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ASYMPTOTIC FORMULAS FOR PERTURBATIONS
IN THE ELECTROMAGNETIC FIELDS DUE TO THE PRESENCE
OF INHOMOGENEITIES OF SMALL DIAMETER

MICHAEL S. VOGELIUS! AND DARKO VOLKOV?

Abstract. We consider solutions to the time-harmonic Maxwell’s Equations of a TE (transverse
electric) nature. For such solutions we provide a rigorous derivation of the leading order boundary per-
turbations resulting from the presence of a finite number of interior inhomogeneities of small diameter.
We expect that these formulas will form the basis for very effective computational identification algo-
rithms, aimed at determining information about the inhomogeneities from electromagnetic boundary
measurements.
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1. INTRODUCTION

The homogeneous, time-dependent, linear Maxwell’s Equations take the form

o
E = —u—H
V x 5
VxH = 1J —i—egE
T T

E € R3, and H € R3, is the electric field and the magnetic field respectively. The coefficients p and e are
referred to as the magnetic permeability and the electric permittivity of the medium. Jy is the free current — it
is related to the field E by J; = ¢E, where o denotes the electric conductivity of the medium. For a discussion
of the physical modeling leading to these equations, we refer the reader to [9] or [11].
It is quite common to consider time-harmonic solutions to the above equations, i.e., special solutions of the
form
E(z,t) = Re{E(z)e ™!}, and H(z,t) =Re{H(z)e ™'}, z€R3 ¢t>0,

where w > 0 denotes the given frequency, and where the complex valued fields E(z) and H(x) satisfy

VxE = iwuH, (1)
VxH = (—iwe+o0)E.
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In order to arrive at particular non-trivial solutions to these equations, it is most natural to either introduce
current sources (additive to the free current) or to prescribe non-trivial boundary conditions (E x v or H x v)
on the boundary of a given domain Q (v denotes the outward unit normal to ©). Here we consider only the
latter possibility.

An underlying objective of the work described in this paper is to determine, most effectively, properties of
the scalar parameters (functions) p > 0, € > 0 and o > 0 inside © from overdetermined boundary information
about specific solutions to (1). In order to put (the objective of) our work in context, let us therefore briefly
review the current state of knowledge concerning this “inverse problem”, in case the Cauchy boundary data of
all solutions are known. The term Cauchy boundary datum is used to denote any pair (E|r x v, H|r x v); T
denotes the boundary of €. If we assume w is not an eigenfrequency, then the set of Cauchy data is the graph
of a map, 7.e. it consists of pairs of the form (E|r x v, A, (E|r X v)). The mapping

Ay, : Elr xv—H|pr xv

is well defined as a mapping from the space TH[l)/i‘Q, (T) into itself (this latter space is the vector space of H/2
vectorfields that are tangential to T', and that have a surface divergence which also lies in H'/2). Tt is well known
that the operator A, (corresponding to just a single positive frequency) uniquely determines the coefficients
i, € and o, provided these are sufficiently smooth (C?3) and remain so when extended by constants outside
© [16]. This result is a generalization of an earlier result for the scalar conductivity equation (the case formally
corresponding to the eigenfrequency w = 0). Indeed in the latter case (so-called direct current) the electric field
takes the form of a gradient, E = Vu, where the (voltage) potential u now satisfies

V-oVu=0.

The tangential field E|r X v equals Vru x v (the surface curl of u). The tangential field H|r X v, on the other
side, is only defined modulo a surface curl. This is equivalent to saying that only V- (H x v} = Divp(H x v) =
v (VxH)lr =v-0E|r = U%[ r is well defined. Full knowledge of the map Ay is thus formally equivalent to full
knowledge of the Dirichlet to Neumann data map, A, which sends ur into A(ur) = 0’% |r. For a rigorous proof
of the fact that A(f) = Vr - (limy,—0 Ay )(Vrf X v), for sufficiently smooth f, see [13]. For the conductivity
problem it has been known for some time that the Dirichlet to Neumann data map uniquely determines an
isotropic conductivity o, see [12,15,20].

We now focus on a special case of the three dimensional Maxwell’s Equation, namely the case where the
coefficients p, €, o and the fields E, H are independent of one of the variables, say 3 (and the domain
takes the form of a cylinder parallel to the zz-axis). In this case the Maxwell’s Equations split into two
sets of independent equations, one for the fields E* = (0,0, E3), H* = (H;, H2,0) and one for the fields
E** = (E1, E»2,0), H*™ = (0,0, H3). The first set of equations are associated with the terminology TE (transverse
electric), the second set with the terminology TM (transverse magnetic). We note that the (full) Maxwell’s
Equations can be reformulated as an equation for the electric field

1
V x (=V x E) — w?(c +i2)E = 0,
o w
with the magnetic field given by

H= ,LV x E.
W
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TE symmetry

FIGURE 1.

Consider now the TE situation. Let €2 denote the cross section of the (vertical) cylinder, and let Z denote the
“cross sectional coordinates” Z = (z1,22). The equation for E* transforms into the following scalar equation

1
Vs - (—ViEg) —|—w2(€ + Zg)Eg =0
7 w
for E3, with the corresponding magnetic field H* given by

. 1,0 0

H* = m(éx—z 3, Aa—xlEg,O).

Knowing E* x v on the (vertical) boundary of the three dimensional domain amounts to knowing E5 on the
boundary of the two dimensional cross section. Knowing H* X v on the (vertical) boundary of the three dimen-
sional domain amounts to knowing %%E;}, on the boundary of the two dimensional cross section. Knowledge
of the boundary mapping E* x v — H* x v is thus equivalent to knowledge of the Dirichlet to Neumann map
Al Eslaq — %%Eg'ag. If i, € and o are sufficiently smooth and sufficiently close to constant, then one may
use the arguments in [10] to show that full knowledge of A}, for two different frequencies, w1 and ws, is sufficient
to determine these three scalar coefficients. The argument roughly goes as follows: A¥ determines % as well as

% (%) on the boundary; by introducing v = (ﬁ) Es5, the identification problem now becomes equivalent to

determining p, € and o from knowledge of the map ®,, : v]sn — %L@Q; where v is any solution to the equation

Dv + (Wep + iwop — /ud (\//5 Jv =0.

If we suppose p, € and o are sufficiently smooth and close to constant, then knowledge of ®,,, (for a single value
of w) allows the unique determination of ou and wiep — /gl (\/}:) (a simple extension of the core result in [19]

to complex potentials). However, this single-frequency knowledge is clearly insufficient for the determination
of the individual functions u, € and o. The requirement, that the functions be close to constant, owes to the
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fact that we are in two dimension. If we additionally know ®,,,, for a frequency wy # w1, then we immediately
arrive at knowledge of o, en and /A (\/E) Since }12 and a% (%) are known on the boundary this allows

the determination of x (due to the uniqueness of the solution to the corresponding Cauchy problem for \/% ).
Finally we may now also determine € and o. )

The aim of this paper is to derive asymptotic formulas for the electric and magnetic fields in the practically
very interesting situation, where a number of objects of small diameter and with different material characteristics
are imbedded in an otherwise smooth medium. For simplicity we assume that the material characteristics of each
of the inhomogeneities as well as those of the background medium are constant. This simplification allows us to
base our analysis largely on boundary integral methods; it also allows us to use an explicit fundamental solution
for the underlying Helmholtz Equation. In view of the above identification results, and based on our experience
with the direct current conductivity problem, we expect that (the boundary traces of) our formulas will allow
very effective determination of the location and the size of the imbedded objects. It should be particularly
interesting to derive numerical reconstruction algorithms based on these formulas and on principles, similar to
those described in [1,3,5,17]. A particularly challenging practical application would be the determination of the
location of antipersonnel- and other types of mines. Another application would be to so-called “eddy current
methods”, which are now frequently used for corrosion- and other metal defect inspection (cf. [4,7]).

In this paper we concentrate on the situation of TE symmetry. Entirely similar formulas could be derived in
the case of TM symmetry. It is the focus of current work to rigorously derive corresponding formulas for the
solutions to the (full) three dimensional Maxwell’s Equations. Although the formulas we derive in this paper
may be regarded as gencralizations of those already derived in [5], the analysis presented here is quite different
and entirely selfcontained.

2. THE MAIN RESULTS

Let © be a bounded, smooth subdomain of R2. For simplicity we take O to be C*, but this condition could
be considerably weakened. We suppose that ) contains a finite number of inhomogeneities, each of the form
zj + pBj, where B; C R? is a bounded, smooth (C°°) domain containing the origin. The total collection of
inhomogeneities thus takes the form 7, = U2, (2; + pB;j). The points z; € , j = 1, ..., m, that determine
the location of the inhomogeneities are assumed to satisfy

0<do<l|z;—z| Vj#l

0 < do < dist(z;, 8Q) V. 2)
apeom N\ /
z3+ pB 5

FIGURE 2.
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As a consequence of this assumption it follows immediately that
m < 4|Q|/wd3.
We also assume that p > 0, the common order of magnitude of the diameters of the inhomogeneities, is
sufficiently small that these are disjoint and that their distance to R? \ € is larger than do/2. Let u® > 0,
€® > 0 and ¢® > 0 denote the permeability, the permittivity and the conductivity of the background medium;
for simplicity we shall in this paper assume that these are constants. Let p7 > 0, ¢ > 0 and o7 > 0 denote the

constant permeability, permittivity and conductivity of the jth inhomogeneity, z; + pB;. Using this notation
we introduce the piecewise constant magnetic permeability

0 _
_ 22 :BGQ\IP
‘U”’(I)_{uj, z€zj+pBj,j=1... m. )

The piecewise constant electric permittivity and electric conductivity are defined analogously. w > 0 is the

given frequency. The electric field (or rather, the transversal strength) in the presence of the inhomogeneities,
is denoted E,. It is the solution to

1 ,
V. (—VE,) +w(e, +i-2)E, =0, in, (4)
Hp w
with
E,=f, on0Q. (5)
The equation (4) may alternatively be formulated as follows
1 2,0 ., .0'0 . =
v- (EVEP) + w*(e TZ;)Ep =0 in Q\Z,,
1 5, i 07 .
V-(EVE,,) + wi(€ +z;)Ep =0 in z; + pBy,
. 1 1
E; =E; and 0 (VE, - v)t = %} (VE,-v)™ ond(z; + pB;).
Here v denotes the outward unit normal to 0(z; + pBj); superscript + and — indicate the limiting values as we

approach d(z; + pB;) from outside z; + pBj;, and from inside z; + pBj, respectively. The electric field, F, in
the absence of any inhomogeneities, satisfies

v ~_(%VE) + wz(eo—'i—i%O)E =0 in Q, (6)
with
E=f on 09Q. (7)
Since all the involved coefficients are constants, this may also be rewritten
(A+KHE =0 in Q, with E=Ff on 9.

Here k2 is the (complex) constant
0
o
k% = w2u0(e° +z;)
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In order to insure well-posedness (also for the p dependent problem) we shall always assume that

—k? is not an eigenvalue for the operator
A with Dirichlet boundary conditions. (8)

Before formulating the main results of this paper we need to introduce some additional notation. For any
1 < j <m, let ¢; denote the vector valued solution to

A¢; =0 in Bj, and in R2\ B;

¢j is continuous across 9B,

W 0¢; ¢ . _ 9
(31/] (G = o

hmlz[—»oo l¢;(2)] = 0.

The existence and uniqueness of this ¢; can be established using single layer potentials with suitably chosen
densities, see [5]. We note that for a fixed j, ¢; = ¢le; + @'%eg, where {e;,es} is the standard basis for R?,
and ¢, q% are the scalar functions introduced in [5].

The polarization tensor, M}, corresponding to the j’th inhomogeneity is now given by

(MO)—IBIH B / V() (65 ()" ds(w). (10)

J

We have used the notation M; (ZO) to signify that, for a fixed shape of the inhomogeneity Bj;, the polarization
3

tensor depends only on the ratio 5_0 It is not difficult to prove that M; is a symmetric, positive definite 2 x 2
matrix (M is up to a factor of Z—é identical to the rescaled polarization tensor introduced in [5]).

Let Hél) denote the Hankel function of the first kind of order zero (sometimes this is also referred to as a
Bessel function of the third kind), see p. 108 in [14] or p. 73 in [21]. We introduce the function

ot(z,y) = H (Ko — o).
We recall that for w a non zero complex number with —7 < Argw < 7, Hél)(w) is given by
HP (w) = Jo(w) + i Yo(w)
where Jy is the Bessel function of the first kind of order 0:
) S0 L,
m=0

and Yp is the Weber-Schlafli function (sometimes also referred to as a Bessel function of the second kind) of
order O:

3
|—-l

Yo(w) = ;21_‘{(’)’ + log(%w)) Jo(w) Z

m=1

Here v denotes Euler’s constant

Y

m-—00

. 1 1 1
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For more details we refer to Chapter 3 in [21]. The function ®* is a “free space” Green’s function for A + k2,
in other words, it satisfies

(A +k*)®F(.,y) = -5, in R2

One of the main results proven in this paper is the following asymptotic formula concerning the perturbation,
(aaji gf) aq, in the (rescaled) boundary magnetic field, caused by the presence of the inhomogeneities. In
this connection we note that, even though the individual normal derivatives (33‘?/" 5. ) may only be defined
in a distributional sense on 8Q (if f is just in H'/2(9Q)) elliptic regularity results ensure that the perturbation
(6—3%1 - %—f)bﬁ is indeed an infinitely smooth function.

Theorem 1. Suppose (2) and (8) are satisfied. There exists 0 < po such that, given an arbitrary f € H/?(0Q),
and any 0 < p < po, the boundary value problem (4)-(5) has a unique solution E,. The constant py depends on
the domains {B;}7L,, Q, the constants {uj,ej,oj};":o, the frequency w, and do, but is otherwise independent
of the points {z;}72.,. Let E denote the unique solution to the boundary value problem (6)-(7) corresponding to
the same f € HY/2(0Q). For any x € 8 we then have

oF OF 3E 8<I>k(xy)
() - 8,/()—2/9(3” 8V)(zuoé\() ds(y)

‘2P22( ) yaay( )(x 1 25) - Mj ('UJ-)VE(ZJ')

o0 —oi\ D
— 2P Z( i) oy @) 1Bl B(z) + 0,

For any fized § > 0, the term O(p3=%) is bounded by Cp3=%, uniformly in z. The constant C depends on 0§,
the domains {B;}72,, Q, the constants {y?,€?,07}7,, the frequency w, ||f|lm/2a0), and do, but is otherwise
independent of the points {z;}7,

Let Ep and F denote solutions to the same equations as E, and E, but with Neumann- instead of Dirichlet
boundary conditions, i.e.,

1 0B, 109E
v

5 =g on 0. (11)

=
=)
o5
<
“;

We also derive an asymptotic formula concerning the perturbation Ep —E.

Theorem 2. Suppose that —k? = —w?u°(® + z‘;—o) is not an eigenvalue for the Laplacian with Neumann
boundary conditions, and suppose that (2) is satisfied. There exists 0 < py such that, given any g € H™1/2(9Q),
and any 0 < p < po, the boundary value problem (4), (11) has a unigque solution Ep. The constant pg depends
on the domains {Bj};”:l, Q, the constants {7, €7, 07} ito, the frequency w, and do, but is otherwise independent
of the points {z;}72,. Let E denote the unique solution to the boundary value problem (6), (11) corresponding
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to the same g € H=Y/2(9%). For any x € Q we then have

~ k Z.
Bo(a) ~ B(a) +2 | (B, - B)0) Tt dstw)
= 2p? i (1 - ‘L(;) V, &% (z, ;) - M (“—g) VE(z)
= 7 7

20220 S (- e 415D 0k, 1)) 1B Bley) + O
prw Z € —¢e +1 » (,2;)) |Bj|E(2;) + O(p°7°).
j=1

For any fixed § > 0, the term O(p>~%) is bounded by Cp>~?%, uniformly in x. The constant C depends on 6,
the domains {B;}7L,, Q, the constants {p?, €7, 07 }T2y, the frequency w, ||g|lg-1/2(50), and do, but is otherwise
independent of the points {z;}71 .

We notice that the asymptotic formula in this last theorem represents a generalization of that stated in
Remark 2 of [5], where we considered “only” the direct current conductivity problem. We also notice that
Theorem 1 and Theorem 2 (as well as the proofs we provide) have direct analogs for dimension higher than 2 —
however in that case the equations satisfied by E, (E,) and E (E) have no relation to the Maxwell’s Equations
— and so we have decided not to include that “generalization” here.

The next four sections are devoted to a proof of Theorem 1. Briefly described the proof proceeds as follows.
In Section 3 we establish the well-posedness of the problem (4)-(5); to be more specific, we use the theory of
collectively compact operators to prove that if the situation corresponding to p = 0 (the background situation)
is not at an eigenfrequency, then the boundary value problem (4)-(5), for p sufficiently small, has a unique
solution, which is bounded independently of p. As a first step we then derive, in Section 4, an energy estimate
for the difference £, — E. Based on this estimate and a boundary integral formulation we are now able to
obtain an asymptotic formula for E, — E on the boundary of each of the inhomogencitics. This formula is
found in Proposition 3 of Section 5. By a fairly straightforward application of Green’s formula (as detailed
at the beginning of Sect. 6) the values of (E, — E)pn plus a certain convolution of the corresponding normal
derivative can be related to a combination of appropriate integrals of E, over the inhomogeneities and over
their boundaries. The formula from Proposition 3 now allows us to express those integrals in terms of the
polarization tensors, the volumes of the inhomogeneities, the Hankel function and the background field E. This
all leads to the proof of Theorem 1, given at the end Section 6. As a final remark there is a brief outline of the
(rather minimal) changes required for a proof of Theorem 2. In Sections 5 and 6 we restrict, for simplicity, our
attention to the case of a single inhomogeneity, i.e., the case m = 1.

3. WELL-POSEDNESS

From the assumption (8) it follows immediately that the constant coefficient problem

V- (5 Vu) + w2(50+i‘,’;0)u =F inQ
w=0 on 0f)

is well-posed: for any F' € H~1(2) this problem always has a unique (variational) solution, and furthermore
there exists a constant C such that ||u||g1(q) < C||F||g-1(q)- In this Section we prove that the assumption (8)
also guarantees that the problem

{ \E (;}:Vup) + w?(e, +i2)u, = F in

u, = 0 on 0Q (12)

is well-posed for p sufficiently small. Here the piecewise constant coefficients p,, €, and o, are as defined in (3).
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Proposition 1. Suppose (2) and (8) are satisfied. There exist constants 0 < po and C such that, given any
0 < p<poand any F € H™(Q), the problem (12) has a unique (variational) solution, u, € Hg(Y). This
solution furthermore satisfies

[wollmre) < ClF| -1 (0)-
The constants po and C depend on the domains {B;}7,, the domain Q, the constants {y?,€’, 07}, the
frequency w, and dy, but is otherwise independent of the points {z]};":1
It follows as an immediate corollary that:
Corollary 1. Suppose (2) and (8) are satisfied. There exist constants 0 < pg and C such that, given any

0<p<poand any f € HY/?(3Q), the problem (4)-(5) has a unique (variational) solution, E, € H' (). This
solution furthermore satisfies

VBl @) < Clifllm200)-
The constants po and C depend on the domains {B;}7",, the domain R, the constants {p, e, 07 Yo, the

frequency w, and dg, but is otherwise independent of the points {z]};"zl

In order to prove Proposition 1 it is useful to make two observations concerning convergent series of bounded
linear operators. The first observation is:

Lemma 1. LetT , T,,, n= 1,2,--- be bounded linear operators mapping one Banach space By onto another
Banach space By . Suppose that T, — T , pointwise. If T, is well defined and || T, *|gc(p,,58,) is bounded
independently of n, then T~ exists, and T,;* — T, pointwise.

Proof. Since
cllzlly < | Tnzl2,

it follows immediately from the assumption about pointwise convergence, that
cllzlly < T2,
and hence, that T~ is well defined. Since
T, T 'y -TT ly=y, asn— oo,

we obtain
Ty =T 'yl < lly—TuT 'yl — 0, asn — oo

This ensures the pointwise convergence of 7, to T71. O

For the second observation we need the notion of collective compactness. Let {T,,}32, be a sequence of
bounded, linear operators of a Banach space B (into itself). We shall say that {T,,}52 is collectively compact
iff the set {Th.(z) : 1 < n,||z|| <1} is relatively compact (i.e. its closure is compact).

Lemma 2. LetT,T,,n= 1,2,--- be bounded, linear operators of a Banach space B. Assume that T, — T,
pointwise, and that {T, — T}52, is collectively compact. For any scalar, X, the two following statements are

equivalent:
(a) A —T is an isomorphism;
(b) there exists N such that A — T, is an isomorphism for n > N,
and the set {(A —Ty)™' : n> N } is norm bounded.
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Proof. This is the first assertion of Theorem 4.3 in [2]. We refer the reader to that book for a proof. d

It is convenient to introduce the constants

. 1 . g
Jj_— — J — ,2(d i
V=g ¢=wE@rin),
and the corresponding functions
1 2 .0p
Vo= —, = +1i-L2).
Yp 0, Qo = W (Gp ? w )
For a fixed positive constant, s, with
> Reg’ 13
52 Org;gm{ eq’ }, (13)

let L, .y © Hy(Q) — H 1(2) denote the linear operator defined by
Lyyu =V-(7Vu) + qu — su. (14)
Given u and v in Hj(Q2)

WLp gy u, )| = !/ﬂ/qude - /qpuﬁda: + s/uidx’
Q Q Q

Cllullgr ) lvllar @),

IN

where (, ) represents the usual duality pairing between H}(2) and H~(Q) (the natural extension of the L2
inner-product). Due to the lower bound for s, we also have

‘/7P|Vu|2dsv—/qp|u[2da:+s/ |u|2dm,
Q Q Q

c/iVu[zdxzc(/!Vu|2d$+/|u12dx).
Q Q Q

These two estimates show that L, ..} is continuous and invertible, and that there are positive two constants
C1 and Cs, independent of p and {z; };’;1, such that

{Lp{z;} ws u)l

v

I Logeyy Iscm@y a2y < Cr and | (Logy) ™ lscr-2o.m@) < Ca (15)
Let F be in H'(9); the equation (12) is equivalent to
V- (v,Vu) + gou = F,
with u € H}(Q). This latter equation may be rewritten
L,zpyu+slu=F, (16)
where I denotes the natural compact injection H(2) — H (). Finally, (16) is equivalent to

w+ s (Lpy) Tu=(Lpgy)  F (17)
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Lemma 3. Let s be a positive constant satisfying (13). Let p, be a sequence with p, — 0, as n — oo, and let
-1
{27}721 be a sequence of sets of points in Q satisfying (2). The sequence of operators (me{z;}) I (from

H}(Q) to itself) is collectively compact and converges pointwise to Ly* I, where Lo : HY(Q) — H™Y(Q) s
defined by

Lou = V-(7°Vu) + ¢°u — su.

Proof. To verify the pointwise convergence, we observe that for « and v in Hg(f2)

(Eoniegy = Lo, 0) = | = [ O =2 VuTode + [ (g = ))ua

< Clll e (HVU”L?(I%) + llullz2z,,))-

Since |Z,, | = | U, (27 + pnB;)| — 0 as 1 — oo, this proves that (Lpn,{z;} —~Lo)u — 0 in H™Y(Q), or in
other words, that me{z;;} converge pointwise to Ly . Since the operators me{z]n} (as well as Lo) map Hj(Q)

-1
onto H~1(Q), it now follows from the second estimate of (15) in combination with Lemma 1, that (me{z;z})

-1
converge pointwise to Ly 1 As a consequence (me{z;‘}> I converge pointwise to Ly 1T
In order to verify the collective compactness it suffices to prove that any sequence of the form

oo

-1
{(Lpn,,{zyl}) I’U,l}lzl, with “’LLl“Hl(Q) <1,

has a convergent subsequence. Let us first consider the case that pn, — 0 as I — oo. For simplicity of notation,
we shall from now on use the notation p; and z]l in place of p,, and z;”. The sequence Iu; lies in a compact subset
of H(Q) since |lul|g1(q) < 1 and since I is a compact operator. Iu; thus has a convergent subsequence,
which we shall continue to index by I. Let F € H~1(f2) be its limit. Then

—1

H (Lph{z;_}>_1 Tu; — LEIF‘

-1
Hy (%) = H (L"l’{zé}) Tug = (Lp,,{zg}) HHl(Q)

] (Zaey)

< Cg”]ul — F”H—I(Q) + || (Lm,{zé})

1
F- LglFH
HY(@)

1
F— LalF”Hl(Q).

To get the last inequality we have used the second estimate in (15). Since the final right-hand side of the above

. —1
estimate converges to zero as [ converges to oo, it follows that the (sub)sequence (L o {zz_}> ITu; is convergent.
? 3

Now consider the case that p,, does not converge to 0 as [ — oo. In this case there must necessarily be an
index n., and thus a value p., and a set of points {zj* 71, that are repeated infinitely often. The existence of

1 .
a convergent subsequence of the sequence (L Py {zm}) ITu; now follows directly from the compactness of the
ngy 7 N
-1
(fixed) operator (Lp*,{z;}) I. This completes the verification of the collective compactness of the original

sequence (me{z;m}>_l 1. |
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We are now ready for the:

Proof of Proposition 1. Let s be subject to the lower bound (13). From our assumption (8) it follows immediately
that the operator

1 -1 _1 -1 __’YO -1 2
g+L0 I_;Lo (L0+8)—?L0 (A + k%),

is an isomorphism of H}(). Let p, be any sequence converging to 0, and let {2}}7L, be a sequence of sets of

points in Q, satisfying (2). From Lemma 3 we know that the sequence (me(z?}> I (and thus the sequence
-1 -1
(me{z;l}) I—Ly lr ) is collectively compact with (Lp,“{z;l}) I— Ly 11, pointwise, as n — co. From an

application of Lemma 2 it now follows that there exist constants N and C such that
1 -1 .
-+ (Lpn {z’f‘}) I is an isomorphism for n > NV,
s g i

and

1 -1\t
I (; + (Lpn,{z;}) I) Bcmr@),m3@) <C n=N. (18)

It now follows that the equation (17) with p = p, and {2;}72; = {2}'}JL;, n > N, has a unique solution for

any F € H=1(Q). Due to the equivalence of the equations (17) and (12) we conclude that (12) with p = p, and
{z5}721 = {2}}721, n > N, has a unique solution. Because of the uniform bounds (15) and (18), we furthermore
conclude that this solution, u, € H}(Q), satisfies

lunllzze) < CIENE-2(0),

with C independent of n.
Now suppose Proposition 1 was not true. Then we could either find a sequence p, — 0 and points {2} =15
satisfying (2), such that:

(a) the problem (12), with p = p,,, and {z;}]2, = {2}}72, is
not uniquely solvable (for F' € H™(Q)),
or we could find a sequence p, — 0 and points {27'}72,, satisfying (2), such that
(b) the problem (12), with p = p,, and {z;}72; = {2]'}]L,
always has a unique solution, but there exists F,, € H~(f)
such that ”’un”HI(Q) > n”Fn”H—l(Q)-

We may without loss of generality suppose that m is fixed, since according to the assumption (2) it only has a
finite number of possible values. Both the situation (a) and the situation (b) represent a contradiction to what
we just proved, and consequently Proposition 1 must be true. (]
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4. AN ENERGY ESTIMATE

Using the results of the preceding section we can easily derive:

Proposition 2. Suppose (2) and (8) are satisfied. Let po be as in Proposition 1 and Corollary 1, and let E,,

0 < p < po, and E denote the solutions to (4)-(5) and (6)-(7) for some f € HY/2(8Q). There exists a constant
C, independent of p and f, such that

| Ep — Ellre) + IVE, — VE|L2i) < Cpllfllarzany- (19)

The constant C depends on the domains {B;}7.,, Q, the constants {u?,€’, 07}, the frequency w, and do, but
is otherwise independent of the points {z;}7 ;.

Proof. The function E, — E is in H}(Q2), and for any u in H}(Q)
1 2 .Jp
—V(E, — E)-Vu—w?(e, +i—+)(E, — E)u| dz
Q Lip w

1 .
=/ [——VE-Vu—sz(ep—l-i&)’Eu] dz
Q Hp w
1 1 o —c
= — — Z)VE-Vu —w?( —€,+1 £ EU} dz.
/z,, s ) (€~ ¢+ 7—72)

Next

o0

— 0
. =%)Bu] z| <C (I Bl + I VB liney) oy

1 1
/ [(———)VE-Vu—w2(60—6p+i
z, Hp

Since 7, is bounded away from OS2, standard interior elliptic regularity results give that ||E||wi.e(z,) <
CllE| z1(e) < Cl fllz12(00), and so

1 m 1
VB, = ( /I VEPdz)" < | VE ey (S1Bil)" < Collflanaony,
o

j=1
and
1 m 1
1Bz, = ([ 1BPe)” < 1Bl (L 1B5)" < Collflaony
p j=1

We conclude that E, — E satisfies

1
V-(#—V(EP—E))+w2(ep+i%)(Ep—E) = G inQ,

o
E,-E = 0 ondf,

with

IGllz-10) < Coll fll grr2(00)-
From Proposition 1 it then follows that

IE, — Ellzvey < Collfllarrzan)

exactly as desired. O
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5. THE ASYMPTOTIC BEHAVIOUR OF E, — E ON 07,

For any z € Q let ®%(z, -) denote the solution to

(A + K?)®(z,-) = -6, inQ
®k(z,-)=0 on 9.

It is not hard to see that ®f(z,y) = ®§(y, ) for any z,y € Q (with z # y). For any y € Q we thus also have

(A + B)BH(-y) =6, inQ
QL(-,y)=0 on 9.

In terms of the special, free space Green’s function
(e
¥ (z,y) = 7 H" (Klz — ),
introduced earlier, we have
o5 (z,y) = ®*(z,y) + Ka(z,y), (20)

where K1(-,-) is in C®°(Q x Q). Furthermore K;(z,-) is in C®(Q) for any = € Q, and by symmetry, K1(-,)
is in C°°(Q) for any y € Q.

It will also prove helpful to express ®f in terms of the function defined by ®°(z,y) = — 5= log |z — y|, a free
space Green’s function for the Laplacian. We have

o(z,y) = %z, y) + Ka(z,9), (21)
where Ks(z,y) is in C*°(Q x Q\ {(z,vy) : z =y}). For fixed z € Q the function K»(z,-) satisfies
AK3(z,-) = A®f(z,-) — A(z, ) = —k*®f(z,-). (22)

Due to (20) and the fact that ®*(z,y) = —5= log|z — y| + Ks(z,y), where K3 is uniformly bounded on any
compact set (see for instance pp. 60 and 73 in [21]) it follows that ®§(z,-) is in LP(Q) for any p < oo. For fixed
z € Q the function Ky (z,-) is clearly C* on 9; from (22) and the fact that ®§(z,-) is in LP it now follows
that
Ks(z,-) is in W2P(Q) for any p < oo.

The argument above also shows that the WP norm of Ky(z,-) is uniformly bounded as = varies over any
compact subset of 2. Sobolev’s Imbedding Theorem now implies that (given a compact set KX C §2) there exists
a constant C such that

”Kg(.’li, . )“Loc(Q) + “vsz(.’IJ, )”Loo(Q) <C fOI‘ all x € K. (23)

In order to establish a representation formula such as that in Theorem 1, we may work on one inhomogeneity at
a time, since these are a fixed minimum distance apart. In other words, we may develop representation formulas
involving the difference between the electric field with [ inhomonegeneities and that with I — 1 inhomogeneities,
I=m, ..., 1, and then at the end essentially form the sum of these m formulas (the reference field changes, but
that may easily be remedied). The proof of each of the m formulas is virtually identical. We only give the details
when considering the difference between the electric fields corresponding to one and zero inhomogeneities. In
other words, we provide the proof of Theorem 1 in the case m = 1. In order to further simplify notation we
assume that the single inhomogeneity has the form pB, that is, we assume it is “centered” at the origin (which
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we assume is contained in ©). The condition (2) now translates into the condition that dist(0,9€) > dp, and
we note that the remainder terms in our estimates in this and the following Section all depend on dy, (and the
shape of B and ) but are otherwise independent of the exact location of the origin inside 2. We denote the
permeability, the permittivity and the conductivity inside pB by p*, €*, and ¢*, respectively. Due to interior
elliptic regularity results we know that E is in C*(Q2), and that E, is in C%#(Q) (for some 3 > 0) as well as
in C®(pB) and in C®(Q\ pB) (with the normal derivative of E, having a jump across 992). Initially we shall
assume that f is in C1*(9Q), to make sense of various boundary integrals, but this condition will be relaxed
later. If f is in C1*(0Q), then E and E, are both C1'* near and up to the boundary, 9.
For z € Q\ pB, integration by parts provides the usual integral representation formulas for E, and E

k
B = [ [~Botn) T2 + S22 (e )] astr)
+

/apB [E”(y) e (S2w)” ‘P’é(x,w] ds(y),

Av(y)
and
k
B@) = [ |20 Z2 + 5200w astw).

Since we have chosen ®f so that ®%(z,y) = 0 for z in Q and y on 91, these representation formulas may be
simplified, to read

k k x
£@) == [ B G asy+ [ 5,00 TR - (G aben| ast) 20
and
_ () 026®:Y) 4
B@) = - [ B) T2 dstw) (25)
Our first observation is:
Lemma 4. For z in the open set 2pB \ pB:
0 k
By@) - B = (1- 5 [ B Q‘I’a—‘;(fy’%)ds(w + 0(p* [10g ). (26)

The term O( p? |log p|) is bounded by Cp?|log p| uniformly in x. The constant C depends on the shape of B
and ), the constants pu*,€*,0*, the constants u°, €%, a°, the frequency w, do, and the norm || f|| g2 (a0) -

Proof. Subtracting the representation formulas (24) and (25), and recalling that £ = E, on 9, we get

Eo) - @) = [ (B0 200 — (820 (o) ast
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z € Q\ pB. Use of the jump condition %('%Eﬂ(y) )yt o= i(%ﬂ(y) )~ and the Divergence Theorem, gives

/aPB(ai (y)) ®f(z,y) ds(y) =Z—/ (
u_/ E,(
w* ,

0k (x,y) ds(y)

( v *2£ k(o
(y) ds(y) + (° (k))u*/pBEp(y)q’o( ,y) dy,

z € Q\ pB. Here (k*)? denotes the constant (k*)? = w?u*(e* +i2-). In order to verify (26) it now suffices to
show that

/ _E,(4) ®5(z,9)dy = (g log ), @ € 205\ 5B. (27)

This is an immediate consequence of the two estimates

| / E,(y) ®(z,y)dy| < nEanz(,,B)(/ 188 (2, 4)? dy )
pB pB Cp
CIE oo ( /0 r (log r)? dr )¥

ClE,|l2(pm) pllogpl, = € 2pB\ pB,

IN

IN

and

< 1By — Ellz2o)y + IElL2(om)
< |Bp — Elirz@) + Cp
< Cop.

NEollz2(pm)

For the first estimate we have used (21) and (23). For the last estimate we have used Proposition 2, and the
fact that | El|Le (o) < C||Ellm1 ) £ Cfllm1/2¢50)- To give a shorter derivation of the estimate (27) we could
alternatively have relied on the fact that ||E,| L=(,B) < ClEpllmi(a) < Cllfllm12(a0); this fact follows from
Theorem 8.16 of [8] and Corollary 1. O

It is possible to replace ® by the more convenient (explicit) function ®°(z,y) = —5= log |z — y|.

Lemma 5. For z in the open set 2pB\ pB:

| 99°(.v)

o) ds(y) + O(p? |logp| ). (28)

R U
By(@) ~ B@) = (1 - &) /BpBEp(

The term O( p?|logpl|) is bounded by Cp? [log pl uniformly in x. The constant C depends on the shape of B
and 2, the constants p*,€*,0*, the constants u°,€°, a0, the frequency w, dy, and the norm I Fll 27206 -

Proof. Let K be a compact subset of 2, containing 2pB \ pB. As noted at the beginning of this Section

q)g(xa y) = (Do(w’ y) +K2(.’L', y)) (29)
where

1Ky (z, - )”Loo(Q) + Hvsz(:lJ, . )HLOO(Q) <CforallzeKk. (30)
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The function Ky (z,-) satisfies the equation
25k -
AKy(z, ) = —k*®g(z,-) in Q, (31)

and therefore

6K2(x, y)

opB  OV(Y) ds(y) = /pBAyK2($,y)dy

= —k? /B o (z,y) dy
p

O(p*|logp|), = €2pB\ pB. (32)

Using the identity (32) and the bound || E|| L 2,8) < C| Ellm1(0) < Cllfll #1/2(50), we may now, for z € 2pB\pB,
write

[ ) T ast) = [ (B,0) - B@) T ds(w) + 02 logl)
o P
_ _ O0K3(z,y)
= [ Bt~ Bw) Tt asw
0K (z, y) 2
+ [ (B~ B@) Tgres dsty) + (o7 o8 ) (33)

The individual terms in the last right-hand side may, due to (30), (31) and Proposition 2, be estimated as
follows

| / (B, (v) - ))aKZ((I’)y) s < | - k2 /B<Ep(y>~E<y>><1>’3(x,y)dy|

T / V(B ) ~ Bw)V, Kalzy) dyl
P
< C||E, — Ell 120 ( [ (a5 )P ay?
p

9B, = B)lszom) (| 19y Ko P )
P
< Cp*|logp| +Cp°
< Cp*llogpl, (34)
and

[ #) - Ba) PR asw)] < Col BO) - B@) li(opm) < CF (39)

Insertion of (34) and (35) into (33) yields

0Ks(z,y)
oo Y a0ty

A combination of this estimate with the decomposition (29) and Lemma 4 leads to the formula stated in the
present lemma. O

ds(y) = O(p* |log p|), x € 2pB\ pB.
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Consider the limit of identity (28) as z tends to dpB. If we invoke the well-known jump condition for double
layer potentials (see [6]) we immediately get that

0
50+ 5050~ 5@ = - 5 [ 5,0 T5C ast) + 0 og, (36)

for x on GpB. We also have that
0%°(z, y)
OpB 8V(y)

for  on 9pB. Due to this last identity we may now rewrite (36) as follows

ds(y) = —

0 9] 0
30+ @) ~ B = (-0 [ () - 5@) T B as(s) + O ogel), =€ apB. (31)

Let ¢ denote the vector valued function introduced earlier, i.e., the unique solution to

A¢ =0 in B, andin R>\ B
¢ is contlnuous across OB

LG () = -

In terms of this function we are now able to prove the following result about the asymptotic behaviour of E,
on 9pB.

Proposition 3. For z on 0B:

*

Ep(pz) — E(pz) = p(% — 1)é(2) - VE(0) + O(p*|log p})-

The term O( p?|log p!) is bounded by Cp? | log p|, uniformly in z. The constant C depends on the the shape of
B and Q, the constants p*,€*,a*, the constants u°,€°,0°, the frequency w, do, and the norm || f|| g1/2(a0)-

Proof. By introducing the formula %—%’)”—) = —2% |yy:f|2 - v(y) and the splitting E,(y) — E(z) = (E,(y) —
E(y)) + (E(y) — E(z)) into (37), we obtain '
0 — ).y
30+ 50) (Bolo) ~ Bla) = =501 - —)/ )

w y—2) v@y) ;.
! )/W( ) - B@) L2 asiy)

llv*
+ O(p®|logpl|), < OpB. (38)

We now introduce z = z/p and § = y/p. Since

y—z 1 yg—=z
ly—=z®>  plg—2*
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it follows immediately from (38) that

0

S EEpe) — Bloe) =~ -0 - ) [ (B o0) — o) L2 as(i)

z|?
- [ @len) - Bleen 2D asy)
+ O(p? ]logp|), z € 9B. (39)

Since E is in C? in a neighborhood of pB (with a norm that is bounded by C||f!| z1/2(q))

{E(p§) — E(pz) — pVE(0) - (§ — 2)| < C [p°1§ — 2 + p*|zllg — 1] ,

and so based on (39)
1, 1 1O _ & —2) v(@) 4
(L L) (Bolp2) = B(p2) = —5 (1= ) /aB(Ep(py) - E(py))Tl— s(9)
- 2a-Lyvs0 [ @282

+ O(p? llogp|), z € 0B.

After insertion of the identity

1 N e R4 ) D 1\ 2%(2,9)
-5 | -2 s /63( ) o ds(d)
= /ng(g—z)vf,cb (2,9)dg

_ / v(5)®° (2, 7) ds(7)
OB

1 I
= —5 6Bz/(y)log|z—y|ds(y),

this may be rewritten

0 1 0 J v
LA+ B - B = —5-0- ) [ (o) - o) T2 0s(9)
0
e OB IO ER NG
+ O(p*llogp|), =z€dB. (40)

Fairly simple manipulations show that ¢|sp satisfies the integral equation

G2 )
» ) 00 s (a1)
~57_r% 8By(g)log;z~gj|ds(g), z € 0B.

1+ L)) =



742 M.S. VOGELIUS AND D. VOLKOV

Indeed the uniqueness of ¢ guarantees that ¢|yp is the only solution to the above equation, say, in C°(8B).
Fredholm Theory now implies that the bounded linear operator C°(0B) 3 v — (c+ L)() € C°(dB), given by

e+ D)) = 50+ —)v(Z) bl —) [ v )——># ds (),

maps C°(8B) onto C°(dB), and therefore has a bounded inverse.
* [}
Multiplying (41) by pi5(1 — £2)VE(0) and subtracting it from (40), yields the following equation for
* 0
U (2) = By(pz) — B(pz) — plis (1 — EYVE(0) - 4(2)

v = L By L B e G2 @)
+DWNE = 30+ @+ 0= [ velZ P

z|
O(p*|logpl).

Il

Due to the existence of a bounded inverse for ¢ + L it now follows that

pe ol
|Ey(p-)—E(p-) — Pﬁ(l - ;L:) VE() - ¢(-)llcoany = U™ lcoam)

= |[(c+ L)t O(p*|log p)l|co(am)
< Cp?|logpl,

which is exactly the result of this lemma. O

Remark. In the case of m (well separated) inhomogeneities z; + pB;, j = 1, ..., m, the corresponding
proposition states that for z on 0B;

J
E,(z + pz) — E(zj + pz) = P% —1)¢;(2) - VE(z;) + O(p?|log pl).
The function ¢; is as defined in (9), i.e., the same as ¢, but with B and u* replaced by B; and u/, respectively.

6. AN ASYMPTOTIC FORMULA FOR E, — E A FIXED DISTANCE AWAY FROM Z,

Just as in the previous section we derive the asymptotic formula for £, — E under the simplifying assumption,
that the set of inhomogeneities Z, consists of just a single inhomogeneity of the form pB (containing the
origin). The material coefficients inside pB are referred to as u*, € and o*. (k*)? denotes the constant

(k*)? = w?p*(e* +iZ-). As before, ®* denotes the special (free space) fundamental solution forA + k2, given
by

% (2,y) = = HV (k|2 — y)).

Repeated use of Green’s formula leads to the following integral representation of E,(z) — E(z), for points
z € Q\pB

E,(z) - E / (%) - 98 ) 942, p) asy) (42)

*(z,y) OB,
+/ap3 [E oK ) v ()" ®*(z,y)| ds(y).
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8 (y) )t = & £2( %% (y))~, y € OpB, we calculate

0
Gz #enase) =% [ (D) ek )
opB ov M ()
_ 3<1> O (z,y) NN
——/ Tl W (8 — (P [ Bw ety
The representation (42) may thus be rewritten
[ OE OE ) 225 (2, 9)
Byla) - B(@) = [ 9('37"(” TP+ - 5 [ Bw T
— (k- () / E,(y) ®(z,1) ds(y), (43)

z € Q\ pB. Proposition 3 from the previous section now allows us to find the exact asymptotic behaviour of
the last two terms of this representation.

Lemma 6. For any fized € R%\ pB we have

[ Ba) 8,0 dst) = PE@OIBIEO) + 0(*),

and

k *
/a Ey(y) 8%(&—”) ds(y) = p*V,®*(z,0) - M(“—O)VE(O) — p2k2®* (x,0)| B|E(0) + O(p>~°).
pB H

The polarization tensor is as defined previously, i.e.,
M) = 1B+ (55 - 1) [ @) ds(w)
Y H 8B

Given any fized § > 0, and any fized compact subset K C R?\ pB, with dist(K,0) > do/2, there exists constants
C such that the remainder terms, as well as their deriwatives, are bounded by Cp3~—?%, uniformly with respect to
z € K. The constants C depend on 8, K, the shape of B and Q, the constants u*,e*,0*, the constants u°, €, a2,
the frequency w, do, and the norm | fl| g1/2(a0)-
Proof. Since 2 is a bounded, smooth domain in R2?, Sobolev’s Imbedding Theorem gives

“Ep - E”Lp(Q) < CHEp — E”H1(Q) forany 1< p < oo,
where C depends on §2 and p only. Proposition 2 therefore asserts that

IE, — EllLr(@) < Cp-

This immediately leads to the estimate

1 1
/

I/B(Ep(y) — E(y))®*(2,y) dy| < C||E, — EllLs(o (0*)7 < Cp(p®)7
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for any fixed z € R?\ pB. We may choose p = % (=1~ £), in which case

| / (By(y) — B)9*(z,y) dy| < Cp*~2. (44)
Due to the interior smoothness of E(-), and the fact that z is fixed and outside pB
/p B9 (@.y)dy = ¢ BIEO®(2,0) + O(6°). (45)
A combination of (44) and (45) yields
[ B 8@, ) ay = FIBIEO)S,0) + 0,

the first of the identities in this lemma. It is easy to see that the remainder O( p®>~% )(x) is bounded by Cp>~,
uniformly on the compact subset K (which satisfies dist(K,0) > do/2). Since O(p*°)(z) clearly satisfies
(A+k%)O(p*%) =0in R?\ pB, and since O( p>~?¢ )(z) is bounded by Cp3~?, uniformly on (any) K, standard
interior elliptic estimates immediately show, that similar bounds hold for all the derivatives of O( p~¢)(z).

We now turn our attention to the second identity. From the Divergence Theorem
o®* (x,
[ B2 as) = [ VB@,eEydse) -8 [ Bw)he i),
8pB v(y) oB 0B

for z € R?\ pB. Since E is in C? in a fixed neighborhood of pB, and since z is fixed and outside pB, this
immediately yields

[ e 28D as) — 59,05,0)- BIVEQ) - #4204 0)BIEO) + 05"
8pB v(y)

As a consequence we have

[ B T s

I

[ Bt - B 250 08" (@.9) 41y + / (y) 2228 4oy
8pB dpB

o) o)
= [ B -56) 250D as) +29,05,0) [BIVE)
8pB ov(y)
—p*k*®*(z,0)|B|E(0) + O(p*). (46)

From Proposition 3 we get
| @ - 50 25D sty =p [ (y000) ~ B 3,0 @, 00) - v0) 6500
dpB 8B
—p /a (55— 000 VEO) V,04(@,70) - 1) ()
0 [ 0021108 1)V,0*,0) - 1(7) ()
aB

_ 2 /a B(Z_; — 1)) - VE(0) Vy®* (2, pf) - v(§) ds(7)

O(p*llogpl), (47)
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for any fixed z € R? \ pB. For such a point 2 we also have
V,®*(z, pj) = V,®*(2,0) + O(p), 7€ IB,
and (47) thus gives

%" (z,y)
ov(y)

for any fixed 6 > 0. This verifies the second identity of this lemma. It is easy to see that the remainder
O(p*%)(z) is bounded by Cp>~?, uniformly on the compact subset K, (which satisfies dist(KC,0) > do/2).
The bounds for the derivatives of the term O( p>~?) follow by the same (interior elliptic estlmate) argument as
before. : 0O

|, Bt - B Tt as(s) = ¢ (5 = DV, (0.0 { | v)(6))” ds() }VEQ) + 0(5*~),

Proof of Theorem 1. An application of Lemma 6 to (43) leads to the following asymptotic representation ‘
formula

9E, 0E ' 2 uO w*
By(@) = B@) = [ (F20) - 5o)) ¥(ea)dst) + #°0 — )9, 85.0) - M(E)VE)

0 _ %
= Pt (& — e 41T ) 0k(2,0)| BIE(0) + O(p* %), (48)
for ahy fixed z € Q\ pB. We note that the term O(p3~?), and all its derivatives, are bounded by Cp®~9,
uniformly with respect to z satisfying dist(z, 92) < do/2. We may extend the outward normal field to Q2 to a
small neighbourhood inside 2 and apply the operator aui(x) to both sides of (48), the result being

0E, _OFE o) — 9E, OE 8<Pk(x,y) B ook -
ey ay@)(»)—/m( W) - L) 28D a5y) 4 201 - )ya()( 0)- M)V E)

o0z
0'0“0'
(e )‘9‘1;”((”;’)0)|B|E(0)+0<p3f<’). (49)

By means of an argument identical to that used for ®5, it is not difficult to show that
o*(z,y) = 2°(z,y) + Ks(z,9),
where K3 is in C°(R? x R? \ {(z,%) : = y}), and K3 furthermore satisfies the estimate
1K C o Mzempexicy + IV (- Ylmgexy + V5K, llz=gexicy < Cres

for any compact set X C R% From these properties of K3 it follows immediately that boundary integrals

k
involving the potential aqéu((z,)y) exhibit the same jump relations as those involving 3,}((2’)!’) —%(“”l;f_)y’f#l
(the normal derivative of a standard single layer potential). For more details on this point we refer the reader

o [6], page 47. In particular, by letting z tend to a limiting point on 852, we obtain from (49)

L (rw - L) - /Q(GEP() £(y)) ‘I;k((x)y)d()

(:c 0) - M( )VE(O)

pQwQ;LO( e*+7,0 i )3‘2 ((-’E)O)

|BIE(0) +O(p*7%),
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for any x € 99Q. For any fixed § the term O( p3_‘5) is bounded by Cp3~? uniformly in z. The constant C
depends on §, the shape of B and £2, the constants p*, €*,0*, the constants 10, €Y, o0 the frequency w, dg, and
the norm || fl gr1/2(a0)- So far we have assumed that f is in C’1 >(90) S~ are continuous
functions on 9. We notice, however, that even if f is only in H/2(0%), the dlfference E — F is infinitely
smooth near and up to 9N (this follows from elliptic regularity results, and the fact that E,, — E vanishes on
09). The difference E%Eﬂ — %—f is therefore also infinitely smooth near and up to 9Q. By a limiting argument
(using the density of C1*(8Q) in HY/2(8Q)) it easily follows that the last formula remains valid under the
(weaker) condition that f is in H/2(99). This verifies Theorem 1 in the case of one inhomogeneity. As already

mentioned earlier, the general case is verified essentially by an iteration of this argument. We leave the details
to the reader. O

Remark. We could equally well start with fixed Neuman boundary conditions for E, and E, say 14 5 Ep =

—16 auE = g on 0f). The goal is then to derive an asymptotic representation formula involving (E - E)|3Q

Instead of (42) we now have

Eo(o) ~ B@) == [ (B,(0) - E) 9252,y 4,
a0 ov(y) (50)
0®*(z,y) ,OF
+ [ [E) T - G 84w dst).

As long as the boundary conditions for E, and E are fixed, and identical, it does not matter whether they be
Dirichlet or Neumann, as far as our asymptotic analysis of the behaviour near the inhomogeneities is concerned.
That is to say, the preceding analysis (from Sects. 4 to 6) immediately carries over; at the appropriate places
we just replace the Dirichlet-fundamental solution ®§ with the corresponding Neumann-fundamental solution
®f | defined by

(A + k2)®f(2,-) = — 6, in Q,
3‘9—”<I>(:1:,~):0 on 0.

Remember, in this case we suppose —k? is not an eigenvalue for the Laplacian with homogeneous Neumann
boundary conditions. From (50) we now arrive at

I*(z,y)
ov(y)

%) @*(2,0) 1B| E(0) + O(p*%),

By(e) — B@) = | (B,0) - Ew) asty) + 77 (1= £) 9,94(5,0) - 4(55) VB

0
o’ —
— p2?u® ( —€ 41

for any fixed z in Q \ pB. As before, we may take the limit of this representation as z converges to a point on
0Q, to finally get

0%*(z,y)
ov(y)

—p (1 - #—)v ®(z,0) - M(“—O) VE(0)

S (B, (@) — B(z)) + /(E () - B(y)) Y 45(y)

50
—pzwzuo (e — € +z

— %) #¥(2,0)|BI E(0) + 0(5*~2),

z € 92. This provides a proof of the representation in Theorem 2, for the case of one inhomogeneity. The
proof for any fixed number of well separated inhomogeneities follows (as before) essentially by iteration of the
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argument just presented. The statements about the remainder term O( p~?) are as in Theorem 1, except that
the norm || f| g1/2(a0) is replaced by the norm ||g| z-1/2(a0)-

7. DISCUSSION

As mentioned earlier, we expect that the asymptotic formulas of Theorem 1 (or Theorem 2) will serve as
very useful tools for the (numerical) reconstruction of the “location” and “size” of the inhomogeneities. If for
instance the electric field, E, is prescribed on 0Q (= f), and the rescaled magnetic field é%El;‘l is measured on
0%, then the function

O0E, oF OF oF 0%* (z,v)
Py — 2= ) =, _ = il St K VAP
@)~ 5o -2 [ (G2 - G T asw)

may be considered a measured datum on 952 (the constants u°, €°, and ¢° are assumed to be known, and we
may easily compute E). From the asymptotic formula in Theorem 1 it now follows that, up to terms of smaller
order, we are in possession of the values of the (boundary) function

- P oLk W
20* z;(l - E)Vyay—(x)(l’,zj) - Mj(m) VE(z;)

00 — 0ol
24Py Z @0 il >38‘I(’ (0,2 1By E(z), (51)

A first task of the identification process, is then to determine (as well as possible) the number of “poles” (“cen-
ters” of inhomogeneities) z;, and their locations. A second task would be to determine other information about
the inhomogeneities, such as their sizes, and/or other “geometric” and “parametric” information. Disregard-
ing the magnitude of the involved constants, the formula (51) suggests that inhomogeneities with permittivity
or conductivity different from that of the background will be easier to “locate” based on TE electromagnetic
boundary data, than will inhomogeneities where only the permeability differ (the decay away from z = z; is
more rapid for the first term than for the second). TM electromagnetic data reverse this situation. We are
indeed currently in the process of experimenting with numerical reconstructions. To assess the practical use-
fulness of our approach, we use values for the piecewise constant coefficients that are characteristic of actual
materials, such as soil, metals and plastics, and we use frequencies that are characteristic of fairly standard
radar devices. A detailed account of this work will be the subject of a forthcoming paper.

We have based our asymptotic formulas on the free space Green’s function ®*, given by the formula

i
~HSD (klz — ).

() = ;

As the reader will notice, we have never used the particular properties of this function at co (it satisfies the
so-called Sommerfeld radiation condition) and indeed, we might just as well have used any other free space
Green'’s function for the operator A +k?. If anything, our reason for choosing ®*(z, ) is its status as somewhat
of a “standard” Green’s function for the operator A + k2. We also note that due to the knowledge of a rapidly
convergent series representation for Hé ). the function Ok (z,y) =2 él)(k|w —y|) is in a sense just as explicit
as say the Green’s function ®°(z,y) = —3- log|z — y| for the Laplacian.

The formula from Theorem 2 would be used when the boundary magnetic field —6 au is prescribed, and the
boundary electric field E lon is measured. In practice it may be unnatural to dlstmgulsh between measured
and prescribed data, since in a sense they will both be measured. It would then be natural to consider the

datum, which is measured most accurately, as the prescribed datum, use this as the basis for the calculation
of the “background” field (E or F) and then use the corresponding expression (from Th. 1 or Th. 2) for the
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reconstruction process. We note that the expression from Theorem 2 only involves one derivative of ®* - if
anything, this may make it slightly simpler to compute with.
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