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APPROXIMATION BT POLYNOMIALS 
IN THE COMPLEX DOMAIN 

By J. L. W A L S H 
Associate professor of Mathematics in Harvard University. 

INTRODUCTION. 

In the past quarter-century the theory of approximation in the com­
plex domain has developed from a few scattered results (due notably 
to Runge, Hilbert, and Faber) into an extensive, cohérent structure. 
Several outslanding faclors hâve contributed to this évolution : 
i° Montel's book (1910) made the previous results available, added 
important new results, and has had a profound effect on la ter work; 
20 the study of approximation in the real domain — notably by 
S. Bernstein but also by Borel, Jackson, de la Vallée Poussin, 
Lebesgue, Montel, and others — has supplied methods and a struc­
tural model of significance in the complex domain ; 3° the great extent 
of the theory of expansions in real orthogonal functions (Schmidt, 
Riesz-Fischer, etc.) has been the inspiration for a corresponding 
development in the complex domain; 4° progress in other parts of the 
theory of functions of a complex variable, notably in conformai map-
ping and in Montel's theory of normal families, has made possible a 
corresponding advance in the study of approximation. 

Tt is the object of the présent essay to set forth at least in broad 
outlines the présent status of the theory of approximation, particu-
larly in the sensé of uniform approximation to a given function 
in a given limited région. Due to lack of space, we are not able 
even to slate ail interesting results in détail. The choice of malerial 
for detailed proof, summarizing, or bare référence is not necessa-
rily intended to indicate relative importance; indeed, such choice is 
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2 J. L. WALSH. 

to some extent arbitrary or accidentai, depending on simplicity of 
exposition. Broadly speaking, we hâve tried to indicate typical 
methods in the discussion of each kind of problem, and also hâve 
been at especial pains to point out numerous problems which await 
solution. Mâny results hère set forth hâve not been previouslj 
published. 

Various topics hâve been deliberately left out of considération. 
Approximation of real functions, even though the behavior of such 
functions for complex values has some significance, is set forth in books 
by Borcl, de la Vallée Poussin [2] , S. Bernstein [2] , and Jackson [o] , 
so that we hâve not considered it advisable to include that subject. 
W e emphasize the fact that our primary topic is approximation of 
functions, not séries of poljnomials or expansion of functions. Thus 
représentation of functions in séries of polynomials which do not 
involve uniform approximation has been omitted; this omission isnot 
serious, for everything known in the field is taken into account in 
important récent papers by Hartogs and Rosenthal [1] and Lavren-
tieff [1] . Likewise the detailed discussion of the modem spécial 
theory of Taylor's séries : summability, behavior on the circle of 
convergence, gap theorems, overconvergence, zéros of approximating 
polynomials, limits on coefficients, exceptional values, etc., has been 
omitted. Finally, of the two major problems of the theory of inter­
polation : a. the existence of functions with certain properties taking 
on prescribed values in given points ; b. the approximate représen­
tation of a given func t ion / ( s ) by means of other functions required 
to coincide with f(z) in certain points — it is only the second of 
thèse problems with which we shall be concernçd. In particular, we 
do not treat factorial séries and their generalizations involving inter­
polation in an unlimited (unbounded) set of points; the interested 
reader may refer to Nôrlund [1 , 2, 3 ] . 

Emphasis on de grée of approximation, especially on the gréâtes t 
géométrie degree of convergence, exerts a unifying influence on ail 
the subject matter that we présent. The entire theory of approxima­
tion in the complex domain is still growing rapidly, and this essay 
will achieve its purpose if it portrajs that growth to the reader (*). 

(1) For help with the manuscript of this essay, the writer wishes to express his 
thanks to Miss H. G. Russell, and ta the Milton Fund of Harvard University. 
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CHAPTER 1. 

POSSIBILITY OF APPROXIMATION. 

1. Point sets : preliminary définitions. — W e shall be concerned 
in the présent essay entirely with the plane of the complex variable. 
A point set G is an arbitrary aggregate of points. Its complément 
consists of ail points of the plane notbelonging to C. Aneighborhood 
of a point P is the interior of a circle whose center is P. A limit 
point of C is a point P (whether belonging to C or not) in whose 
every neighborhood lie points of G other than P. A boundary point 
of G is a point P in whose every neighborhood lie points of C and 
points of its complément. A point P is exterior to C if there exists 
some neighborhood of P containing no point of G. A point P is 
interior to G if there exists some neighborhood of P containing only 
points of C. A set G which contains its limit points is closed. A set G 
whose éléments are ail interior points of G is open. A set is limited 
if it lies within some circle. 

A Jordan arc is a one-to-one continuous transform of a line seg­
ment, that is, a point set which can be represented 

(0 * = / i ( 0 , y=Mt) < o ^ i ) , 

where /4 (^ ) a h d / 2 ( 0 are continuous functions of t and where the 
system (i) has at most one solution t for given x and y. 

A point set C is connected if any two points of C can be joined by 
a Jordan arc consisting only of points of C. A région is an open con­
nected set. A closed région need not be a région, but is a région 
closed by the adjunction of its boundary points. 

A Jordan curve is a one-to-one continuous transform of a circum-
ferencc, that is, a point set which can be represented 

(2) *=AW, r=M*), 

where/< (0) and/o(0) are continuous functions of 0 withperiod 27rand 
where any two solutions 0 of the System (2) for given x and y difïer 
by an intégral multiple of 2 7r. W e shall use the term contour in the 
sensé of rectifiable Jordan curve. 

A Jordan curve G is known (theorem of Jordan) to separate the 
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plane into precisely two régions, one limited (finite) and the other 
not limited (infinité), respectively the interior and exterior of C. A 
Jordan région is a limited (finite) région bounded by a Jordan curve. 
A Jordan arc cannot separate the plane into two or more distinct 
régions. 

A function is analytic at a point if it can be expanded inTaylor's 
séries valid throughout a neighborhood of that point. A function is 
analytic on a point set if it is analytic at each point of the set. 

An expression of the form a0z
n-\- aKzn~s + . . .-f- an is called a 

polynomial in z and in particular a polynomial of de grée n. 
The term integrable refers to intégration in the sensé ofLebesgue. 

2. Runge : approximation to analytic functions. — In the study of 
the possibility of approximation to a given function the fundamental 
theorems were given by Runge in his classical paper [1] of i885. 
Thèse theorems are of the grealest importance in the présent essay; 
we omit the proofs, however, because they are to be found in many 
standard works [such as Picard, 1; Montel, 1 ] . Moreover, the 
method of Hilbert, which we shall consider later in some détail, also 
includes a proof of Runge's theorems. W e give the name Runge*s 
first theorem to the following, although Runge's own statement was 
somewhat différent in content : 

If the function f(z) is analytic in a closed Jordan région G, 
then in that closed Jordan région f(z) can be uniformly approxi-
mated as closely as desired by a polynomial in z. 

Runge's theorem is more readily proved for the case of a convex 
région than for the gênerai case [Painlevé, 1 ] . 

The two concepts, possibility of uniform approximation by a poly­
nomial with an arbitrary small error, and uniform expansion in a 
séries or séquence of polynomials, are of course .équivalent (without 
référence to the présent situation), in the sensé that each implies the 
other directly. 

Runge's theorem spécifies that the région under considération shall 
be a Jordan région; it is essential that the région not be an arbitrary 
simply-connected région, as we shall now illuslrate by an example 
[Walsh, 2]. Let C be a strip, closed at one end, which winds around the 
outside of the unit circle y : i i | = i infinitely often and approaches y 
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The circle y belongs to the closed région C. Ghoose / (* ) = - ; there 

exists no séquence of polynomials approaching/ (z ) uniformly in the 
closed région. For if we assume the existence of such a séquence 
pn(z), it converges uniformly on y and we may integrate term by 
term over y, 

lim I pn(z)dz=l — j O = 2ÎCÏ, 

which is absurd. 
Runge's theorem was extended by him to include siraultaneous 

approximation in sève rai distinct régions : 

Let functions f\(z), / 2 ( * ) , • . -, /i*(*) oe analytic in mutually 
exclusive closed Jordan régions Ci, C2, . . . , C^. Then in thèse 
closed régions the functions fk(z) can be simultaneously uni-
formly approximated with an arbitrarily small error by a poly­
nomial in z. 

W e state for référence the two classical theorems of Weierstrass on 
approximation, generalizations of which are to be mentioned later. 

I. / / the function f(z) is continuous on the interval a^z<bf 

then on this interval the function f(z) can be approximated as 
closely as desired by a polynomial in z. 

IL If the function f(Q) is continuous for ail real values of0 and 
periodic with period 27r, then for ail values ofQ the function f\B) 
can be approximated as closely as desired by a trigonométrie 

N 

polynomial of the form^^(ancosnQ -+- bnsmn6). 
/ 1 = 0 

By virtue of the équations which hold on the unit circle 

sin n 0 = : > cos n G = • j 
Il 2 

1 z1l= cosrcG -h i sin AI 8, z~n= cos/iô — ï s in / iô , 

this second theorem can be expressed : 

If the function f {z) is continuous on the unit circle C : \z \ = ï, 

then on G the function f(z) can be approximated as closely as 

desired by a polynomial in z and - • 
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3. Approximation to analytic functions; more gênerai point sets, 
— The theorems already mentioned are of much importance in ans-
wering such questions as the following, which we now consider : 

When can a function defined and continuous on a given point 
set be uniformly approximated by a polynomial on that point 
set? Of what point sets C is it true that EVLRY function analytic 
on C can be uniformly approximated by a polynomial on that 
point set ? Of what point sets C is it true that every fuction CON­

TINUOUS on C can be so approximated? Of what closed RÉGIONS C 
is it true that an arbitrary function analytic in the corresponding 
closed région can be uniformly approximated in the closed 
région ? Of what closed régions G is this true for an arbitrary 
function analytic interior to C, continuous in the corresponding 
closed région ? 

Approximation on unlimited point sets is easily disposed of : 

A necessary and sufficient condition that a function f(z) can 
be uniformly approximated on an unlimited point set C as closely 
as desired by a polynomial in z is that f(z) itself should be on 
C a polynomial in z. 

The proof is nôt diffîcult and is left to the reader. 
Uniform approximation by a polynomial of a function f(z) on a 

limited point set G which is not closed is équivalent to uniform 
approximation to an extension of the function f(z) on the setC' com-
posed of C and the limit points of C If £ > o is preassigned, a 
séquence of polynomials pn(z) converging to f(z) uniformly on C 
satisfies the inequality \pn(z)—pm(z)\<e, z on C, for n > N, 
m > N, where N dépends only on e. This inequality, valid on Cy is 
also valid on G', so the séquence converges uniformly on G'. The 
function f(z) is naturally continuous on C, and if that function is 
defined on G' by means of the séquence of polynomials (or, what is 
équivalent, by the requirement of continuity on G) then f(z) can be 
uniformly approximated by a polynomial on G'. Thus, in our future 
considération of approximation, it is sufficient to study approxima­
tion of continuous functions on closed limited point sets. 

The study of approximation of functions merely continuous on a 
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given closed set is much more délicate than the study of functions 
assumed analytic on the given set, so we turn first to the latter problem. 

Let C be an arbitrary closed limited point set and let the func­
tion f(z) be analytic in every point of C. Then a necessary and 
sufficient condition that f(z) can be uniformly approximated 
on C as closely as desired by a polynomial in z is that G should 
separate no singularity off(z) {considered as one or more mono-
génie analytic functions) from the point at infinity. 

Let G' dénote the complément of the infinité région whose boun­
dary consists of points of C but which contains in its interior no points 
of C. Then the condition (otherwise expressed) is thatf(z) can be 
extended analytically from C along paths of G so as to be ana­
lytic on the entire set G. JNaturally, if G falls into several distinct 
componenls, the monogenic analytic function defined on one compo-
nent may hâve a singularity on or interior to another component. 

The example given in paragraph 2is of interest iu this connection. 
The condition of the theorem is sufficient. If the condition is satis-

fied, the function f(z) can be exteuded so as to be analytic and 
single-valued not merely on C but everywhere within a positive dis­
tance à of G. Hence there exist one or more mutuallj exterior Jordan 
curves d , G2, - . ., C*u such that everv point of G lies interior to 
some curve. and such t h a t / ( z) is analvtic on and within each curve, 
Then by Runge's theorem ( § 2 ) the funct ion/(^) can be uniformly 
approximated on and within the curves C^, hence on G. 

The condition of the theorem is necessary. Let P be a singularity 
oîf(z) sépara ted from the pointât infinity by C and assume t h a t / ( ^ ) 
can be expressed on C as a uniformly convergent séries of polyno­
mials; we shall reach a contradiction. The point P is not a point 
of G, but lies interior to a limited simply connected région R bounded 
entirely by points of C. In fact, the points which can be joined to P 
by Jordan arcs not meeting C form a région which contains P in its 
interior and whose boundary consists wholly of points of G. That 
région need not be simply connected, but if it is multiply connected 
and if suitable points are adjoined to the région, there results a 
région R with the properties mentioned, 

The séries of polynomials representing f(z) on C converges uni­
formly on the boundary ofR, hence uniformly in the closed région R, 
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and represents a function ®(z) analytic interior to R, continuous in 
the corresponding closed région, equal to f(z) on C. The func­
t i o n / ^ ) is analytic on G, hence analytic in a suitable neighborhood 
of the boundary of R. The funct ion/(s) — ®(z) is analytic in a sub-
region of R adjoining the boundary of R and approaches zéro when 
z interior to R approaches the boundary of R. W e shall prove that 
f(z) — ®(z) vanishes identically interior to R. 

LEMMA. — If the function W(z) is analytic in an annular région 
interior to but bounded in part by y : | * | = i and if W(^) is 
continuous in the corresponding closed région and zéro on y, 
then ^(z) vanishes identically in the original annular région. 

The function W(z) can be extended analytically across y by 
Schwarz's principle of reflection; the function W, (z) : 

Wi(z) = }¥(z), z on and within y, 

Wt (z) = W ( -4 J > z exterior to f, 

is analytic in an annular région which contains y in its interior and 
vanishes on y, hence vanishes identically. 

,If R is mapped onto the interior of the unit circle, the function 
f(z) —¢(^ ) corresponds to a function W(z) which satisfies the hypo-
thesis of the lemma, when W(s) is suilably defined on y, so f(z) — O(s) 
vanishes identically in an annular région interior to R, hence throug-
hout R. Thus P , not a singularity of ®(z), cannot be a singularity 
o(f(z), and the theorem is completely proved. 

An immédiate conséquence of the theorem is : Let G be an arbi­
trary closed limited point set. A necessary and sufficient con­
dition that every function f(z) analytic on G can be uni­
formly approximated on C as closely as desired by a polynomial 
in z is that G should be the complément of an infinité région. 
Otherwise expressed, this condition is that G should not separate 
the plane. 

4. Jordan configurations. — The results subséquent to Runge's 
theorems that we hâve considered [due primarily to Walsh, 2, 3, 6; 
but seealso Hartogs and Rosenthal, 1] are entirely satisfactory so far 
as concerns approximation of functions analytic at every point of the 
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closed considered. If one desires more refined results, methods cor-
respondingly more refined must be used. Hère the modem theorv of 
conformai mapping is of service, particularly results of Garathéodory, 
Courant, and Lindelôf, and one can prove : 

Ifthe function j \z) is analytic in a Jordan région, continuous 
in the corresponding closed région, then in that closed région f(z) 
can be approximated as closely as desired by a polynomial in z (1). 

This is a generalization of Runge's theorem. 

If f(z) is continuous on the Jordan curve G, in whose interior 
the origin lies, then on G the function f(z) can be approximated 

as closely as desired by a polynomial in z and -• 
z 

This is a generalization of Weierstrass's theorem on approximation 
by trigonométrie polynomials (§2) . 

Iff(z) is continuous on a Jordan arc C, thenon G the function 
f(z) can be approximated as closely as desired by a polynomial 
in z. 

The spécial case where C is an interval of the axis of reals gives us 
Weierstrass's theorem on approximation by polynomials. 

The three theorems jus t. stated are due to Walsh [2, 3J; they are 
ail contained in the following more gênerai theorem [Walsh, 6] : 

Let C be a closed point set composed of a finite number of 
Jordan arcs and régions, which séparâtes no pair of points not 
belonging to C. Then an arbitrary function analytic in the inte­
rior points of C and continuous on C can be uniformly approxi­
mated on C as closely as desired by a polynomial in z. 

5. Further results. — From the discussion of paragraph 3 we see 
that if a closed limited point set C has the property that every 

( *) We remark in passing that this yields an immédiate proof of a gênerai form 
of the Cauchy-Goursat theorem : If f{z) is analytic interior to a rectifiable 
Jordan curve C, continuous in the corresponding closed région, then we 

hâve I f(z) dz = o. 
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function continuous on G can be uniformly approximated on G, 
then C must hâve no interior points and cannot separate the 
plane. Lavrentieff [Hartogs and Rosenthal, 1] has stated the con­
verse, that an arbitrary function continuous on the closed limited 
set C, which has no interior points and does not separate the 
plane, can be uniformly approximated on C. This resuit is highly 
important; it is to be hoped that publication of the proof will not be 
long delayed. The spécial case that C is of superficial measure zéro 
has been treated by Hartogs and Rosenthal [ 1 ] . 

The first and last questions mentioned in paragraph 3 are still 
unanswered, although the following contribution is due to Farrell [1] : 

Let C be a limited simply connected région and let w = $(z) 
map Gconformally onto | w j < T . Inorderthat $>(z) when suitably 
defined in the corresponding closed région G can be uniformly 
approximated in C by a polynomial in z, it is necessary and suf­
ficient that every point of the boundary ofC be contained injust 
one boundary élément (Primende) and that the boundary of G be 
also the boundary of an infinité région. An arbitrary function 
analytic interior to such a région C, continuous in C and cons­
tant on each boundary élément, can also be uniformly approxi­
mated in C. 

A few other problems deserve mention. Approximation not by an 
arbitrary polynomial (that is, a linear combination of the functions 
i , z, zy, . . . ) but by a linear combination of functions i, z^*, z^i,. . . 
has been studied by Carleman [1 ] . Approximation by polynomials 
whose roots lie in an infinité sector or are subject to broader condi­
tions has been studied by Lindwart and Pôlya [1] . Approximation 
in a région by polynomials not vanishing in that région has been stu­
died by Walsh [13] . Some open questions of interest are : Détermine 
the régions G with the property that an arbitrary function f(z) 
analytic and limited interior to C can be represented in C by a séquence 
of polynomials pn(z) such that we hâve 

(3) \im[ïMkx\pn(z)\, z mC] = Bound [ I / O ) |, z in G]t 

compare Carleman [1] . Given an arbitrary région C and a function 
f(z) analytic and limited interior to G; when can the given function 
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f(z) be represented in the given région C by a séquence of polyno­
mials pn(z) such that (3) is valid? If f(z) and its derivative f(z) 
are analytic interior to a Jordan région and continuous in the corres­
ponding closed région C, can f(z) a n d / ( z ) be expressed in C as the 
uniform limit of the respective séquencespn{z), /? /

/ /(^)?The answer 
is affirmative if the boundary of G is rectiiîable. 

What can be said of the possibilité of approximation lo a func­
t i o n / ^ ) analytic in a région by a polynomialp(z), as measured not 
by max \f(z)—p(z)\ but by the line or surface intégral of 
\f(z)—p(z)\P, p>o, laken over the boundary (assumed recti-
fiable) of the région or over the région ilself provided the correspon­
ding intégral of \f(z)]f exists? Results for a Jordan région for the 
case p — 2 ha\e been given by Smirnoff [1] and Carleman [1] res­
pective^. If approximation is measured by a line intégral and if f(z) 
is not analytic on the boundary, then boundarv values in some sensé 
are to be used in the line intégral. 

CHAPTER 11. 

DEGREE OF CONVERGENCE. 0VERCONVERGENCE. 

W e have hitherto considered primarily the question of possibility 
of approximation. W e turn now to the study of de grée of approxi­
mation — study of the asymptotic behavior of the error of approxima­
tion : max[ \f(z) —Pn(z) \, z on C] , as n becomes infinité. 

6. Lagrange-Hermite Interpolation Formula. — Let the distinct 
points Z\, z2, ..., zp, indices vu v2, ..., vp, and values Wk, w(

A°, ..., 
w{\k)> for k= ! > 2, . . . , p be given, where 

(VI + I ) + (V Î + I ) + . . . + (V / , + I ) = / i - h i . 

Then there exists a unique polynomial p(z) of de grée n which 
satisfies the équations ê 

plm)(zk) = wk
m) (m = o , i , 2, . . . , VA; k = i, a, ...,p), 

where the notation p[m)>{k) indicates the m-th derivative ofp(z) at 
the point z = -s*, and p{0)(zff) = ^ ( ^ ) . 
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The détermination of the polynomial/? (z) dépends on the solution 
of a System of n -\- i linear équations for the n -\- i coefficients a^ 
ofp(z). The vanishing of the déterminant A of the coefficients of 
the a^ in this system is a necessary and sufficient condition for the 
existence of a polynomial of degree n not identically zéro which 
vanishes, together with its first v* derivatives, in the point zk) such a 
polynomial is known not to exist. Hence A is différent from zéro, 
and the required polynomialp(z) exists and is unique. 

As a convention, wefrequently express thèse requirements on p(z) 
by saying that p(z) shall take on prescribed values in the points zk, 
counted of respective multiplicities v* - f -1 . In particular the values 
iv^m) may be the derivativesf(m](zk) of a given function/(2) . In this 
case the polynomial p(z) is said to coincide with or to interpolate to 
the funct ion/(^) in the points 3*, considered of respective multipli­
cities *>*+ 1. 

For our présent purposes, we require a formula for the polynomial 
p(z) of degree n which coincides with the func t ion / (^ ) (analytic 
çn and within a contour C) in the points (not necessarily distinct) 
Z\, z*, .. '., z,lJrh interior to C. W e hâve 

<,\ ti*\ nt,\-
 l rAz—*i)--.(*—zn+j)f(t)dt 

z interior to C, as we shall proceed to verify. It is seen by inspection 
that f(zk)=p(zk), k=i,2, . . ., n-\- 1. Moreover, if f(z) is 
expressed by Cauchy's intégral takenoverC, theresulting expression 
for p(z) is clearly a polynomial of degree n. The conditions stated 
détermine p(z) uniquely if the zk are distinct. The reader will 
verify the fact that the formula (1) is valid even if the points zk are 
not ail distinct ( j ) [Hermite, 1 ] . 

Formula (1) is also correct if C is composed of several distinct 
contours bounding one or more distinct finite régions, provided/ (^) 
is analytic (and single valued) in each closed région, and the points zk 

ail lie in thèse régions. 

(1) Thanks to the convention made relative to multiple points zk, it is easily 
proved from ( 1) that the polynomial p(z) is a continuous function of the zk. This 
cootinuity is uniform for z in any limited région, and for the zk on any closed point 
set interior to G. 


