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MATHEHATICAL MODEUING AND NUMERICAL ANALYSIS
MODÉLISATION MATHÉMATIQUE ET ANALYSE NUMÉRIQUE

(Vol. 31, n° 7, 1997, p. 891 à 925)

MODELING THE VIBRATIONS OF A MULTI-ROD STRUCTURE (*)

by N. KERDID 0)

Abstract. — In this article we show that the eigenvalues and eigenfunctions of three-
dimensional linearized elasticity in a body consisting oftwo rods of thickness E, converge toward
the eigenvalues and eigenfunctions of a limit ld-ld rod model, as the thickness of the rods goes
to zero.

Résumé. — Dans cet article, on montre que les valeurs propres et les fonctions propres du
problème d'élasticité linéarisée tridimensionnelle dans une multi-structure formée de deux
poutres convergent, vers les valeurs propres et les fonctions propres d'un modèle ld-ld bien posé
quand Vépaisseur des poutres tend vers zéro.

0. INTRODUCTION

In this article» we study the asymptotie behaviour of the eigenvalue problem
for a multi-rod structure, when the thickness of the rods goes to zero.

Following the work of Ciarlet & Destuynder [6] and Ciarlet & Kesavan [7]
on plates, a gênerai method was developed and used successfully to study a
large variety of problems for rods: Aganovic & Tutek [1], Bermudez & Viano
[2], Kerdid [14] and Trabucho & Viano ([27]-[31]) for homogeneous isotropic
linearly elastic rods, Cimetière, Geymonat, Le Dret, Raoult & Tutek [9] for
nonlinear elastic rods, Sanchez-Hubert 8c Sanchez-Palencia [26] for nonho-
mogeneous anisotropie rods and Geymonat, Krasuki & Marigo [11] for rods
formed of composite materials, among many others.

The problem of modeling the junction between different elastic structures
(3d-bodies, plates and rods) has only recently been investigated from a
mathematical viewpoint. The first works on this subject are due to Ciarlet, Le
Dret & Nzengwa [8] for the problem of a plate inserted in a 3d body, Bourquin
& Ciarlet [4] for the associated eigenvalue problem, Le Dret ([17], [18], [20])
for junctions between plates and Le Dret [19] for junctions between rods. The
method used consists in scaling each structure independently of the other,
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892 N. KERDID

passing then to the limit in the variational équations posed over domains
independent of the thickness of different structures and finally identifying this
limit. This idea was later used to study different problems of junctions in
three-dimensional elasticity: Gruais ([12], [13]) for the static case, Kerdid [16]
and Lods [23] for the eigenvalue problem and Le Dret [21], Raoult [24] for
elastodynamics problems. For the numerical analysis of junctions between
rods and plates see Bernadou Fayolle & Léné [3] and Fayolle [10].

We consider here the same multi-structure as in Le Dret [19], Le., an
homogeneous isotropic linearly elastic body consisting of two rods of thick-
ness e perpendicular to each other. The multi-structure is assumed to be
clamped at one of its ends only.

Our purpose is achieved by combining the techniques of Le Dret [19], who
treat the problem of modeling the junction between two rods in the static case
with the techniques of Ciarlet & Kesavan [7], who consider the limit eigen-
value problem for a single plate. Consequently, as parts of the proof are sirnilar
or identical to those of [19] and [7], we will repeatedly refer the reader to the
aforementioned papers.

We show here that the eigenvalues rf€ of the three-dimensional problem
converge as s —» 0 toward eigenvalues if€ of a well posed ld-ld eigenvalue
problem, which consists of two usual fourth-order rods équations coupled
through a set of junction conditions.

The limit eigenfunctions are of Bernoulli-Navier type in each rod with no
axial components. They are thus determined by a quadruple (C2 €» C3'*» Ci'*»
Cl'£) of//2-functions of the longitudinal variable of each rod, that correspond
to the flexural displacements of the rods. These displacements are solutions of
the limit ld-ld model and satisfy some junction conditions sirnilar to those
obtained in the static case [19]. These conditions reflect the translations and
rotations of the free rod.

We note that the asymptotic behaviour of the eigenfunctions is similar to
that of the displacements in the static case [19]. Indeed, the free rod undergoes
a periodic motion of translation in its own direction of the order e~ l and
rotation whose axis is the clamped rod, which correspond to the translation and
rotation of the free rod in the static case.

We see then that the motion of the clamped rod at the junction foUows the
translations of the free rod and that the rotation of the free rod créâtes a torsion
in the clamped rod, whose angle is equal to the moment in the xx -direction of
the inertia forces exerted by the free rod, divided by the scaled torsional
rigidity coefficient of the clamped rod.

It is interesting to note that, contrarily to the static case, the contribution of
the torsion of the clamped rod appears in the limit model through the torsional
angles £3* ( 0 ) . This is the main novel feature of the model. It was by no
means obvious, judging solely frora the static model of [19], that the limit
eigenvalue problem would assume this form.
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The results of this article were announced in Kerdid [15].
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1. THE THREE-DEMENSIONAL PROBLEM

We use the following index convention: Latin indices take their values in
{1, 2, 3}, Greek indices with exponent 1 in {2, 3} and Greek indices with
exponent 2 in {l, 3}.

We consider a family of open sets Qe in U3 defined for 0 < e < 1 as
Q£ = Q\ u Qe

2, where

see figure 1 below.

3 , 0 < J C 1 < 1 , 0 < x 2 , j c 3 < e } ,

3, 0 < x 2 < l , 0<xvx3<s}9
(1.1)

af

Figure 1.

We dénote the ends of the rods by

(1-2)

We suppose that QE is the référence configuration of an isotropic homogeneous
linearly elastic body, with Lamé moduli JJ. > 0 and X ̂  0.

vol. 31, n° 7, 1997



894 N. KERDID

We assume that the bodies are clamped on F\ only. The associated eigen-
value problem then consists in finding displacements fields u = (ut) and real
numbers rf wich satisfy

as v = 0

on r\9

on dQ£ YT,

(1.3)

where F8 = I\ u I\.
We introducé the spaces

Vs = {v = (vi)e Hl(üe;U3); v=0 onl\}9

(1.4)

Problem (1.3) admits the following variational formulation: Find (u\rfe) in
Ve xU such that

\ f aij(u
s)eij(v

£)dx = rie\ u'v'dx, (1.5)

where

(1.6)

By Korn's inequality, the clamping condition and the positivity of the Lamé
moduli, it is known that the symmetrie bilinear form

cr

is V^-elliptic, in the sense that

3ae>0, Vo'eV, f a{ v* ) e ( Ve
dx > ae || Ve \

This property and the compactness of the injection of Ve into #fi imply that
problem (1.5), (1.6) possesses an increasing séquence of eigenvalues [25],

0 < rj\ ^ ri\ with (1.7)
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VIBRATIONS OF A MULTI-ROD STRUCTURE 895

associated with a séquence of eigenfunctions w£'€, which form a complete set
in both Ve and He and which can be normalised in He as follows

e,€ e,k j 2 c x i o \

u .u dx= E ok€. (1.8)
\

We introducé the Rayleigh quotient

a(ve):e(vs)dx
Vi ; e eV € \ {0} . (1.9)R(v) = V i ; e V \ { 0 } .

v£.vedx

The eigenvalues rft satisfy

rç!= min maxRE(ve), (1.10)

where Es
( is the set of ail subspaces of dimension i of Ve, see [25]. D

2. THE SCALED PROBLEM

The functional spaces Ve to which the eigenfunctions u8' belong have the
disadvantage of depending on s. To remove this difïiculty, we define a problem
equivalent to problem (1.5)-(1.6) but posed over a domain which does not
depend on £, see [5].

Let Q1 = Q\, Q2 = Q\ and T1 = r\. We set

col = dû1 n {xl = 0}, a;2 = d&2 n {x2 = 0} (2.1)

and

V = H\* (Q\ ; R3 ) x H\Q2 \U3). (2.2)

As in [19], we define a scaling mapping

<p£:ÜluÜ2-> Qe

{ (xv6x2, ax3) ifxe Ùl,
2 (2.3)

(sxvx2, 8x3) if x e f2
vol. 31, n° 7, 1997
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and we note

(u\e\ u\e)) = ((e- l u\, ue
T u\)o cp\ {us

va~ 1 u% u\) o <pe) . (2.4)

The junction région is the image by <p€ of the open sets

J] = {xe Q1 : * !<£ ) and j] = {JC e Q2 : x2 < a}. (2.5)

The f act that the displacements u( e ) correspond on these two sets to the same
displacement of the multi- structure gives the foUowing relations called three-
dimensional junction relations:

£U\(B) (exvx2,x3) — u*(e) (xv sx2,xd),

ul(s) (exvx2,x3) = BU\{E) (XV ÊX2,X3), (2.6)

Due to the scalings, we have

>'i(«lt-) = eji("l(*))> (2-7)

\en{u1'*) = een(u\e))

and similar relations for u2(s). Let us now introducé the scaled bilinear forms

l(u,v) = e 4[2 /iérai f(u

(2.8)

and the analogous formula for b^(u, v).

Replacing formulas (2.4), (2.7) and (2.8) into équation (1.5) and performing
the changes of variables in the intégrais, we obtain the following set of
variational équations for ue(e) :

M2 AN Modélisation mathématique et Analyse numérique
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VIBRATIONS OF A MULTI-ROD STRUCTURE 897

for alli>(£)e V(e),

£ b\{uh\e), v\e))dx + j^b){u2'\a), v\e)) dx

f i.t i 2 i.i i

f 2.* 2 2 2,< 2

Jf22\yJ

where

f]e(e) = e~2rje
e (2.10)

and with the normalisation condition

[ [«#(«) ulf{e) + s2 «}•<(«) «î-'(e)] <&

+ f [M2/(S) M2/(e) + i u\ Xe) u\\ e) ] dx = <5€p . (2.11)

We define the space of Bernoulli-Navier displacements on Ql as

VBN(Ql) = {v e Hl(Ûl): eait(v) = 0} . (2.12)

Eléments of this space are of the form

(Y T Y ^ r (Y *\ (Y 1/9} r (Y ^

( y Y v ^ — f)( y 1 10 \ A- T ( Y \ /O 1O\

/ \ û/ y 1 I<~S \ _|_ r / -y \

where Ĉ 1 G ^ 2 ( ]0» 1[ ). Ci ̂  ^X ( ]0» 1[ ) a n d ô e R and where we have
denoted by a dot the derivative with respect to the longitudinal variable of
Ql. We define Vm(Q2) by the analogous formulas.

vol. 31, n° 7, 1997
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We introducé the following limit spaces:

[ ;R4) ; & ( 1 ) = & ( 1 ) = 0,

(0) = 0, £(0) = «g(O), £(0) = - <^(0)}, (2.14)

{ ^ f J \ 2 J (2.15)

where

(2.16)

is the scaled torsional rigidity coefficient of the rod O1 and x* the torsion
function defined on co1 by

i i (2-17)
X = 0 onto 1 .

3. THE LIMIT PROBLEM

THEOREM: For all integers € 2* 1, we have

where ?f€(0) is the Ùh eigenvalue, counting multipHcity, of the following limit
eigenvalue problem:

Find (f, rç) e f x R , such that for all £ € TT,

- 17 f £. (^) 6 (*! ) dxx + r, f 5 (x 2 ) &(*2) «ix2 + ̂ 2(0) ̂ (0) , (3.2)
Jo Jo

Ai(3A + 2/i)
where E = ;—s w f̂te scaled Young modulus and

fl ~r A
M2 AN Modélisation mathématique et Analyse numérique
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VIBRATIONS OF A MULTI-ROD STRUCTURE 899

= f
(3.3)

are £&£ inertia tensors of each cross section.
In addition, there exists a subsequence (still denoted e) such that f or ail

integers € ^ 1» there exists b\ e 0? swc/i r/ia£ setting

(3.4)

then there exists (u ' ( 0 ) , u ' ( 0 ) ) e V and b '

and s l 70, {

b

that

strongly inV (3.5)

(3.6)

The pair (ue(Q), M2 '€(0) ) is such that

uue(0) = ( - (xB. - 1/2) &<(*!), fj-'(jt1). C3'€(^)) ,

(3.7)

' (Cl'1*» O € ) ïlS ^ e ^ eigenfunction of the limit problem (3.2) and satisfy

(3.8)

These eigenfunctions satisfy the following normalisation condition

\/k,e>\ f c y & * ^ j + fC2/6"^c2 + Ca'e(o)£*(o) = *«• (3-9)
Jo Jo

As last, if flfiO) is a simple eigenvalue then the whole family of flexural
displacements converges to ± ( f̂ €, Ç\e ) as E —> 0.

Remark: In our case, both inertia tensors are equal to

To prove this theorem, we combine the techniques of [7], [14] and [19].
First we show that the eigenvalues rj€(a) are bounded independently of s.

vol. 31, n° 7, 1997
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LEMMA 1: For each integer € ̂  1, there exists S€ > 0 such that for all

8 SC 1 ,

i7,(e)< V (3.10)

Proof: Let us define

where

and

= f
f
Ja
f [
a2

Then it is easily checked that

î;(^)) = £-2i?fi(^)£). (3.11)

Combining (1.9), (1.10), (2.10) and (3.11), we obtain

ffÂs)= min max R(E) (v(e)) (3.12)
€ We(s)eE€(e)v(8)eW

e(€)

where E€( s ) is the f amily of all subspaces of V( e ) which are of dimension
€.

Let W e F the sapce of pairs (vl,v2) such that there exists
& e # 2 ( [ 0 , 1] ) satisfying ^ I ( J C 1 ) = O for xt ^ 1/2 with

fi;1(x) = (-(v-l/2)^(x1),4(x1)5^(x1)) in^1

| p 2 ( x ) = 0 in O 2 .

It is clear that W cV(e) for e < 1/2 and consequently,

fiXe)^ min maxJK(e)(i?) (3.13)

where E€ is the set of all subspaces of dimension £ of W

M2 AN Modélisation mathématique et Analyse numérique
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lî v e W then e^ £(V ) = 0 and we obtain

en(v
l)en(v

l)dx

n/2

Moreover,

r
1/1

then

J 1/

= r ( v ) Vu

1/2

where r is the Rayleigh quotient associated with the operator

2) > L2( [ 1 1] ; R2*( [1/2, 1] ) ; R2) -> L2( [- 1, 1] ; R2)

which is self-adjoint with compact inverse. Consequently,

nie) ^ min max r(v) = ôp

where £* is the set of ail subspaces of dimension € of
(Hj ( [ l / 2 , 1 ] ) ;R 2 ) . D

As in the static case [19], the eigenfunctions u (e) are not bounded in V. To
remove this difficulty, we will use the following resuit:

LEMMA 2: Let ye = ( 1/2, e/2, 1/2). 77*eré> exwfs a constant C > 0 such that
for ail v{e) € V(c), rliere exwte rwo vecïor^ ae(t;2(£)) an^ £?£(ü2(e)) in
M3 such that if we set

v2(s) = î2(e)+ae(v\e))A(x-y£) + bXv\e)) (3.14)

vol. 31, n°7, 1997
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then we have the following estimâtes:

\a%v2(e))\

* \ (3.16)

where

b2
£(v

2(8),v2(e))dx. (3.17)

Proof: See [19]. D
We can now prove an appropriate bound for the eigenfunctions.

LEMMA 3: For each integer £ ^ 1, there exists b\ € R such that setting

KM.

then there exists a constant C{>0 independent of e such that

ll«ll'(fi)llfli(O.)+ ll«2'f(e)llwW> ^ Ct (3.18)

and

e\bf\ ^Ce. (3.19)

Proof; Since the Lamé constants are positive we have

a1
b2

s(v
2(e), v2(s)) dx . (3.20)

2

M2 AN Modélisation mathématique et Analyse numénque
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Letting v(s) = (uït€(s), u2'e(s)) in the variational équation (2.9), we obtain

f b](uu\e)9u
U€(e))dx+ f b2

t(u
2'€(e),u2'€(e))dx

Ju1 Ja2^

= ̂ (e) f [>y(e)i#(e) + e2 u\'\e) u\>\e)] dx
ia1

f [uy(e)i iy + e2i4-f(e)i4'€(fi)]£fa
J&2v2

(3.21)

by the normalisation condition (2.11) and estimate (3.10). Then, we deduce
that e(uh\e)) and e{u'\e)) are bounded in L2(Ql;M3) and
L2(Q2 ;M 3 ) respectively. Consequently, by Kom's inequality, the clamping
condition on F1 and estimate (3.10), we obtain (3.18).

It follows from estimate (3.20) that K(w 2 ' € ( e ) ) | , \b\{u"\e))\ and
\b£

3(u
2t\e))\ are bounded in R. Then, if we set

and b\z = bE
2(u

2>€(e)), we see that (uly\s), Ü2'\e)) is bounded in
V(e) and tb\£ is bounded in IR.

Conséquence: For each integer £ ̂  1, we can extract from the family s a
subsequence (still denoted e ), such that

and

(wU(O,MU(e)H«U(0),M2 l\0)) weaklyinV. (3.22)

vol. 31, n° 7, 1997
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Remark: Using the diagonal procedure we can choose the same subsequence
for all €.

LEMMA 4: For each integer i 2* 1,

( M
1 ' € (0 ) , t ï 2 ' € (0 ) )E Vm(Ql)xVBN(Q2). (3.23)

Proof: for all € ̂  1 we define the tensors Kl>e(s) by

(3.24)

and similarly for ?c2'€(e).
Using (3.21) and the positivity of the Lamé constants, we obtain

Kl'\e)\\lo> + |k2 '*(£)||^2) « C(. (3.25)

Therefore,

and consequently,

' ' ^ ^ 1 ) - (3-26)

Since u'{(s)^uue(0) weakly in Hl{Ql), it follows that
«I>-(«1>€(fi))-'ct:;.(M

1'€(0)) in L2{Ql) and we deduce that
« I I , ( M 1 ' ' ( 0 ) ) = 0. Thus, / ' ( O l e V ^ f l 1 ) .

Similarly, we show that M2'f(0) e VBN(Q2). D
Consequently there exists 6l'e, d2'* e R and Cj'̂ . C?'*, such that ^'Z,

f2/ e ff2( [0, 1] ), Ç\-(, Ç2
2
(z H\ [0, 1] ) and

c,) - ( v - 1/2) &'(*,) ,

4''(0) (x) = Ci\xx) + ̂ - ' ( ^ - 1/2), (3.27)

M2 AN Modélisation mathématique et Analyse numérique
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and

Ü2
2\O) (x) = g \x2) - (xa, - 1/2) 5'(x2)

[ = ge(xy) - P\Xl - 1/2) .

Because of the clamping condition on F1 we have

0 ^ = 0 and C! ' ' 0 ) = C^(1

Let us identify the limit junction relations.

LEMMA 5: For each integer £ ^ 1, we have

/- See [19].

LEMMA 6: Wfc /jave for each integer £ ^ 1

K\ e( s )— K\ % 0 ) weakly in L2( Q2 )

where the limits are given by

U\\\0) = t\'\Xl)- (Xar - 1/2) &'(
4 f ( 0 ) = C2

2 '(xj) - ( V - 1/2) 5 f (

and

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

vol. 31, n° 7, 1997
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where

i

x2C
2
3\x2)dx2. (3.35)

Proof: It follows from formula (3.25) that the tensors K€
I}(E) are bounded

independently of s in L2. Then, using the diagonal procedure, we can extract
a subsequence, which will be the same for all €, such that

K1' \ e )-^Kl' \ 0 ) weakly in L2( Ql )

f € € weakly in L 2 ( ^ 2 )

and we obtain (3.31) immediately.
We introducé now, the scaled stress tensor in Ql by

(3.37)

and by analogous formulas in Q .
This tensor is related to the actual stress tensor <r( u'e ) in £? via the scaling

formulas

(3.38)

The scaled stresses satisfy the variational équation

c];{(e)ev(v\E))dx+l o$\e)

f [My(fi)
Ji32V/e

2

0.39)

M2 AN Modélisation mathématique et Analyse numérique
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We proceed as in [19] to prove that there exists two scalars T1' €, T2' € such that

rot(KU\s))^zh€ weaklyinL2(0, 1 ; /T \œ1)) ,

vot(K2t\a))—z2'€ weakly inL2(0, 1 ; HT \œ2)) ,

so that

KÏ2\0) (x) = -T
2'edlX\Xo?).

(3.40)

To détermine T ' , we use a test-function of the form

l /2- £ - 1 x 2

with

* 1 O < Xj < £ ,

This function satisfy the three-dimensional junction relations (2.6) and the
clamping condition on F1, so that multiplying équation (2.9) by s and passing
to the limit, we then obtain

1'* f [(x3 - 1/2) d3x\xai) + (x2 - 1/2) a2/(xai

Hence

T1-' f ||V/
Jœ1

which gives

rl-e = M(Çe). (3.41)

vol. 31, n° 7, 1997
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Replacing (3.41) in fonnulas (3.40) we obtain (3.33).
We show that T2' € = 0 by using a test-function of the form

where

O < x0 < e ,

D
Remark: M(£€) is the moment in the j^-direction of the vertical forces

exerted by the free rod divided by the scaled torsional rigidity of the clamped
rod.

The rotation of the free rod in the (x2, x3 )-plane create moments which tend
to twist the clamped rod. Let us identify these torsional angles.

LEMMA 7: For each € 2= 1 we have

%\0)=M((e). (3.42)

Proof: We have seen that

rot (Kh\s))—M(Ce) weaklyinL2(0, 1 ;H~\co1)) .

Therefore, for almost all xv

xot(Kl'\e))(x1 )— M(C€) weakly inH~ \col) .

Since rot (K;1 '\ s) ) = dr(rot (e~ l u^(e) ) )/2 and
rot ( £~ 1 u)f( e ) ). = 0, we have

rot (Kh\s)) (s,^ x3) ds . (3.43)

In addition, by définition

rot (e" ] « y ( 8 » = a3(e" ' «2 3

M2 AN Modélisation mathématique et Analyse numérique
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Let us differentiate the last équation in the three-dimensional junction rela-
tions (2.6) with respect to xT We obtain

d2(e
 1 ul

3\s)) (£%1,x2,x3) = d2u%€(e) (xvex27x3) ,

so that

rot<V J uj(e)) (sxvx27x2) = [d3û
2

2'
e(s) - d^Xs) (xvexvx3)] ,

= 2[d3ü
2

2\e)-e23(ü
2>€(e))](xvex2,x3).

(3.44)

3

Let us multiply équation (3.44) by <p(x) = H ç> (x ) with

(pt£ ®(]0, 1[) and <pt(s) ds = 1 and integrating on Q = [0, l ] 3 , we
obtain

2 [d3ü
2

2Xe)-e23(ü
2'Xe))] (xv axvx3) <p(x) dx

JQ

r1 / r \
= K^ i ) ( (rôtie"1 u\Xe))(sxvx2,x3))<p2(x2)(p3(x3)dx2dx3 ) dxv

(3.45)

As rot (e" ] w^(e) ) belongs to //^O, 1 ; ̂ ~ ^t»1 ) ), we have for almost ail
xv see [20],

||rot (fi" l u\\e))(exl)- rot (<f ! M ^

C£1/2 , (3.46)
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by the clamping condition on F1. Thus, using (3.43) and (3.46), we obtain

( f (rot (e 1 ««/(«)) (sxvxvx3)) ç2(x2) ç3(x3) dx2dx3 j dxt

(rot (e" l ul
ai\e)) (0,x2 ,x3)) f2(x2) (p3(x3) d[x2^x3 ) dxx

= 2 ( rot(Kh\e)) (s,x2fx3)ds ) <p2(x2) (p3(x3) dx2dx3 +o (em)

= - 2 f ( f rot(^'€(a))(^x2,X3)^(x2)^(x3)^2^3)^ + o(e
1/2).

Consequently, the right-hand side of (3,45) tends to - 2 M ( ( e ) when

For the left-hand side of (3.45), we have the estimate

\\d3û
2
2
€U) (X l f fiXj, Xj) - Ô3W2'€(£) (X15

by the continuity of the derivative mapping from H (O2) into
/ /^O, 1 ;H~ ^ Û J 2 ) ) and the estimate (3.18). In addition, because of the
compactness of the injection of Hl(Q, 1 ; H" l(œ2)) intop

°([0, 1] ;H~ l(co2)) we have

a3w2'€(e) ( x v sx2,x3)q>(x) dx

Finally, we show that

f e 2 3 (w 2 ^(£ ) ) (x 1 , £x 2 , x 3 )K^)^^o 0 (3-47>

by using the Cauchy-Schwartz inequality and the fact that e23(«
2'€(fi)) tends

to 0 strongly in L2{Q2).
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Thus, we have shown that the left-hand side of (3.45) tends to
- 2 Cs(O) while the right-hand side tends to - 2 M(f^), which gives (3.42).

O
LEMMA 8: For each integer € ^ 1, we have

Ka'? (e)-**«y (0 ) weakly inh\Ql) ,

K¥f ( B )^K¥f ( 0 ) weakly in L2{ Ü2 ) , (3.48)

with

(3.49)

and

-X f2, t X "2

(3.50)

Proof: See [19]. •
We are now able to détermine the variational équations which the flexural

components satisfy.

LEMMA 9: The flexural displacements (&*,&*) belong to 'V for each
integer Î 5= 1 and satisfy, V( E^, ^ ) e T^,

Jo
^ (x2) dx2

f̂ 5 '(JC2) 6(^2) ^ 2 + ̂ (0) Ci''(0) £(0) . (3.51)
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Proof: Let (<^ i , £2
2 ) belong to TT, and be <g~ in [0,1]. We dénote by

't?1, v 2 ) the corresponding Bernoulli-Navier displacements

V ( x ) = ( - (x2 - 1/2) £(x,) - (*3 - 1/2) ̂ (^ ) , <
2 ^ ) , - (x, - 1/2) h\{x2) - (X3 - 1/2)

(3.52)

As in [19] we construct an approximation (vl(e),v 2 ( e ) ) of (t?1, Ü 2 ) such

that the functions i?(e) = ( v l ( s ) , V2(e)), with

(3.53)

belong to V(fi) and satisfy the following convergence properties:

(v\e),v \e))~>(v\i2) strongly inL2(Ql) xL2(Q2) ,

en(v\e))->en(v
l) strongly in L2( ö 1 ) ,

e22( ü 2( e ) ) -> ̂ 22( ü 2 ) strongly in L2( O2 ) ,

strongly in L ( Q ) ,

5" 1 <?13( A s ) ) -> i x2t
2
3( 0 ) strongly in L2( Ql ) ,

g~ l e2 a2( ̂ 2( ̂  ) ) -> 0 strongly in L2( I22 ) ,

£ 2 e2iivl(.s) ) ~> gl(x) strongly in L2(Ql ) ,

e"2e13(ïJ2(e)) ^ ^ 2 ( x ) strongly inL2(Q2) . (3.54)

Using relations (3.31)-(3.34), (3.48)-(3.50) and (3.54) we obtain
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Ju1

f ai{2
e{e)en{v\e))dx-^f,tl{0)rl't\ x3d3X

ldx,

f a\-3
e(E)e13(v

1(e))dx->tf2
3(0)T1-e\ x2dlX

ldx,
|/J3' ilO1

[ o1n\S)e23{v\

f ffav(fi)ea.a>(

j 4'(«) «u(»2(e)) ̂  -> | [A + 2p - ^ j ] e22(u
2-e(0)) e22(v

2) dx ,

(3.55)

Passing to the limit in équation (2.9) and using convergences (3.55), we obtain

'3 Jw i 3 3 2 2 2 3

= 9,(0) f ua'\O)vl
a, dx

Replacing formulas (3.27) and (3.28) in (3.56), we obtain

E [CÏ*'Oi) - (*ai - 1/2) CyC^i)] [- (% - 1/2> C#(^) ] dx
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\\V/fdx2dx,

f1 2 e

Jo

which gives (3 51) D
Remark The last term m the left-hand side of formula (3 51) reflects the

contribution of the torsion of the clamped rod in the limit model This result
was not foreseeable because usually, in rod problems, torsion effects do not
appear in the limit models The last term m the nght hand side of (3 51)
reflects the translation of the free rod in the x2-direcüon

LEMMA 10 The limit normalisation condition is given by

' CV CJ dx, + f' & CJ dx2 + C2\ 0 ) C2\ 0 ) = ötk (3 57)
o Jo

Proof As U(E) converge to w€(0) weakly in V and the injection of Vmto
L2{Ql , IR3) x L2(Q2 , R3) is compact, it follows that

u( e ) -> u{ 0 ) strongly m L2( Û1 , R3 ) x L2{ Ü2 , R3 ) (3 58)

Passing to the limit m (2 9), we obtam the result D

LEMMA 11 The axial components of the limit displacements vanish and we
have

{u \e), u \e)) -» (M1 \ 0 \ U € (0) ) strongly in V

Proof Let A be the elasticity tensor defmed by

VTG J?3, AT = 2JUT + Xtr{x)Id
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Because the Lamé constants are positive, there exists C > 0 such that

^ f A(Kl'\s)-Khe(O)):(Kl'\e)-Kh\O))dx (3.59)

f ie 2f ie re
+ A(K2i\e)~K%%0)) : (K2'\e)-K2'€(0))dx.

J Q2\JI

Let /(e) the right-hand side of (3.59). Because of (2.11) we have

•f A(K1'€(0)-2Kl'e(E)):Kh\0)dx
Ja1

+ f A(K%\0) - 2 K2*\e)) : K2>\0) dx . (3.60)
J Q2\?2

Then

/(e) - > / ( 0 ) = s 0 , (3.61)

with

/(0) = 7 , ( 0 ) - | AK1-*(0):K1-'(0)dï- f A K 2 ^ ( 0 ) : T C 2 - € ( 0 ) ^ .

(3.62)

Using formulas (3.32)-(3.34), (3.49) and (3.50) we obtain

[ ^ ( ) ] f

-AH \ [ ^ ( O ) ] 2 ^
ia1

= r,e{ 0 ) - E f ' II f llf§ edXl-E f' I2
a>f l

2fty dx
Ju w 0

cC^fdx.-E [aYfdx^Afx f ||V/
1!|

! 1 2 2 (3-63)
o J
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by (3.51) and the normalisation condition (3.57).
We deduce then that /( 0 ) = 0 and consequently,

(i) (K

strongly in L2( Ül ; M3 ) x L2( Q2 ; M3 )

which gives

strongly in L2( Ü1 ; M3 ) x L2(O2 ; M 3 ) . (3.64)

Therefore, by Korn's inequality, the clamping condition on F1 and estimate
(3.10) we have

strongly in L2( O1 ; R3 ) x L2( I22 ; R3 ) . (3.65)

We thus obtain the strong convergence of displacements in Ffrom (3.58).
~\ P *} P 1 P 1 P

(ii) d' and Ç2' are constants, wich gives C{ = 0 since d' ( 1 ) = 0 and
C2'€ = 0 by the junction relations at x2 = 0. D

We consider now the following eigenvalue problem:
Find ( ^ ) e f x R such that V ( ^ ^ 2

2 ) e 1T,

O vO

= 7̂ f 6 (^ ) 6 (xx) dr, + >7 f'
(3.66)

LEMMA 12: Problem (3.66) possesses an infinité séquence of eigenvalues
satisfy

0 < til s£ »jr2 *£ ... ss tf€ ^ ... w i lim ^€ = + °° (3.67)

ïÊ associated eigenfunctions farm an orthonormal set in J f and an
orthogonal set in *V equipped with the scalar product defined by the left-hand
side of (3.66).
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Proof: We consider the bilinear form a defined by

(3.68)

By définition, there exists c > 0 such that

V£e r, a{i;, O^c{ 11 .̂11^(0,0+115 l!^(o,i)) +K\tl(0))2, (3.69)

thus if a( â,, Ç ) = 0, then the functions ^ and £^i are affine and

€ (3.70)

The clamping conditions imply directly that Çl
ai — ö and the junction

conditions give

É?(0) = 0 , ^ ( 0 ) = ^ ( 0 ) = 0 , ^ ( 0 ) = ^ ( 0 ) = 0 . (3.71)

Relations (3.70) and (3.71) imply that Çj = 0 .
The symmetrie bilinear form a is coercive, if and only if, there exists a

constant a > 0 such that

(3-72)

To prove this, we argue by contradiction.
We suppose that there exists a séquence f n e y such that

Then, there exists a subsequence (still denoted Çn) such that Çn n^-£oo£,
weakly in H2(0y 1 ; (R4), thus weakly in if. As the injection from i^ into
Hl(Q, 1 ; (R4) is compact, we have

£» „ ^ T O l strongly in i / r (0 , 1 ; R4 ) .
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From the définition of the bilinear form a, it is easy to see that

Then, we deduce from the first part of assumption (3.73) that the right-hand
side of (3.74) goes to — — Û ( ? , J ) ^ 0, as n —» 0, whieh shows that
£„ —» ? strongly in H2(0, 1 ; R4) then strongly in TT.

Consequently, the first part of (3.73) implies that <z(J, £) = 0> then
?1> = ?«2 = »̂ whieh contradicts the second assumption of (3.73).

In addition» sinee the injection

f - > Jf

is compact, the existence of the eigenvalues and eigenfunctions follows from
classical spectral theory, see e.g. [25]. D

LEMMA 13: If ff is an eigenvalue of the limit problem (3.66) and f an
associated eigenfunction then we have

C e r v . (3.76)

Proof: It suffices to take a test-function of the form ( 0, ö, x2 ) in équation
(3.66). D

LEMMA 14: We have fje(O) = rjp counting multiplicities and for each
integer € ^ 1 » the whole family {rjî{e))&>0 converges to (?f€(0)), as
E —» 0. In addition iffj€(O) is a simple eigenvalue of (3.66), then the whole
family of flexural displacements converges to ± (Cli€> C2>€)*

Proof: The proof is identical to that of [7]. D
Lemma 14 complètes the proof of the theorem.

4. INTERPRETATION OF THE RESULTS

Let us give the strong formulation of the limit variationnal model.
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PROPOSITION: The flexural components of the limit displacement are solu-
tions of the following system:

and

dxt

dxl
2\

air dx;

(4.1)

with

(4.2)

^(0) f1
= — i -

K Jo
(4-3)

3 ,!-!,€d' O
j3 ylA

(4.4)

.2 >-!, «

jl y\A

7 ^
dx2

,2 A î

(4.5)

d Ç 2 d 4 j

-T5-(1) = -7T-(1): (4.6)
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Proof: The solutions of the variational problem (3.51) are #°°( [0, 1]) .
Then, performing two intégrations by parts in the right-hand side of (3.51), we
obtain

[ ̂ 2dx2

f Cfu )& (*,
Jo

f1
Jo

(4.7)

Taking successively £=(<^ i ; 0 ) e "V such that ^ ( 0 ) = ^ ( 0 ) = 0 and
t = ( 0 ; & ) e iT0 such that ^ ( 1 ) = ^ ( 1 ) = 0, we obtain (4.1).

Using the fact that £ e "K, we next obtain

EI" (0)

(0)^(0)

2, e

+ EÏ (4.8)
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To obtain (4.4) we choose in (4.8) a test-function ^ G f^Q such that
^ ) = (j22(1) = ^ 1 ( o ) = o and we take successively <^(0) = 0 and
^ = 0. Then, choosing £ e TT such that < 2̂( 1 ) = <^( 1 ) = 0 and

taking successively <f^(0) = 0'i\{0) = 0 and ^ ( 0 ) = 0 , we obtain (4.5).
By the same way we obtain (4.6), O

Remark: Let us draw a sketch of the flexural components of the limit
displacements

x,

x-.

Figure 2.

We see that the junction end of the clamped rod follows the translations of
the free rod in the x2-direction. The free rod undergoes a rotation whose axis
is the clamped rod, which create a torsion in the clamped rod.

Remark: The bending moments are defined by

\\\= - [ (x2-V2)a\\\0)dx2dx3,
J 1

(4.9)

where

(4.10)
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and

mY

N

= - (*3

Jor

Jco2 1

N KERDID

where

Due to formulas (3.28)-(3.33) and (3.49)-(3.50) we have

,2 r l , f

2

m3' =-EIai
d2 f1'

f and

a x dxl

Consequently, we can rewrite équations (4.1)-(4.6) as foliows

..

d2m2-e

with

(4.11)

(4.12)

(4.13)

(4.14)

(4-15)

(4.16)
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\dm\A

dmb2 dnCz

3T(O) + ̂ - ( O ) = o,

923

(4.17)

*I

vm7-(0) = f
i/o

(4.t8)

x2C
2
3'

{(x2)dx2

and

»2-^

= 0. (4.19)

Equations (4.14) are the usual équations of the eigenvalue problem for rods.
Relations (4.15), (4.16) and (4.19) are respeetively the elamping conditions,
the limit junction relations and the free end conditions. Relations (4.17)
express the balance of forces at the junction. The first équation indicates that
the clamped rod exerts a force on the free rod at the junction equal to the
global accélération in the x2-direction. The second équation shows that the
résultant of the vertical forces at the junction vanishes. The first relation of
(4.18) shows the transmission of the vertical components of the moments at
the junction. The last two relations of (4.18) show that the horizontal com-
ponent of the bending moments of the clamped rod is completely free while
that of the free rod is equal to the moments in xrdirection of the inertia forces
exerted by the free rod.
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