [0, l ] 2 . The curved side of K is assumed to be a part of dQ.

For our discrete spaces, we now insist that

1eQ> + l''xQ''> + 1 and

as well as the continuity of normal components of functions x across inter-
element boundaries with K. (Note that this is richer than the usual Raviart-
Thomas triangular éléments.)

We extend the construction of ( V . )~ l given in Prop. 4.1 to such an
element by,

for arbitrary q% e Qp, let

Observe that XK
 e Qp+hp x Qp'p + l, V-XK=<IK

 a n d t h a t
 %K - v = ° o n

the two straight edges of T: (0, 1) x {0} and {0} x (0, 1). Thus x& a s

constructed hère, will match with / £ , as constructed earlier m Prop. 2.1 having
vanishing normal components on inter-element boundaries. Also,

and, by the Poincaré-Friedrichs inequality,

guaranteeing that we may extend the uniform bound on the operator norm of
( V . )~ * to include curved boundary triangles.

M2 AN Modélisation mathématique et Analyse numérique
Mathematica! Modelling and Numencal Analysis



THE p VERSION OF MIXED FINITE ELEMENT METHODS 323

We conclude this remark by showing that one may extend the Raviart-Thomas
projection to this case and that the error-estimate (2.3) for the Raviart-Thomas
projection remains valid. Note that there exists an extension operator E such
that Vj e H\T), 3 j e Hr(S) with

cf. Theorem5 in Stein's monograph [15]. Then we define the extended
Raviart-Thomas projection to be ÏINx = IINEx\T so that

\ITNEX-Ex\\0,s

m [by(2.3)]

so that boundary triangles with one curved side (along èQ ) are allowed.

Example 4,10 : We now construct another mixed method projection AN with
some of the same properties as the Raviart-Thomas projection but with better
error estimâtes. We will take — as an example — the instance of one element :
let Q be a triangle or a rectangle and let a = 1 and b = g =0 .

Let <PN^QP+1 rsHl
0(Q) and define the discrete spaces VN= &&N and

HN=V0N, Clearly

Suppose M e L2 and let a = Vu e H( div ), so that div a = Au e L2 and
PN div a~PNAu^ VN and take P^ to be the L2 projection onto V .̂ Let
<p solve

N (4.7)

= 0 on dû (4.8)
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Then define

ANu^V<t> (4.9)

and we observe the crucial commutative property :

div AN a = PN div o , \/<r e H( div ) .

By elliptic estimâtes, we have the shift inequalities :

, ^ for 5 = 0 , 1 .

This immediately implies that the new projection is stable in H1 (but, due to
in L ) :

W A H | | 0 « C||A«||0 *£ C\\a\\1

j
the inverse inequality, not necessarily in L ) :

as well as the error estimâtes :

\\a-ANo\\^ || VM - V0 II,

^ \\u-(t>\\2

=S || div o- — Pwdivcr| |0

« Cp~ r\\ div a || r

using that

\\v-PNv\\0= | | A ( ^ - 0 ) | | O « i | ^ - 0 | | 2 ^ C p ^ | | ^ | | r + 2 ^ C p - r | | î ;

We also get the quasi-optimal L2 estimate which improves upon (2.3) :

||<T-4,<7||0£ ||VU-

« I! « - 0 il !
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using s - r + 1 and the quasi-optimality resuit :

(v - PNv,w)

i-1'i-.yg. M,
, s u p M ('-^'•--"•«)

« sup inf I - 1 ' I . I - - H .

as there exists wN e VN so that || w - w^|| 0 ̂  Q T 1 \\ w || v
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