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MATHEMATICAL HODELLING AND NUMERICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol 32, n° 4, 1998, p 391 à 404)

A CONVERGENCE RESULT FOR AN ITERATIVE METHOD FOR THE EQUATIONS OF A STATIONARY
QUASI-NEWTONIAN FLOW WITH TEMPERATURE DEPENDENT VISCOSITY (*)

S. WARDI 0)

Abstract — We study a System of équations describing the stationary and incompressible flow ofa quasi-Newtonian fluid with température
dependent viscosity and with a viscous heating An algonthm wich découplés the calculation of the température T and the velocity and the
pressure (v,p) is presented It consists in solving iteratively a problem with a nonlinear Stokes's operator for v and p and the Poisson's
équation with nght-hand side in Ll for T We prove, using the method of pseudomonotomcity and under a regulanty assumption of Meyers
type that the mapping defined by this scheme is a contraction for sufficiently small data © Elsevier, Pans

Résumé —- On étudie un système modéhsant l'écoulement d'un fluide quasi-Newtomen stationnaire incompressible avec une viscosité
dépendant de la température et en tenant compte des effets d'échauffement visqueux On présente un algorithme découplant le calcul du
couple vitesse-pression et de la température il s'agit de résoudre itérativentent un problème concernant un opérateur de Stokes non linéaire
en vitesse et pression, à température donnée, puis une équation de Poisson à second membre L en température, à vitesse donnée On montre
à l'aide de la méthode de pseudo-monotonie et sous une hypothèse de régularité de type Meyers que l'application définie par ce schéma
est contractante pour des données suffisamment petites © Elsevier, Pans

1. INTRODUCTION

We consider équations describing the incompressible quasi-Newtonian fluid flow with température dépendant
viscosity. Existence for such problem of a weak solution has been recently proved by Baranger and Mikelic, (see
[3]), usmg Schauder fixed point theorem; uniqueness of this solution was left as an open problem.

In numerical simulations one usually uses an itérative decoupled algonthm: hère, it will consist in solving
iteratively a problem with a nonlinear Stokes problem for v and/? and the Poisson's équation with right-hand side
in Ll for T.

We prove in this paper, for small data and under a Meyers's type regularity property of the r-Stokesian operator,
that this simple algonthm is convergent to the unique weak solution of the problem. In fact, we prove that the
operator defined from the itérative method is a contraction and use Banach fixed-point theorem.

Some sirmlar problems, but in the simpler case of two scalar elliptic équations coupling the Laplacian and the
heat équation, have been studied by Howinson et al. (see [7]) with uniqueness resuit for sufficiently small data
and sufficiently regular solution, (see also [4]). We will adapt the functional framework and some ideas from [3]
in proving existence.

Let us consider a bounded domain Q in UN
7 N= 2 or 3, with a regular boundary F, and an incompressible

quasi-Newtonian fluid flowing in Q, with température dependent viscosity and with a viscous heating. We consider

(*) Manuscript receveid May 22, 1996
(l) Dépt de Mathématiques et d'Informatique, Univ Mohamed ben Abdellah, Faculté des Sciences Fès-Dhar Mehraz, B P 1796
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392 S. WARDI

the steady case and neglect inertia effects. T being the température, v the velocity and p the pressure of the fluid,
we consider the following problem ( & ), (see [3] for a dérivation of the model from the basic principles of
continuüm mechanics):

-div[/i(r, \D(v)\)D(v)]+Vp = ƒ inO,

div v = 0 in Q ,

v = 0 onf,

pcp(T)v Vr = ju(T, |D(ü) | ) |£>(u)|2 in £2,

7 = T0 o n f .

where D(u) = •* ( Vw + Vwr), cp( . ) is a bounded continuous function on U7 k is a positive constant, p is the
constant density of the fluide,

T 0 e L - ( r ) n P i W1-1"'^/-); r0 > Co > 0 (a.e.) on r (1.1)

,1/2/This is more realistic than the assumption: rQ G H (F), (see [3]).
Furthermore, this assumption on the boundary data ensures the existence of an extension of T0, which we will

dénote by T0, such that: T0 e W 1 ' * ^ ) , \/q<N\ owing to the isomorphism between Wl ~ l/q'q(F) and
W1>g(Q)fkex 7, y being the trace operator on ,T (see [1], Theorem 7.53).

1 N2

fi is supposed continuous on R and satisfies the following properties: V^, s2 G M, VcJ e [R̂ ym

-s^)^-2, Kr<2, (1.2)

where : £ e C6(R), /? > 0 and^(O) = 0 , (1.3)

Vse R,V<r,7e R^,,

- ^ r " 1 , (1.5)

We remark that a classical exemple of viscosity is the product of an Arrhenius law: À(T) = Cexp y and a power
law v(\D(v)\) ~ vo\D(v)\r ~2 (see [2]), the above conditions being satisfied in that case.

Now, for studying problem ( ^ ) , w e define the following functional spaces: For the velocity v, since we have
to solve a r-Stokes monotone problem:

r { o ^ O i n Q } (1.6)

and for the température T, since we have a Poisson équation with a right-hand side in LX(

WN= n <
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APPROXIMATION OF A QUASI-NEWTONIAN FLOW 393

We say that (v, T), with u e Vr, T-roe WN, T> Co (a.e.) in Q, ƒ e Lr(Q), is a weak solution of problem

f
{

JQ

Vf whercC(r) = f

(1-8)

(1-9)

2. THE FIXED POINT ALGORITHM

We introducé the following decoupled algorithm:
We start by T° = zQ9 and (v°9p°)= the solution in VrxLr'(Q) of the Stokes problem, (see [12]):

-div|>(T0 , |D(i>0)|)D(t>0)]+Vp° = ƒ inQ

divu0 = 0 inQ

v° = 0 o n f .

For T", t;n, p" given, we search for Tn + \ vn+\ pn+1 weak solutions in ^ x V r x Lr'{Q) of the following
homogeneous problem:

- div [jj(Tn + T0, \D(vn + ! ) | ) D(vn + l )] + Vpn + l = ƒ in 12

We define, from this algorithm, the following fixed point operator:

0:VrxWN->VrxWN

(H, TU) >-». (i7, 7;) = <P(II, Tu) solution of:

r - + T0 , |D(i>)|)D(ü)]+VpB = / in f l , and:
(2.1)

where /^ G Lr(Q) is the pressure associated to v and is unique up to a constant.
In order to prove that 0 is a contracting mapping and hence, to state a convergence theorem for the algorithm
Pn + i)> w e describe a Meyers's type regularity property of the r-Stokesian operator used in the first step of
2>
M + x), i.e. solution of the r-Stokes problem:

div [jur(T, \D(v)\ )D(v)] + Vp = ƒ in £2

div t; = 0 in Q
v = 0 o n f ,

where jur( . , . ) := fi{ .,. ) satisfies assumptions (1.2)-(1.5). We can formulate this property as follows:

vol. 32, n° 4, 1998



394 S. WARDI

There exists y > r such that: for ƒ e Ly(Q) with — = —— + ̂  we have, for each v solution of the r-Stokes
problem («&%): 7

y\ and \\D(v) | |L/ ( f l ) < C||/||L,(Û) (2.2)

the constant C depending only on the data.
Such a regularity resuit has been proved in [11] for second order équation. See [13] for the case of the

r-Stokesian operator.
For technical reason, we introducé:

(2.3)
r if N = 3 .

We can state:

THEOREM 2.1: Assume (Ll)-(1.5), y < r ^ 2, and that the exponent y* in (2.2) satisfies: y" > y0, where
y0 is given by (23). Then there exists a constant C, depending only on the data, such that: if ||/||L^^) ^ C, with

— = —̂- + -JTP then the fixed point interation is a contraction.
y y iy/

COROLLARY 2.1: Under the previous assumptions, Problem ( SP ) has a unique weak solution and the fixed point
algorithm ( 0* n ) is convergent.

3. PROOF OF THEOREM 2.1

The proof is based on four propositions:

PROPOSITION 3.1: Under the assumptions of theorem 2.1, the fixed point operator <P is well defined.

Proof: Let us prove existence and uniqueness of a weak solution of ( SPn + x ) :
The solution vn + 1 of the r-Stokes problem in ( 0*n + 1 ) exists in Vr, is unique owing to the assumptions

(1.2)-(1.4); and there exists a corresponding pressure pn + 1 unique up to a constant, in Lr(Q) (see [12]).
Furthermore, we obtain easily, taking vn + as a test-function in the first équation of ( 3Pn + x ), using (1.4) and

the Poincaré's inequality:

ll/ll^-(i) = a ^ ^ / ) - (3.1)

In the second équation in ( 0>
n + j), the right-hand side is in Ll(Q) since v is in Vr and since jn satisfies (1.2),

(1.3). So we do not have a sufficient regularity for using the classical variational formulatin for this problem.
Adapting an idea of [3], we décompose this équation in two simpler ones:

Firstly:

{
1 A rrifl + 1 / rrtïl ~ I j - \ / M + 1 X t X I T~\ / M + 1 \ I 2 • /^\

-kATY = v(T + r 0 , \D(v )\)\D(v ) in fi.
n + 1 (3-2)

T\ = 0 on F.
M2 AN Modélisation mathématique et Analyse numérique
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APPROXIMATION OF A QUASI NEWTONIAN FLOW 395

Then, we can apply the results on Poisson's équation with right-hand side in L1, (see for example [5]) and we
obtain existence and umqueness of a solution to (3 2)

^ 1 * Wl
0«(Q),

and we have the estimate \\Tn
x
 + 1 \\ wi,(û) ^ C{Q, N9 r, T 0 ) , VI ^ q < N'

In fact, for N = 3, we can use some results from [10] (see Theorem 12 1) to get that the solution of (3 2) lies

Indeed, using the first équation of ( SPn + l ), we can wnte formally the nght hand side of (3 2) as follows

where

vn + 1 ) ~ P
n + lI]vn + 1e LN and fvn + ' e W~ l N

This can be easily seen using Holder's înequality with exponents p = -rr, p - , p'= —^— , (Note thatrr, p ,
p>\ for r<N) Indeed, we obtain, with (1 2)-(l 3)

+ 1 ) | ) D ( ü l l + 1 ) t ; ' l + 1|JV ^ c [ { \ D ( v n + l ) \ r ~ l \vn + l \}N

i Q

; \\D(vn+1)\\r", by Pomcaré's mequahty and Sobolev Imbedding Theorem, ^ C(Ü, rj), by (3 1)
For fvn + \ it is easy to see that \/<p e w\ N(Q) ( c= LP(Q), Vp < «»),

Secondly

T"2

Om O

OonT
(3 3)

We have, smce c is bounded VTe HX(Q),

f vn + 1 cp(7î + l + T0
JQ

T) T0 + T) C||üB + 1 | |L/| |77 +

Nr N N

vol 32, n° 4 1998



396 S. WARDI

and:

f vn+1TV<p
Q

( * \ '

this for TV = 3 ; obtaining a same estimate for N = 2 being more easy due to Sobolev Imbedding Theorem.
Then, we can apply results of pseudomonotone operators theory, (see [9]), to get existence and uniqueness of

a solution T\ + J in Hl(Q) to problem (3.3) and that: || T\ + * ||Hi(r3) ^ C, where C dépends only on the
coefficients of the équation and the data. So, by (3.1), C dépends only on the data.

Note that if cp( T
n + l + r0) is replaced by c ( Tn + T0) in the algorithm, then we can deduce existence and

uniqueness of a solution of (3.3) in HQ(Q) directly from the results of linear elliptic équations with unbounded
coefficients (see [8]) since the coefficient vn + l satisfies: || vn + 1

 | |LP/2 (Q) ^ C < + °°, with p = 2r>N.
Finally, taking: Tn + 1 = T\ + 1 + T\ + \ we obtain a unique weak solution of ( 0>n + x ), which satisfies:

\\Tn + 1\\WN^C(Q,N,r,z0). (3.4)

We conclude that the mapping 0 is well defined. •

PROPOSITION 3.2: If the itérative method converges to (vo,To), then (VO,TO + TO) is a weak solution of

Proof: From the estimâtes (3.1) and (3.4), we deduce that there exists a subsequence, still denoted by the same
symbol, such that:

— firstly: vn —» v0 in Vr weak. So, by Rellich's Compactness Theorem,

v" -> v0 in LP(Q ) strong, for 1 ̂  p < r = j ^ ^ if r < N, (3.5)

for ail /?<°o, if r = N

— secondly: Tn -> To in W);q(Q) weak, VI ^q<N\ Then:

Tn -> r0 in Lm( r2 ) strong f or 1 ^ m < {N')* = j ^ ^ , ifN=39 (3.6)

for ail m < oo if AT = 2, and Tn -» To a.e. in D.

Let us now show that: (vn) > vQ in Vr strong:
n —> oo

We have by (1.8):

f K r + r0, |Z ) ( l ;
n + 1 ) | )Z) ( I ; t t + 1 ) : Z ) ( ^ ) = f /^, V ^ G Vr, (3.7)

and taking: ^ = <p — vn + l:

! ju(Tn + ï 0 , \ D ( v n + l ) \ ) D ( v n + l ) : D ( < p - v n + l ) = [ / ( ^ - ^ + 1 ) . (3.8)

M2 AN Modélisation mathématique et Analyse numérique
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APPROXIMATION OF A QUASI-NEWTONIAN FLOW 397

But (1.4) gives:

f
Then:

T0, \D(ç>)\ ) D(<p) : (3.9)

Then, passing to the limit in this inequality, using the continuity of ju, the a.e. convergence of Tn to To and the
weak convergence of vn to u0, we get:

f f{<p - v0) . (3.10)

Now, by a usual procedure from Minty's lemma (taking first <p = vQ + ay/, with a > 0, in (3.10), then letting
a —» 0, and taking y/~ — ç?), we obtain:

f n(T0 + ï0, \D(vo)\) D(v0) : D(<p) = f ƒ<?, Vç» e

So in particular: A«(ro + T0, | D ( B O ) | )\D(VO)\2 =\ fv0; and, with (3.7):
Jn J a

V r .

vn + 1)\) \D(vn + l ) \ 2 - \D(vo)\'

in
• 0 .

Furthermore, we have:

f [
Ja

= f
JQ

T0, r0, D(v0) :D(vo-v
n

\D(vo)\)D(v0):D(vo-v
n + ï

- f
JQ

= f
Ja

T 0 , r0> | D ( » 0 ) | ) ] D(v0) : D ( Ü 0 - v
n

(3.12)

(3.13)

vol. 32, n° 4, 1998
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by (3.7) and (3.12). This, with condition (1.4), gives:

• - 2

Q

Q

ïQ9 \D(vo)\)]D(v0):D(v0-v
n+l)

x f
f p(\Tn-T0\y'\D(v0)\

r

JQ

1 . 1by Holder's inequality (with —H—= 1). But, we have (for r<2) :
r'

L

and since:

[ {\D(vo)\
JQ

by (3.1), then we get (for r =£ 2)

This gives:

f
Ja

(3.14)

2 - r
2

c,

• - 2

(3.15)

,by (3.14)

M2 AN Modélisation mathématique et Analyse numérique
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APPROXIMATION OF A QUASI-NEWTONIAN FLOW 399

Therefore:

f /K\r-T0\/\D(v0)\
r

(3.16)

Since /? is bounded, then we have:

Vn, \fi( \r - To| )|f / |D(i?0)|r * C|D(i;0) | r := g a.e. in Û, with <? e

Then, using Lebesgue's Dominated Convergence Theorem and the continuity of ƒ? (we have: Tn —> To a.e.), we

deduce from (3.16): \\D(vo-v
n+l)\\Lr(Qf* ^0. Consequently,

vn ) > v0 in Vr strong
n —> oo

For (7"), we have, by (3.13): V£ e

f n ( . r + T0,\D{vn+')

andby (3.17) and (3.6):

Indeed:

f {un : c p ( r + ] D0 cp(

c{ ||«;" + ! - o o i i r i i r + 1

by (3.6) and (3.17), since we have: ^ = J^TJ < JfZT2> f o r r > f •

Furthermore, by (3.6) and the Sobolev Imbedding: WQ°°(Q) cz

[ V ( r +

So, by uniqueness of the limit, we obtain:

k l
= f

(3.17)

we have:

(3.18)

vol. 32, n° 4, 1998



400 S. WARDI

Furthermore, the assumption on T0 implies that the limit TQ + T0 ̂  Co > 0 a.e. in £2, (see [3], [6]).
This, (3.12) and (3.18) imply that (u0, To + T0) is a weak solution of ( ^ ) .
There exists a corresponding pressure p0 in Lr(Q), convergence of (vn) giving that of (pn) in W~ 1>

•
In the sequel, for simplicity, we will take cp(T) = 1, this function being of secondary importance in the

obtaining of the following estimâtes, since it is bounded.
PROPOSITION 3.3: Under the assumptions of theorem 2.1, the velocities satisfy the following estimate:

where: (vv 7^) = (p(uv Tu) and (v2, TV2) = 0(w2, ^M2)> C depending only on the data: Q, N, r, T0, ƒ

Proof: We easily get from the définition of <p :

f W r „ + T0, \D{v,)\ ) D(ü,) - M ^ , + To, |D(»2)| ) D(v2)] : D(Vl - v2)

J Q

= - f [ A i ( r i l l +T 0 , |D(» 2 ) | ) - / i (T H i + T 0 , |Z ) ( i ; 2 ) | ) ]D(ü 2 ) :D( t ; 1 - i ; 2 ) . (3.19)

Therefore, by (1.4) and (1.2):

K2\ \D{vl-v2)\
2{\D(vl)\ + \D{v2)\y-2

« Ki \ P(\TU1 ~
 Tu2\ ) \D(v2)\

r ~ l\D(v, - V2)\ ,

^ K, \\D(Vl - v2)\\Jjj( |rBl . TJ r\D(v2)\
rj .

Then, similarly as in estimate (3.16), we obtain:

H^i -^nwr^ c(jQ\TUi-Tj'\D(v2)\
rJ. (3.20)

And, by the Meyers's regularity property of the r-Stokes problem, using Hölder's inequality, we obtain:

» ! - v2) \\Lriar ^ C\\D(v2)\\^(Qf2 II TUi - TJV -r(Q).

Hence, by (2.2):

r'y'

' (3.21)
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APPROXIMATION OF A QUASI-NEWTONIAN FLOW 401

Then, in order to have an estimate of || Tux - TU2\\L
y ~ r(Q) with r>-~, we need to add, for AT = 3 , the

following regularity assumption: y > yQ9 where y0 = —x ry- r, which is a necessary and sufficient condition
*. 2* r TV

ry M
to have: — < „ 0 . This, with (3.21) gives Proposition 3.3. •

y — f iV — Z

Remark 3.1: The method used in the previous step does not allow us to prove Proposition 3.3 in the case
r > 2, under a natural assumption on ̂ i, that is:

|>U |£| K - / iU M )*] : (É - *) ^ *4 |Ê - n\r-

Indeed, (3.19) and (1.2) would give:

So:

\TUl-Tu/\D(v2)\'\

Finally, we would get, by Hölder 's inequality and for y > y0,

Because of the exponent _ . < 1, for r > 2, we can not deduce from this estimate that 0 is a contracting
mapping in that case.

PROPOSITION 3.4: Under the assumptions of theorem2.1, the températures satisfy the following estimate:

i- -

II T _ r || < cl II f 11 r' +llfll>*' \ 11 T — T II

where the constant C dépends only of the data: Q, N9 r, T0, ƒ.

Proof: ( r - r ) is a solution of the équation:

-p{v x V(TVi + T 0 ) - w2(VrBï + r 0 )} . (3.22)

vol. 32, n° 4, 1998
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We get, from the définition of <p :

S WARDI

= f v(TU2 + ï0, \D(v2)\) D(v2) : D(Vl- v2) .
Ja

Then:

f { M r u i + r 0 , \ D ( V l ) \ ) \D(Vl)\
2 - K T u ^ r 0 , \D(v2)\) \D(v2)\

2}
0 Q

Furthermore,

« 11/11 % b y ( 2 - 2 ) ^ Proposition 3.3

f

(3.23)

'r (for r<N) ;

by Poincaré's inequality and Sobolev imbedding theorem (Recall that: „ _ 5, < N _ ., for *">
Then, by Proposition 3.3, estimâtes (2.2) and (3.4), we obtain:

f k

(3.24)

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modellmg and Numencal Analysis



APPROXIMATION OF A QUASI-NEWTONIAN FLOW 403

Then, (3.22)-(3.24) imply that: TV] - TV2 is a solution of the équation: - A{ TVi - TV2) = F, where
F G Lx(£?) and consequently the following estimate holds (see [5]):

\\TVi-Tjw^{Q)^c\\F\\Liw, vq<jj&ï.

This, with estimâtes (3.23) and (3.24) gives Proposition 3.4.

End of proof of Theorem 2.1: We can now deduce that there exists a closed bail BR nonempty in Vr x WN such

that: <t>(BR) <^ BR; and 0 is a contracting mapping on BR9 for r > -=• and ||/||Ly sufficiently small:
By the définition of v° and r°, we can easily choose R > 0 such that: ||D(i;0) \\L^Q) + l|T0 | |L-(r) ^ /?, and

consequently (t>°, r ° ) e 5^.
Our aim is to prove that there exists S, 0 < ô < 1, such that:

I K o p ^ ^ - c ^ , 7 ^ ) 1 1 VrXWw ^ 5 | | ( u 1 , r B i ) - ( i i 2 , r , i ) | | V r X W w .

Using Proposition 3.4, we obtain that if 11/11 L^Û) is sufficiently small, that is:

Cmax{Il/HIfâ, Il/HL,iO), H/llrJi''O)}<S< \, then:

(1-5)11^-^11^^511^-^11^.

Finally, taking: 5 = =, we get:
1— 5̂

WTVI-TVI\\WN^Ô\\TUX-TJWN, w i th0<5<l . (3.25)

Analogousely, in proposition 3.3, i f / i s sufficiently small, then:

\\D{v,-v2)\\Lr^ô\\TUi-TJWN (3.26)

Finally, (3.25) and (3.26) imply that 0 is a contraction mapping, for r > y , / sufficiently small and, for

N=3, v sufficiently regular: D(v) e Ly ; y* > y0. This gives Theorem 2.1.
Then, under the above assumptions, we can apply the Banach fixed-point theorem to get that (p admits a unique

fixed point (i?0, TQ) in BR. Furthermore, there exists a corresponding pressure p unique up to a constant. Then,
the algorithm ( 3P'n ) converges to this solution. Since, a solution of ( 0* ) corresponds to a fixed point of 0, then,
using Proposition 3.2, we obtain that (v0, !T0 + T0) is the unique weak solution of problem ( ^ ) . Therefore,
Corollary2.1 is proved.
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