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APPROXIMATION BY POLYNOMIALS

IN THE COMPLEX DOMAIN

By J. L. WALSH

Associate Professor of Mathematics in Harvard University.

INTRODUCTION.

In the past quarter-century the theory of approximation in the com~
plex domain has developed from a few scattered results (due notably
o Runge, Hilbert, and Faber) into an extensive, coherent structure.
Several outstanding factors have contributed to this evolution :
1° Montel’s book (1910) made the previous results available, added
important new results, and has had a profound effect on later work;
2° the study of approximation in the real domain — notably by
S. Bernstein but also by Borel, Jackson, de la Vallée Poussin,
Lebesgue, Montel, and others — has supplied methods and a struec-
tural model of significance in the complex domain; 3° the great extent
of the theory of expansions in real orthogonal functions (Schmidt,
Riesz-Fischer, etc.) has been the inspiration for a corresponding
development in the complex domain; 4° progress in other parts of the
theory of functions of a complex variable, notably in conformal map-
ping and in Montel’s theory of normal families, has made possible a
corresponding advance in the study of approximation.

Tt is the object of the present essay to set forth at least in broad
outlines the present status of the theory of approximation, particu-
larly in the sense of uniform approzimation to a given function
in a given limited region. Due 1o lack of space, we are not able
even to slate all interesting results in detail. The choice of material
for detailed proof, summarizing, or bare reference is not necessa-
rily intended to indicate relative importance; indeed, such choice is
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2 J. L. WALSH.

to some extent arbitrary or accidental, depending on simplicity of
exposition. Broadly speaking, we have tried to indicate ¢ypical
methods in the discussion of each kind of problem, and also have
been at especial pains to point out numerous problems which await
solution. Many results "here set forth have not been previously
published.

Various topics have been deliberately left out of consideration.
Approximation of real functions, even though the behavior of such
functions for complex values has some significance, is set forth in books
by Borel, de la Vallée Poussin [2], S. Bernstein [2], and Jackson [5],
so that we have not considered it advisable to include that subject.
We emphasize the fact that our primary topic is approximation of
functions, not series of polynomials or expansion of functions. Thus
representation of funclions in series of polynomials which do not
involve uniform approximation has been omitted; this omission is not
serious, for everything known in the field is taken into account in
important recent papers by Hartogs and Rosenthal [1] and Lavren-
tieff [1]. Likewise the detailed discussion of the modern special
theory of Taylor’s series : summability, behavior on the circle of
convergence, gap theorems, overconvergence, zeros of approximating
polynomials, limits on coefficients, exceptional values, etc., has been
omitted. Finally, of the two major problems of the theory of inter-
polation : a. the existence of functions with certain properties taking
on prescribed values in given points; b. the approximate represen-
tation of a given function f(z) by means of other functions required
to coincide with f(z) in certain points — it is only the second of
these problems with which we shall be concerned. In particular, we
do not treal factorial series and their generalizations involving inter-
polation in an unlimited (unbounded) set of points: the interested
reader may refer to Norlund [1, 2, 3].

Emphasis on degree of approximation, especially on the greatest
geometric degree of convergence, exerts a unifying influence on all
the subject matter that we present. The entire theory of approxima-
tion in the complex domain is still growing rapidly, and this essay
will achieve its purpose if it portrays that growth to the reader (1).

(') For help with the manuscript of this essay, the writer wishes to express his
thanks to Miss H. G. Russell, and to the Milton Fund of Harvard University.
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CHAPTER 1.

POSSIBILITY OF APPROXIMATION.

1. Point sets : preliminary definitions. — We shall be concerned
in the present essay enlirely with the plane of the complex variable.
A point set C is an arbitrary aggregate of points. Its complement
consists of all points of the plane not belonging to C. A neighborhood
of a point P is the interior of a circle whose center is P, A limit
point of C is a point P (whether belonging to C or not) in whose.
every neighborhood lie points of C other than P. A boundary point
of C is a point P in whose every neighborhood lie points of C and
points of its complement. A point P is exterior 1o C if there exists
some neighborhood of P containing no point of C. A point P is
interior to G if there exists some neighborhood of P containing only
points of C. A set C which contains its limit points is closed. A set C
whose elements are all interior points of C is open. A set is limited
if it lies within some circle.

A Jordan arc is a one-to-one continuous transform of a line seg-
ment, that is, a point set which can be represented

(1) z=fi(8), y=,f() (0StLy),

where f,(¢) and f»(¢) are continuous functions of ¢ and where the
system (1) has at most one solution ¢ for given  and y.

A point set G is connected if any two points of C can be joined by
a Jordan arc consisting only of points of C. A region is an open con-
nected set. A closed region need not be a region. but is a region
closed by the adjunction of its boundary points.

A Jordan curve is a one-to-one continuous transform of a circum-
ference, that is, a point set which can be represented

(2) z=fi(8), y=fu(b),

where f}(6) and f-(0) are continuous functions of § with period 27 and
where any two solutions § of the system (2) for given # and y differ
by an integral multiple of 2w. We shall use the term contour in the
sense of rectifiable Jordan curve.

A Jordan curve G is known (theorem of Jordan) to separate the
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plane into precisely two regions, one limited (finite) and the other
not limited (infinite), respectively the interior and exterior of C. A
Jordan regionis alimited (finite) region bounded by a Jordan curve.
A Jordan arc cannot separate the plane into two or more distinct
regions.

A function is analytic at a point if it can be expanded in Taylor’s
series valid throughout a neighborhood of that point. A function is
analytic on a point set if it is analytic at each point of the set.

An expression of the form a,z"+ a,5" ' 4...+ a, is called a
polynomial in z and in particular a polynomial of degree n. .

The term integrable refers to integration in the sense of Lebesgue.

2. Runge : approximation to analytic functions. — In the study of
the possibility of approximation to a given function the fundamental
theorems were given by Runge in his classical paper [1] of 1885.
These theorems are of the greatest importance in the present essay;
we omit the proofs, however, because they are to be found in many
standard works [such as Picard, 1; Montel, 1]. Moreover, the
method of Hilbert, which we shall consider later in some detail, also
includes a proof of Runge’s theorems. We give the name Runge’s

Jirst theorem to the following, although Runge’s own statement was
somewhat different in content :

If the function f(z) is analytic in a closed Jordan region G,
then in that closed Jordan region f(3z)can be uniformly approxi-
mated as closely as desired by a polynomial in s.

Runge’s theorem is more readily proved for the case of a convex
region than for the general case [Painlevé, 1].

The two concepts, possibility of uniform approximation by a poly-
nomial with an arbitrary small error, and uniform expansion in a
series or sequence of polynomials, are of course .equivalent (without
reference to the present situation), in the sense that each implies the
other directly.

Runge’s theorem specifies that the region under consideration shall
be a Jordan region; it is essential that the region not be an arbitrary
simply-connected region, as we shall now illustrate by an example
[Walsh, 2]. Let Cbe a strip, closed at one end, which winds around the
outside of the unit circle y : i 2| =1 infinitely often and approaches y
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. . I
The circle y belongs to the closed region G. Choose f(z) = 73 there

exists no sequence of polynomials approaching f(z) uniformly in the
closed region. For if we assume the existence of such a sequence
pn(%), it converges uniformly on y and we may integrate term by

term over y,
. dz .
lim fp,,(z)dz: —) 0=2mi,
>y v ®

which is absurd.
Runge’s theorem was extended by him to include simultaneous
approximation in several distinct regions :

Let functions f\(z), f2(2), ..., fu(3) be analytic in mutually
exclusive closed Jordan regions Cy, Ca, ..., Cy. Then in these
closed regions the functions fi(z) can be simultaneously uni-
formly approzimated with an arbitrarily small error by a poly-
nomial in z.

We state for reference the two classical theorems of Weierstrass on
approximation, generalizations of which are to be mentioned later.

I. If the function f(z) is continuous on the interval a<z<b,
then on this interval the function f(z) can be approximated as
closely as desired by a polynomial in z.

II. If the function f(8) is continuous for all realvaluesof 0 and
periodic with period am, then for all values of 6 the function f(0)
can be approxzimated as closely as desired by a trigonometric

N

polynomial of the form Z(a,, cosnf + bpsinnd).
n=20

By virtue of the equations which hold on the unit circle

. gh— g—n Zn4- gz n

smn0=(—.—), cosn0=(——————)’
21 2

‘ zt=cosnd + {sinnd, z—n=cosnd —isinnd,

this second theorem can be expressed :

If the function f(z) is continuous on the unit circle G:|z| =,
then on C the function f(z) can be approximated as closely as
desired by a polynomial in z andi-
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3. Approximation to analytic functions; more general point sets.
— The theorems already mentioned are of much importance in ans-
wering such questions as the following, which we now consider :

When can a function defined and continuous on a given point
set be uniformly approximated by a polynomial on that point
set? Of what point sets G is it true that every function analytic
on G can be uniformly approximated by a polynomial on that
point set? Of what point sets C is it true that every fuction con-
rinvous on G can be so approxzimated? Of what closed necions G
is it true that an arbitrary function analytic in the corresponding
closed region can be uniformly approximated in the closed
region? Of what closed regions C is this true for an arbitrary
Sfunction analytic interior to G, continuous in the corresponding
closed region?

Approximation on unlimited point sets is easily disposed of :

A necessary and sufficient condition that a function f(z) can
be uniformly approzximated on an unlimited point set C as closely

as desired by a polynomial in z is that f(z) itself should be on
C a polynomial in z.

The proof is not difficult and is left to the reader.

Uniform approximation by a polynomial of a function f(z) on a
limited point set G which is not closed is equivalent to uniform
approximation to an extension of the function f(z) on the set C’ com-
posed of C and the limit points of C. If e > o0 is preassigned, a
sequence of polynomials p,(3) converging to f(z) uniformly on G
satisfies the inequality (8) —pm(z)|<e, 5 on G, for >N,
m > N, where N depends only on &. This inequality, valid on G, is
also valid on C, so the sequence converges uniformly on C'. The
function f(z) is naturally continuous on G, and if that function is
defined on C' by means of the sequence of polynomials (or, what is
equivalent, by the requirement of continuity on C') then f(z) can be
uniformly approximated by a polynomial on C'. Thus, in our future
consideration of approximation, it is sufficient to study approxima-
tion of continuous functions on closed limited point sets.

The study of approximation’ of functions merely continuous on a
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given closed set is much more delicate than the study of functions
assumed analytic on the given set, so we turn first to the latter problem.

Let C be ar arbitrary closed limited point set and let the func-
tion f(z) be analytic in every point of C. Then a necessary and
sufficient condition that f(z) can be uniformly approximated
on C as closely as desired by a polynomial in z is that C should
separate no singularity of f(z) (considered as one or more mono-
genic analytic functions) from the point at infinity.

Let C’ denote the complement of the infinite region whose boun-
dary consists of points of C but which contains in its interior no points
of C. Then the condition (otherwise expressed) is that f(z) can be
extended analytically from G along paths of C' so as to be ana-
lytic on the entire set C'. Naturally, if C falls into several distinct
components, the monogenic analytic function defined on one compo-
nent may have a singularity on or interior to another component.

The example given in paragraph 2is of interest in this connection.

The condition of the theorem is sufficient. If the condition is satis-
fied, the function f(z) can be extended so as to be analytic and
single-valued not merely on G but everywhere within a positive dis-
tance o of C. Hence there exist one or more mutually exterior Jordan
curves G, G,, ..., Gy such that every point of G lies interior to
some curve. and such that f(3) is analytic on and within each curve.
Then by Runge’s theorem (§ 2) the function f(5) can be uniformly
approximated on and within the curves Gy, hence on C.

The condition of the theorem is necessary. Let P be a singularity
of f(5) separated from the pointat infinity by C and assume that f(z)
can be expressed on G as a uniformly convergent series of polyno-
mials; we shall reach a contradiction. The point P is not a point
of G, but lies interior to alimited simply connected region R bounded
entirely by points of C. In fact, the points which can be joined to P
by Jordan arcs not meeting C form a region which contains P in its
interior and whose boundary consists wholly of points of C. That
region need not be simply connected, but if it is multiply connected
and if suitable points are adjoined to the region, there results a
region R with the properties mentioned.

The series of polynomials representing f(z) on C converges uni-
formly on the boundary of R, hence uniformly in the closed region R,
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and represents a function ® (z) analytic interior to R, continuous in
the corresponding closed region, equal to f(z) on C. The func-
tion f(z) is analytic on G, hence analytic in a suitable neighborhood
of the boundary of R. The function f(z) — ®(2) is analytic in a sub-
region of R adjoining the boundary of R and approaches zero when
z interior to R approaches the boundary of R. We shall prove that
f(2) — ®(3) vanishes identically interior to R. '

Levma. — If the function W (z)is analytic in an annular region
interior to but bounded in part by y : |z|=1 and if W(z) is
continuous in the corresponding closed region and zero on vy,
then W(z) vanishes identically in the original annular region.

The function W(z) can be extended analytically across y by
Schwarz’s principle of reflection; the function ¥, (5) :

¥, (z) = W(2), z on and within vy,

¥, (z)= ‘F(—l:) s z exterior to 7y,

is analytic in an annular region which contains y in its interior and
vanishes on y, hence vanishes identically.

If R is mapped onto the interior of the unit circle, the function
J(3) —®(z) corresponds to a function W(z) which satisfics the hypo-
thesis of the lemma, when W () is suitably defined on y, so f(z) —®(3)
vanishes identically in an annular region interior to R, hence throug-
hout R. Thus P, not a singularity of ®(z), cannot be a singularity
of f(z), and the theorem is completely proved.

An immediate consequence of the theorem is : Let C be an arbi-
trary closed limited point set. A necessary and sufficient con-
dition that every function f(z) analytic on C can be uni-
Jormly approximated on C as closely as desired by a polynomial
in 3 is that G should be the complement of an infinite region.
Otherwise expressed, this condition is that C should not separate
the plane.

4. Jordan configurations. — The results subsequent to Runge’s
theorems that we have considered [due primarily to Walsh, 2, 3, 6;
but see also Hartogs and Rosenthal, 1] are entirely satisfactory so far
as concerns approximation of functions analytic at every point of the
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closed considered. If one desires more refined results, methods cor-
respondingly more refined must be used. Here the modern theory of
conformal mapping is of service, particularly results of Carathéodory,
Courant, and Lindelof, and one can prove :

If the function f(z) is analytic in a Jordan region, continuous
in the corresponding closed region, then in that closed region f(z)
can be approxzimated as closely as desired by a polynomial in z (*).

This is a generalization of Runge’s theorem.

If f(3) is continuous on the Jordan curve G, in whose interior
the origin lies, then on G the function f(3) can be approzimated
as closely as desired by a polynomialin z and é

This is a generalization of Weierslrass’s theorem on approximation
by trigonometric polynomials (§ 2).

If f(z) is continuous on a Jordan arc G, then on C the function

J (z) can be approxzimated as closely as desired by a polynomial
in z.

The special case where C is an interval of the axis of reals gives us
Weierstrass’s theorem on approximation by polynomials.

The three theorems just.stated are due to Walsh [2, 3|; they are
all contained in the following more general theorem [ Walsh, 6] :

, Let G be a closed point set composed of a finite number of
Jordan arcs and regions, which separates no pair of points not
belonging to C. Then an arbitrary function analytic in the inte-
rior points of C and continuous on C can be uniformly approzi-
mated on G as closely as desired by a polynomial in z.

8. Further results. — From the discussion of paragraph 3 we see
that if a closed limited point set C has the property that every

)

() We remark in passing that this yields an immediate proof of a general form
of the Cauchy-Goursat theorem : If f(z) is analytic interior to a rectifiable
Jordan curve G, continuous in the corresponding closed region, then we

have ff(z) dz = o.
c
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Sfunction continuous on G can be uniformly approzimated on C,
then C must have no interior points and cannot separate the
plane. Lavrentieff [Hartogs and Rosenthal, 1] has stated the con-
verse, that an arbitrary function continuous on the closed limited
set G, which has no interior points and does not separate the
plane, can be uniformly approzimated on C. This result is highly
important; it is to be hoped that publication of the proof will not be
long delayed. The special case that C is of superficial measure zero
has been treated by Hartogs and Rosenthal [1].

The first and last questions mentioned in paragraph 3 are still
unanswered, although the following contribution is due to Farrell [1]:

Let C be a limited simply connected region and let w — ®(z)
map Cconformally onto|w| <<1.Inorder that ®(z) when suitably
defined in the corresponding closed region G can be uniformly
approximated in C by a polynomial in z, it is necessary and suf-
ficient that every point of the boundary of C be contained in just
one boundary c¢lement (Primende) and that the boundary of C be
also the boundary of an’infinite region. An arbitrary function
analytic interior to such a region C, continuous in C and cons-
tant on each boundary element, can also be uniformly approxi-
mated in C.

A few other problems deserve mention. Approximation not by an
arbitrary polynomial (that is, a linear combination of the funclions
1, 3, 3", ...) but by a linear combination of functions 1, z*, zM,...
has been studied by Carleman [1]. Approximation by polynomials
whose roots lie in an infinite sector or are subject to broader condi-
tions has been studied by Lindwart and Pélya [1]. Approximation
in a region by polynomials not vanishing in that region has been stu-
died by Walsh [13]. Some open questions of interest are : Determine
the regions C with the property that an arbitrary function f(z)
analytic and limited interior to C can be represented in C by a sequence
of polynomials p,(z) such that we have

(3) Eﬁtmaxlpn(zn,zinC]=Bound[|f<z>|, zin C)5

compare Carleman [1]. Given an arbitrary region C and a function
Jf (%) analytic and limited interior to C; when can the given function



APPROXIMATION BY POLYNOMIALS IN THE COMPLEX DOMAIN. Iy

f(z) be represented in the given region C by a sequence of polyno-
mials p,(z) such that (3) is valid? If f(z) and its derivative f'(z)
are analytic interior to a Jordan region and continuous in the corres-
ponding closed region C, can f(z) and f'(z) be expressed in C as the
uniform limit of the respective sequences p,(3), p,(%)? The answer
is affirmative if the boundary of C is rectifiable.

What can be said of the possibility of approximation to a func-
lion f(s) analytic in a region by a polynomial p(z), as measured not
by max |f(5)—p(z)| but by the line or surface integral of
|f(2)—p(2)|P, p>o, taken over the boundary (assumed recti-
fiable) of the region or over the region itself provided the correspon-
ding integral of | f(5) [ exists? Results for a Jordan region for the
case p = 2 have been given by Smirnoff [1] and Carleman [1] res-
pectively. If approximation is measured by a line integral and if f(z)
is not analytic on the boundary, then boundary values in somne sense
are Lo be used in the line integral.

CHAPTER 11.

DEGREE OF CONVERGENCE. OVERCONVERGENCE.

We have hitherto considered primarily the question of possibility
of approximation. We turn now to the study of degree of approxi-
mation — study of the asymptotic behavior of the error of approxima-
tion : max[|f(2) — pa(3)]|, 5 on C], as » becomes infinite.

6. Lagrange-Hermite Interpolation Formula. — Let the distinct
POIRLS Zyy Bay oevy Bpy IRAICES Vyy Va, ...y Vp, and values wyr, Wi, ..
Wik, for k=1, 2,..., p be given, where

*

(Va+1) 4+ (Ya+I) +eet (Vp+1) = R +1.

Then there exists a unique polynomial p(z) of degree n which

satisfies the equations p

pM(z) =™ (m=o0,1,2,...,; k=1,2,..., p),

where the notation p'™ (k) indicates the m-th derivative of p(z) at
the point z = z, and p'°) (zx) = p(zi).






