MARIUS BOCHNIAK

ANNA-MARGARETE SANDIG

Computation of generalized stress intensity factors for
bonded elastic structures

ESAIM: Modélisation mathématique et analyse numérique, tome 33, n°4 (1999),
p- 853-878

<http://www.numdam.org/item?id=M2AN_1999 33 4_853 0>

© SMALI, EDP Sciences, 1999, tous droits réservés.

L’acces aux archives de la revue « ESAIM: Modélisation mathématique et analyse
numérique » (http://www.esaim-m2an.org/) implique I’accord avec les conditions
générales d’utilisation (http://www.numdam.org/conditions). Toute utilisation com-
merciale ou impression systématique est constitutive d’une infraction pénale. Toute
copie ou impression de ce fichier doit contenir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=M2AN_1999__33_4_853_0
http://www.esaim-m2an.org/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Mathematical Modelling and Numerical Analysis M2AN, Vol. 33, N° 4, 1999, p. 853-878
Modélisation Mathématique et Analyse Numérique

COMPUTATION OF GENERALIZED STRESS INTENSITY FACTORS
FOR BONDED ELASTIC STRUCTURES

MARIUS BOCHNIAK! AND ANNA-MARGARETE SANDIG!

Abstract. We consider coupled structures consisting of two different linear elastic materials bonded
along an interface. The material discontinuities combined with geometrical peculiarities of the outer
boundary lead to unbounded stresses. The mathematical analysis of the singular behaviour of the
elastic fields, especially near points where the interface meets the outer boundary, can be performed
by means of asymptotic expansions with respect to the distance from the geometrical and structural
singularities. The coefficients in the asymptotics, which are called generalized stress intensity factors,
play an important role in classical fracture criteria. In this paper we present several formulas for the
generalized stress intensity factors for 2D and 3D coupled elastic structures. The formulas have the
form of scalar products or convolution integrals of the given data or the unknown displacement field
and the so—called weight functions, similar to Maz’ya/Plamenevsky functionals introduced in [19] for
elliptic boundary value problems. The weight functions are non— energetic elastic fields, which admit a
decomposition into a known singular part and a more regular one, which is computed by boundary ele-
ment domain decomposition methods. Numerical experiments for two—dimensional problems illustrate
the theoretical results.
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1. INTRODUCTION

Since the papers by Williams [35], Karp and Karal [14}, and many others it is widely known that linear elastic
and harmonic fields can have unbounded stresses in the neighbourhood of corners and edges of the boundary
or near points where the boundary conditions change. Similar stress singularities can occur at points where the
interface meets the outer boundary or at the front of a crack between dissimilar materials [36]. The singular
behaviour of such fields can be described by means of asymptotic expansions with respect to the distance to
the geometrical and structural singularities. If we denote by (r,w) the local polar coordinates with origin in an
interface corner point, then the asymptotics of the two—dimensional displacement or harmonic fields u1,uz in
the subdomains §2, ) read as

() e~ Serm ( Dotiers) ) 2
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Asymptotic expansions of this type were derived by Kondrat’ev [15] for general elliptic boundary value problems
using Mellin transformation techniques and were adapted to boundary transmission problems by Nicaise and
Séndig [24]. For three~dimensional elastic displacement and harmonic fields near smooth edges or crack fronts
the asymptotics can be expressed in cylindrical coordinates (r,w, 2)

(aod) e (Gigs). e

where the z-axis is tangential to the edge and 7 denotes an appropriate cut—off function. Asymptotics of this
kind were obtained by Maz’ya and Rossmann [20] for the Dirichlet problem in a bounded domain and for
the Neumann and the mixed problem by Nazarov, Plamenevsky [22], Costabel and Dauge [6], Rossmann and
Sandig [28].

In the classical two—dimensional linear fracture mechanics (see e.g. [13]) the leading term in the asymptotics
of the displacement field near the tip of a crack in a homogeneous material is given in the form

K1<7" Kiry/r

ut@) ~ 22 ()" e+ 2 (L) 1) + 000,

where g is a material constant. The coefficients Kr, Kj; are called stress intensity factors of opening and
sliding mode, respectively. Their importance originates from the Irwin—Griffiths criterion for crack initiation in
homogeneous materials [13]. A fracture criterion for the delamination of composite laminates has been proposed

in [12] in the form
( K )2‘5 ( P:II )3 < K 7 )3 .
1<IC ICIIC I(IIIC ’

where Krrr denotes the stress intensity factor of the anti-plane deformation and the constants K;¢, Kirc,
Krric are to be determined by experiments.

The coefficients ¢; (generalized stress intensity factors, in short GSIF’s) in (1) and ¢;(z) (generalized stress in-
tensity distributions, in short GSID’s) in (2) describe the intensity of stress concentrations in the neighbourhood
of geometrical and structural singularities. Furthermore, the GSIF’s can be used to determine the approximate
shape of the plastic zone in elasto—plastic materials [13].

Due to its great importance in the applications, the computation of the GSIF’s and the GSID’s attracted
much attention of both engineers and mathematicians. In most applications, the GSIF’s and the GSID’s
are calculated by extraction from displacement or stress fields or by evaluating certain path integrals [13].
An alternative approach is the weight function method introduced for 2D crack problems in homogeneous
materials by Bueckner [4] and Rice [26] and extended later to more complicated geometries. The weight
functions are particular elastic fields of infinite energy and can be calculated semi-analytically for 2D (7,14]
and numerically for 3D problems [2]. Maz’ya and Plamenevsky [19] have derived coefficient formulas (so—called
Maz’ya/Plamenevsky functionals) for general elliptic boundary value problems in domains with corners, in which
general weight functions appear. This approach was generalized by Maz’ya and Rossmann [20], Rossmann and
Sandig [28] for the pointwise evaluation of the GSID’s ¢;(-). Unfortunately, the corresponding weight functions
are known analytically only for special geometries, e.g. for penny-shaped and half-plane cracks in infinite
domains [5]. A numerical approach to the computation of 3D weight functions with point singularities can be
found in [2,29]. Moreover, numerical methods for the computation of GSIF’s in bonded materials were recently
developed [30,34].

The application of Maz’ya—Plamenevsky functionals for the numerical approximation of stress intensity fac-
tors for two—dimensional boundary value problems with the help of FEM is widely analysed in the literature
(see [1,3,8]), where error estimates for the FEM approximation are given.
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FIGURE 1. 2D coupled structure semiconductor.

In this paper we study 2D and 3D problems for bonded elastic structures. In the 2D case we adapt coefficient
formulas and their proofs, known for homogeneous materials, to transmission problems. New is here the com-
putation of the coefficients with boundary element methods and the corresponding error analysis based on the
Aubin—Nitsche trick. Numerical examples illustrate the efficiency of the method and we compare the results with
those obtained by other numerical methods.The weight functions in the adapted Maz’ya/Plamenevsky function-
als are calculated semi-analytically as it was done in [7,14]. In the 3D case we present for three-dimensional
plane interface crack problems a method for the computation of the integrals

/ ci(s)h(s)ds (3)

M

with test functions h(-) defined on the crack front. In this case the weight functions have a uniform singularity
along the whole edge M and can be derived from the known weight functions for 2D problems. This idea
appeared already in [17,21] for harmonic problems in simple domains but was not further investigated. We un-
derline, that in this way we can avoid the computation of the 3D dual singular functions with point singularities
which is numerically expensive.

The paper is organized as follows: Section 2 is devoted to the formulation of the problem. In Section 3 we
describe the computation of 2D singular solutions, which are necessary for the description of the asymptotic
expansions and the construction of the weight functions. Then we give in Section 4 asymptotic expansions of
elastic fields for 2D interface problems and derive several formulas for the generalized stress intensity factors
using weight function techniques. Next, we apply the coefficient formulas to the approximation of the GSIF’s
and give corresponding error estimates along with some numerical results. Finally, we apply in Section 6 the 2D
singular solutions in order to create practicable formulas for the computation of stress intensity distributions
for 3D plane interface cracks.

2. FORMULATION OF THE PROBLEM

Let 21,Q2 C R2, be two bounded domains such that 92, N8Q, # O (see Fig. 1). We denote by I' C Q1N
the interface and by I'; = 8€; \ T the outer boundary pieces.

One of the domains ; can be empty. If I' is a proper subset of 9; N HQs, then interface cracks occur.
Let us denote by P; corner points with P; C 0" and assume that every point P; has a neighbourhood #; such

that U; N €2; is diffeomorph to the intersection of the infinite wedge C;(P;) with the unit ball B;(P;) centred in
P, i=1,2.
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The infinite wedge C;(P;) is defined by
Ci(P)) = {(nw)eR*:r=|z-Pjlwi—1 <w<w}, i=1,2.

The domains €2; are occupied by isotropic linear elastic materials. The linearized elasticity equations for the
displacement vectors u; = (ul},u?) in Q; read

Liui(z) := pilu(z) + (N + p)Vdivu(z) = fi(z). (4)

On the boundary pieces Ff) , ¢ = 1,2, Dirichlet conditions are given

u; = gi, 1=1,2, (5)
whereas on I'Y boundary stresses are prescribed
oi(u); = hyy 1 =1,2, (6)
where the components of the stress tensor o;(u;) are given by
2
o (us) = XD 0ot + pa(Ori + ),
j=1

where 7i; is the exterior normal vector on 0%2;. Assuming that standard transmission conditions are satisfied on
the interface I' we obtain the boundary transmission problem

,uzAu, + (Az + ,ui)Vdivu,v = fz in Qi,
Uy = G on F7,D7
al(u,)ﬁz = hi on Fiv, (7)
U —u2 = p1 onT,
oy(ui)fiy +oz(uz)iz = po onT"

The behaviour of the two—-dimensional displacement fields u;, uz in a neighbourhood of a corner point P can be
described by an asymptotic expansion, provided the right-hand sides of (7) are sufficiently smooth and satisfy
some compatibility conditions in P [25]:

()= >S5 ( ;z ) )+ () o), ®)

j=1 k=1 1=0

where

Lk l l—s,k
ol o 1 R Ss

i) (nw) =72y —(logr) L | @) (9)
V2,5 § ®

s=0 2,5

and r = |z — P|. The complex exponents a; and the functions ((,Dll’,kj, (plz,];) are eigenvalues and eigensolutions
(elements of Jordan—chains) of a corresponding generalized eigenvalue problem (see Sect. 3). N is the number
of eigenvalues in the strip 0 < Re a < d, my(a;) denotes the number of Jordan—chains to the eigenvalue a;
(geometrical multiplicity) and x ; is the length of the kth Jordan—chain. In the following we will assume for
simplicity that the Jordan—chains have the length 1, i.e. no logarithmic terms appear in (8) and we restrict our
considerations to d = 1.
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FIGURE 2. Interface crack.

Furthermore we consider three-dimensional coupled elastic structures with a smooth plane interface crack

(see Fig. 2). The asymptotics of the displacement fields u;,us in the neighbourhood of the crack front M has
the form

() ewn = aorn (0)) reorr(223) "

+ ca(s)ri/2ie ( #1,3(w) ) +n< o )(r,w,s),

p2,3(w)

provided the right-hand sides of (7) are sufficiently smooth and some compatibility conditions are satisfied (see
Sect. 4 for details).

Here, s is the arclength on the edge M C 9T and (r,w) are the local polar coordinates in the plane orthogonal
to M in the point P(s) with parameter s and the constants €, 3, v; are given by [36]

1n1+,3 _ u2(1—2v1)—u1(1—2ug) A-L'

1
CTatiop ﬁ_Q[u2(1-V1)+u1(1—V2)]’ Vizz()\z“*#i). ()

Our goal is to derive formulas for the computation of the coefficients ¢, x,; in (8) and ¢;(s) in (10) and to use
them for the numerical approximation of the coefficients.

3. OPERATOR PENCILS AND SINGULAR FUNCTIONS

As mentioned before, the singular functions appearing in the asymptotics (8) and (10) are generated by
the Jordan—chains of some operator pencils which will be derived now. We refer the reader to [23] for main
definitions and facts from the theory of operator pencils.

We create for the two—dimensional boundary transmission problem (7) an operator pencil corresponding to
the corner point P € T NI’y NT,. To this end we map a neighbourhood V(P) := U(P) N (€, UQ) of the point

P by a diffeomorphism x onto x(V(P)) = [Cl(P) UG, (P)] N B1(P) (see Fig. 3).

Let x(z1,z2) = (y1,y2) be the new coordinates in [C’l (P)u Cz(P)] NB;(P). Writing the boundary transmis-

sion problem (7) in the curvilinear coordinates (y1, y2) we obtain a boundary transmission problem for differential
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FI1GURE 3. Neighbourhood of the corner point P.

operators with variable coefficients, which we denote shortly by

A(y>Dy) = {‘Ci(yaDy)) Bi(yaDy)>T(y3Dy)3 1= 1v2}'

It is well known from the theory of elliptic boundary value problems with variable coefficients [15] that the
behaviour of the solutions to elliptic boundary value problems in the neighbourhood of the corner point P is
essentially influenced by the behaviour of solutions to an elliptic boundary value problem generated by the
principal part of the operator A(y, Dy) with coefficients frozen in the point P. Moreover, the leading terms in
the asymptotics (8) have the same structure as in the case of operators with constant coefficients. We extend
these ideas to boundary transmission problems (see [24]). Since the principal part of the operator A with
coeflicients frozen in the corner point P coincides with the original Lamé and boundary operators, we study the
boundary transmission problem in the double wedge C;(P) U C2(P) with vanishing right-hand sides

Liui =0 in C.L(P),
ug—ug = 0 on v,
o1(uy)fty + oa(ug)e = 0 on v,
Biu;:=u; = 0 on 7;, (D - D) (12)
or Byu;:=o0;(u)f; = 0 on y;, (N —-N)
B1u1 = Up =0 on i,
OI‘{ B2u2 = 02(u2)ﬁ2 = 0. on ya. } (D N)

Writing the boundary transmission problem in polar coordinates and applying the Mellin transform

Mu(a,w):/ r~ lu(r,w)dr
0
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with respect to the distance r = |z — P| we get a boundary transmission problem for a system of ordinary
differential equations depending on a complex parameter o

Li(@)u{o,w) = 0 forw;1 <w<w;, i=1,2,

Bl (a)ul (a7 wo

(13)

[
oo oo

)
)
B (a)us (@, ws)
uy (@, w1) — ug(a,wi)
Ti(a)ui(a,wr) — Te(a)uz(a,w)

Here (see e.g. [14])

B 7:.02u” + (@? — D)ul + (¢ — 1) — (@ + 1)]8,u¢
B 2wy + (0 — Dy + [(a+1) — m(a—1)]8,ul )’

k3

ur
’U,Z:) if Bzul = Uj,

r

Ti(a)( “ ) i Bous = o4(us),

o= /(N + 2us)

)
1) = (oenia Y )
)

and (uf,u?) are the polar components of the displacement vector u;.
For every a € C the operator A () defined by

Arle) (Z:) B {< '-1(8‘)“1 Lz(g)uz ) ’( Bl(a)gl(w()) Bz(a)?m(wﬂ )’
( leg)(;l()wl) —T;ZL;)(Z;()M) >} (14)
maps [H?(wo,w1)]? x [H?(w1,w2)]? into [La(wo,w1)]* X [La(wr,ws)]* x [C? x C?] x [C? x C?].

The eigenvalues and the eigenfunctions of the operator pencil A (-) can be easily calculated using the idea
from [7,14)]. It is known [14] that the solutions of the homogeneous equations

Li(a)u;(w) =0
have the form
() eer = a2 ) en (EGT)

w0 (g e ) <2 ( o )] 1o

= r¢ [AiUl(a,w) + BiUg(Oé,w) + CiU3(O£,w) + D.,;U4(Oé, (.U)] ,

where (; = (ki + @)/(k: — &) and &; = (3 + A;)/(1s + A;). We insert the ansatz (15) into (13) and obtain a
system of 8 homogeneous linear equations for the unknown coefficients A;, B;, C;, D;, i = 1, 2. The corresponding
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parameter depending matrix Ay («) has the form

Ul(a,O) 0
_ Ui(a,wr) —Us(a,wi)
AL(a) - Tl(Oll)U1 (a,wl) —TQ(OC)UQ(CYI, wl) ’ (16)
0 Uz (o, w2)

Thus the problem (13) has a non-trivial solution iff the matrix Ay(«) is singular, i.e. the spectrum of the
operator pencil Ay, consists of all complex—valued roots of the transcendent equation

detAr(a) = 0. (17)

Suppose that a; is a root of (17) and that the coefficient vector
v := (Ay, By, C1, D1, Az, By, Cs, D3)

satisfies the equation

Ar(a;)v=0. (18)
Then

i = 1% [A;U1(a,w) + BiUz (o, w) + CiUs(a,w) + D;Us(a,w)], 1= 1,2, (19)

is an eigenfunction of the operator pencil Ay, to the eigenvalue ;. Since eigenfunctions are determined up to a
constant factor we will assume in the following that the coefficient vector v has the Euclidean norm equal to 1.

Harmonic fields governed by boundary value problems for the Poisson equation can be handled analogously.
The problem (12) reads then

wildu;, = 0 in C;(P),
Uy — Uz = 0 on -,
Ouy + Ouz 0 on
H1a= B, K235 Bt Y
Uu; = 0 onw, (D - D) (20)
or Oui = 0 onwy (N =N)
223 o7, = Yis
31 —
or{ Ouy _ 0 onn, } (D —N).
Ho o = 0 on vys.
(97’1,2
Applying again the Mellin transform we obtain
82
Li(e)u;(o,w) = 52 —(w)+ %y (w) = 0 for wig<w<w;,i=12,
uy (@, wr) — uz(a, wy) 0,
U u
ma—wl(a, wi) — uz—af(a, wi) = 0, (21)
bi(e)ui(,wp) = 0O,
bz(a)'U,Q (a, 0.)2) = 0.
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Here is

ui(wj) for Dirichlet boundary conditions,
bi(a)ui(a,w;) = .
i 5—ui(a,wj) for Neumann boundary conditions.

w

The corresponding operators Aa (a) defined by

Aa(@) (Z:) - {< ll(%)m lz(guz )’( bl(a)gl(%) bz(a)gz(wz) )’( M %Eril(?ul) —l;g(uu:&h) 22}2)

map H?(wg,w1) X H3(w1,ws) into La(wo, w1 ) X La(w;,w2) x [Cx C] x [C x C] for every a € C. The eigenvalues and
eigenfunctions of the operator pencil Aa can be calculated as before taking into account that the eigenfunctions
have the general form

u;(o,w) = r* [A; sin(ow) + B; cos(aw)] (23)

with constants A;, B;, i = 1,2, to be determined.

4. ASYMPTOTIC EXPANSIONS AND COEFFICIENT FORMULAS. 2D PROBLEMS

4.1. Asymptotic expansions

The eigenvalues and corresponding Jordan—chains of eigensolutions and associate eigensolutions of the op-

erator pencils (14, 22) govern the asymptotic expansions (8, 10). Here we cite the results for two—dimensional
corner singularities.

Let us assume for the sake of simplicity that all Jordan—chains of the operator pencil Ay have the length 1.
This assumption is valid apart from some isolated opening angles. We denote by (¢1,, 2 ;) an eigenfunction
corresponding to the eigenvalue o; and define

(2 )ewr = (29 )@, ”

In what follows we use trace spaces defined on an open part of the boundary

H () = {ue H*(8) :suppu C I} for s>0

v (H=*(T%)) for s<0.
Theorem 4.1 ([24]). Let f; € [Lo(Q)%, ¢ € [HY2TP)2, hi € [HVXTN)2, p € [HY2(D)P, py €
[HY2(T')]?. Furthermore we assume that there exist functions w; € [H?(;)]? with

wi|1"? = gilrp,
oi(wi)fis|py = hilpw,
(w1 —w2)lr = pilr,
(01(w1)1 + o2(w2)Ai2)lr = pe|r-

Then the solution of the two-dimensional problem (7) admits the decomposition

Z; (nwy= > ¢ PLI ) (ryw) + Z; (r,w), (25)
©2

0<Re(a;)<1 J
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with v; € [H*(Q;)}2. The summation in (25) is taken over all eigenvalues o corresponding to their geometric
multiplicity mg(a ).

Remark 4.1. The existence of functions w; in Theorem 4.1 induces compatibility conditions between the data
gi, h; and p; in the point P. For example, in case of the D-D problem we have for sufficiently smooth data

li - I = i .
et p 10 TR 00 = i )

4.2. Coeflicient formulas for stress intensity factors

First we derive formulas for the coefficients ¢; in (25). For the sake of simplicity we assume in the proofs that
the boundary pieces I'; and the interface I' consist of straight lines in a neighbourhood of the corner point P.

Let a; be an eigenvalue of the operator pencil Ay with the eigenfunction (15, ¢2,;). It can be easily shown
that —a@ is an eigenvalue of Ay iff « is also an eigenvalue of Ar. We introduce the notation

(m)ea = (%)@ )

where (¢1,5,%2,;) is an eigenfunction of the operator pencil A;, corresponding to the eigenvalue —@;. Thus the
functions (w1,;,ws ;) are singular solutions (weight functions) of the homogeneous problem (12).

Further, we define for complex valued functions u;,v;: ; — C, which are smooth enough, the sesquilinear
functional g¢; by

qius,v;) = /Liui -vdx — /ui - Lyv;dx + / u; - 0 (v;)idsy — / oi(us); - ;ds,. (27)

Q; Q; o0 9Q;

Note that ¢;(u;, v;) = 0 for sufficiently smooth functions u;, v; due to Green’s formula.
In the following we denote by n € C§°(R{) a cut—off function with n(r) =1 for 0 < r < 7.

Lemma 4.2. Let (v1;,v2,;) and (wy,j,ws,;) be the funciions defined by (24) and (26), respectively. Then
qi(Mvi,5, we 5) = / (Ui (V3,57 - Wig — a5 - Uz‘(wi,j)ﬁz') dss, (28)
BBg(P)nQ,-
with small enough § > 0.
Proof. Since v; ;,w;; € [H*(Qs \ Bs(P)))? we can apply Green’s formula in ©; \ Bs(P) and take the limit as

6 — 0. In this way we obtain

¢i(nvi,j, wi,j) = lim / (Uz' (3,57 - Wiy — vij - Ui(wi,j)ﬁz) dsg. (29)
8Bs(P)NQ;

Let us prove that the value of the integral on the right-hand side of (29) does not depend on the choice of § > 0.
Let 0 < 61 < 62 and Bs, 5, = [Bs,(P) \ Bs,(P)] N ;. Since the functions v; j,w; ; are smooth in By, 5, we
obtain due to Green’s formula

(oi(vi,j)ﬁi *Wi,5 — V45 O'i(’wi’j)ﬁi) dsz =0.
0Bs, 5,
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The functions v; ;, w;, ; satisfy homogeneous boundary conditions on 8Bs, 5, N 0f€);. Therefore we conclude that

(Uz'(vz‘,j)ﬁz‘ Wi — Vi - Uz’(wz‘,j)ﬁi) dsy = / (Ui (vi ) - Wi 5 — vij - 0 (wi,j)ﬁi) dsg.
6351 (P)ﬁﬂi 6352 (P)ﬁQq;

a

Since the eigenfunctions (11,;,%2,;) are defined up to a constant factor we impose the following normalization
condition:

Lemma 4.3. Let the eigenfunctions {(p1j,¢2;), 1 < j < mg(a)} to the eigenvalue o be fired. Then the

eigenfunctions {(Y1k,Y2,k), 1 < k < my(a)} to the eigenvalue —a can be chosen in such a way that the
following biorthonormality condition is satisfied

2
1 ifj=k

Now we are in position to derive the coefficient formulas.

Theorem 4.4. Suppose that the assumptions of Theorem 4.1 are satisfied and that the functions (v1j,v2, ;)
and (wy,j,ws,;) defined by (24) and (26), respectively, satisfy the biorthonormality condition (30). Then the
coefficients ¢; in (25) are given by

2
c; = Z (1/ Li(nu;) - w; ;dz + / (nui oi(wi, ) — oi(nui)T WJ) dss
i=1 .

Ty
+/ (77p1 '01(w1,j)ﬁ1 - (Ul(nul)ﬁl + 02(771!2)52) : wl,j) dsg. (31)

L

2
Proof. We insert the decomposition (25) into ) ¢;(nu;, w; ;) and obtain
=1

2 2
Z‘h‘('f)ui,wi,j) = Z%’ (77 Z CkVsk + nvi,wi,j>
i=1 i=1

0<Reak<1
= E Ck E qi(Mvi g, wi ;) + E gi (nvi, wi 5).
0<Reap<1 =1 1=1

Due to Green’s formula the terms g;(nv;, w; ;) va.msh If oy — ozk > 0 then g;(nvi k, w; ;) vanishes due to (29). If
a; — ay < 0 then the terms g;(nv; &, w; ;) must vanish since Z qi(nu;, w; ;) is finite. Because of the biorthonor-

=1
mality condition (30) it follows then

2 2
gl wi) = Y ey aluig,wig) = ¢
=1

O0<Rea;<1 =1
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On the other hand

2 2
> ailnuiwig) = (D/ Li(nui) - wijdz — /Wz' - Li(w; j)dz
i=1 =1 ) Q,

n / s - 72 (wi)adsg ~ / os(mus)7i; - Tigds,

@

+/ (T]ul - 01 (wl,j)ﬁl —+ nug - Uz(wz,j)ﬁz - 0'1(7]U1)ﬁ1 Wi,y — (72(7}U2)ﬁ2 . U)Q’j) dsz.
T

Exploiting the transmission conditions for (wy j,ws ;) on I' we obtain

2 2
Z Qi(nuiawi,j) = Z (W/ L; (nuz) w; ]de' + /nuz U‘L(wl ])nzdsz - /Ui(nui)ﬁi'wi,jdsm
=1 =1 .

r;

+/ (n(ul —ug) - 01(w1,5)71 — (o1(nu1)fis + o2(nue)fiz) w‘ﬁ) ds,.
T

Thus the assertion holds. O

Remark 4.2. Theorem 4.4 is valid also in the case when ; UQ, C supp 7, i.e. the cut—off function 7 in (31)
can be omitted

/. . N
=> L/ fi- Wi jdz +/ (uz -0y (wi,5)Ts — 03 (i) s - w_z;) dsm) +/ <p1 -o1(w1,5)7l — p2 ﬂTJ) dsz. (32)
=1 ¢ r;

r

The proof of Theorem 4.4 can be repeated in this case, taking into account that w; ; is smooth outside of a
small vicinity of the corner point P.

Theorem 4.5. Suppose that the assumptions of Theorem 4.4 are satisfied and let (W1 ;,Wa ;) be a solution of
the two—dimensional transmission problem (77) with vanishing right-hand sides, which admits the decomposition

Wi \ _ [ wi; wy's
(Wz,j ) - ( wny ) T\ wik (33)

with wi oy € [H'(Q:)]?, i = 1,2. Then the following formula holds

C; = /fl W,Jd.’B + /g, O'z(Wz ])nzdsz — / hi . Wi,jdsz +F/ (p1 . Gl(Wl,j)’)'—il — P2 lej) dsz. (34)
1 ;

= rP ry r
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Proof. Inserting the decomposition (33) into the two—dimensional problem (7) with vanishing right-hand sides

we conclude that the functions (w[°¢, w58 satis the transmission problem
1,572,

pidw; T + (A + pi)Vdivw; 7 = 0 in Q;,
L= —Wij on TP,
oi(wi ) = —oi(wi )i on TN, (35)
w's —why = —(wi; —wa;) onT,
o1 (wff)flﬁ + 0‘2<w2’j e = —(0’1(1,01,1')7_7:1 + o2 (W2,j)’fi2) onT.

Since the right-hand sides of (35) vanish in the neighbourhood of the point P and are smooth, the transmission
problem (35) has a unique solution (w5, w5%) which belongs to [H'(Q:1)]? x [H'(22)]?. We have

Z uu ZQ1(uzawz,]) + Z‘h(um reg

Because of Green’s formula the expressions q;(u;, w reg i = 1,2, vanish and we obtain
q

2 2
> ai(un Wig) = ai(us,wiz) = cj.
=1 =1

On the other hand

2 2 ‘
Eqi(ui, Wi,j) = Z (ﬂ/ Li(u,-) . Wi,jdx - /uz . Li(Wi,j)dw/ui . O'i(Wz',j)ﬁide - /az(uz)fiz . Wi,jds_z
i=1 i=1 s r;

Q-,', Fi

+ / (ul . Ul(Wl,j)ﬁl + Ug * Uz(Wg,j)’Fiz - ol(ul)ﬁl . Wl,j - Uz(Ug)ﬁz . Wg,j) dsm

r
2 ey se———— —
Z /fl W,de + /gl 0i(Wi j)Ridsy — /hi - W jdsg
i=1 ; FD LN
+/ P1 01(Wh,5)71 — p2 - lej) dsg.
P .
Thus (34) holds. : O

Let us compare the numerical effort due to the application of formulas (32) and (34). In order to evaluate (32)
we have to compute the unknown boundary data u; or o;(u;)7; on I'; for every loading. In order to apply
formula (34) it is necessary to compute the unknown Cauchy data of the weight functions (W ;, Wa ;) by
solving the auxiliary transmission problem (35) and to calculate the weight function inside the domain ; using
a representation formula. Once computed for a specific domain, the weight functions (Wy ;, Wa ;) can be used
for the computation of stress intensity factors for different sets of loadings on this domain.

5. NUMERICAL APPROXIMATION OF THE GSIF’s

5.1. Error estimates for domain decomposition methods

In order to apply formulae (32) or (34) to the numerical approximation of the coefficient ¢; in (25) we
have to solve the transmission problem (7) or (35), respectively. This is done by boundary element domain
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decomposition methods (see [31, 33] for a detailed description of this method). We consider a variational
formulation of the transmission problem (7). For the sake of simplicity we assume that zero body forces and
homogeneous transmission conditions are given, i.e. f; = fo = p; = pa = 0. Let us denote by u; the boundary
displacements and by t; the corresponding boundary stresses on 89Q;. Let §; € [H3/2(0;)]%, i = 1,2, be
extensions of the given Dirichlet data g; with §; = o on the interface I and let h; € [H'/2(09;)]?, i = 1,2, be
extensions of the given Neumann data h; with hy = hy on T'. We split the boundary data wu;,t; according to

Ui = U+ Gi, b=t + b
Now we look for the functions (i;,#;) in the Hilbert space V defined by

V = {((ul,uz),(tl,t2)) e [HV2(rN un)? x ~[H1/2(F§’ um))? x H~Y2[(rP un)?x
fI_l/Q[(I‘g UT))?% w1 = ug on 1"} .
Furthermore, we introduce for real s the space
H?® = [H*(091)]% x [H*(000))? x [H*71(0Q))? x [H*~1(892)]?

with the norni

2
(w1, u2), (b1, t2)) 3 =D {llui“{z s(oqu)? T ”ti||[2Hs—1(ani)P}'

1=1

Note that V is a subspace of H/2.

The “symmetric” variational formulation of the transmission problem for (4, t) reads as [11,31,33]:
Find ((ﬂl, ’L~L2), (tl,tg)) € V such that

a(i, t;4,t) = —a(g, b 6,8)  V(@,t) €V, (36)

2
o, 0,8) = > {(Ditis + 1/2% + Kifi, 1) g, + (Vii = 1/25s — Kifisy 1) g, } -

i=1

Here, V; is the single layer, D; the hyper-singular, K; the double layer and K ; the adjoint double layer operator.
The bilinear form a(-,-) is continuous and positive definite on V' x V provided that meas(T'P UT¥) > 0 [11].
Otherwise we have to replace the space V by Vy = V/R, where R is the space of rigid motions and we have to
assume that 37, Jr, hirdsy =0 for all r € R.

We remark that the right-hand side of (36) can be written as dual pairing on V' x V using the Riesz
isomorphism.

We denote by S1(8Q;) the space of piecewise linear and by S0(8Q;) the space of piecewise constant splines
on 09; with the mesh parameter h. Let (@, tn) = ((@n,1,Gn,2)s (th,1, th2)) be the Galerkin solution of (36) in
the space .

Vi, = {[S1(00)]* x [S*(892)]% x [S°(891)]? x [S°(092)]2} N V.
We define the approximations up, s, th,: of us, t; by

Uh; = Ui+ Giy  thi = thi+ hi (37)
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The errors of the approximation of (u,t) and (%,%) are the same since
Ui — Uhi = Ui — Uhyi, b —thi =t — thy-

The order of convergence depends on the regularity of the weak solution ('z"l,,f).~ Let @ = min Rea;, where the
minimum is taken over all singular points P and let g; € [H3/?(TP)]?, h; € [H*?(I')Y))2. From Theorem 4.1

follows that u;, @; € [H/2t*~5(8Q;)]? and t;,; € [H~1/212=¢(98;))? for a small positive ¢, i.e. (u,t), (%) €
H1/2+a—5‘

Lemma 5.1. Let §; € [H32(89;)]2, h; € [HY2(0Q,))? be fized extensions of the given Dirichlet and Neumann
1

data and let 7,3 be real numbers with 1/2 —a+e<7<1/2<3<1/2+«a —e. Then the Galerkin procedure
converges asymptotically as

1y 8) = (uns th)l e < ARET (@, 8) | s (38)
Proof. We follow the ideas of Hsiao/Wendland [10] where error estimates for boundary element methods are
given under the assumption that the solution is smooth enough. Similar results to FEM discretization of

problems with non smooth solutions were obtained in [3,16].
We have

ll(u, 8) = (un, th)llm = 11(%,8) = (@n,En)lla- = sup |((@—an,E =), (S, €))]-
: 16O g--=1

Since (¢,€) € H™™ C V', there exist a unique solution (n,v) € H~"t1 NV of the adjoint variational problem
a'(n,v;4,0) = a(@, tin,v) = (@,1),(¢,€) V(@,d)eV. (39)

Note that the adjoint bilinear form a (-,+) : VxV — Ris continuous and positive definite and that the regularity
results for (36) are also applicable to (39). Let (nn,vn) € Vi, be the Galerkin solution of (39). Then we obtain

”(u7t) - (Uh,th)”H‘r =~ Ssup Ia(ﬁ - ﬂ'hyf“ ih;nv V)l
IO g—r=1
= sup Ia(ﬁ—ﬁh,f—-fh;n——nh,v—l/h” .
M - =1 :

The continuity of the bilinear form a(-,-) provides now

1,t) = (unotw) e < dll(@— @n,E=En)llpe  sup (0 =7, v = )l oo
1l —r=1

From error estimates in the energy norm for solutions on boundary element domain decomposition methods [9,11]
we obtain finally

(ut) = (un tu)lla- < RS2 |(@, D)l -2 sup ||(0, 1) s
’ !I(Cw&)"}{—le

The assertion follows now from the a prior: estimate

N, )42 < EN(C O -+

with a positive constant k, since ||(¢, )| g-- = 1. O
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5.2. Error estimates for the GSIF’s

Let us apply formula (34) to the numerical approximation of the coefficient ¢; in (25). To this end we
have to compute the unknown boundary data of the regular part wzzs of the weight function W;; by solving
the transmission problem (35). In the following we denote the computed Dirichlet data of w;;® on 9; by
(u} ;,u ;) and the computed Neumann data on 8 by (t8 ;,t5 ). Let g; € [H3/2(0))2, h; € [H/2(0%)]? be
fixed extensions of the given Dirichlet and Neumann data. Since only homogeneous transmission data are given
and W, ;rp = 0, 03(Wi;)fis|rx = 0, we can write formula (34) in the form

2
C; = Z / gl,, . Ui(m’j)ﬁidsz — / h,, . Wi,jdsz . (40)
=1 90, %
Inserting th = w;; + uzj and ai(Wi}fj)ﬁi = oi(w; ;)i + t,’f’ ; into (40) we obtain the approximation c? of the
coefficient ¢;

2
C;-L = Z / Gi - (o3 (ws )7 + t;’:j)dsz — / iLz - (ws 5 +uzj)d8m . (41)

=1 \9q;, 0%

The following error estimate is valid:
Lemma 5.2. Let §; € [H3/2(0Q;))?, h; € [HY/2(0;))? be fized extensions of the given Dirichlet and Neumann
data and let c;-‘ be the approzimation of the coefficient c; defined by (41). Then the following error estimate is
valid ‘ :

lej — c?| < dh?(e=e) (42)

with a positive real constant d and a small positive €.

Proof. We have

2
lej =il <D
=1

g'i . (oz(wzrzg)ﬁz - tzj)dsm

—~—

. T
+ / hi - (Wi —ul;)dsa| | - (43)

o8 0

Note that according to Theorem 4.1 w;F € [H/2**=¢(8Q)?, oy(w[F)fi; € [H™Y/2+*~5(09;)]2. Since §; €
[H3/2(89,))? and h; € [HY/2(8%;))? we can estimate

2
leg~ il < D (il resaeoaop los @) — 88 llig-1/-ate(on
=1

+ Hiliﬂ[H—l/z+a~e(am)]2 lwiy — u?,jH[Hl/z—a+5(BQi)]2) .
Lemma 5.1 with 7 =1/2 —a+¢ and 8 =1/2+ a — € provides us the assertion.
Remark. Similar estimates were obtained in (3] for the FEM approximation of the SIF’s.
Example. We consider the simple boundary value problem

Au = 0 in Q,

u = g:=r%sin{ow) on 9N (44)
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Q
TABLE 1.
[N [ le—cnl ]
28 |1 0.024589
56 || 0.008667
®, 112 [ 0.003687

224 || 0.001720
448 || 0.000836

FIGURE 4. A bounded sector.

in a bounded sector with the opening angle wy (see Fig. 4).
In this case the solution of the boundary value problem coincides with the given Dirichlet data and we have
a = 7/wy. The stress intensity factor is equal to 1 and can be calculated by a special case of formula (34)

c= /g Opwdsy (45)
BY9)
where
1 —a re,
w=—=r"%sin(aw) + w8 (46)
T

and w8 € HY/2+2=¢(9Q) is a solution of (44) with g = (1/7)r~*sin(aw). The theoretical rate of convergence
according to the estimate (42) is h%(®~¢). In Figure 5 we compare the theoretical and the numerical rate
of convergence in dependence on the singular exponent o € (0.5,1.0) corresponding to the opening angle
wo € (m, 2m). Here the numerical order of convergence is computed by

o lo =k
o l<= 7
fle=a)

where ¢} denotes the approximation of the coeflicient ¢ using a uniform mesh with m elements. One should
remark that for small m the numerical rate of convergence is better then the theoretical one, but the agreement
between the theoretical and numerical values improves for increasing m.

In order to demonstrate the absolute accuracy of the approximation we show in the Table 1 the relative error
of the approximation in the dependence on the number of boundary elements. Here we take a = 0.5008 z.e.
wo ~ 2.

5.3. The Motz’ anti—plane crack problem

In Section 4 we have restricted our considerations to the main part of the asymptotics, i.e. we have considered
only singular exponents o; with 0 < Rea; < 1. This considerations can be easily extended to exponents of higher
order, provided that the boundary is straight in the neighbourhood of the corner points and the given data are
smooth enough. Otherwise it would be necessary to calculate the explicit influence of the geometry and of the
given data on the asymptotics. In the following example we compute for a simple problem the stress intensity
factors of higher order for which comparable results are available. :
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T T ~——T ™— a2 T

theor, ~——
2-‘% numer. ¢ 1
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FIGURE 5. Theoretical and numerical approximation rate.

(-7,7) (7,7
r u=1000
™
0
u=0
(-7,-7) (7,-7)

FIGURE 6. The Motz problem.

Let Q be a square with corners in the points C = (-7,7), B = (7,7), E = (-7,-7) and F = (7,-7)
containing a slit or a crack as shown in Figure 6. The Motz’ anti-plane crack problem requires the solution of
the Laplace equation

Au=0 inQ , (47)

with boundary conditions
u=0 on PG, (48)
w = 1000 on AB (49)

and’

Orhu=0 (50)
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TABLE 2.
B Techniques used | o | l as |
Conformal Transformation Method
(Rosser/Papamichael [31]) 151.625 4.733 0.133
Boundary Integral Equation Method
(Xanthis et al. [40]) 151.63 4.73 0.133

Singularity Subtraction Technique
plus Local Mesh Refinement
(Liu/Lee/Pan [20]) 151.634 4.729 0.134
Motz’ Technique plus
Local Mesh Refinement

(Liu/Lee/Pan [20]) 151.698 4.759 0.141
Weight Functions Method
(Bochniak/Séndig)
N=38 152.28748 | 4.7388568 | 0.11565881
N=78 152.10532 | 4.7621737 | 0.12983250
N=158 151.89941 | 4.7535156 | 0.13264147
N=318 151.77058 | 4.7446978 | 0.13310424
N=638 151.69987 | 4.7391951
N=1278 151.66297

on the rest of the boundary including the slit. The solution of this boundary value problem has in the vicinity
of the point 0 the representation

u(r,w) = 500 + Z oy m* 712 cos(k — 1/2)w. (51)
k=1

In Table 2 we compare the results computed by using formula (34) with results obtained by several other meth-
ods [18,27,37].

5.4. Numerical example for a bimaterial joint

Let us consider a simple coupled structure consisting of two different linear elastic materials (see Fig. 7). On
the left-hand side of the structure Dirichlet conditions are given, whereas on the remaining part of the boundary
Neumann conditions are prescribed.

The displacement fields (u1,us) have in the neighbourhood of the point P, the asymptotics

u; ~ ¢ rp;(w) + O(r). (52)
If the material constants _
B, = i (3N + 2/%)) Vi = As
Ai + pa 2(Ai + pi)

are chosen as
E; =20000.0 MPa, FE; = 200000.0 MPa, 13 =wvy =0.35,
then o =~ 0.774147.
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t [
I
t
Ql w
\P] Pz
Q w
L
FIGURE 7. A bimaterial joint.
i E'2=40000 —_

008 |

Coefficient ¢

0.06 ¢

0.04 3}

0.02

E£2=200000 ---~ -
E2=400000 -----

15
Width W

F1cure 8. The main stress intensity factor c.

We calculate the leading stress intensity factor ¢ in (52) using formula (34). For the computation of the
unknown Cauchy data of the solution (u1,u2) on I'; UT'y and of the weight functions (Wi, Wa) we use the
boundary element domain decomposition program 2DBEMDD developed by Steinbach [32]. The boundaries I'y

and I'y are discretized by uniform meshes.

Let us investigate the dependence of the stress intensity factor ¢ in (52) on the width W. The applied force
is here f = 2000 MPa, the length of the structure is fixed L = 1. The material constants are chosen here as
before: 11 = vo = 0.35, E7 = 20000 MPa. Figure 8 shows the leading stress intensity factor ¢ in dependence on

the width W for different values of the constant Fs.

The limit passage W — 0 leads to a singular perturbed problem and the leading stress intensity factor ¢

seems to become infinite.
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FIGURE 9. Plane interface crack.

6. THREE-DIMENSIONAL PLANE INTERFACE CRACKS

6.1. Asymptotic expansions

Now we proceed to the 3D plane interface crack problem, assuming that the crack front M C 9T is smooth
and that Neumann conditions are given on the crack surfaces. The results [6, 20, 22, 28] about asymptotic
expansions for boundary value problems can be immediately extended to boundary transmission problem using
ideas from [24]. ’

Let us calculate the explicit asymptotics of the displacement field in the neighbourhood of a plane interface
crack following the general theory of elliptic problems in domain with edges (see Chaps. 11, 12 in [23]). It is
convenient to formulate the asymptotic expansions in local curvilinear coordinates (r,w, s) defined by

z 71(8) —73(s) 0
y | =] 7(s) | +rcosw fy; (s) +rsinw| 0 |, (53)
z 0 0 1

where [0, Lar) 3 s = (71(s),72(s),0) is a parametrisation of the crack front M with respect to the arc length s
(see Figs. 2, 9).

If we denote by ui,uy,u; the components of the displacement vector u; corresponding to the coordinates
(r,w,s), then we obtain a decomposition of the Lamé operator L; and of the linearized stress tensor o;(u) in a
toroidal neighbourhood of the crack front M

Li = LY+L,
o; = 0’?+5’1’,
with
Oou; lau 1., 10 [Ouf 10u; 1 |
. ““1)—[@ r oo ‘“] —“i;a[ar e “]
10uy 1 0 [Ouy 10u] 1
Liu=L? = i )50 —uy i m -4 —uY
w= s tut) = | ezt |Gm 255 L] g (G- 2108 0 L] | 9

' [821[; 10u; 1 821/,2}

ot ' ror | r? fw?
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and
o) (W)™ = 2uirdeul + N[rorul + Ouf + ull,
od(u)?Y = 2ui[0uuf + ul] + N[0,ul + rdpul +ul),
o2(w)* = N[roqul +ul + d,ud), '
og(u)™ = palrdyuy —uf + ui),
op(u)™ = prdrus,
od(u)** = wdLul.

For functions v(r,w, s) with v ~ O(r*) we have

L
o

v o~ O(re2), Loy ~ 0@,

0
0y~ O(r>1), giv ~ O(r*).

(55)

2

The main part of the asymptotics of the three-dimensional displacement field (u1,us2) in the neighbourhood of
the smooth crack front M is determined only by the principal parts of the operators L; and o;(u) with coefficients
frozen pointwise in M, i.e. by the operators L? and o?(u). Thus the asymptotics of the displacement field
u; = (uf, uy,uf) in Q; has the form

ug [ W) | PiaWw) 0
u | (r,w,s) ~ ey (s)rt/2riE p1(w) | +e2 (s)rt/2-ie @eyw) | + cs(s)rt/? 0 +O(r),
us 0 0 07 3(w)

with € defined by (11). Here, 1/2 is an eigenvalue of the operator pencil Aa with the eigenfunction (3 3,3 3)
and 1/2+1e are eigenvalues of Ay, with the eigenfunctions ({¢] 1,97 1), (¥5.1, 9% 1)) and ({¢] 2,95 2), (€52 95 2)),
respectively.

Analogously to elliptic boundary value problems in domains with edges (23] we have

Theorem 6.1. Let f; € [Lo()]%, gi € [H¥*(TP)], by € [HY2(TN), p1 € [H2(D)P, p2 € [HV2(D)P.
Furthermore we assume that there exist functions w; € [H*(Q;)]® with :

wilpp = gilrp,
oi(wi)fslry = hilry,
(w1 —we)lr = mlr,
(o1(w1)fi1 + o2 (w2)iz)lr = peir

Then the asymptotics (56) of the solution of the three—dimensional problem (7) is valid in the neighbourhood of
the crack front M. Furthermore we have c;(-) € HY2(M).
6.2. Coefficient formulas for stress intensity distributions

For the computation of the stress intensity distributions c¢;(s) in (56) it is convenient to approximate them
by elements of an finite dimensional function space. Let {e1,...,e,} be a basis of a n-dimensional space of
splines defined on the edge M, i.e. e : M — R. We approximate ¢;(s) by a linear combination

n
ci(s) ~ Y ek - ex(s).
k=1
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This leads to a square system of linear equations for the unknown coefficients c¢;

/cj(s) -ey(s)ds = gcj,k . (Zek(s) -ei(s)ds

M

with a positive definite matrix. The moments

[ -abs

M

of the coefficients c;(s) can be calculated using similar ideas as in Section 4. To this end we write the asymp-
totics (56) for the displacement fields (u1,u2) in 3 U €)s in the form

() ~ et (g ) vator (g1 )+ aor (226) )

and introduce the functions

71 7,2 0
¥ 1(w) = 21 ], Wia(w) = Yo |y Tig(w)= 0o 9,
0 0 i3
where the vector functions ((¥7 1,%¢1), (¥5 1,%51)) and ((¥7 9, %% 2), (¥5 2,%55)) are eigensolutions of the op-
erator pencil Ay, corresponding to the eigenvalues —@; 2 = —1/2 & g, respectively, and the vector function
(13,95 3) is an eigensolution of Aa corresponding to the eigenvalue —a3 = —1/2. According to (54) the op-

erator LY can be decomposed into the two—dimensional Lamé operator acting on the displacement components
u;,uy and the two-dimensional Laplace operator acting on the displacement component u. Thus we can use
Lemmata 4.2 and 4.3 in order to biorthonormalize the functions ®; ; and ¥; ;. From Lemma 4.3 it follows that
for a fixed choice of (®1,;,®2,;), j = 1,2,3, the functions (¥ ;, ¥y ;), j = 1,2,3, can be chosen in such a way
that the following biorthonormality condition is satisfied

2 Y
Z / (o‘?(r“‘ D1 (W) -7, o (w) — 7B (w) - 0 (r T, (w))fiz) s ddw = i (57)
=1, =
for I,k=1,2,3 and § > 0.

Theorem 6.2. Suppose that the assumptions of Theorem 6.1 are satisfied. Let h € C?(M) and let n € C§(RY)
be a cut-off function with n(r) =1 for 0 <r < 6. We define the functions

Th = U s
V) — g vl e
( \I’g,j ) = n(r)r % h(s) ( Ty, ) (w), 7=1,2,3.

Then the following integral formula holds

2
/cj(s) -h(s)ds = (ﬁ/ f; T—Z?dx _ /uz . Li(\II?’j)d:L’ +/ (uz . oi(\Ilgj)T_ii — o4 (u;)7; - \Ilf’]) dsz
M =1\, o8 r; (58)

'i‘/ (pl '01(‘1’?,]-)7:51 —p2- \If{‘J) ds.
T
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Proof. We insert the solutions u; of the three-dimensional problem (7) and the functions \Iliz ,; into Green'’s
formula in €2; \ T, where the torus Ty is defined by

Ts ={(r,w,s) eR*:0<r <§,0<w<2ms€0,Lu)}
Exploiting the transmission conditions for (u;,us) and (¥?

15,95 ;) on T we obtain

. |
3 /fi.ngqx— / u; - Li(UF,)dz + / (ui.ai(\p;gj)ﬁi—a,.(ui)ﬁi-\pg’j)dsm
=1

Q:\Ts Qi\Ts Ti\Ts
2 .
+ / (o1 ~al(\B{"j)n1 pa-OE ) dsa =" / (o3 (ui)is - UE; — i o3(WE,)ts ) dsa (59)
I\ Ts =laring,

We calculate the limit of the right-hand side of (59) as 6*— 0. To this end we insert the asymptotics (56) of u;
as r = § — 0 into (59). Further, because of (55) we can replace the stress tensor o;(u;) by 0?(u;). Taking into
account that the area element ds, on T is given by

ds; = 6(1 —  cos(w)k(s))dwds,

where k(s) denotes the curvature of the crack front M at the point with the arclength s, we obtain

lim / (O'Z(U,,)’f_iz . ‘I/ZJ — U O‘z(\PZj)T_i,,) dSm

7 2 » 3 \ ___‘
= lim / <a§’ (Z cr(s)r® @, p + 0(7«)) s - h(s)r—% 0, ;

=larnQ; k=1

dsg
r=4

- gg%Z/ZCk s)h(s) / (ro* @, (W) - 75 U, 5 (w)

z—lM k=1

— 7 ’°<I>zk(w) O(r— O‘J\Il”(w))nz>

— <Z ci(8)ro @, + O('r)) -9 (h(s)r—o: T, ;) fii)
k=1 ‘

0(1 — d cos{w)k(s))dwds

2
= Z/ ck(s) - h(s)dy,jds = /cj(s) -E(?)ds.

._1 A

Here we have used the biorthonormality condition (57) and the fact that oy is linear with respect to functions
depending only on the variable s i.e. og(c(s)u(r,w)) = c(s)oo(u(r,w)). O

Theorem 6.3. Suppose that the assumptions of Theorem 6.1 are satisfied. Let (W] i Wi ]) be a solution of the
three-dimensional transmission problem (7) with vanishing right-hand sides, which admits a decomposition

WY (U Yo (wE Y, o |
(wig )= (b )+ (i), =120 )
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with w]y € [H*(:)]?, i = 1,2. Then the following formula holds

/cj(s)-mds = /fz W) dac+/gz st,,.—/hi-ﬁjjdsz

M r‘D N

k3

v / (o2 - 1 (W, s — p2 - W ) dsa. (61)
T

Proof. Inserting the decomposition (60) into the three—dimensional problem (7) with vanishing right-hand sides

we conclude that the functions (w)°%, w5’s) satisfy the transmission problem
Li(wg) = —Li(¥};) ‘in Q;,
wiF = - on TP,
O’z(’wzzg)ﬁz = —0; (\I/ZJ) ﬁz on Fiv, (62)
wiy —wyy = —(¥1; - ¥5)) onT,

o1 (wi5)fn + o2(wyy )7

— (01 (\Il'fJ) 71 + oo (\Ilgj) ﬁz) onT.

Because of (55) the right-hand sides of (62) are regular enough and the transmission problem (62) has a unique

reg

solution (w;°%,wys) which belongs to [H(2:1)]* x [H'(92)]3. The proof of formula (61) is analogous to the
proof of formula (58). a
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