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PAHHOHAJGbHLIE nOBEPXHOCTH HA^ COBEPinEHHHMH
nOJIHMH

K). H. MAHHH

IIycTb A-coBepmeimoe nojie, F-ajireSpanqecKan noBepxHocTb nan k. rioBepx-
HOCTb F HasbiaaeTCH painioHajibHoft, ecjin FOs^A 6Hpaij;HOHajibHO aKBHBajieHraa
njiocKOCTH Han ajireQpaHHecKHM aaMbmaimeM k nojin k. rioBonoM HJIH paccMOTpeHHH
TaKHx noBepXHOCTeH cjie?KaT npewie Bcero nno^aHTOBbi sanaHH: Heoco6an KySnqecKaR
noBepxHocTb B P3 pau;noHajibHa. ECJIH panHOHajibHan noBepxHocTb F 6Hpau;HOHajibHO
aKBHBajieHTHa njiocKOCTH yme Han k, TO MHomecTBO ee A-ToqeK napaMepnsyeTCH
HByMH HesaBHCHMbiMH napaMeTpaMH <HCKjiK)HeHHH jie^KaT na KOHCHHOM qucjie
KpHBbix>. B npOTHBHOM cjiyqae Bonpoc o cyinecTBOBaHHH H onncaHHH MHO^ecTBa
Bcex A-TOHeK <HanpHMep, Korna ^-HncjiOBoe nojie>, HBjineTCH TpyaHOii sanaHeft.

AHajiornqHan onHOMepHan sanaHa 6bma paccMOTpena B KOHU;e npomjioro aeKa H
nojiyqujia nojiHoe pemeHne B pa6oTe rnjibfiepTa H rypBHna. Hajmque A-TOHKH H
6npaHHOHajibHaH TpHBHajibHOCTb Haa k WR Heocofibix KpHBbix pona Hyjib paBHO-
CHjibHbi; BcnKan Heoco6an KpHBan poffa Hyjib Haa k CTaHOBHTcn HSOMOP^HOH P1

Haff A, TO ecTb npHHaajie^KHT K Kjiaccy MHoroo6pa3nn CeBepn-Bpay3pa — 6npery-
jiHpHbix $opM npoeKTHBHbix npocTpaHCTB. HaKOHeu;, Bonpoc o cyinecTBOBaHHH
TOHKH B HHCJIOBOM cjiyqae pemaeTCH ^HCTO jioKajibHHMH cpencTBaMH.

IIpHqHHa pesKoro ycjiomHemm CHTyanHH npn nepexone K HByMepHOMy cjiyHaio
COCTOHT B TOM, WO rpyima KpeMOHbI Gr 6Hpail;HOHaJIbHbIX aBTOMOp(J|)H3MOB njIOCKOCTH

SHaHHTejibHO 6ojibme npoeKTHBHOH rpynnbi. Mno^KecTBO H1^, Cr) 6Hpau;noHajibHbix
(j()opM njiocKOCTH najieKO He ncqepnbiBaeTcn KjiaccaMH noBepXHOCTeH CeBepn-Bpay3pa.
B (^yHnaMeHTajibHofi pa6oTe 3HpnKBeca [7] KjiaccHHecKHH « MeTon npHcoeaHHeHnn »
HcnojibsyeTCH HJIH noKasaTejibCTBa Toro, qTO BcnKan pannoHajibHan noBepxHocTb
6HpannoHajibHO npHBoanTCH Haji; k K OHHOH H3 noBepXHOCTeH aoBOjibHO orpaHH-
qeHHoro Kjiacca. Moj];epHH3npOBaHHoe H3Jio?KeHne pesyjibTaTOB BHpHKBeca coffep-
^KHTCH B nepBOM naparpa^e Hameii pa6oTbi. rpy6o roBOpn, na BCHKOH pau;noHajibHO@[
noBepxHOCTH Mourno HanTH jin6o nyqoK ajijmnTHqecKHx, jin6o nyqoK pai];HOHajib-
Hbix KpHBbix, napaMeTpH30BaHHbm KpHBoH poaa Hyjib. MnHHMajibHbie Heoco6bie
noBepxHOCTH nepBoro Tuna HMeioT paHr rpynnbi rinKapa ^ 10, H TCM caMbiM « saBH-
CHT OT KOHeHHoro HHCjia napaMeTpOB »; y noBepXHOCTeH BTOporo Tnna paHr rpynnbi
riHKapa HeorpaHH^eH.

SHpHKBeC OCTaBHJI OTKpbITbIM BOIIpOC 0 fl;ajIbHenmeH KJiaCCH$HKai];HH pail;HO-

HajibHbix noBepXHOCTeH. 3Ta saaaqa nccjie.a.OBajiac'b B pa6oTax KoMeccaTTH [6] H
Cerpe [18] B cjiyqae OCHOBHOFO nojin A;=R a TaKme B pa6oTe Cerpe [17] njiH
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56 JU. I. M A N I N

KyQuHecKHx noBepxnocTen naa nponsBOjibHbiM nojieM HyjieaoH xapaKTepncTHKH.
B HenaBHeii pa6oTe HCKOBCKHX [10] MeTon KoMeccarrH o6o6inaeTCR na HeKOTOpbm
Kjiacc paipioHajibHbix noBepxHOCTen nan nponsBojibHbiM nojieM. OcnoBHbie pesyjib-
TaTbi 3THX pa6oT saKjiiOTaioTCH B OTbicKamm 6Hpau;noHajibHbix HHBapHaHTOB pau.HO-
HajibHbix noBepxHOCTen nan ocHOBHbiM nojieM. Bo BTOpOM naparpa^e BTOH pa6oTbi
npeajiaraeTCH HOBbie HHBapnaHTbi TaKoro pOHa. IIycTb F-panHOHajibHan noaepx-
HOCTb, N(F)-rpynna KjiaccoB ,o;nBH30pOB na F®^A:, paccMaTpHBaeMan KBK Moayjib
Han rpynnoH Fajiya G ajire6panqecKoro saMbiKaHHH ocHOBHoro nojin. IIo H3BecTHOM
aBOHCTBeHHOCTH TaHTa, G-MOffyjIH) N(F) COOTBeTCTByeT HeKOTOpbIH A:-TOp T. OKa3bI-

BaeTcn, ^TO Bee HHBapHaHTbi Topa T, onHcaHHbie B pa6oTe OHO [16] B qacTHocTH
z(T), h{T), r(T), Koraa OHH onpenejieHbi, saBHCHT jinmb OT SupaHHOHajibHoro Kjiacca
noBepxHOCTH F. HanoMHHM, HTO A(T) ecTb nopnnoK rpynnbi ^(^^(F)); B nen-
CTBHTejibHOCTH caMa 3Ta rpynna, a He TOjibKO ee nopnaoK, HBjiHeTCH HHBapnaHTOM F.
Mbi nojibsyeMCH BTHM JI.JIH noKaaaTejibCTBa TOFO, HTO MHOwecTBO H^A;, Cr) 6ecKO-
neHHO, ecjm A:-KOHeqnoe nojie. BTOT pesyjibTaT BnepBbie 6biji noKasaH ffpyrHM Me-
TO.O.OM B pa6oTe HCKOBCKHX; OH HOKasbiBaeT rjiyQoKoe OTjiHHHe rpynnbi KpeMOHbi
OT ajireGpan^ecKHX rpynn.

TpeTHti naparpa^ nocBHineH HsyqeHHio pannoHajibHbix noBepxHOCTeft ffejib
nenno, KOTOpbie snecb onpeaejiHioTcn KBK noBepxHOCTH c oneHb o6njibHbiM aHTH-
KaHOHHHecKHM KjiaccoM. HcKJiiOHHTejibHbie KpHBbie na HHX oSpasyioT KjiaccHqecKne
KOH(jg)nrypanHH, SoraTbie cuMMeTpHHMH M Hrpaioinne cyinecTBeHHyio pojib B 6npa-
HHOHajibHofi Kjiaccn(j|)HKai[Hii. Bee paccMaTpHBaeMbie HBMH noBepxHOCTH Haji; k
MoryT 6biTb npeffCTaBjieHbi KBK peryjinpHbie o6pa3bi Ky6nHecKOn noBepxHOCTH B
P3; us Hamnx pesyjibTaTOB noaTOMy cjienyioT (HHoraa B 6ojiee cnjibHOM BapnaHTe)
pna TeopeM pa6oTbi Cerpe [17], KOTOpan B 3HaqnTejibHOn CTeneHH CTHMyjmpOBajia
HHTepec aBTOpa K 3Ton TeMe.

HaKOHeu;, B neTBepTOM naparpa^e BbiCKasbiBaeTca rnnoTeaa o TOM, ^TO y BCHKOH
paniiOHajibHOH noBepxHOCTH Haa C^-nojieM k HMeeTCH A;-ToqKa, n npHBon;HTCH ne-
KOTOpbie apryMeHTbi B ee nojibay.

H rjiySoKO npH3HaTejieH M.P. IIIa^apeBHHy, KOTOpblii npHBjieK Moe BHHMaHne
K paccMaTpHBaeMOMy Kpyry BonpocoB H 6ece,o;bi c KOTOpbiM Gbijin njiH MeHH oqeHb
nojiesHbi. B qacTHOCTH, eMy npHHaajie^KHT BecbMa Ba^noe saMeHaime, HTO us Teo-
peMbi 2.2 BbiTeKaeT cjieji;CTBne B n. 2.3.

o. IIpeuBapHTejibHbie CBeneHHH

Bcioffy B najibHemneM /;-(j|)HKCHpOBaHHoe coBepmeHHoe nojie; k-ero ajire6pan-
qecKoe saMbiKaHne, G==G(A;/A:)-rpynna Fajiya. rioBepxHOCTb-3TO HByMepHan reoMe-
TpHHecKH HenpHBOHHMaH ajire6panqecKaH A-cxeMa; ecjin He oroBOpeno npOTHBHoe,
Bee noBepxHOCTH npeanonaraioTcn npHBeaeHHbiMH.

HmKe c(j()opMyjiHpOBaHbi Heo6xoj];nMbie HJIH aajibHemnero (j^aKTbi.
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RATIONAL SURFACES OVER PERFECT FIELDS 57

0.1. JIEMMA. — (o paspemcHuu oco6eHHOceu Ha9 k ) . IIycrnb V-co6cmeeHHan
k-noeepxHocmb. Cylnecmeyem pezyjinpHap co6cm6eHHa.5i k-noeepxnocmb F' u 6upa-
HUOHaJIbHblU k-MOp(f)U3M F'->F.

0.2. JIEMMA. — (06 ycmpaHenuu monen neonpeQejieHHocmu panuonajibHozo
omo6pa^ceHUR Ha9 k ) . Uycrnb ¥-KCIK e JIOMMC 0.1; f: F->X-panuona^bHoe omo6pa-
oiceHue e ajize6paimecKyio k-cxeMy X. TozQa cyiuecmeyem manaR co6cmeeHHaR k-noeep-
XHOcmb F', maKOu 6upanuoHajibHou k-Mop^u3M g : F'->F u manou k-Mop^ii3M
h : F'->X, nmo QuazpaMMa panuoHajibHbix omo6paoiceHuu

F'
I \^

^ ^
F —> X/

KOMMymamueHa.
(CM. A6bHHKap [i], H 6n6jinorpa(j()Hio B 3TOH KHHre).
0.3. KpHBan Ha noBepxHOCTH — BTO a^eKTHBHbm niiBHsop KapTbe, a TBK^Ke

noncxeMa, cooTBeTCTByioinan 3TOMy nHBH30py (ApTHH [3]) Fpynna G=G(klk)
fleHCTByeT na F®/^ qepes BTOpoft MHO^KHTejib (snecb H B najibHemneM MH numeM
F®k BMecTO F®^A).

JIEMMA. — IIycrnb F—k-noeepxHocmb, XcF®~k-HeKomopbiu Queusop. Hueusop
XcF manou, nmo X=X®k, eyinecmeyem e moM u mojibKO e moM cjiynae, KozQa
j'(X)=X QJIR ecex jeG.

CM. KapTbe [5] (j].encTBne G Ha jmBHsop: 3TO ajieMCHT rpynnbi H°(R(F®I)/^^)
H cHOBa nencTBHe onpeaejineTCH qepes MHomnTejib i). [3j];ecb R(F®i) — nojie
(J|)yHKHHH Haj]; F®A].

0.4. A-noBepxHocTb F, co6cTBeHHan H peryjinpHan HasbiBaeTca A-MHHHMaji-
bHOH noBepxHOCTbK), ecjin jiio6oH ee 6npanHOHajibHbiH ^-MOp(j|)H3M F->F', rne
F'-peryjinpHan noBepxHOCTb, HBjineTCH H30MOp$n3MOM.

nycTb XcF®A:-HenpnBoj];nMan HCKjiioqnTejibHaH KpHBan nepBoro poffa, TO-ecTb
TaKan, HTO p^(X)==o, ( X , X ) = — i .

JIEMMA. — Co6cmeeHHaH pezyARpHdfi k-noeepxHocmb F HejinemcH k-MUHUMajib-
Hoii e moM u mojibno e moM c^iynae, KozQa k-noeepxHocmb ¥®k jiu6o He coQepoKum
HenpueoQiiMbix ucK/iiomime^bHbix Kpuebix nepeozo po9a, jiu6o QJIR jiio6ou manou. Kpueoii
XcF^k HauQemcR 9JieMeHm seO maKou, nmo ^ (X)+X u Kpuean X+j(X) Cessna.

HoKasamejibcmeo. — a) ycjiOBHeaocTaTOHHO. j],encTBHTejibHO, nycTb BTO HeTaK H
nyCTb /: F-^F'-6npaHHOHajIbHbIH /;-MOp(J(;)H3M, He RBJIHIOmHMCH H30MOp(J()H3MOM. OH

HHaynnpyeT SHpaHHOHajibHbrn A-MOp$n3M /: F®k - ^ I ^ k ; BBHny reoMeTpnqecKOH
peryjinpHOCTH F H F'; cymecTByeT HenpHBoaHMan HCKjiioqiiTejibHaH KpHBan nepBoro
pona XcF®A;, njin KOTOPOH/(X) RBjineTCH 3aMKHyTofi TOHKOH. Ho Toraa f{s(X))
Tampe HBjiReTcn 3aMKHyTOH TO^KOH; oaHaKO He cymecTByeT TaKoro ^-MOp(jt)H3Ma,
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58 JU. I. M A N I N

KOTOpbIH CTOTHBajI 0bl KpHByK) C HeiIpHBOj];HMbIMH KOMnOHeHTaMH X, J(X), . . ., H00

3TO npOTHBOpe^HT jieMMe MaM^opna [13] 06 OTpHnaTejibHOH onpeneneHHOCTii:
(X+<X).X+^(X))^o.

6) ycjioBne HeoSxonHMO.
riycTb XcF®A-HenpHBonnMaH HCKjiioHHTejibHan KpHBan nepaoro pona; npe-

HnojiomHM, HTO OHa He nepeceKaercH co BceMH CBOHMH conpmKeHHHMH. IIycTb BTO
6ynyT Xi, . . . ,X,; A(X,)=o, (X,.X,)=-i, (X,.X,)=o, i^j\ B cnjiy JICMMLI 0.3
cyinecTByeT TaKan KpHBan XcF, HTO

_ d

X®~k=: S X.
i=l l

aoKaweM, HTO eyinecTByeT 6npaHHOHajibHi>m A-MOp(j|)H3M /: F->F', CTnrHBaioiHHn ary
KpHByK). HoKasaTejibCTBO CTaHnapTHoe, H Mbi orpaHH^HMCH Ha6pocKOM (CM. ApTHH [3]).

MO^KHO cHHTaTb, HTO noBepxHOCTb F npoeKTHBHan H HTO BbinojmeHbi cjienyioiHHe
yCJIOBHH:

Hl(F^(I))-o,

(^(i).^(X))=^, aeZ.

Torna HMeeT MecTO TOHHaa nocjieffOBaTejibHOCTb
o->^(i)-^^(^X)(i)->^-^o

(^eftcTBHTejibHO, Hy^KnaeTCH B npoaepKe jinmb TOHHOCTb B TpeTbeM HjieHe: OHa
cjienyeT H3 TOFO, HTO $aKTOpoM HBjineTCH nyqoK, .uoKajibHO H30Mop(j|)Hbin (0^ H
COOTBeTCTByiOIHHH ,0;HBH30py Ha X CTeneHH

(^(^X)(i).^(^X))=—a^+^=o.

TaK KBK X0A; pacnaffaeTCH na HenepeceKaioiniiecH KpHBbie pona nyjib, na Ka^Knon
H3 KOTOpbix HHayHHpyeTCH ji;HBH30p HyjieBOH CTeneHH, nojiynaeM Tpe6 yeMoe).

OTCIOna HaXOflHM TOHHyK) HOCJieaOBaTejIbHOCTb

o-^H°(F, ^(I))-IH°(F, ^X)(i))->H°(F, ̂ )^o.

nycTb Jo-npoo6pa3 i eH°(F, (9^; ̂ , . . . , ^-6a3nc z-o6pa3a npocTpaHCTBa H°(F, ^(i)).
A;-MOp(||)H3M /: F-^P^, onpenejieHHun nywoM ^p(^X)(i) H HagopOM ero cew-

HHH (Jo, . . . , j-J, SnpamiOHajieH H HBjineTcn H30MOp$H3MOM Ha F\X; KpOMe TOTO,
•^oW^1? ^iW=. . . ==S^{x)=0 nJIH JIK)60H TOHKH A;eX, TBK HTO KpHBaH X CTHrHBaeTCH.

Xopomo H3BecTHO, HTO noBepxHOCTb /(F)®^ peryjmpHa; cjienoBaTejibHO, BBnny
coBepmeHCTBa nojin k, noBepxHOCTb/(F) To^e peryjinpHa. JTeMMa ;o;OKa3aHa.

0.5. JIEMMA. — IIycrnb xeF saMKHymaH monKa Ha npoeKmueHOu k-noeepx-
Hocmu F, paccMampueaeMaH Ran noQcxeMa c npueeQeHHou crnpyKmypoii. IIycrnb
f: F' -^V-MOHOuQajibHoe npeo6pa3oeaHiie c neumpoM x. IIycrnb x^ ..., x^e7®k-zeoMe-
mpunecKue monKU, jie^cainue Ha9 x, omo^fcQecmejineMbie c saMKHymbiMU mouKaMU F®i.
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RATIONAL SURFACES OVER PERFECT FIELDS 59

TozQa MOp(f)ii3M f: F'®/; -> F ® k , uHQynupoeaHHbiu f, nejinemca MOHouQajibHbiM
n

npeo6pa3oeaHueM c neiimpoM e U x^. TOHKU x^ conpR^iceHbi omHocumejibHO G.
Hao6opom,nycmb3a9aHHa6opconpR3iceHHbixmoneK x^eF®k unycmb /:P-^F®i-

n
MOHOuQajihHoe npeo5pa3oeaHiie c neHmpOM U ^. TozQa cytnecmeyem maKaR 3aMKHymaH

_ n _ _
moHKa xeF, nmo x®k= U ^, u f=f®k, z9e f-MonouQajibHoe npeo6pa3oeaHue c
neHmpOM 6 x.

i. TeopeMa 3HpHKBeea

1.1. ByaeM HasbiBaTb A:-noBepxHOCTb F pau;HOHajibHoii, ecjin noBepxHOCTb
F®A 6npanHOHajibHO BKBHBajieHTHa njiocKocTH, TO ecTb nojie (j|)yHKHHH R(F®A)
HBjineTCH HHCTbiM pacmHpeHHeM nojiH k CTeneHH TpaHcu;eHneHTHOCTn nBa. Koraa
Mbi roBOpHM, HTO A:-noBepxHOCTH F H F' 0Hpai];HOHajibHO aKBHBajieHTHbi, Mbi Bceraa
nonpasyMeBaeM 6iipau;HOHajibHyio aKBHBajieHTHOCTb Han k. B 3TOM cjiyqae, KBK
cjienyeT H3 jieMMbi 0.1, cyinecTByeT ^-noBepxHOCTb F" n 6npau;noHajibHbie A;-MOp-
(j|)H3Mbi /: F"->F, ^.-F^-^F', Mbi QyneM roBOpHTb, mo noBepxHOCTH F n F' KBa-
3H6HpaHHOHajIbHO BKBHBajieHTHbI eCJIH CymeCTByeT nOBepXHOCTb F", H MOp(J|)H3MbI

/, g npeanojiaraeMbie pa,o;HKajibHbiMH H ffOMHHHpyioiHHMH. J],JIH OCHOBHOFO nojin
xapaKTepHCTHKH Hyjib BTH noHRTHH coBnaaaiOT.

1.2. TEOPEMA. — IIycrnb 7-panuoHajibHan k-noeepxnocmb. Cyiuecmeyem
pezyjinpHaH co6cmeeHHaR k-noeepXHocmb F', Kea3u6upanuoHaMHO 3KeueaMHmHaH noee-
pxHocmu F, k-KpueaH C, u k-MOp(f)U3M y:F'->C co cjieQyiotHUMU ceoucmeaMU:

a) Kpuean C co6cmeeHHaR, pezyAHpHafi, zeoMempunecKu HenpueoQuMa u npu-
eeQeHa; pa(C)=o.

6) nycmb x-o6inaR monKa Kpueou C; o6uiuu cjioii F^ Mop(f)U3Ma f nejiRemcR
co6cmeHHOu, zeoMempunecKU pezyjiRpHoU, eeoMempunecKU HenpueoQuMoil K[x)-Kpii60u;
Pa{'Ffx)=o UJlu I -

.HoKasaTejibCTBO. ^JIH BCHKOH noBepxHOCTH F CHMBOJIOM cop 6yneM oSosHBHaTb
KaHOHHTOCKHfi oSpaTHMbifi nyqoK Ha Heft, 7z(F)-paHr rpynnbi Num(F®A) KJIBCCOB
qncjieHHoft aKBHBajieHTHOCTH KpHBbix Ha ¥ ® k . J],JIH BCHKOH co6cTBeHHoft peryjiupHoft
panHOHajibHoft noBepxHOCTH F HMeeM B cnjiy (j()opMyjibi Heiepa

^.^)+n(F)=io',

noaTOMy cnejiaB nocTaTOHHO MHoro MOHonnajibHbix npeo6pa30BaHnft F c u;eHTpoM
B SaMKHyTbIX TO^KaX, Mbi CMOmeM ,H06HTbCH TOrO, HTO

(00? • (OF^O

MomHO cHHTaTb, HTO F npoeKTHBHa; corjiacHo KjiaccnqecKOMy pesyjibTaTy, JI.JIH
Bcex HOCTaTO^HO Sojibiunx n HMeeM:

dimH0^®^!))^.
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60 JU. I. M A N I N

(CM., nanpHMep, Cepp [19]; naimoe TBM ffOKasaTejibCTBO OTHOCHTCH K ajire6pan-
qecKH saMKHyTOMy nojuo, HO TpHBHajibHbm cjiyqan $opMyjibi KioHHeTa noKasbiBaeT
TO we Haa A). ITo3TOMy MO^KHO BbiQpaTb TaKoe n^o, HTO

dimH0^^®^!))^,
( I•2• I ; dimH0^^®^!))^!.

BbiQepeM nBa jiHHeimo HesaBHCHMbix ceneimH So, .^eH^co^®^!)); OHH onpene-
JIHIOT paij;HOHajibHoe ^-OToSpan^eHHe ^ : F-^P^; B cnjiy jieMMbi 0.2 MO?KHO cqHTaTb,
qTO DTO MOp$H3M, npOH3Bej];H HaH F HecKOjibKo MOHOHnajibHbix npeoSpasoBaHHU.
PaccMOTpHM nejioe 3aMbiKaHne C cxeMbi P^ B nojie R(F); MOp$H3M g npencTaBjineTCH
B BHne

F-^C->P^

(CM. FpOTeHjmK [8], IV, CTp. 119-120). KpHBan C reoMeTpnqecKH HenpHBonnMa n
reoMeTpHHecKH npHBenena, n6o nojie k saMKHyro B R(F); ona, OHeBHHHO, co6cTBeHa,
HOpMajibHa H 3HaHHT reoMeTpHHecKH HopMajibHa, nSo A-coBepmeHHoe nojie; ^(C) = o,
H6o F-panHOHajibHan noBepxHocTb. HaKOHen, B noKjiane Ceppa [19] noKasaHO, HTO 113
yCJIOBHH (I . 2 . I) BbITCKaeT, HTO

(1.2.2) A((^®XW^ed)=0 HJIH I.

rne ^-o6inaH TOHKa KpHBOM C. O()IHHH CJIOH F^ Bcerna reoMeTpnqecKH HenpHBonnM.
ECJIH o6mHH cjiofi F^ reoMeTpnqecKH npHBeaen (B HacTHOCTH, ecjin CharA;=o),

Bee ,o;OKa3aHO. HHaqe BOcnojib3yeMca npeaJio?KeHHeM 4.6.6 (FpOTeHnHK, [8], IV,
CTp. 69): cymecTByeT TaKoe KoneHHoe paaHKajibHoe pacmnpeHne K nojin x(;v), HTO
KpHBan (F^ ®K)^ reoMeTpHHecKH npHBeaena. riycTb C'-^C-nejioe 3aMbmaHHe

y.{x)

KpHBofi C B nojie K; paccMOTpHM nnarpaMMy
(FXcG^^-FXcC^F.

06iHHM CJIOH CKB03Horo MOp(j|)H3Ma reoMeTpHHecKH HenpHBO^HM H npHBeneH, nSo
OH H30MOp$eH (F^. ®K)^. Cynep'beKTHBHOCTb H panHKajibHOCTb g oneBimHa. Pery-
jiHpHOCTb o6inero CJIOH cjieayeT 113 TeopeMbi BepTHHH.

1.3. B najibHemueM Mbi SyaeM paccMaTpiiBaTb 6npau;HOHajibHbie KJiaccbi TOjibKO
TaKHX painiOHajibHbix noBepxHOCTen, HJIH KOTopbix cym[ecTByeT OTo6paweHHe na
KpHByK) C yKa3aHHbIMH B TCOpeMe 1.2 CBOMCTBaMH. B XapaKTepHCTHKe ?4=0 3TO

npHBOHHT K npeHe6pe^KeHHIO paffHKajIbHbIMH MOp(J|)H3MaMH.

1.4. IIycTb HMeeTCH yi:-MOp(||)H3M BHffa f: F->G c onHcaHHbiMH B TeopeMe 1.2
CBOHCTBaMH. C-CXCMy F (OTHOCHTejIbHO MOp$H3Ma/) Ha30BeM C-MHHHMajIbHOlt, eCJIH

BO BCHKOH KOMMyTaTHBHoft j];narpaMMe Bnji;a

F -̂ -> C

F'
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rne g, A—A-MOp^MbI, H3 TOrO WO ^-6Hpai];HOHajieH, CJienyeT, WO ^-H30MOp$H3M.

AnajiornqHO, H 6yny roBOpHTb, wo F®I (C®I)-MHHHMajibHa, ecjm HMeeT MecTO
TO me ycjiOBue njin k MOp(|g)H3MOB. IIOJIO^KHM f==f®~k : F®~k -> C®~k.

(C®A;)-MHHHMajIbHOCTb 03HaqaeT, WO B CJIOHX MOp(||)H3Ma / HeT HCKJIIOqHTe-

JIbHbIX KpHBbIX nepBOrO p0j];a; C-MHHHMajIbHOCTb 03Haqa6T, WO BCHKBH HCKJIIOTOTe-

JibHan KpHBan, jie^Kaman B reoMeTpHHecKOM cjioe Mop(j|)H3Ma /, nepeceKaeTcn c
KaKOH-HHgynb H3 conpH?KeHHbix K Hen (CM. jieMMy 0.4).

1.5. TEOPEMA^. — Ecmi C-noeepxHocmb F C-MUHUMajibHa, u o6inuu cjiou.
UMeem po9 1, mo F®k {C®k)-MUHUMa^ibHa.

HoKaaame^ibcmeo. — nycTb STO He TBK u nycTb XCF®A;-HCKjiio™TejibHaH
KpHBaa nepBoro pona, CTnrHBaeMan 6HpamiOHajibHbiM C®I-Mop(j|)H3MOM g . H3 KOM-
MyTaTHBHOCTH nnarpaMMbi cjienyeT, wo Xc(F®I)^, r^e ^eC^I-HeKOTOpan 3aMK-
HyTan ToqKa KpHBofl C®k (MH OTO^necTBjiHeM BTOT CJIOH c ero KaHOHnqecKHM
o6pa30M B F®A). HccjieflyeM CTpyKTypy reoMeTpnqecKHx CJIOCB MOp(j{)H3Ma g . HaM
noHano0HTCH cjieayioinan jieMMa:

JIEMMA. — IIycrnb f^'k-^F'-neKomopbiu (C®ky6iipanuoHajibHbm MOp^ii3M,
u nycmb Q^IH saMKHymoii monKii xEC®'k c^ioil F^ o6jiaQaem cjieQyioinuMU QeyMH
ceou.cmea.MU:

a) HJIR jiio6ou ezo HenpueoQuMou KOMnoHCHmu X IIMCCM (X.X)<o u/iu ^(X)4=o.
6) ECJIU X,, Xy-pa3Hbie KOMnoneHmbi CJIOR F^ RejiRioinuecR HenpueoQuMbiMU UCKJI-

wnumejibHbiMU KpuebiMu nepeozo po9a, mo KpueaH X,+X^ HecensHa.
Toz9a cjioii (F®k)^ o6jiaQaem meMu 3Ke ceoiicmeaMu.
HoKasamejibcmeo. — JieMMa jierKO npOBepneTCH B cjiyqne, Koraa g npencTaBjineT

co6on MOHonaajibHoe npeo6pa30BaHne c neHTpOM B 3aMKHyToit TO^Ke; HHnyKHHH
uaeT TpeSyeMoe B cnjiy Toro, wo BCHKHH 6npanHOHajibHbm Mop$H3M pa3jiaraeTcn
B npon3Beffeime TaKiix MOHonnajibHbix npeo6pa30BaHHH.

IIpoflojiHUlM ,o;OKa3aTejibCTBO TeopeMbi 1.5.
^3aMeTHM, wo ecjin A;-Mop(||)H3M F'-^C®! c o6mnM cjioeM poffa 1 onpeffejineT

(G®A:)-MHHHMajibHyio noBepxHOCTb F', TO ero reoMeTpnqecKHe CJIOH yffOBjieTBOpnioT
ycjiOBHHM jieMMbi. BTO cjie^yeT H3 KjiaccH(j|)HKanHH TaKHx CJIOCB, npHHaffJiewaineH
Koflanpa H^Hepony [15]. Ms jieMMbi Toraa BbiTenaeT, HTO reoMeTpHHecKne CJIOH
Mop$n3Ma / yaoBjieTBopHioT TCM me ycjiOBHHM. riojib3yHCb jieMMoit 0.4 113 G-MHHH-
MajibHOCTH noBepxHOCTH F 3aKjiK)HaeM, wo B reoMeTpnqecKHx CJIOHX MOp(j|)H3Ma ~f
HCT HCKjiioHHTejibHbix KpHBbix nepBoro poffa, qTO ,o;OKa3biBaeT Tpe6yeMoe.

1.6. TEOPEMA. — B npe^cHux o6o3HaneHUHx ec/iu noeepXHOcmb F C-MUHU-
MajibHa, a po9 o6inezo CJIOR paeeH Hyjno, mo cyinecmeyem mandR (C®k}-noeepxHocmb
F' u maKou 6upanuoHajibHbm {C®k)-Mopcf)U3M ^ :F®^^F' , urno

a) CrnpyKmypHblii MOp(f)U3M F'-^COA: npeepaufaem F' e ^iuHeuHamyio noeepx-
Hocmb co cjioeM P^ (mo ecmb e Kocoe npoii3ee9eHue co cjioeM P| u npoenmueHou cmpy-
KmypHou epynnou).
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6) Mop(f)U3M g He/inemcR jiu6o moMOpc^WMOM, Jiu6o MOHOuQajibHbiM npeo6pa-
soeaHueM c neHmpoM e KOHCHHOM nucjie saMKHymbix monen noeepxHocmu F' (Jie^icainux
Ha pa3Hbix CJIORX amou noeepxHocmu). IIycrnb amu mouKU jie^icam e CJIORX F^ , . . . , F^.
TozQa cyMMa g-npoo6pa3oe amux c^ioee Ha noeepxHocmu F®k G{klk)-UHeapuaHmHa
u nejisiemcR Ha6opoM KOHeuHozo uucjia op6um, na^icQaR 113 Komopbix UMeem eu9

(Bee HenpHBOHHMbie KOMnoHeHTbi poaa 0).
HoKasame^bcmeo. — a) J3,JiH nocTpoeHun MOp^nsMa g craneM Bee HCKJiioHUTejib-

Hbie KpHBbie, coffep^KaiHHecH B CJIOHX MOp(||)H3Ma ¥ ® k - ^ C ® k . JIerKO noKasaTb
Torna, HTO Bee CJIOH MOp(j|)H3Ma F'-^C®^ 6yffyT KpHBbiMH apH^MeTHqecKoro pona

n

nyjib, npHBeneHHbiMH H HenpHBO.n;nMbiMn. B caMOM nejie, ecjin F^= S ̂ X^., a^o,
_ i=l

^eF®A;-3aMKHyTaH TOHKa, TO

(F;.^^)=(F,.^^®^(F,))=-2,

H6o
A(X)=A(X,)=o,

oTKyna
S^(X,.^^)-S^(X,.cop^,®^(X,))-S^(X,.X,)=-2^-

ECJIH (X,.X,)^—2 H n^i, OTCiona HaxonnM, HTO npaaaH cyMMa ^o-npOTHBO-
peqne; 3HaHHT, (X,.X,)=0 H 7 Z = I , ^=1. CHOBa XOpOmO H3BeCTHO, HTO TBKHe

noBepxHOCTH-jiHHenqaTbie H onH03HaHHO onpeaejiHiOTcn Haji; k KBK paccjioeHHH HHCJIOM
^^KeHn (CM. HanpHMep [14]).

6 ) Mop$n3M ^:F®A;->F / BcerHa Mourno npe.o;CTaBHTb B BHne npon3Bej];eHHH
(C ® k ) -MOp(J|)H3MOB

F®!-^"-^

rne F" nojiynaeTCH H3 F' MOHOimajibHHM npeo6pa30BaHneM c neHTpaMH B KOHen-
HOM HHcjie 3aMKHyTbix TOTOK Ha F', jie^KaiHHX no OHHOII Ha KawnoM H3 cjioeB no-
BepXHOCTH F', B OKpeCTHOCTH KOTOpbIX g HC HBJIHeTCR H30MOp(||)H3MOM. IIOKa^KeM,

qTO J HBJIHeTCH H30MOp$H3MOM. B IIpOTHBHOM CJiyqae nyCTb J-He H30MOp(J|)H3M B

OKpeCTHOCTH CJIOH F^; Torna j MOTKHO npencTaBHTb B BHae
F^i-^F'^F^,
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r^e BTOpofi Mop(jE)H3M-MOHOHffajibHoe npeo6pa30BaHHe c u;eHTpOM B OHHOH rowe Ha
cjioe F^'; HO Toraa, KBK jierKO BHffeTb, CJIOH (F"')^ ynoBjieTBOpneT ycjioBHio jieMMbi
H3 1.5 H, 3HaqHT, CJIOH (F®A;)^ o6jiaj];aeT CBOHCTBBMH, onncaHHbiMH B BTOH jieMMe.
BTO npOTHBOpeTOT C^MHHHMajibHOCTH noBepxHOCTH F B CHjiy jieMMbi 0.4. Fpynna G
Ha noBepxHOCTH F®A nepeBOjurr cyMMy Bcex npHBOjpiMbix cjioeB B ce6H. OHeBHnHO,
Ka?KaBiH TaKOH cjioi^ COCTOHT H3 nByx onHOKpaTHO nepeceKaioiHHxcH KpHBbix pona
Hyjib; H3 C-MHHHMajIbHOCTH nOBepXHOCTH F H JieMMH 0.4 CHOBa CJienyeT, HTO fl;JIH

Kamffon KOMnoneHTbi npHBOffHMoro CJIOH eyinecTByeT aBTOMOp$H3M H3 G, nepeBO-
HHIHHH ee B npyryK) KOMnoHeirry 3Toro me CJIOH.

1.7. TEOPEMA.—nycmb F®/; — C^k-panuoHa^bHdR {C^JVnoeepXHOcmb,
z9e C®k==P^, o6inuu cjiou. poQal. TozQa n(F®k)== 10, u cyinecmeyem GupanuoHa-
jibHbiu k-Mop(f)U3M F®/;-^P^. JJ,^R ecpKou HenpueoQuMoQ. ucKjiioHumejibHou Kpueoil
nepeozo po9a XCF®^ uMeeM (X.FJ ==a, z9e HUCJIO a He saeucum om X u onpeQeji-
HemcR yc^ioeueM (^=^F^(—FJ.

HoKasamejibcmeo. — IIycTb g : F®A -̂ - F'-SHpau.HOHajibHbifi Mop(j|)H3M na HeKO-
T0pyio A-MHHHMajibHyio noBepxHOCTb. IIocKojibKy njin jiio6on HenpHBonnMOii npHBe-
neHHOH KpHBOH XCF®I C ^(X) = 0 UMeeM:

^((X.X)+2)=(X.FJ,

rne XeC®A;-jiio6aH TOHKa, H HHCJIO a onpenejineTCH H3 ycjiOBHH ^^jc^^^—^a;)»
HaXOHHM OTCIOfla, qTO HeT TaKHX KpHBbIX (X.X)<—2, BCC KpHBbie (X.X)=—2

HBJIHIOTCH KOMnoneHTaMH CJIOH, a Bee HCKjiiOHHTejibHbie KpHBbie nepBoro pona yao-
BjieTBOpHioT HepaBeHCTBy (X.FJ=—a. OTCiona BbiTeKaeT, B HacTHOCTH, HTO F'
H30MOp(j|)Ha-P1 x P1, P2 HJIH jiHHefiHaToH noBepxHOCTH Fg, KBaffpar CTaHnapTHoro
CeHeHHH KOTOpOfi paBCH —2.

ECJIH F'^Fg, TO MOp$H3M F^A—Fg HBJIHeTCH H30MOp$H3MOM B OKpeCTHOCTH

CTBHnapTHoro ceqeHHH jiHHenqaTOli noBepxHOCTH Fg; noaTOMy ero MO^KHO npeff-
CTaBHTb B BHffe F0A: —F' —Fg, rne BTOpoft MOp(j|)H3M-MOHOHnajibHoe npeo6pa30BaHHe
c neHTpoM B TOHKe x Ha Fg, jie?Kaineft BHC CTaHaapTHoro ceqeHHa. CjienoBaTejibHO,
Ha F' Jie^KHT KOH(J|)HrypanHR KpHBbIX BHffa

roe jieBan KpHBan-o6pa3 TOHKH x, a HmKHHH-o6pa3 ee CJIOH. Mbi MomeM CTHHyrb
o6pa3 CJIOH H 3aTeM CTannapTHoe ceneHHe; nojiyqHTCH, KBK JierKO BnneTb P2.
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ECJIH 'F/==PlxPl, anajiornHHoe npeffCTaBjieime f®k—Tf->PlxPl, meBTOpoii
MOp(J|)H3M-pa3nyTHe OjmoH TOHKa Ha P^P1, npHBO.O;HT K KOH(J|)Hrypai];HH

B KOTOpOH ffBe Kpamme KpnBbie-o6pa3bi oQpaayiomnx KBanpHKH qepes 3Ty TOHKy;
n03TOMy MOHmO CTHHyTb HX ffO P2.

HaKOHeu;, H3 Toro, HTO cop^^^F®^—FJ, HaxonuM (<op.cop)=o, TBK HTO
^(F)==io, B cnjiy saMeHaHHH B n. 1 ,2 .

1.8. Cjieayn B OCHOBHOM 3HpnKBecy, Mbi Hamjin naa ceMeftcTBa noBepxHOCTefi,
coaepwaiHHx npeffCTaBHTejin Bcex KjiaccoB (KBa3n)-6HpanHOHajibHOH aKBHBajienT-
HOCTH. CeMeftCTBO C ajIJIHnTHHeCKHMH KpHBbIMH HMeeT KOHe^HOMepHOe npOCTpaHCTBO

Monyjien; ceMeitcTBo c pannoHaJibHbiMn-HeT.
1.9. HSJIO^KHM ocHOBHbie CBeneHHH o jinHeftqaTbix pannoHajibHbix A:-noBepx-

HOCTHX. Kamffaa TaKan noBepxnocTb HBjineTCH A-$opMOH onHOfi H3 noBepxHOCTefl
F^, 72^0 : F^ B 0003HaqeHHHX rpOTeHJI.HKa ([8], rjl. II) HMeeT BHff P(^pi(7z)®^pi(—n))

TO ecTb Proj S^, rne S^-nyHOK cnMMeTpnqecKnx ajire6p, nopomneHHbiH nyHKOM
6?pl(7^)®^pl(—n) na npHMOH P1; npn BTOM B CTpyKTypy jiHHenqaTOH noBepxHOCTH F^
BXO,O;HT ee KaHOHHHecKHH MOp(j|)H3M p^: F^ -^ P1. ripH ^^ i cyinecTByeT KaHOHHqecKoe
CeHeHHe ^ : P1-^ F^, O6pa3 KOTOpOrO HBJIHeTCH ej];HHCTBeHHOH HenpHBOJI;HMOH KpHBOft

na F^ c HHneKCOM caMonepeqeHHH —n. npn BTOM P^cxeMa F^—«^(P1) n30MOp(j|)Ha
P^cxeMe V(^pi (—% )) .

IIycTb F-KaKan-Hn6yj];b A:-(jj)opMa noBepxnocTH F^. OqeBHnHO, Fo == P1 x P1 ? noa-
TOMy (|)opMbi FQ-BTO ffayMepHbie KBaapHKH. OrpaHHHHMCH ffajibme paccMOTpeHHeM
cjiynaH n ̂  i.

i. 10. TEOPEMA. — a) ECJIU n == i mod 2, mo jiio6aa k-cpopMa noeepXHocmu F^
mpueuajibHa, mo ecmb u30Mopcf)Ha F^.

6) ECJIU n==o mod 2, %^2, mo k-cfiopMbi noeepXHocmu F^ HaxoQumcR eo esauMHO
o9H03HauHOM coomeemcmeuu c k-cpopMaMU npoeKmueHOU npHMOU P1; coomeemcmeue
ycmaHaejmeaemcR conocmae^ieHueM F Kpueou c unQeKCOM caMonepeceneHUH —n, jie^ca-
uj^eu Ha Heu.

(HanOMHHM, HTO A;-$OpMbI npOeKTHBHOft npHMOH P1 B CBOIO Oqepeffb HaXOHHTCH

BO B3aHMHO-o,o;H03HaHHOM cooTBeTCTBHH c KBaTepHHOHHbiMH ajire6paMH Haa k
(CM. AMHTcyp [i] HJIH Cepp [21]).

SaMenanue. — B saMCTKe [12] omn^OHHO yTBepwnajiocb, HTO yTBep^KneHne 8.
BepHO njiH Bcex n.

JJ,oKa3amejibcm60. — riycTb C-HeKOTOpan A:-(j|)opMa npHMoft P1, KaHOHHHecKH
jie^Kainan Ha (|)opMe F noBepxHOCTH F^. TaK KBK rpynna aBTOMOp(j|)H3MOB noaepxHO-
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CTH F^k, KBK jierKO BnneTb, iiepeBonirr CJIOH npoeimnn p^ B CJIOH we (CM. [12]),
TO y F 6yaeT cymecTBOBaTb npoeKimn p : F->C. IIpn BTOM nyqoK POCTKOB CCTOHHH 9
3TOH npoeKHHH jionajibHo CBo6oneH Han C, H noTOMy ecjin C Hen30Mop(j|)Ha P^, TO
nyqoK Q®k na C®A;==Pt n30MOp(j|)eH ^(—2772), n6o, KBK H3BecTHO, roMOMOp<jg)H3M
(Pic C) (k) -^ (Pic C® A;) (A) HMeeT CBOHM o6pa30M noarpynny ajieMCHTOB, KpaTHbix
HByM.

CjieaoBBTejibHO, ecjiH n= i mod 2, TO (||)opMa cooTBeTCTByioinero KaHOHnqecKoro
ceqeHHH TpHBHajibHa. IIoKameM, HTO ecjin n==o mod 2, TO MO^KHO HanTH noBepx-
HOCTb F, y KOTOpoii 6yneT B KanecTBe ceqeHHH jiioSaH (j|)OpMa C npHMOfi P^. IIpH n=o
B03bMeM F=GxP^. ECJIH HCKOMaH (j|)opMa FnoBepxHOCTHF^y?KenocTpoeHa, nocTpOHM
$opMy noBepXHOCTH F^^g TBK: B03bMeM Ha KaHOHHqecKOM ceHeHHH F (npn n==o Ha
jiio6oM ceqeHHH) 3aMKHyTyio Towy x CTeneHH 2 (TO ecTb [x{x) : k] =2), nponaBeneM
MOHOMffajibHoe npeo6pa30BaHne c neHTpOM B Hen H 3aTeM CTHHeM npoxoffRinnH qepe3
3Ty TOHKy CJIOH (TO ecTb npOH3BeneM HBa « ajieMeHTapHbix npeo6pa30BaHnn » c WH-
TpaMH B Towax, jie^KaiHHx Han x Ha F®i : CM. Harara [14]). JIeMMbi 0.4 H 0.5 rapan-
THpyioT, wo 3TO MO?KHO CHejiaTb Haa k.

OcTaeTcn npoaepHTb, HTO Bee (jg)opMbi F c (|)HKCHpOBaHHOH C n30MOp(j|)Hbi. riycTb
A:-offHa TaKan (||)opMa; HMeeT MecTO TOHHan nocjienoBaTejibHOCTb G-rpynn

i — r -> Aut(F®I) -> Aut(C®I) -. i

(B KOTOpOH 3nHMOp(J)HOCTb B TpCTbe M^JICHe JierKO npOBepHeTCn). ^OCTaTO^H ffOKa-

3aTb, wo Hl{k,^)={l} (3TO cjienyeT H3 KoroMojiornqecKofi nocjieaoBaTejibHOCTH,
H6o Hac HHTepecyeT npoo6pa3 TO?KffecTBeHHoro KomiKjia B H^yfc, Aut (C®i)). Ho,
OHeBHHHO, r=H°(F®A, J^), rffe ^-nyqOK pOCTKOB a^HHHbIX aBTOMOp$H3MOB

paccjioeHHH (F\C)®A —> P^; HMeeM TOTOyio nocjienoBaTejibHocTb:
0 -̂  ^F®&(—^) -> ^ff-^ ^®fc -> 0,

H3K OTOpoil cjienyeT, HTO H°(F®A;, ^ff) H30MOp(jj)Ha nojiynpHMOMy npOH3BeaeHHio
(7z+i)-fi aOTHTHBHoti H oflHOn MyjibTHnjiHKaTHBHOH ((||)aKTOp)-rpynnbi nojin ~k, wo
noKa3biBaeT TpefiyeMoe.

2. HeKOTOpMC 6HpaD[HOHajIbHbie HHBapHaHTbI

2.1. riycTbJF-peryjinpHaH A-noBepxHocTb. CHMBOJIOM N(F) 6yaeM o6o3HaqaTb
rpynny Num(F®A;) KJiaccoB ji;nBH30poB Ha F®~k c TOHHOCTbK) no TOCjieHHOn BKB-
HBajieHTHOCTH. Fpynna N(F) CHa6?KeHa cjie.o;yioiHHMn nonojiHHTejibHbiMH CTpyKTy-
paMH:

a) CTpyKTypofi HenpepbiBHoro G-Monyjin (G-rpynna Fajiya ~k\k}\ npn BTOM
N(F)G^Num(F). KaK Z-Moayjib rpynna N(F) He HMMCT KpywHHH H HMeeT KOHe-
HHbiH paHr;
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6 ) CnapHBamieM N(F)xN(F)-^Z, KOTOpoe onpenejineTCH HimeKcoM nepece-
HeHHH. BTO cnapHBaHne G-HHBapnaHTHO, TO ecTb HJIH jiio6bix ajieMeirroB ^, T](EN(F)
H seG HMeeM

(^).^7)))=(S.7]);

^ BbmejieHHbiM ajieMeHTOM coFeN(F)-KaHOHHqecKHM KjiaccoM iiOBepxnocTH F.
Ha caMOM nejie na^Ke c^elN^F)0.

3TH CTpyKTypbI o6jiaj];aK)T CJieayiOIHHMH (J|)yHKTOpHajIbHbIMH CBOHCTBaMH. j],JIH

jiio6oro A:-MOp(j|)H3Ma f: F'-^F onpeaejiHeTcn G-roMOMOp$H3M

/*:N(F) ->N(F').

ECJIH o6e nOBepXHOCTH C06cTBeHHbie H MOp0H3M f 6Hpail;HOHajieH TO y*-MOHOMOp-

(j|)H3M. B 3TOM cjiyqae /* coxpaimeT TaKme nH.o;eKC nepeceHeHHH. npn 3Tnx ycjio-
BHHX OnpeffejIHeTCH KaHOHHqeCKHH rOMOMOp(J|)H3M

/^^F^^^F),

rae nJin JiioQoro ajieMeirra ^eN(F') ajieMeHT /J^)eN(F) onpeaejineTCH ycjiOBHeM

(s.r^))-^^).^
ajin Bcex 7]eN(F). OTo6pa^KeHHH/*,/^ onpenejimoT Ha N CTpyKTypy (jj)yHKTOpa
na KaTeropHH SB (A) co6cTBeHHbix peryjinpHbix A-noBepxHOCTefi c 6npanHOHajibHbiMn
MOp$H3MaMH. 3HaHeHHH 3Toro $yHKTOpa npHHaaJie^KaT KaTeropiin C(A;) HenpepbiBHbix
Z-CBo6onHbix G-Moayjien KOHeqHoro panra.

OyHKTOpHajibHoe noBeneHiie KaHOHHHecKoro Kjiacca cop 6ojiee CJIO^KHO. HasoaeM
ajieMeHTapHbiM MOp(j|)H3MOM TaKofi MOp(|j)H3M f: F'-^F B KaTeropHH 35 (A:), KOTOpbin
HBjineTCH MOHonaajibHbiM npeo6pa30BaHneM c neHTpOM B 3aMKHyTOn TOHKe (co CTpy-
KTypon npHBeneHHOH noa-cxeMbi) x e ¥ . riycTb /-l(^)eN(F/)-KJIacc cjion/Han DTOH
TO^KOH B rpynne N(F'). Torna

^=^(^)+/-lw.
riocKOjibKy jiioGoH MOp(j|)H3M B KaTeropHH S(A) pa3jiaraeTcn B npon3BeaeHHe 3JieMe-
HTapHbix, 3Ta (jj)opMyjia no3BOjiHeT CBH3aTb cop, c OF B o6ineM cjiynae.

HaKOHeu;, OTMeTHM, HTO 3aMena nojin KOHCTaHT k Ha ero ajire6paHHecKoe pa-
cmnpeHHe K c A (TO ecTb 3aMena F Ha F0K) cooTBeTCTByeT (j|)yHKTOpy orpaHH-
qeHHH G-MoayjieM N(F) Ha nonrpynny; Bee ocTajibHbie CTpyKTypbi B oqeBHnHOM-
CMbICJie COXpaHHIOTCH.

HaM eine noHanoSnTCR cjieayioinaH xopomo H3BecTHan.
JIEMMA. — IIycrnb f: F' ->V-MOpcf)ii3M e Kamezopuu S(A;). TozQa UMeem Mecmo

KaHOhmecKoe npRMoe pasjio^cenue G-MoOyMii:

N(F')=Im/*+Ker^
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(Cp. HanpHMep, Harara [14]). ECJIU MOpcpusM f ajieMenmapeH u nejiRemcp MOHOuQa-
jibHbiM npeo6pa3oeaHueM c nenmpOM e mowe xef, mo Ker/^ nopo^cQen KOMnone-
HmaMU zeoMempunecKozo CJIOR f~l{x}®k, man nmo OHU cocmae.miom ebi9eMHHyio
cucmeMy o6pa3yioinux; ux Mampuna nepecenemiu, oneeuQno, paeHa —E. UoOzpynnbi
1m f* u Ker/ opmozoHa^ibHbi omHoeumejibHo unQeKca nepecenemiR.

Ha30BeM TpHBHajIbHbIM BCHKHH G-MOayjIb B KaTeFOpHH £(A:), KOTOpbIH H30MO-

p(j|)eH npHMon cyMMe KOHe^Horo Hncjia Moayjien BHaa Z[G]^®Z, rae H npo6e-
raeT OTKpbiTbie noarpynnbi rpynnbi G (Z-TpHBHajibHbin H-Monyjib). MMeeT MecTO
cjieayioinaH.

2.2. TEOPEMA. — HJIR mozo, nmo6bi k-noeepXHOcmu F, F' e Kamezopuu 25 {k)
6bijiu 6upanuoHa^bHO 3KeueajieHmHbi HaQ k, Heo6xo9iiMO, nmo6u cyinecmeoeaAu manne
mpueuajibHbie G-MoQyjiu M u M', urno

N(F)+M / ^N(F / )+M.
3aMenaHue. — B najibHemueM Mbi 6yj];eM nojib30BaTbcn BTHM KpirrepneM, yqnTbi-

Ban TojibKO CTpyKTypy G-Moayjin. KaK noKa3biBaeT npeabinymee oQcymwme, 6ojiee
TOHKHe HHBapHaHTbi, B03M07KHO, Morjio 6bi aaTb TpeGoBaHHe o cyinecTBOBaHHH npono-
jimeHHH HHneKca nepeceHeHHn u KaHOHHWCKoro Kjiacca na N(F)+M', HO HHC 3Haio,
KBK 3TO yHHTbIBaTb.

HoKasamejibcmeo. — nojibayncb jieMMaMH o. i H 0.2, H3 6HpannoHajibHOH3 KBH-
BajieHTHOCTH noBepxHOCTen F u F' Han k Mbi Mon^eM saKjiioHHTb o cymecTBOBaHHH
A-noBepxHOCTH F" A-MOp(jg)H3MOB / : F^-^F H g : F'->F B KaTeropHH ®(A:). Mop(j()H3M/
MO^KHO pa3jiO}KHTb B iipOH3BeaeHne BJieMeHTapHbix MOp(j()H3MOB. JIeMMa H oScyHWHue
B KOHiie npeabinyunero nyHKTa noKa3biBaeT, ^TO ecjin/ ajieMeHTapen, TO

^F^NC^+Ker/^

a Ker/^-TpHBHajibHbiH G-MOffyjib, H30MOp(jg)Hbm Z[G]^Hj®Z, rae H-CTaHHOHapHan
noffrpynna OJ];HOM H3 HenpHBOHHMbix HCKjiioqHTejibHbix KpHBbix, cTnrHBaeMbix M0p(j|)~
H3MOM f®k. HHayKHHH no HMCjiy 3JieMeHTapHbix MOp(j()H3MOB B KOTOpbie pa3jiar-
aecTR f u g , noKa3biBaeT, wo

N(F") = N(F) +M' = N(F7) +M,

rne M H M7 TpHBHajibHbi.
2.3. B paSoTe OHO [16] onncaHbi HeKOTOpbie HHBapHaHTbi G-Moayjien H3 Kare-

roHpH C(A), KOTOpbie He MeHHioTca npn npH6aBjieHHH TpHBHajibHoro MonyjiH.
IlycTb Ne(£(A;) u nycTb H c G-OTKpbiTbm HOpMajibHbm nejiHTejib, TpHBiiajibHO

ffeHCTByiomnn Ha N. JIerKO noKa3aTb (CM. OHO [i6], § 3), HTO rpynn aKoroMOjiorHH
H^G/H^N) He 3aBHCHT OT Bbi6opa H H HTO H^G/H, N+M)=-H1(G/H, N), ecjin
M-TpHBHajibHbm Moayjib (nocjienHee BbrreKaeT H3 TOFO, HTO

tll{G,Z[G]^xZ)==H\H,Z)^o).

Mbi 6yj];eM o6o3HaHaTb 3Ty rpynny H^^N); TeopeMa 2 . 2 noKa3biBaeT, HTO HMeer
MeCTO
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CJIEHCTBHE. — HJIR mozo, nmo6bi 9ee noeepXHOcmu F, F7 us Kamezopuu SB (A;)
6buiu 6upanuoHajibHO 3KeueajieHmHbi Ha9 k, Heo6xoQuMo, nmo6bi

H^K, ^[(F^H^K, N(F'))

Qji» ecex KonenHbix pacuiupeHiiil K3k.
(HeitcTBHTejibHo, ecjm F, F' SnpaHHOHajibHo aKBHBajieHTHu nan k, TO H nan K

Tome, npHBjieHeime KoneHHbix paciimpeinm na caMOM aejie naeT 6ojiee TOHKHft HHBa-
pnaHT, KBK 6yneT BnnHO H3 pasGiipaeMoro Hume npHMepa).

Fpynna H^A:, N(F)) BO MHornx HHTepecHbix cjiyqanx noanaeTCH BUHHCJieHHio
H nocTaBjineT noBojibHO cHjibHbifi cnoco6 pasjmqaTb Kjiaccbi 6npaHHOHajibHOn 3KBH-
BajieHTHOCTH.

2.4. Eme O.O;HHM HHBapnaHTOM, KOTOpbm nocTaBjineT pa6oTa OHO [i6], MHC
He ynajiocb BOcnojib30BaTbcn B KOHKpeTHbix npHMepax, HO OH aacjiywHBaeT yno-
MHHaHHH. KaTeropHH C(A;)°, nBoflcTBeHHaH K £(A;), aKBHBajieHTHa KaTeropHH A-TOpoa.
ripeffnojio^KHM, HTO A-nojie ajire6panHecKHx qnceji KOHeqHOfi creneim HJIH nojie
(j|)yHKHHn onHOH nepeMeHHOti Haa KOHe^HbiM nojieM KOHCTaHT. riycTb A^—A:-ajire6pa
anejieii nojin k, HcG-OTKpbiTbm HopMajibHbm nenHTejib, TpHBnajibHO aeflCTByioinHii
na G-Monyjib Ne£(A:), N0—A-TOp, cooTBeTCTByiomHH 3TOMy MOffyjiio. IIOJIOTKHM
N°(A) ==Hom^(Spec A, N0) JI.JIH jiio6oH A-ajireSpbi A. riycTb eine K==A;11; Torna,
KBK noKaabiBaeT OHO, rpynna

Ker(Hl(?(K)) -> H^N^A)))

Hea aBHCHT OT BbiSopa H. 06o3HanHM ee CHMBOJIOM H^(A;, N°): aTO-rpynna jiOKajibHO
TpHBHajIbHbIX FJiaBHbIX OnHOpOHHbIX npOCTpaHCTB HBff TOpOM N0. ECJIH N°=N?+M,

rne M=Z[G]z^®Z, TO Top M0 H30MOp(jj)eH RK/A;(GJ, K=kQ, (B o6o3HaqeHHHX
OHO [16]), H noTOMy

H;(A;,N°)=H;(^N?).

B HacTHOCTH, o6o3HaHan BMecTe c OHO qepe3 A(N), z(N) nopnnKH rpynn H^A:, N(F))
n H^(A:, N(F)°) cooTBeTCBeHHO, a Hepe3 T(N)-HHCJIO TaMaraBu Topa N0, nojiyqaeM
H3 ocHOBHoro pe3yjibTaTa pa6oTbi [16].

CJIEj],CTBHE. — Hiicjia z'(N(F)) u r(N(F)) He^iHiomcR k-6upanuoHajibHbiMii
UHeapuaHmaMU noeepXHOcmu F.

MOWHO npeanojio^KHTb, HTO HHBapnaHTHOCTb HHCjia TaMaraBH r(N(F)) (JI.JIH
panHOHajibHOH noBepxHOCTH F), KOTOpan nojiyHaeTcn 3j3;ecb $opMajibHO, nojimHa
HMeTb HeKOTOpoe apH(jj)MeTHHecKoe HCTOjiKOBaHne: B caMOM ffejie, a3eTa-(||)yHKHnn
Topa N(F)° H noBepxHOCTH F CBH3aHbi apyr c npyroM TBK me Tecno, KBK a3eTa (jj)yHK-
U.HH KpHBOH H ee MHoroo6pa3He HKOSH.

Tenepb MH npHMeTHM KpHTepHft n. 2.3 HJIH noKa3aTejibCTBa cjienyioinero pe3y-
jibTaTa .

2.5. TEOPEMA. — UpeQnojio^cuM, nmo y nojin k ecmb KeaQpamimHoe pacmu-
peHue K. TozQa cyinecmeyem 6ecKOHenHo MHOZO panuoHajibHbix k-noeepxHocmeu F,

428



RATIONAL SURFACES OVER PERFECT FIELDS 69

nonapHO He 6upanuoHajibno 3KeueajieHmHbix Ha9 k, Komopbie cmaHoeamcsi mpueuajib-
HbiMu Ha9 K. Hncme zoeopH, nQpo omo6pa^ceHUH

H^ Gr) ^ H^K, Cr)

zQe Cr==Aut k{x,y)jk (zpynna KpCMOHa), CecKOHenno.
VacmHbiu cjiynau. —MHO^KCCTBO H\k, Cr) 6ecKOHCTHo ffjm jnoSoro KOHCTHOTO

nojiH k.
3aMenamie. — IIycTb w(F) ==max((OF,.(op,), rne MaKCHMyM SepeTcn no BCCM

A-noBepxHOCTHM F', GnpaHHOHajibHO aKBHBajieHTHbiM F. OwBHffHO, 7n(F)-6Hpaimo-
HajibHufi HHBapnaHT. Us npHBeneHHoro mnKe ffOKasaTejibCTBa TeopeMH SyneT BHHHO,
HTO m(F) B ycjiOBHflx TeopeMbi MomeT npHHHMaTb cTOjib yroaHO Sojibmne no a6co-
JIIOTHOU BejIHHHHe OTpHI^aTejIbHbie SHaTOHHH.

HoKasamejibcmeo. — PaccMOTpHM B npHMOM npon3BeneHHH P^^P^^P1 noBepx-
HOCTb

F ^fm^O, ^l)Wo =^iyigm{^ l̂)

TO6 fm9 ^-BsanMHO npocTbie $opMbi CTeneHH m OT ffByx nepeMeHHux 6e3 KpaTHbix
HejiHTejieH; (^o, ^)-KOOpji;HHaTbi nepaoro MHomnTejiH P1, (^o,^i)-BTOporo, (^, ^)-rpe-
Tbero. IIoBepxHOCTb F peryjinpHa H HenpHBoniiMa. PaccMOTpHM ee npoeKHHio
g:F-.P1 Ha TpeTHH MHOWHTejib. B Towax ^;eP1, rne /^(^)^(^)4=o, cjioeM HBJI-
HeTcn KOHHKa Ha P^P1; B Towax, rne f^gm{^)=o, cjioeM HBjiHeTcn napa Tpanc-
BepcajibHbix npHMbix.

KpOMe Toro, HMeioTCH nBa CTanffapTHbix ceHemiH 3Toti noBepxHOCTH: KpHBbie
Xo : xQ=y^-==o\

Xi : x^ ==jyo == o.

yme OTCiona cjienyeT, HTO F 6npaHHOHajibHO aKBHBajieHTHa IIJIOCKOCTH.
Ha F 6nperyjiHpHO neflcTByeT Zg, c noMOinbic nepecTaHOBKH nepBbix nayx

MHomnTejieft. JIio6oe KBaffpaTHHHoe pacmnpeHne K3k onpenejineT noaTOMy roMO-
MOp0H3M h: G ->Aut-^(F®A:); o6o3HaqnM TOpes F^ A-noBepxHOCTb, nojiyqeHHyio
H3 F CKpemHBaHHeM c noMOinhio 3Toro KOHHKJia HS Z^G, Aut(F®i)). BjiOTKeHne
Aut(F®A:)-> Cr HHnyinipyeT OTo6pa>KeHne

H^G, Aut(F®I)) -> H^G, Cr),

o6pa3 KOTOporo, oqeBHaHO, COCTOHT H3 KOHHKJIOB, pacnaffaioiHHxcR Haa K. Tenepb
BbmncjiHM rpynny H^A:, N(F^)).

3aMeTHM, npe^Kffe Bcero, HTO KaHOHnqecKoe cnapHBaHHe N(F) x N(F) —Z onpe-
aejineT cnapHBaHHe (rpynn roMOjiorHft TefiTa)

H^G/H, N(F))xH-^(G/H, N(F)) -> H°(G/H, Z)

njiH jiio6oro OTKpbiToro HopMajibHoro HejiHTejiH HcG, TpHBnajibHO aencTByioinero
na N(F). JIerKO noKa3aTb, wo BTO cnapHBaHHe HeBbipon<neHO n onpeaejineT ,O;BOM-
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CTBenHOCTb rpynn W H H"^. MH KomapyeM aoKaaaTejibCTBO TeopeMbi 6.6 rjiaBbi XII
KHHFH [4]: HMeeM TOHHyic nocjieaoBaTejibHocTb G-Moayjien

o -^ N(F) -> Hom(N(F), QJ -> Hom(N(F), Q/Z) -> o,

rae N(F) OTO^KnecTBjineTcn c Hom(N(F), Z) c noMOinhio cnapHBamiH H nepaoe Bjio^Ke-
Hne HHj3;ynnpoBaHO Bjio^KeHneM Z->Q. Bra TOHHan nocjienoBaTejibHOCTb oiipenejineT
H30MOp(J()H3MbI

8 : H^G/H, Hom(N(F), %/Z)) -> H^^G/H, N(F)).

PaCCMaTpHBan KOMnOSHHHIO 3TOrO H30MOp(|)H3Ma C H30MOp(J|)H3MOM CJieHCTBHH 6,5

FJiaBbI XII KHHrH [4], HaXOj];HM H30MOp^)H3M

Hom(H-^(G/H, N(F)), %/Z) -> H^G/H, N(F)).

IIpOBepKy Toro, HTO OH cooTBeTCTByeT cnapiiBaHHio, Mbi onycKaeM.
Mbi 6yneM Tenepb BbmncjiHTb H-^G/H, N(F)) BMecTO ^(^^(F)). C DTOH

nejibK) Hcnojib3yeM cjieayioinylo jieMMy.
2.9. JIEMMA. — nycmb {X^cf®k—G-uH6apuaHmHbiii HdQop HenpueoQu-

Mbix Kpuebix, Kjiaccu Komopbix nopo^fcQaiom zpynny N(F). Uycrnb S-zpynna Queusopoe,
nopo^cQeHnaH {Xj, SQCS-noQzpynna Queusopoe nucjieHHO BKeuea^eHmHbix o, HcG-
HopMajibHbiu Qejiumejib KOHCHHOZO unQeKca, mpueuajibHo Qeucmeyioiniiu Ha ece X,,
N= S ^eZ[G/H]. TozQa UMeeM:

gEGIR -'

H1^ N(F))=H-1(G/H, N(F))=(NSnSo)/NSo.

noKasamejibcmeo. — PaccMOTpHM TOHHyio nocjienoBaTejibHocTb G/H-Moayjien
o-^So^S->N(F)-^o

OT BbiQopa rpynnbi H Hnqero He 3aBHCHT; KpOMe Toro, H'^G/H, S)=o, nSo S-Tpn-
BHajIbHbIH M0j];yjlb.

OTCiona HaxoaHM TOHHyio nocjieffOBaTejibHocTb

o -> H-^G/H, N(F)) -> H°(G/H, So) -> H°(G/H, S).

TCM caMbiM

H-^G/H, N(F))=Ker (So^NG -> SG/NS)=(NSnSo)/NSo.

2.10. npHMeHHM jieMMy 2.9 K Hamefi noBepXHOCTH F71. riycTb LDK-nojie pa3-
siomemfi (j|)opMbi/^^|K. Ha F®L paccMOTpHM KpHBbie Y,, Y^-KOMnoHeHTbi npHBO-
nHMbix cjioeB, H onpenejieHHbie Bbime ceqeHHn XQ, Xi. STOT Ha6op KpHBbix G-HHBa-
pnaHTeH, a MX KJiaccbi na f®k nopo?KnaioT N(F); Xo+X^-oaHa op6nTa; ocTajibHbie
op6nTbi COCTOHT 113 nap Y,+Y^, ecjin nojie pa3jio?KeHHH f^g^ Han k jinHenHO CBo6o-
?0 cK, HTO npeanojiaraeTCH; Toraa rpynna Fajiya nojin L/A HMeeT Bun Z^x H, rae Zg
nepecTaBMeT Xo c Xi n HaSop (Y,) c (Y^), a H aeflcTByeT na (Y,) H (Y;) KBK na
KopHH/^J. H yTBep^Haio, Toraa HTO
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( fZo^~ 2 ? ecjin y f a ecTb nejinrejib HeneTHOH CTenenn
H1^ N(F^)='v 5 v 7 / ((Zg)^"1 B ocTajibHbix cjiyqanx

rne X-^HCJIO HenpHBOHHMbix MHO^KHTejien y fmgm K^ ^-
B caMOM nejie, MaTpnu;a nepeceqeHHH HMeeT Bun

Y^ ... Y^ (Xo.Xo)=(Xi.X,)=-m, (Y,.Y,)=(Y^YO=-i,

(Xo.X^)=o, (Xo.Y^)=(Xi.Y,)=o,
X.-\————^

(Y,.Y,)=(Y^.Y;)=(Y,.Y;)=(Y,.Y,)=o, z+j;
Xo 7 /Y Y

- 1 • • • 12m (Xo.Y,)=(X,.Y<)=i.

nycTb eine M-nopnnoK rpynnbi Fajiya L/K, Z^ z== i, . . . x, cyMMa KpHBbix B z—7^
op6nTe cjioea, ^-HHCJIO KOMnoHeHT Z,. ECJIH Y^, Y^ npHHanjie^KMT z-n op6nTe, TO

M
NY^=NY^==—Z^. nojibsyncb eine TeM, qTO rjiaBHbie nnBH30pbi HHCjieHHO DKBHBa-

m,
JieHTHbI HyjIK), HaXOJl;HM

K M x

NS n So ={^^,^Z, | z,eZ, S ,̂ = 0}

C npyron CTOpOHbi, jierKHH noacHeT noKasbiBaeT, HTO
2m 2m 2m

So={^(Xo-Xi)+^(Y,+Y;)-^SY;|^,j,GZ,^^

OTCiona jierKO cjieayeT Hame yTBep>Kj];eHne.
Tenepb jierKO aoKasaTb TeopeMy. ECJIH nojie k QecKOHe^HO, paccMOTpHM noBe-

PXHOCTH F^, ^wf^,gm pasjiaraeTCH Ha 2772 jnmeUHbix MHOH<HTejien Haji; k, x==2m MO?KHO
caejiaTb KBK yronHO 6ojibmHM, H BTO HHCJIO HBjiHeTcn A:-0HpaHnoHajibHbiM HHaa-
pHaHTOM nOBepXHOCTH F^.

ECJIH me k KOHeHHO, B03bMeM nocjienoBaTejibHOCTb HenpHBonHMbix MHoroq-
jieHOB f^, g^ (^4=&J HeqeTHbix nonapHO BsanMHO npocTbix CTeneHeft; nycTb F^^noae-
pxHOCTb cooTBeTCTByioinan F\ a ^-nojie paajio^KeHHH ̂ . Han k^ HMeeM:

H1(^,F^®^)=(Z,)2W-2

H^A^F^^^J^^}, 7Z+772,

TBK HTO F(m) H F(n) 6npau.noHa.nbHO HeaKBHBajieHTHbi Han k^ H TOM 6ojiee Han k.
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3. IIoBepXHOCTH nejib IIeimo

3.1. OIIPEJI.EJ1EHHE. — PezyjiRpnafi panuoHajibHan k'noeepxHocmb F Has-
bieaemcR noeepxHocmblo Qejib IIeimo, ecjiu nynoK op'1 oneHb o6ujieH, a aHmiiKaHOHii-
necKaR cucmeMa He UMeem Heno9eu3iCHbix KOMnoHeHm.

3.2. JIEMMA. — IIycrnb F-pezyjiRpHaR panaoHajibHap k-noeepxHocmb, QJIR
Komopoii (cop . ̂ p) ̂  I » X c V-HenpueoQuMCLR Kpuean c (X. X) < o. TozQa UMeem Mecmo
oQaa us mpex eo3MojfCHOcmeu.

a) V^-ucKjiiomimejibHaR Kpueap nepeozo poQa, u (X.coF'1)^ i;
6) ^-KOMnoHeHma HenoQeu^HOu Kpueoii aHmuKaHOHimecKoii cucmeMbi;
B) (X.X)=-2 u A(X)=o, (X.cop^^o;
HoKasamejibcmeo. — npHMeHHH TeopeMy PHMana-Poxa K noBepxHOCTH F,

HaxonHM
dimH°(F, coF^^F.c^+i+dimH^F, ̂ 1)

(n6o, no TeopeMe HBOHCTBeHHOCTH Ceppa, dim H^F, ̂ 1) = dim H°(F, co^2) = o). Cjie-
ffOBaTejibHO, B ycjiOBHHX jieMMbi dimH°(F, cop'^^s H (OF1=^(—K), roe K neKO-
TOpan KpHBan. IIycTb Tenepb (X.X)<o, X-HenpHBO^HMaH KpHBan. HueeM

2A(X)-2=(X.X)-(X.cop1).

OTCioaa cnenyeT, HTO ecjin X He HBjineTCH HenoaBHWHoft KOMnoHeHToit aHTHKano-
HHqeCKOfi CHCTeMbI, TO, IIOCKOJIbKy (X.CO^^^O, HMeeM ( X . X ) = = — I , j ^ ( X ) = = 0

H ( X . C O F ^ ^ I , JinGo (X.X)==—2,^(X)===o H (X.OF^O. JIeMMa aoKasaHa.
3.3. CJIEJI,CTBHE. — E C J I U F—k-noeepXHOcmb Qejib IIenno, mo jiH)6aR Henp-

ueoQuMan KpueaR c ompunamejibHbiM unQeKCOM caMonepeceneHUR Ha Hen RejmemcR
ucKJiiomime^bHou Kpueou nepeozo po9a. Bjio^tceHue F—P^ n=={^.^y), onpeQejieHHoe
aHmuKaHOHimecKUM nynKOM, onpeQejifiem esaiiMHO oQHomaHHoe coomeemcmeue MewcQy
npRMhiMU, jie^cainuMU Ha F, u HenpueoQuMbiMU ucKJiionumejibHbiMU. KpuebiMU nepeozo
po9a Ha F.

3.4. TEOPEMA.—IIycmbF—k-noeepxHocmb Qejib IIenno, n=(^.^). TozQa
9>yz^3. HMeiom Mecmo cjieQyiotnue (fiaKmbi.

a) IIpii 72=9 F u30MOpcf)Ha P2.
6) IIpii n==8 F U30MOpcf)Ha jiu6o PlxPl, Jiu6o o6pa3y P2 npu MonouQaji-

bHOM npeo6pa3oeaHuu c neHmpOM e oQaou 3aMKHymoii monKe.
B) IIpii 3^ 7z^7 F u30MOp(fiHa o6pa3y P2 npu MOHouQa^ibHOM npeo5pa3oeaHuu

c neHmpOM e 9—n 3aMKHymbix mouKax Ha P2, U3 Komopbix HUKanue mpu He ^le^am
HO oQuoii npHMOU u HUKanue mecmb-Ha o9Hoii KomiKe.

r) BcRKap ucKjiionumejibHaR Kpuean Ha F RejinemcR jiu6o o6pa30M moHKU-KOM-
noHeHmbi nemnpa MOHOuQajibnozo npeo6pa3oeaHUH P2, jiu6o o6pa30M npHMOu, npo-
xoQaineii nepe3 9ee maKux monKii, jiu6o o6pa30M KOHUKU, npoxoQfiineu nepe3 numb
maKux moneK.
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noKasamejibcmeo. — IIycTb p : F-^F' 6npaHHOHajibHbifi MOp(j|)H3M noBepxHOCTH F
Ha MHHHMajibHyK) Moaejib. B cnjiy 3.3 na F' HOT KPHBHX c oTpimarejibHbiM HHWKCOM
caMonepeceqeHHH; noaTOMy F' H30MOp(|)Ha jingo P2, jin6o Plx'Pl. OWBHHHO, npn
(o)F.<x)F)==9 HMeeT MecTO nepBbifi cjiyqaft, n j&"H30MOp(||)H3M; npn (^p.^^S HMeeT
MecTO jiH6o nepBbifi cjiyHafi, H ^-MOHonnajibHoe npeo6pa30BaHne c neirrpOM B OJI.HOU
TOHKe, JIH6O BTOpOfi CJiyqaH, H J^-H30MOp(J)H3M. ripH ((OF-^F)^? H3 CylIieCTBOBaHHH

MOp(j)H3Ma F—^xP1 cjienyeT cymecTBOBaime Mop(|)H3Ma F->P2 (cp. 1.7). yrBe-
P?Kj];eHHe B. CJieayeT H3 ^OpMyjIbI HeTCpa H H3 OTCyTCTBHH KpHBbIX C OTpHHaTejIbHbIM

KaaapaTOM na F. ripH n<^ aHTHKaHOHHqecKan cncTeMa He MO^CT 6biTb oqeHb o6iui-
bHofi, H6o o6pa3 ee na IIJIOCKOCTH COCTOHT H3 KpHBbix CTeneHH 3, npoxonmnHx
qepe3 9—n TOUCH Ha njiocKOCTH « B o6meM nojio?KeHHn »: ywe npn n ==2 OTo6pa-
weHHe, cooTBeTCTByioinee aTOfi jiHHeHHOft cucTeMe, HMeeT CTeneHb HBB, npn 7?== I-CTC-
nenb nyjib.

HaKOHen, nocjieffHee yTBep^KaeHne cjieayeT H3 TOFO, HTO o6pa3 HCKjiioqnTejibHOn
KpHBofi na P2, ecnH OH He HBjineTcn TO^KOH, HMeeT peryjiHpHbie TOHKH B KOMHO-
HeHTax neHTpa cooTBeTCTByioinero MOHonaajibHoro npeo6pa30BaHHH (B caMOM nejie,
no cjieacTBHio 3.3, we HCKjiioHHTejibHbie KpHBbie nepeceKaioTcn TpaHcaepcajibHO
KBK npHMbie B P^. Torna npocToH noncqeT HHneKCOB, ocHOBaHHbtH na 3aMeI^aHHH
K jieMMe n. 1.1, noKa3biBaeT Tpe6yeMoe (CM. TaKH<e Harara [14]).

CJIEJ3.CTBHE. — HcKJiiOHumejibHbie Kpuebie nepeozo poQa Ha noeepxHOcmu Qejib
IIenno F nopo^cQawm zpynng N(F).

3.5. OCTBTOK aToro naparpa$a 6yji;eT nocBHmen H3yHeHHio (jg)opM npocTeHinnx
noBepxHOCTeH nejib IIeHHO CTeneHH 9^7x^4 Haff He3aMKHy™M nojieM k. IIpenBa-
pHTejibHO caenaeM HecKOjibKO o6innx 3aMeI^aHHI^ o noaepxHOCTHx aToro Kjiacca.

riycTb FcP^noaepxHocTb nejib rieimo c {^p.<^p)=n. IIepeceKaH F c aocTa-
TOHHO o6meH ranepnjiocKOCTblo Pn~2 B ̂  H npOH3Be,o;H MOHOnffajibHoe npeo6pa-
30BaHne c neHTpOM FnP"""2 Ha F, Mbi nojiyqnM noBepxHOCTb F' c nyqKOM ajijinnTH-
HecKHX KpHBbix Haff npoeKTHBHOfi npHMOit B-6a30fi nyqKa rnnepnjiocKOCTeH B P^
npoxoffHiHHX Hepe3 p"-2, Tipmem F' 6yneT B-MHHHMajibHOH. TeM caMbiM, 6npa-
HHOHajibHHe A-$opMbi noBepxHOCTeft ffejib nenno 3TO nacTHbie cjiyqan /;-(j|)opM noBe-
pXHOCTeii c ajuinnTHHecKHM nyqKOM: OHH nojiyqaioTCH npn CTHrnBaHHH TaKoH A;-KpHBOti
KOTOpan Han k pacnaaaeTCH B o6'beanHeime n HenepeceKaioinHxcn HenpHBOflHMbix
KpHBbix nepBoro poj];a-ceHeHHft anjinnTHHecKoro nyqua.

ripH (^HKCHpOBaHHOM ^^5, Tz+S noBepxHOCTH aejib rieHHO CTeneHH n Bee CTaHO-
BHTCH ^-H30MOp(J|)HbIMH H HpH n === 8 CylHeCTByiOT TOJIbKO 2 KJiaCCa; 3TO H03BOJIHeT

KJiaccH^HHHpOBaTb HX 6nperyjiHpHbie A:-$opMbi. IIocjie aToro nonojiHHTejibHbie coo6-
pan<eHHH, cneriH^nqecKHe njiH Ka?Knoro n, no3BOjiHK)T ycTaHOBHTb, HTO Hajinqne
A-panHOHajibHoft TO^KH paBHOcnjibHO 6Hpai];HOHajibHoft TpHBnajibHOCTH naopex-
HOCTH F. Bonpoc we o cymecTBOBaHun TOHKH HJIH HanSojiee HHTepecHoro cjiyqan
HHCjiOBbix nojiefi npn n^6 oKa3biBaeTCH qHCTO .noKajibHbiM: cnpaBenjmB npHHHHn
Xacce.
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Cjiyqan n=^ 4 (n TCM 6ojiee ?z=2, i, o) ropasno 6ojiee Tpyamj: KpHTepHfi
n. 2.3 nosBOjineT ycTaHOBHTb cylnecTBOBaime 6npanHOHajibHO HeTpHBHajibHbix A-(j|)opM
fla^e Han KOHeqHbiM nojieM k HJIH naa A=R, npnqeM Ha cooTBeTCTByioinnx noae-
PXHOCTHX ecTb pau;HOHajibHbie TOHKH. 3j];ecb Mbi orpaHHHHMcn neTajibHbiM pa30opoM
cjiyqan 72=4. IIoacqeT KoroMOjiornH B o6ineM cjiyqae saecb CTaHOBHTCR oqeHb rpOMO-
3HKHM: 6biTb MomeT, cnenyeT ncnojib30BaTb CBHSH 3Toro Kjiacca noBepxHOCTeH c
rpynnaMH BeiijiH HCKJiiOHHTejibHbix npocTbix rpynn JIn. Mbi naaeeMCH BepHyTbCH
K 3TOMy Bonpocy nosme.

HaKOHeu;, nocjienHee. McKjiiOHHTejibHbie KpHBbie nepBoro poaa na BCHKOli
noBepxHOCTH nejib nenHO nopo^KaaiOT ee rpynny KjiaccoB j];HBH30pOB. rioaTOMy
njin BbiqHCJieHHH rpynnbi H^A;, N(F)) (CM. n. 2.3) aocTaTOHHO 3HaTb, KBK rpynna
ra.]iya neHCTByeT na MHO^ecTBO HCKjiioHUTejibHbix KpHBbix. OneBHnHO, OHa coxpa-
HneT HHneKC nepeceHeHHH, KOTOpbm MO^KeT 6biTb TOjibKO HyjieM HJIH ej3;HHHneH (cjieff-
CTBne 3.3).

IIycTb ^ (6^7?^3)-napa, cocTomnan HS (KOHequoro) MHO?KecTBa npHMbix Ha
KaKon-HHSyHb noBepxHOCTH nejib IIeHHO creneim n, H 6nHapHoro OTHomeHHH « HH.O;-
eKC nepeceqeHun npHMbix paaeH enHHune » Ha STOM MHOHWCTBe. Ms TeopeMbi 3.4
jierKO ycMOTpeTb, qTO oS-beKT g^ KBK MHO^KecTBO c 6nHapHUM OTHomeHHeM onpenejieB
HHCJIOM n c TOHHOCThio w H30MOp(jj)H3Ma. riycTb F^-rpynna aBTOMOp(j|)H3MOB oSiieKTa <?„.

Cjieayioinne yTBep^KneHHH HBJIHIOTCH KJiacciiqecKHMH, H Mbi npHBoniiM c na-
6pocKOM noKasaTejibCTBa HX jiHinb H3-3a OTcyrcTBHH yno^Hbix ccbijioK.

3.6. IIPEj],JIO}KEHME. — a) Cyiuecmeyem ecmecmeeHHoe ejio^ceHiie ^n^n-if
npu KomopOM S^ omo^icOecmejiRemcR c MHOoicecmeoM 3jieMeHmoe, He nepeceKaioinuxcfi c
(f)UKcupoeaHHbiM 3jieMeHmoM MHo^icecmea 6\_^ (amo e^i03fcenue MHO^icecme c 6uHapHbiM
omHomeRuu).

6) rpynna r^ mpan3umueHO Qeiicmeyem Ha S^, a cmanuoHapHan noQzpynna
moQozo 3jieMeHma U30Mop(f)Ha r^_^.

B) ¥ucjzo ajieMeHmoe ̂ , 1̂  e saeucuMOcmu om n 3a9aemcH cjieOyiou^eu ma6jiuneu

n

w
[rj

6

6

2 ^ 3

5

10

23 3 - 5

4

i6

^•3-5

3

27

^•3'-5

HoKasame^ibcmeo. — npu 72=6 yTBep^KaeHHR 6) H B) npOBepmoTCH HenocpencT-
BeHHO: HCKjiiOTHTejibHbie KpHBbie-aTO o6pa3bi Tpex ToqeK na nnocKOCTH H Tpex
npRMbix npoxoji;Hii(HX qepe3 STH TOHKH; rpynna rg HajiaeTCH rpynnon CHMMeTpHii
mecTHyrojibHHKa.

npH n>6 yTBep^neHne a) cjieayer H3 Toro, HTO ecjin CTHHyTb onHy npHMyio
Ha noBepxHOCTH aejib nenHO CTeneHH n, TO nojiy^HTcn noBepxHOCTb aejib IIeHHO
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CTeneHH n—i (aro jierno cjieayeT H3 TeopeMbi 3.4). yTBep^aeime 6) nojiyqaeTCH
Toraa no imayKHHH: rpynna F^_^ TpaH3HTHBHO neficTByeT Ha S^-i a o6pa3bi ^n-i npH
pasHbix Bjio^KeHHHx B S^ noKpbiBaiOT Bee MHO^KecTBO ^, noTOMy mo njiH jiio6on
npflMOH Ha F HanaeTCH npHMan, c Hen He nepeceKaioinancH: ima^e ee CTHriiBaime
npHBejIO 6bl K MHHHMajIbHOH MOnejIH.

HHCJIO ajieMeHTOB [<^J nojiyqaercH HenocpeacTBeHHbiM noacqeTOM c noMOinhio
TeopeMbi 3.4 r. HaKOHeu;, [FJ nojiyqaeTCH HHffyKHHeH no $opMyjie [rj=[<^J . [r^_J.

3aMenaHUH. — a) y^e njia ^=3 oS-beKT ^3 HenocTaToqHo nojiHO OTpawaeT
CBOHCTBa HHHuneHTHOCTH npHMbix Ha Ky6nqecKOH noBepHOCTH: MoryT cymecTBOBaTb
TpofiKH npHMbix, nepeceKaioiHuecH B onHon Toque (TO^KH 3KKapaTa), HTO naKjia-
HbiBaeT nonojiHHTejibHbie orpaHHqeHHH na o6pa3 rpynnbi Fajiya B r3. J].JIH 72== 2, i
nojio^Keime CTBHOBHTCH eine 6ojiee cjiOHmbiM: B oGineM cjiyqae HCKjiiOHHTejibHbie
KpHBbie MoryT HMeTb HHneKC nepeceHeHHH 6ojibme eji;nHHHbi, a BbipowaeHHH nepe-
ceqeHHH oqeHb pa3Hoo6pa3Hbi. TCM He Menee, MO^KHO BBecTH anajior oS^eKTa ^ n
noKasaTb yTBep?KneHHn, aHajiornqHbie npeajio?KeHmo 3.6, ffjin 7z==2, i.

6 ) MO^KHO nocTaBHTb Bonpoc, peajinsyeTCH JIH nojiHan rpynna r^ KBK o6pa3
rpynnbi Fajiya, nencTByioinnn na npHMbie noBepXHOCTH nejib nenHO TZ-H CTeneHH
Haji; KaKHM-HH6ynb nojieM.

nycTb U-OTKpbiToe MHomecTBO Heoco6bix Ky6nqecKHx noBepxHOCTen B P3 :
aonojiHeHne K juicKpHMHHaHTHoU rnnepnoBepxHOCTH B npocTpancTBe K03$(jt)Hu;neHTOB
KyfinqecKHx ^)opM OT qeTbipex nepeMeHHbix. rpynna 71:1 (U, u) oqeBHnHO, aencTByeT
na MHO^KecTBe npHMbix Ky6nqecKon noBepXHOCTH, cooTBeTCTByioineH Toque ^eU.
Cerpe [18] yTBep^KffaeT, mo o6pa3 rpynnbi ^(U, u) HBjmeTCH nojiHOH rpynnoit
aBTOMOp(j|)H3MOB Fg o6'beKTa ^3 (no KpaHHen Mepe, Haji; KOMnjieKCHbiM nojieM). OTCioaa
cjienyer yTBepnHTejibHbm OTBCT Ha aonpoc 6) njin Bcex ^ = = 6 , 5 , 4 , 3 .

3.7. TEOPEMA. — Uycrnb F—k-noeepXHOcmb Qejib nenno cmeneHU n. HMeem
Mecmo cjieQyioinue ymeepoKQeHUR:

a) IIpii n=Q F k-U30Mopcf)Ha HeKomopou noeepXHOcmu Ceeepu-Epayapa.
6) IIpii n ==8 F k-U30MOp(f)Ha jiu6o HeKomopou (fiopMe P^xP^, mi6o

o6pa3y P^ npu MOHOuQa^bHOM npeo6pa3oeaHuu c neHmpOM e HeKomopou k-monKe.
B) IIpii 72=7 F k'u30Mopcf)Ha o6pa3y P2 npu MOHOuQajibHOM npeo6pa30-

eamm c neHmpoM e 9eyx k-moHKax, Jiu6o c neHmpOM e 3aMKHymou mowe xeV2, 9 AH
nomopou [x{x) : k] =2.

CJIEHCTBME i. — IIoeepxHocmb Qejib IIenno cmeneHU 7 ecezQa UMeem k-mouKy.
CJIE^CTBHE 2. — IIycrnb k-nojie ajize6paimecKux nuceji KOHeuHou cmeneHU ujiu.

nojie ajize6paunecKux cpyHKnuu o9Hou nepeMeHHou Ha QKOHeuHbiM nojieM KOHcmaHm.
ECJIU noeepxHOcmb Qe^ib IIeimo F cmenemi 8 ujiu 9 UMeem panuoHajibHijio monKy Ha9
eceMU nonojiHeHURMU ky nojiR k, mo ona UMeem panuoHa^ibHyH) monKy u Ha9 k.

CJIEj],CTBME 3. — HJIR mozo, mno6bi k-noeepxHocmb Qe^ib IIeimo cmeneHU 7, 8
ujiu 9 6bma k-6upanuoHajibHO 3KeueajieHmHa njiocKocmu, neo6xo9uMO u QocmamouHo,
mno6bi Ha Heu cyufecmeoeajia k-mouKa.
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(,n.oKa3aTejibCTBO Bcex BTHX yTBepH^eHHfi HeMeffjieimo cjienyer H3 TeopeMbi 3.4,
jieMMH 0.4 H 0.5 H xopomo H3BecTHbix peayjibTaTOB; B qacraocTH, yTBepwaeHHe 3.7 B
cjieayeT H3 Toro, HTO KOH(j|)HrypannH HCKjiiOTOTejibHbix KpHBbix Ha noaepxHOCTH
nejib IIeiwo CTeneHH 7 HMeeT BHH

TBK wo Bee KpaUHHe npRMbie jin6o Henoji;BH?KHbi, JIH^O nepecTaBjiHioTCH rpynnoft
Fajiya G, TBK HTO nx BMecTO MO^KHO CTHHyTb Han A:. j],ajibHenmne no,o;po6HOCTn Mbi
onycKaeM).

3.8. IIepeHaeM Tenepb K HsyqeHHK) noBepxHOCTen ffejib nenHO CTeneHH 6. ripH-
MeHneMbm MeTOfl onnpaeTCR na BOSMOWHOCTb OToSpamaTb HeKOTOpbie OTKpbiTbie
MHOwecTBa ajireSpanqecKHx k-cxem B onHOponHbie npocTpancTBa Haa A-TOpaMH, H
Mbi onnmeM cnaqajia BTO OTo6paweHHe B o6uj(eH cirryaimH. OHO nojiyHaeTCH cny-
CKOM Fajiya HS KOHCTpyKHHH, BBeaeHHon CeppOM [22] Han ajire6paHHecKH saMK-
HyTbiM nojieM (B aoKjiaae Ceppa conep^KHTCH TaKme onpeaejieHne 3TOfi KOHCTpyKHHH
c noMOinblo HeKOTOporo yHHBepcajibHoro CBOHCTBa).

IIycTb V-coGcTBeiman HenpHBOHHMan H npHBeneHHan ajireSpanqecKaa A-cxeMa,
{XjcV®A:-KOHeHHOe MHO^eCTBO, ,0;HBH30pOB, KaH<nblfi H3 KOTOpbIX HBJIHeTCH HCnp-

HBOJ3.HMOH H iipHBeffeHHOH noncxeMOH V®^. IIycTb So-rpynna rjiaBHbix JI.HBH-
sopoB, nopo^K.o.eHHbix {Xj H nycTb RcR(V®I)*-rpynna pannoHajibHbix (^yumum
na V®A:, HHBH30pbi KOTOpbix npHHaffjiemaT So. OTOBHBHO, Rcr(V®i\UX,, ^y).
PaCCMOTpHM TOHHyK) nOCJieHOBaTeJIbHOCTb.

(3 .8 .1 ) o^P^R^So->o

JIio6oe ee ceHeHne 9 : So—^R onpeaejineT A;-Mop$n3M OTKpbiToro MHon<ecTBa B Top
T®I, rae T= Spec k [So]:

/:V®i\UX,->SpecI[So],

KOTOpbIH HHHyHHpOBaH rOMOMOp(J|)H3MOM KOJieH

i[So] ->I[R] -^ r(V®I\UX,, ̂ ^)

(nepBbiH H3 HHX onpeaejieH qepe3 9, BTOpOH-BjioweHHe).
ripeji;nojio?KHM Tenepb, HTO HHBH30p Sx, G-HHBapnaHTeH. TaK KBK nocjieno-t

aaTejibHOCTb (3.8.1) pacmenjineTCH HQLJS, Z, HMeeM ToqHyio nocjienoBaTejibHocTb
G-Moayjiefi

o -> Homz(So, P) -^ Homz(So, R) -> Homz(So, So) -> o.

436



RATIONAL SURFACES OVER PERFECT FIELDS 77

YweM, wo Homz(So, k") = T(A)-rpynna reoMeTpnwcKHx TOTOK TOpa T= Spec k[So];
rowan nocjienoBaTejibHocTb KoroMojiornfi HaeT roMOMop(j|)H3M

8 :Home(So, So^H^T^)).

IIycTb AeH^G, T(A))-o6pa3 id npn BTOM roMOMOp^HSMe. 3TO-xapaKTepncTHHecKHH:
KJiacc G-pacmnpeHHH (3.8.1), KOTOpbiU B TO me BpeMn onpeaejineT rjiaBHoe OHHO-
poftHoe npocTpancTBO TOpa T Han k. IIycTb XcV TaKOfi HHBH30p, HTO X®A = Ux^
na V®i.

3.9. nPEflJIO^KEHHE. — OnpeQejiUM k-Mop^U3M
^:V\X->T71

^^p63 ZOMOMOp(f)U3M KOJieH

?0])^ (lER])0-^ r^v^iyUx,, ̂ ^)=r(v\x, ̂ ),
39e Qeucmeue zpynnbi G Ha A: [So] onpeQejiRemcn nepes KOHUKJI h, man nmo

T^Spec^^o])0.

TozQa g^k=f npu HaQjie^fcaineM omo^cQecmejieHmi T®k c T^k, u MOp(f)U3M g
He saeucum om ebi6opa ceneHUR 0.

HoKasamejibcmeo. — Bee cjienyeT H3 HBHoro onncaHHH npeacTaBHTejin KOHHKJia
{hg} : nycTb ^ njin ^:eSo-o6pa3 OTHOCHTejibHO neficTBHH g^G; ajieMeHT hg(=T{k)
onpeaejmeTCH 3HaHeHHHMH Ha HCM $yHKHnH ^, H6o ^eHomz(So, A*); Torna HMeeM
(H3 HBHOrO OnHCaHHH 8):

4^)=9(^)o(^))-1.

j],encTBHe rpynnbi G Ha k[So] onpenejineTCH Torna:
g{^=^hg)g^ ^eSo,

TO ecTb OHO corjiacoBano c neficTBHeM G Ha A[R].
ECJIH 3aMeHHTb ceqeHHe 9 Ha ^ : So->R, TO npencTaBHTejib KOHHKjia h H3Me-

HHTCH Ha roMOjiorHHHbifi eMy.
3.10. TEOPEMA. — IIycrnb F—k-noeepxHocmb Qejib Uenno cmeneHU mecmb,

Xi, ..., X@cF®A;-ece Henpueo9uMbie ucKjiionumejibHbie Kpuebie nepeozo po9a Ha FOOA:,
6

XcF-Tna^oiz Queusop, nmo X®k== SX^. no^o^cuM U=F\X. TozQa mop

T==SpecA;[So]

QeyMepen, u omo6pa3iceHue cxeMbi U e zjiaeHoe oQHOpoQnoe npocmpaHcmeo HdQ
amuM mopOM, onucaHHoe e npeQjio^fceHuu 3.9, aejinemcR u30MOp(f)U3MOM.

IIpe^Kae qeM ,o;OKa3biBaTb BTOT pe3yjibTaT, ycraHOBHM HeKOTOpbie cjiencTBHH.
CJIEj],CTBHE i. — HJIR mozo, nmo6bi k-noeepxHocmb Qejib IIenno cmeneHU

6 6bijia 6upanuoHajibHo 3KeueajieHmHa njiocKocmu HaQ k Heo6xo9uMO u QocmamouHO,
umo6bi HO. HOU cyluecmeoea^a panuoHajibHaa k-mouKa.
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HoKdsamejibcmeo. — Heo6xojniMOCTb ycjiOBHH TpHBiiajibHa; noKa^eM aocTaTOH-
HOCTb. MomHO CTOTaTb, HTO nOBepXHOCTb F /;-MHHHMajIbHa: HHaqe HejIO CBOaHTCH

K noBepxHOCTH nejib IIeiwo 6ojibmefi creneim, njin KOTopbix Bee noKasaHO (cjieacTBHe
3 TeopeMbi 3.7).

Ms MHHHMajibHOCTH F cjienyeT, HTO HHKaKan ee A-rowa He jie^KHT Ha X. j].en-
CTBHTejibHO, no jieMMe 0.4 rpynna Fajiya G wncTByeT Ha X,, i== i, . . . , 6 TBK, HTO
HHKaKaH op6HTa He COCTOHT H3 offHOM npHMoii H He conepwHT napbi HenepeceKaio-
IHHXCH npHMbix. IIocKOjibKy KpHBbie X, oSpasyioT na F®~k « mecTiiyro^bHHK »,
OTCiona jierKO cjieaye-r, HTO Ha HCM He MO^CT jie?KaTb G-HHBapnaHTHaa HOHKa.

BosbMeM Tenepb A-TO^Ky xeF H nponsBeneM MOHonaajibHoe npeoSpasoBaHne
F'->F c neHTpOM B x. riycTb XoCF'-o6pa3 x Ha F'. Tan KBK xeX, noaepxHOCTb F'
HBjmeTCH noBepxHocThio aejib neHu.o creneim nuTb (TeopeMa 3.4). nojibsyncb yT-
Bep?KffeHneM r. TeopeMbi 3.4, jierKO ycTaHOBHTb, HTO na noBepxnocTH F'®^ HMeeTcn
POBHO Tpn HenpHBOffHMbie HCKjiiOTOTejibHbie KpHBbie Y^, Yg, ¥3, nepeceKaioinnecH
c X; KawnaH us BTHX KpHBbix nepeceKaeT nBe npOTHBonojion<Hbie cropOHbi mecTH-
yrojibHHKa HCKJiioqiiTejibHbix KpHBbix, nepeHeceHHoro c F®^ na F'®^. J3,ajiee,
KpHBan Yi+Y2+Y3-G-HHBapnaHTHa H, HaKOHen, (Y,.Y,)=o npn z+j. IIycTb
YcF'-TaKOH .nHBHsop, HTO Y®'k=Y^+Y^+Ys- no jieMMe 0.4, jmBHsop Y MO^KHO
CTHHyTb Haa k\ nycTb Fo-nojiyqHBmancH nOBepXHOCTb. JierKO BiineTb, HTO Fo®^
MHHHMajibHa H n30Mop$Ha P^P1; cjiej];OBaTejibHO, Fo A-n30Mop(jj)Ha KBanpHKe,
HO TBK KBK na F^ ecTb A-Toqua, FQ 6npanHOHajibHo aKBHBajieHTHa HJIOCKOCTH HaH k.

CJIEHCTBHE 2. — IIoeepXHOcmb Qejib IIenno F, cmenemi 6, onpeQejieHHap HaQ
nucjioehiM ujiu. (pyHKHUOHajibHbiM nojieM k UMeem k-monKy e moM, u mojibKO e moM
cjiynae, ecjiu QJIR ecex nonojiHeHuii ky noeepXHocmb F®ky UMeem kymonKy.

HoKasamejibcmeo. — PesyjibTaT HeMeajieHHO cjiepyeT HS TeopeMbi 3.10 H saMe-
HaHHH BocKpecencKoro [25], corjiacHO KOTOpoMy njin jiio6oro nByMepHoro TOpa T
nan k HMeeT MecTO npHHunn Xacce, TO ecTb nnpo roMOMOp(j|)H3Ma

Hl(A;,T(i))->^Hl(^,T(i,))

TpHBHajIbHO.

Ha 3Toro cjieacTBHH, B qacTHOcTH, BbiTeKaeT pesyjibTaT CejiMepa [23] o TOM,
WO nOBepXHOCTH Haj], HHCJIOBbIMH nOJIHMH BH.O;a

^+af=--b{^+at3)

ynoBjieTBOpHioT npHHHHny Xacce, n6o KBK saMeTiui Cerpe [17], na aTOft Ky0HHecKon
noBepxHOCTH F HMeeTcn TpOHKa npHMbix CTHrnBaeMbix Han ocHOBHbiM nojieM. To
me cjie^OBaTejibHO, BepHO njiH jiio6on KySHqecKofi noBepxHOCTH c TaKoft TPOHKOH.

3.11. HoKasamejibcmeo meopeMbi 3.10. — KaK Mbi y^Ke OTMeqajiH, Bee noBe-
PXHOCTH aejib nenHO creneim mecTb RBjinioTca (j|)OpMaMH OHHOH H3 HHX, H6o npoeK-
THBHan rpynna TpaH3HTHBHO aefiCTByeT Ha TpofiKax HeKOjijiHHeapHbix ToqeK Ha njio-
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CKOCTH. y.O;o6HO B KBTOCTBe OCHOBHOH ^OpMbI Bbl6paTb nOBepXHOCTb FcP^P^P1,
3aaaHHyio ypaBHeimejvr

^oJ^O——^lJ^l^O,

rne (^, ^), (^0,^1), (^o? ^i)-oj];Hopo;nHbie KoopnuHaibi coMHOHmTejien. Mop^nsM
pr^F-^xP1

ecTb MOHOHffajibHoe npeo6pa30BaHne KBanpHKH P^P1 c neirrpOM B Towax
((0, I), (1 ,0) ) H ((1,0), (0, I)).

06pa3bi 3THX TOHeK Ha F HBJIHIOTCH npOTHBonojio^KHbiMH CTOponaMH mecTHyrojibHHKa
HCKjiioHHTejibHbix KpHBbix Ha F. AHajiOFHHHO oScTOHT flejio c npoeKHHRMH Ha apyrne
napbi MHomnTejieii.

B o6o3HaqeHHHX n. 3.8 B KaTOCTBe 9(So)cR Mourno B3HTb rpynny $yHKmin,
XQ ^Q ^Q

nopomwrnyv) — , — H —. 3Ta rpynna CBogonHa panra 2, G ;o;encTByeT na nee
^1 -71 <'! J 9

KBK H Ha SQ, TpHBHajIbHO, H OHeBHHHO, HTO COOTBeTCTByiOIHHtl MOp(Jg)H3M

^X-^Speck^-0/-1/-0/-1]
L^i V^i ̂ J

HB^HeTCH H30MOp$n3MOM. TCM caMbiM, ffjiH jiioSofi y5;-noBepxHocTH aejib IIemj.0 F
CTeneHH mecTb nuKjia HCKJiiOHHTejibHbix KpHBbix X MOp(j|)H3M npenjiOH<eHHH 3.9
^:F\X-^T^ ogjiaaaeT TCM CBOHCTBOM, HTO ^®I-H30Mop$H3M. OTcioaa BbiTenaeT,
HTO ^-H30MOp0H3M.

3.12. TEOPEMA. — JTycrnb F—k'noeepXHocmb Qejib IIenno cmeuemi n.
a) B cjiynae 6ecKOHeuHozo nojiH k npe9nojio3iciiM OonojiHumejibuo, nmo cyinecmeyem

manou ajieMeHm ^eN(F)G, QJIH Komopozo HUCJIO (^.cop-1) esauMHO npocmo c n.
TozQa Ha F cyluecmeyem k-moHKa. ECJIU, KpoMe mozo, Ha F®I Hem G-unea-
puaHmnou ucK^iiomimejibHou Kpueou nepeozo po9a (HanpUMep KozQa F k-Mumi-
MajibHa), mo MO^CHO Haumu k-mouKy Ha F, He Jie^cauj(yio Ha ucKjuonumejibHbix Kpuebix.

6) ECJIU nojie k KOHeuHo, mo Ha ecHKou panuoHajibHoii k noeepxHocmu cyinecmeyem
k-moHKa. Ha noeepxHocmu Qejib IIenno F cmeneHu n 3aee9oMO MO^CHO Haumu maKyio
moHKy, He Jie^cainyio Ha ucKJiionumejibHbix Kpuebix, ecjiu HUCJIO q ajieMenmoe HOJIR
k yOoejiemeopnem nepaeeHcrney

q>io+e^—n

z9e e^nucjio nenpueoQuMbix ucKjiiomimejibHhix Kpuebix nepeozo po9a Ha F®I.
JJ.JIH noKa3aTejibCTBa HBM noHa.o;o6HTCH cjieayioinaa jieMMa.
3.13. JIEMMA. — IIpeQnojio^cuM, urno noAe k 6ecKOHeuHo, u nycmb F-pezyjiR-

PHOR npoeKmueHap k-noeepxnocmb cmeneHu n. TozQa cyiuecmeyem manou k-Mop^u3M
f: F'^F, urno Mop^ii3M f®k RejipemcR MonouOa^bHbiM npeo6a3oeamieM c neHmpoM
e 3aMKHymbix mouKax noeepxnocmu F®I, u maKou k-Mop^u3M p : ¥ ' - > P 1 , nmo:

P\^))=f\W)®^{-x)
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z9e X-9ueu30p HO. F', cmnzueaeMbiu Mop(f)U3MOM f. KpOMe mozo, MO^CHO cnumamb,
nmo ece cjlou Mopcf)U3Ma p zeoMempunecKu HenpueoOuMbi.

(HoKasaTejibCTBO BTOTO pesyjibTaTa eyinecTBeHHO conepnmTCH B cTaTbe Hrysbi
[9]: njiH KOHCTpyKH™ p H F'; Hy?KHO paccMOTpeTb nyqoK ranepnjiocKOCTH ceqeHnit F
HOCTaTOHHO o6innM nywoM rnnepnjiocKOCTefi npocTpancTBa, conep?Kainero F, H
npOH3BecTH MOHOHflajibHoe npeo6pa30BaHne c neHTpOM B /-noacxeMe 6a3HCHbix
ToneK aToro nyHKa).

3.14. HoKasamejibcmeo meopeMbi 3.12. — HaqneM c paccMOTpeHHH 6ecKOHeHHoro
ocHOBoro nojin A. IIycTb p : F'-^ P1—/;-MOp$H3M, cyinecTBOBaHHe KOTOporo yTBep^K-
naeTCH B jieMMe 3.13. Mbi MomeM CTHTBTb, HTO Ha F®^ neT G-HHBapnaHTHOH ne-
npHBonHMOft HCKjiiOHHTejibHOH KpHBOH. Torffa MOp(||)H3M ^:F'-^P1 onpeffejiueT na
F' CTpymypy P^MHHHMajibHofi noBepxHOCTH, paccjioeHHoU na KpHBbie poaa i:
B caMOM nejie, HH KOMnoHeHTH nnBH30pa X®A:, HH/-npoo6pa3bi HCKjiioqiiTejibHbix
KpHBbix na FOOA He MoryT jie^KaTb B CJIOHX Mop(j|)H3Ma p®~k.

TaK KBK flJiH jiio6on A-TOHKH xeP1 HMeeM 6?p,(F^)===<jL)p^1 (neMMa 3.13 H n. 2. i),
H3 TeopeMbi 1.7 cjieayeT, HTO HenpHBonnMbie HCKjiioHHTejibHbie KpHBbie na F7®^
HaXOHHTCH BO B3aHMHO-Ofl;H03HaHHOM COOTBeTCTBHH C CeqeHHHMH T : P^ -> F'^A; MOp-

(j|)H3Ma ^®A;, a G-HHBapHaHTHbie HenpiiBOjuiMbie HCKjiioHHTe.nbHbie KpHBbie c ceqe-
HHHMH s : P^F' MOp$H3Ma p. OHeBHnHo, nocTaTOHHO .n;OKa3aTb Hajinqne G-HHBap-
HaHTHoro ceHeHHH.

PaccMOTpHM roMOMOp$H3M <p : N(F')^Z, onpeaejieHHbm HJIH jiio6oro ^eN(F /)
$opMyjiofi

P^)-^.^^)-

IIycTb N==Ker<p. OTOBHJI.HO, <Op,^eN; nojio?KHM N=N/(coF'®fc). H3BecTHO, HTO
KJiaccbi P^-noBepxHOCTefi co cjioeM pona i, KOTOpbie naa k CTaHOBHTcn H30Mop$Hbi
F'®A;, HaxonflTCH BO B3BHMHO onH03HaqHOM COOTBeTCTBHH c ajieMCHTaMH rpynnbi
H^A:, N(F)) (cTpyKTypa G-MOffyjm c N(F)), OHeBHHHO, nepeHOCHTcn Ha rpynnbi N, N,
H6o ajieMCHT ^0^ G-nHBapnaHTeH. CaMOH noBepxnocTH F' cooTBeTCTByeT B
rpynne H^A;, N) ee xapaKTepHCTHHecKHft Kjiacc ^(F'), KOTOpbifi HBjineTCR KjiaccoM
KOrOMOJIOrHfi KOU[HKJia

j-^(X)—X, seG

roe XeF'®A:-jiio6aH HenpHBonnMan HCKjiioHHTejibHan KpHBan. (OneBHnHO,
^(X)—XeN;

JI.JIH KpaTKOCTH Mbi o6o3HaHaeM KJiacc 3Toro ;n;nBH30pa B rpynne N TCM me CHMBO-
.HOM), JIerKO npoaepHTb, HTO OT Bbi6opa X BTOT KJiacc KoroMojiornn He 3aBHCHT.

J3,OKa?KeM, HTO npn BbinojiHeHHH ycjiOBHfi TeopeMH c(F /)=o. IIpe^Kfle Bcero,
G-Monyjib N pa3jiaraeTcn B npHMyio cyMMy

N=N+ZCOF,^,
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rne N BKjiaffbreaeTCH B N KBK nonrpynna, nopo?KneHHan ceqemiHMH (aro cnenyeT
H3 TeopeMH 1.7 H H3 reoMerpHqecKOH HenpHBOjmMocra CJIOCB p). TCM caMbiM, HMeeT
MecTO H30MOp$H3M H1^, N) == H1^ N), nocpencTBOM KOToporo MH OTOwnecTBHM
3TH rpynnbi. PaccMOTpHM TOHHyio nocjienoBBTejibHOCTb G-MOffyjiefi:

o -. N ̂  N(F') -^ Z -. o
H cooTBeTCTByiomyio en KoroMOjiornqecKylo nocjienoBaTejibHOCTb

N(F /)G^Z-lH l(^N).
JIerKO npOBepneTCH, qTO c ( ' F f ) = S { l ) . no3TOMy nocTaTOTOO npoaepHTb, HTO 9-ann-
MOp0H3M.

nycTb ^(^F^-TaKOH ajieMeHT, wo creneHb (^.<op) BsaHMHO npocTa c n.
riycTb /: F/->F-Mop(jg)H3M, onHcaHHbm B jieMMe 3.13 H nycTb

^/'(^^-^^^(F');
Toraa HMeeM:

(^.^=—n, (S.<OF^)=^
H (S•/+(^))==o HJIH Bcex ^eN(F) (CM. n. 2.1) IIoaTOMy

(r(^). ̂ ^) ̂  (r^) ./'(co -̂,)) - (^(^. ̂  = (^ (o )̂,
(/'(^F®^) • ^F®fc) = (^ . ^F®fe) = ̂

H3 B3aHMHOH npOCTOTM 3THX ffByx HHCejI CJienyeT, HTO 9^-3nHMOp$H3M, H60, OqeBHHHO,

f\^ H f\^®~k) npHHanne^aTrpynneIS^F')0. CjienoBaTejibHO, ^(F^^o.
Ho H3 o6pameHHH B nyjib c(F') cjienyeT, wo F' HMeeT cewHHe ywe nan A;.

njin nojiHOTH nanHM Ha6pocoK ffOKa3aTejibCTBa 3Toro H3BecTHoro $aKTa. IIycTb
^eP^-o6inaH TOHKa^ z : F^®A -^ F'®i-BjiomeHHe o6inero CJIOH, XCF'®i-HeKOTOpoe
A:-cewHne, r(X®A;)=^nnBH30p na F^®I. IIocKojibKy c(F)=o, HMeeM ffjin acex

s^-^=sW-^

rne 7]-HeKOTOpbiti ffHBH3op (na I(A;)-KpHBOft F^) cTeneHH nyjib. noaTOMy aHBH30p
^—73 G-HHBapnaHTeH, a CTeneHb ^—T] paBHa i. H3 TeopeMH PHMana-Poxa .HJIH
KpHBOfi pona eHHHHHa cjieayeT cymecTBOBaHne Ha o6meM cjioe F^k G-HHBapnaH-
THOTO 3$$eKTHBHoro nHBH30pa CTeneHH i; ero 3aMbmaHHe Ha F'®! naeT G-HHBa-
pnaHTHoe A-ceneHHe.

06pa3 aToro ceHeHHH na F HBjineTCH A-KpHBOfi pona Hyjib (c ^-panHOHajibHon
Towofi), KOTOpan He coBnanaeT HH c oaHOft H3 HCKjiioqnTejibHbix KpHBbix. IlepBaa
nacTb TeopeMH 3.12 ffOKa3aHa.

riycTb Tenepb A-KOHeHHOH nojie c HHCJIOM ajieMeirroB q. KaK noKa3aji A. Befijib
[24] HHCJIO A-TOWK Ha paHHOHajIbHOfi A-nOBepXHOCTH pBBHO

^-(S^^+i,
rjie s.-xapaKTepHCTHHecKHe KOpHH npeacTaBjieHHH MOp$H3Ma Opo6eHnyca Ha N(F).
IIoaTOMy 3TO HHCJIO == I mod q H, 3HaTOT, OTJIHHHO OT HyjIH. ECJIH F-IIOBepXHOCTb

Hejib Hewo CTeneHH n, TO paHr rpynnu N(F) paBen IO—TZ, a HHCJIO A-TOTOK, nona-
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naioupix Ha HCKjiioqirrejibHbie KpHBbie, He npeBOCxowT ^ ( ^ + i ) . IIoaTOMy njm
cymecTBOBaHHH ^-TOWH, He jie?Kauj[efi Ha HCKjiioHirrejibHbix KpHBbix, nocTaroHHO,
HT06bI BbIHOJIHHJIOCb HepaBeHCTBO

(f—{\Q—n)q—e^ (^+i)+i>o,

KOTOpoe, KBK jierKO anneTb, cjiejiyer H3 HepaaeHCTBa TeopeMbi q>io—n+e^.
3aM.cna.Hue 1. — Bojiee aerajibHO paccMaTpHBan j];HBH30p HCKJiioTOTejibHbix

KpHBbix, MOWHO yjiyqmHTb oneimy, HO HJIH Bcex q pesyjibTai He MOTKCT 6biTb Bepen:
npOH3Beji;H MOHonnajibHoe npeo6pa30BaHne nan P^ Han nojieM k us HByx ajieMeHTOB
c neHTpoM B neTbipex A'-TOHKax, Mbi nojiyqHM noBepxHocTb nejib IIenno CTeneHH
nHTb, y KOTOpoit Bee A-TOHKH jiewaT Ha HCKjiiOTHTejibHbix KpHBbix.

3aMenaHue 2. — B cjiyqae SecKOHeqHoro HOJIH k KpHTepnft TeopeMbi 3.12 WH
noBepxHOCTen CTeneHH 9, 8, OHeBHHHO, HenpHMeHHM, n6o B nepBOM cjiyqae (^.(Op'1)
Bceraa aejiHTcn na 3, a BO BTOpoM-na 2. J3,Jin CTeneHH 7 pesyjibTaT TpHBHajien
(cjieffCTBHe i H3 TeopeMbi 3.7). C npyrofi cTOpoHbi, HJIH noBepxHOCTeit F c aHTHKa-
HOHHHecKOfi cHCTeMoft 6e3 HenoffBH^KHbix KOMnoHeHT CTeneHH 2 pe3yjibTaT Bepen.
J],JIR ,o;OKa3aTejibCTBa Hyumo jinmb y6ej];HTbCH, HTO aepeH anajior jieMMbi 3.13. Ho
aHTHKaHOHnqecKHH nyqoK ffaeT pannoHajibHoe OTo6pa^KeHne CTeneHH 2, H njin no-
CTpoeHHH ny^KHO npOH3BecTH MOHonaajibHoe npeo6pa30BaHHe c neHTpoM B nape
COnpRWeHHbIX OTHOCHTejIbHO 3TOrO OT06paweHHH TOHeK.

3.15. TEOPEMA. — IIycrnb F—k-noeepXHOcmb Qejib IIeimo cmeneHU numb,
K-HopMajibHoe pacuiupeHue nojin k cmeneHU d u (d,^)==i. ECJIU Ha F®K ecmb
K-mouKa, mo F 6upanuoHajibHO BKeueajieHmHa Pj.

HoKasamejibcmeo. — IIycTb cnaHajia d=i H nycTb cymecTByeT A;-ToqKa x. He jie-
^Kainan na HCKjiiOHHTejibHbix KpHBbix. CaejiaeM MOHOiiaajibHoe npeo6pa30BaHHe c
neHTpOM x. nojiyqHBmaHCH noBepxHocTb F', o6jianaeT TCM CBOHCTBOM, HTO o6pa3
TOHKH x na V®k nepeceKaeT HHTb nonapHO HenepeceKaiomnxcH HenpHBOffHMbix
HCKjiioHHTejibHbix KpHBbix, cyMMa KOTOpbix HHBapHaHTHa. BTO cnenyeT H3 TeopeMbi
3.4 r: ecjiH F®^ HBjifleTCH o6pa30M P| npn MOHOnj];ajibHOM npeo6pa30BaHHH c
HCHTpoM B TOHKax x^ . . . , ^ 4 H ^o6^-06?213 TOHKH x®k, TO HHTepecyioinaH Hac
npTepKa HCKjiiOHHTejibHbix KpHBbix COCTOHT H3 o6pa30B npHMbix, npoxonRmnx qepe3
TOHKH XQ, X^ H KOHHKH, npOXOJI;HmeH Hepe3 TOHKH XQ, X^, . . . 3 X^.

CTHHya 3Ty nHTepKy HCKjiioqHTejibHbix KpHBbix Haa k, Mbi nojiy^HM SnpaHHO-
HajibHbrit yi;-MOp$H3M noBepxHOCTH F' na TpHBHajibHyio noBepxHocTb CeBepn-
Bpayapa, noroMy mo Ha Heft ecTb ToqKa.

IIycTb rf= i H pamiOHajibHan TOHKa xeF jie?KHT na e,o;HHCTBeHHOH HenpHBO-
HHMOH HCKjiioqHTejibHofi KpHBOH. Torj];a 3Ta KpHBau onpenejieHa Haa k. B cnjiy
TeopeMbi 3.4 r, ee nepeceKaeT na F®T TponKa nonapHO HenepeceKaioinnxcH nenpHBO-
HHMbIX HCKJIIOqHTejIbHbIX KpHBbIX. CTHHyB 3Ty TpOHKy KW A, Mbi nOJiyHHM SHpaHHO-

HajibHbm ^-Mop(jE)H3M noBepxHOCTH F Ha KBaapHKy, Ha KOTOpoH ecTb pamiOHajibHan
ToqKa (nanpHMep, o6pa3 TOHKH x).
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IIycTb, HaKOHen, d= i n /;-ToqKa xe¥ JIC^KHT Ha nepeceqeHHH ffayx HepHBO-
aHMbix HCKJiioquTejibHbix KpHBbix Ha F®A:. Bry napy B cnjiy TeopeMbi 3.4 r) nepece-
KaeT WTBepna ncKjiioqirrejibHbix KpHBbix, CTHrnBaeMaa nan k, HTO CHOBa naeT
TpeSyeMoe. B qacTHOCTH, B cnjiy TeopeMbi 3.12 6) Bee noKaaaHO B cjiynae KOHeqnoro
nojin.

PaccMOTpHM Tenepb cjiyqan r f>i . IIoBepxHOCTb FOOK 6Hpau.HOHa.nbHO aKBHBa-
jieHTHa Pj. JIerKo BHneTb, HTO Ha F®K cyinecTByeT TaKan KpHBan X, wo (X.COF)
BsanMHO npocTO c 5. HanpHMep, ecjin K-TOWSL xe'F^K He jieTKHT na HCKJIIOHH-
TejibHbix KpHBbix, ffocTaTOTOO B3HTb B KaqecTBe X o6pa3 nocTaTOHHO o6men npHMoft
Ha Pj OTHOCHTejibHO onncaHHoro Bbime 6npaHHOHajibHoro cooTBeTCTBHH (TOHHee,
ny^KHO, HTo6bi 3Ta npRMan Hen poxoanjia qepes TOHKH XQ, . . . 5 ^ 4 ) . AnajiorHHHO
pa36npaioTcn npyrHe ffBa cjiyqan.

IIycTb Tenepb Z—A;-ji;nBH30p na F TaKoft, HTO Z®K na F®K RBjmeTCH
cyMMofi X H Bcex A;-conpmKeHHbix K X. Toraa, oneBHnHO, (2.00?) ^o mod 5, TBK
qTO MO^KHO npHMeHHTb TeopeMy 3.12 a), KOTOpan CTOJI;HT Bee yme pasoSpaHHOMy
cjiyqaio d== i.

SaMenamie. — B pa6oTe 3HpHKBeca [7] yTBep^KffaeTCH, mo noBepxHocTb nejib
IIeHHO CTeneHH 5 Bceraa cowpwrn A:-pannoHajibHyio ToqKy, HO MHC He ynajiocb
3TO flOKa3aTb.

3.16. KpHTepnH n. 2.3 B npHMeHeHHH K 'noBepxHOCTHM nejib newo CTeneHH
n^ 5, KBK HeTpyaHO npoaepHTb, He ffaeT HeTpHBHajibHbix pe3yjibTaTOB. npn 72^4
cyuiecTBOBaHHe pan;noHajibHbix ToqeK nepecTaeT 6biTb paBHOcHjibHbiM 6npaHHOHajib-
HOU TpHBnajibHocTH noBepxHOCTH nejib neimo. B HacTHocTH, B. Cerpe [17] noKa3aji,
mo MHHHMajibHaH Ky6nqecKaH noBepxHocTb 6npaniiOHajibHO HeTpHBHajibHa, XOTH
jierKO nocTpOHTb npHMepbi TaKnx noBepxHOCTen, HMeioinnx pai];noHajibHyio TOHKy.

Hnme Mbi BbiqucjineM rpynny H1^, N(F)) njin MHHHMajibHbix noBepxHOCTefi
aejib rietmo F CTeneHH 4. ripeaBapHTejibHO onncbiBaeTCH BceB03MO?KHbie pa36neHHfl
MHO^KecTBa npaMbix na F®A: na op0HTbi OTHOCHTejibHO neHcTBHH rpynnbi Fajiya; HJIH
Ka^Kfforo TaKoro pa36neHHH rpynna H1 BbiqHCjmeTCH c noMomhio jieMMbi 2.9. Pe3y-
jibTaT, nono0Hbifi TeopeMe Cerpe, HeaepeH. XOTH JIJIH QojibinnHCTBa <12 H3 19>
pa36neHnft rpynna jin6o HeTpHBHajibHa, jinGo CTanoBHTCH HeTpHBnajibHOn Haa pacum-
peHHeM ocHOBHoro nojin, BTO MOTKeT 6biTb HeBepHO no KpaftHen Mepe J];JIH oaHoro H3
pa36neHHfi, H He npoaepeHO HJIH ocTajibHbix jieMH. B BTHX cjiyqanx Bonpoc OTKpbiT.
Haiim pe3yjibTaTbi HenojiHbi, H 3a,a;a^^a 3acjiy?KHBaeT HajibHeHmero n3yI^eHHH, n6o
OHa OTHOCHTCH K OJ];HOH H3 npocTeHmHx aHo^aHTOBbix CHCTeM ypaBHeHHM: aae KBaapa-
THHHbie (j|)OpMbi OT nHTH nepeMeHHbix <CM. Hnwe, n. >4. HHTepecHO 6bijio 6bi pemnTb
njin nee Bonpoc o cnpaBeffJiHBOCTH npHHHHna Xacce. KyQuqecmie noBepxHOCTH c
OnHOH paHHOHajIbHOH npHMOH, BOnpOC C 6pIpanHOHajIbHOH HeTpHBHajIbHOCTH KOTOpbIX

ocTaBjien OTKpbiTbiM B cTaTbe B. Cerpe [17], TamKe CBonnTcn K aTOMy cjiyHaK); Ham
KpHTepHH aaeT qacTHHHoe ero pemeHiie: HJIH flBeHaau;aTH TnnoB H3 neBHTHannaTii
B03MO?KHbIX.
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HnTBTejib, HHTepecyioiHHficn jmmb pesyjibTaroM, MOweT orpaHHqnTbcn npo-
CMOTpOM nn. 3.18, 3.21, 3.22 H Ta6jiHiu»i 3.27.

3.17. IIycTb F—A-noaepxHOCTb aejib IIeimo CTeneHH 4. B n.n. 3.5-3.6 onpe-
nejiena rpynna aBTOMOp^HSMOB r^ « KOH^nrypanHH npHMbix » ^4 na F®yfc. j].efi-
CTBHe rpynnbi Fajiya G Ha F®/; onpeaejineT roMOMOp$H3M G—^ (HJIH, TOHHee,
KJiacc TBKHX roMOMOp$H3MOB c TOHHOCTbK) w conpmKeHHH), o6pa3 KOTOporo onpene-
jineT H1. rioaTOMy nojiHan HH(j|)opManHH o BOSMO^KHHX THnax noBepxHOCTeft F cocTonjia
6bi B oimcaHHH Bcex nonrpynn r4 H BbmncjieHHH H1 njin Ka^Rffofi H3 HHX. Ho nonrpynn
cjinrnKOM MHOTO, a H1 Ha caMOM nejie onpeffejineTCH jinmb pasSneHHeM <S^ Ha op6HTH,
KOTOpbix ropasno MeHbme. OimcaHHeM TaKHx pasSHeHHfi Mbi cefiqac aaHMeMCH.

B ,a;ajibHenmeM yno0HO 6yneT n3o6pamaTb ^4 B Bnne rpa$a BepumHbi KOTOporo
cooTBeTCTByiOT npHMbiM, a we BepmHHbi coenHHeHbi CHMnjieKcaMH Torffa H TOjibKO
Torna, Koraa cooTBeTCTByioinHe npHMbie nepeceKaiOTCH. BcHKan nonrpynna rpynnbi r4
,o;encTByeT Ha BepmHHbi; op6nTe cooTBercTByeT nonrpa(j|), COCTORH(HH us BepmiiH
3TOH[ Op6HTbI H COenHHHIOIHHX HX CHMIIJieKCOB.

PaccMOTpHM cjienyioiHHH rpa$ c IO-K) BepmnHaMH, npOHyMepOBaHHbiMH, KBK
noKasaHO Ha qepTeme.

(3-i7-i)

4

3

2

I

4

3

2

I

8

7

6

5

8

7

6

5

Ha 3TOM nepTe^Ke He yKasaHbi CHMiLueKCbi, coennHnioinne BepmHHbi jiemainne
jieBee BepTHKajibHoft qepTbi c BepmHHaMH jiewaiHHMH npaaee ee. ByaeM CHHTaTb, HTO
Ka?K,o;aH BepmHHa, jie^KainaH no oHHy CTopoHy nepTbi, coennHeHa eine POBHO c oaHoti
H3 BepmnH Ka^Knofi napbi, jie^Kaineii no apyryK) CTOpony qepTbi. npn BTOM Bep-
miiHbi, jieBbie (cooTBeTCTBeimo npaabie) B CBoen nape, coeffHHmoTCH c BepmHHaMH
npaBbiMH (cooTBeTCTBeHHO jieBbiMn) B cBoeH nape, ecjin OHH siewon na pasHbix ropn-
SOHTajIbHbIX ypOBHHX (CTpOKax) H C JieBbIMH (cOOTBeTCTBeHHO npaBbiMH), eCJIH OHH

jie?KaT B oaHOU cTpOKe.
HanpHMep, BepmHHa i, KpOMe I, coej];HHeHa eine c 5, 6, 7, 8.
3.18. JIEMMA. — OnucaHHbiu zpacp usoMOpcpeH ^4.
HoKasame^bcmeo. — CorjiacHO TeopeMe 3.4, g^ COCTOHT H3 o6pa30B Ha noBepx-

HOCTH F®A HHTH TOHeK Ha P2, ffeCHTH HpHMbIX, npOXOffHIHHX qepeS Hapbl 3THX TOHeK,

H OHHOH KOHHKH, npoxonHineii qepes Bee TOHKH. riycTb XQ, . . . , ^-oQpasbi ToneK,
Lp {i^j, i,j=o, . . . , 4)-o6pa3 npHMon qepea i-io HJ-K) TOHKy, Q;o6pa3 KOHHKH. Cjie-
ayioinan TaSjinna ycTaHaBjiHBaeT BSBHMHO onH03HaHHoe cooTBeTCTBne Me^Kffy Bepm-
HHaMH onHcaHHoro rpa^a H BTHMH KpHBbiMH.
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3

LIS

4

Lu

5

Q,

6

L34

7

^

8
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To, wo npn 3TOM cooTBeTCBHH coxpaHHeTcu SuHapHoe OTHomeHHe, npeffJiaraercH
npoBepHTb TOTaTejno.

rpa$, OHHcaHHbrii B n. 3.19 6yfleM HasbiBaTb KBHOHHqecKHM rpa<j|)OM o6T»eKTa §^.
rioHrpynny Fc^ 6yneM Ha3biBaTb nonycTHMOH, ecjin nonrpa$bi ee op6nT He COCTOHT
H3 H30jiHpOBaHHbix BepmHH: nonycTHMbie nonrpynnbi HBJIHIOTCH oQpasaMH rpynnij
Fajiya, neHcTByioiHeft Ha MHHHMajibHbie noBepxHOCTH.

CJIE^CTBHE. — rpynna F^ mpamumueHa Ha noQzpacpax eu9a •———•
zpacf)a (^4.

(BTO He coBceM OHeBnnHO jimiib aJin TaKHx noj];rpa$OB, BepmnHbi KOTOpbix
jie^KaT no pasHbie CTOpOHbi OT BepTHKajibHOfi HepTbi. Ho H3 n. 3. ig jierKO ycMOTpeTb,
3TO njin Kawnoro TaKoro no,o;rpa$a BepmHHbi, He coejmHeimbie c HHM, oG-bennHnioTCH
B Tpn napbi BHjia •———•, ocTaBmnecH BepmnHbi o6'benHHHH)TCH B wrbipe napbi, H
OTHomeHHe Mewny ajieMeirraMH STHX BOCbMH nap coBnaaaiOT c oimcaimbiMH).

3.19 JIEMMA. — IIycrnb Z^, . . . , Z^-ece noQzpacpbi op6um HeKomopou zpynnbi,
Qeucmeyioineu Ha S^. IIycmb a^nucjio eepiuiiH e Z,., l^-uucjio ciiMnjiencoe, ebixoQuinux U3
OQHOU. eepmuHbi e op6ume, Zy u KOHnaioutuxcH e op6ume Zg. Vucjia l^ He saeucRm om
eu6opa eepuiuHbi u yQoeMmeopniom cjieQyiouiUM coomHouieHUHM:

(s-^-1)
(3-I9-2)
Kpome mozo,

(s-^-s)

S/.
s==l

rs — 53 n:

^^==^^3 r, s-- n.

S <?_=== 16,

u zpynna QonycmuMa e moM u mojibKO moM c^iyHae, nozQa l^ i HJIR ecex r; e nacm-
Hocmu, 0^2.

HoKasamejibcmeo. — HesaBHCHMOCTb l^ OT BbiSopa BepmnHH B Z^ cjienyeT HS
TpaHSHTHBHOCTH rpynnbi Ha op6nTe. CooTHomeHne (3.19.1) BbiTeKaeT H3 TOFO, HTO
B €^ H3 jiioSoit BepmHHbi BbixonHT 5 CHMnjieKCOB. CooTHomeHHe (3.19.2) npn r==s
TpHBHajibHO, a npH r^=s nojiyHaeTcn H3 noncTOTa nByMH pa3HbiMn cnoco6aMH Hncjia
CHMnjieKCOB, coenHHHioiHHX nBe naHHbie op6nTbi. PaBencTBO (3.19.3) 03HaHaeT, qTO
Bcero BepmHH 16; nocjienHee yTBep^KneHne cjienyeT H3 onpeffejieHHH.

3.20 JIEMMA. — nycmb rcT\-QonycmuMan noQzpynna. TozQa Ka^cQan ee
op6uma cocmoum jiu6o us 6, jiu6o us 12, jiu6o 113 s", i^a^4, eepuiuH.

HoKasamejibcmeo. — IIopHnoK rpynnbi T^ paaeH 27.3.5 (JieMMa 3.6 a)), rpa^

Op6HTbI H3 TpeX BepmHH B CHJiy JieMMbI 3.19 HOJDKeH 6bIJI 6bl HMeTb BHn %- HO,
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KBK jierno ySeflHTbCH, B KaHOHHHecKOM rpa(jj)e HOT TBKHX noarpa^OB. Op6HTbi H3
15 ajieMCHTOB He MO^PCT SbiTb, n6o nonojmeHHeM ee 6bijia 6bi op6irra H3 onnoro
ajieMeHTa, HTO npOTHBOpe™T ffonycTHMOCTH.

IIoKa^KeM renepb, HTO He MomeT 6biTb op6nT aonycTHMOft rpynnbi H3 5 H 10 ajie-
MeHTOB.

IIycTb Zi-raKan op6irra; TBK KaK /n^i , H3 (3.21.1) cjieffyer, HTO ^3^4 npn
^4=1, a H3 (3.19.2) Torffa BbiTenaeT, HTO npn ^sornod5 jin6o a^ ==o mod 5, jinSo
l^==l^==o. H3 (3.22.3) cjieayeT, HTO Bee ^ He MoryT nejiHTbCH Ha 5, noaTOMy
MO^KHO CHHTaTb, HTO /i2=0.

C jiio6oH BepmHHoU KaHOHH^ecKoro rpa$a, B HacTHOCTH, op6HTbi Zg, He coenn-
neHbi 10 BepiimH- HJIH pa3Hbix BepmnH 3TH necHTKH He coananaioT; cjienoBaTejibHO,
TBK KBK ^a^2? H3 ^l2==:o cjieayeT, HTO a^<io.

HonycTHM, HTO ^i = 5. IIoKa^KeM npen<ne Bcero, mo l^ == 2 n Zi HMeeT TaKOH BHH:

j],eHcTBHTejibHO, ^11=== i HeB03MOH<HO, n6o Toraa BepmnHbi coeffHHHiOTcn nonapHO.
IIpH /n == 2 CTpon op6nTy nocjieffOBaTejibHO H yHHTbiBaH OTcyTCTBue TpeyrojibHHKOB,

Md

nojiyqHM Tpe6yeMbifi BH.O;. riycTb 1^==^; op6nTa cowpmm nonrpa(j|) a^— c ; d He
\6

MO^KeT coeji;HHHTbCH c b HJIH c; no3TOMy HMeeTcn noarpa(j|) ^-—• , HTO naeT

6ojibme, qeM Hano, BepmnH. CjiyHan 1^4 HeB03MOWHbi. B cnjiy cjiencTBHH K
JICMMe 3 . 18 MO^KHO HaiiTH TaKOfi H30MOp(J|)H3M 6\ C KaHOHHqeCKHM rpa(J|)OM, npH KOTOpOM

a->i, &->T; Toraa rfnonaffaeT B jieByio BOCbMepKy BepmnH; B cnjiy Toro, HTO ^s^o,
ecjin <3=)=o mod 5, opSnTa Zg coaep^KHTCH B MHO}KecTBe neTbipex BepmnH, He coenn-
HHIOIHHXCH c a, b H d H cocTaBjiHioinnx nBe napbi ^ ^. CjieffOBaTejibHO, ecjin
Zi, . . ., Z^-BCe Op6HTbi H3 5 BJieMeHTOB, HMeeM

%4-l+'"+^n^4-

0'rciona cnenyeT, yqHTbiBan (3.19.3), HTO a ^ ^ l + • • • + ( 2 n = : = I » a 3TO npoTHBOpeqnT
nonycTHMOCTH rpynnbi.

TeM CaMbIM, Op6HTbi MOryT COCTOHTb JIHlUb H3 6,12 HJIH 2°', I^a^4 BJieMeHTOB.

3.21. JIEMMA. — nycmb TcT^-QonycmuMaR noQzpynna u nycmb cyluecmeyem
op6uma F, HUCJIO eepuiUH Komopou Qejiumcn Ha mpu. TozQa MO^CHO Haumu maKou
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u30Mopcf)ii3M <?4 c KdHOHUHecKUM zpci(f)OM, npu KomopoM pa36ueHue Ha opQumbi
ebizjinQum OQHUM u3 c/ieQyioinux cnoco6oe:

(3-2i.i)

Z,

Z< Z.
II III

HoKasamejibcmeo. — IIycTb a^= o mod 3. Torna a^ 12 HJIH 6. IIycTb a^== 12.
HMeeM i2/25==^/525 HpnqeM / is , / s2+°» ^o c Kan^on BepuiHHOft He coenH-
HHIOTCH JIHlUb 10 BepUIHH. ECJIH I<^2, TO Ig^^^s^ IITO HeB03MOWHO, H00 /52^4«

TaK KBK ^=3 Towe HeB03MomHO, HMeeM ^==4, ls2===3^2s' T^ caMbiM, n==2,
l^==i, /i2==3, ^i==4? OTKyna H3 ycjiOBHH ^12+^11=5 HaxonHM /n ==2. CjienoBa-

c d

TejibHo op6nTa Zi HMeeT BHJX OTo6pa3HM S^ B KaHOnnqecKHH rpa(j|), TBK,

HTo6bi [a, b) -> (i, i) jierKO BHneTb, qTO Torna MO>KHO ao0HTbCH, HToQbi {c, d)
OTKyaa cjienyeT oimcaimbm BHH paafineHHH.

• (5.5) .

j],onycTHM Tenepb, qTO ecTb nae op6nTbi H3 6 ajieMeirroB: ^=^==6. IIoKa^KeM,
qTO cjiyqafi ^=3, ^3=4 HeB03MO}KeH. j],eHcTBHTejibHO, HMeeM 6/13=4/31, OTKyna
jinSo /ig=2, /3i==3» JiH0o /i3===/3i===o. AHajiorHHHO, jin6o ^3==/^=3, jin6o
l^==l^=o. OffHOBpeMeHHoe HepaBencTBO Hyjno He MO^Ker HMeTb MecTa: ima^e
^31+^32+^33^5- IIoaTOMy MO^KHO c^HTaTb, HTO l^==l^=o. Ho c napoH •———• He
coeaHHHeTCH 6 BepmHH, H TaKne mecTepKH HJIH pasHbix nap He coBnaaaiOT; noaTOMy
npH <23==4 H a^==6 ycjiOBne ^3=0 HeB03Mon<HO.

3HannT, ecjm a^==a^==6, TO 72=4 H ^==^==2. Tan Bbime, H3 paaeHCTBa
6/3=2 /3i HaxoffHM /i3 === i, /3i = 3 HJIH /i3 == l^ == o; aHajiorHHHO, ^3 == i, /32 === 3 HJIH
1^=1^=0. OffHOBpeMeHHoe HepaaeHCTBO HJIH paBencTBO Hyjno HeB03MOHmo: B
nepBOM cjiynae /3i+/32+/33^5? BO BTOpOM ^3 =5, HTO npOTHBOpeqnT ^3 ==2. IIoa-
TOMy Mourno CHHTaTb, qTO l^==l^==o. OTo6pa3HM 6\ Ha KaHOHHHecKHH rpa(jj), TaK,
HToSbi op0HTa Z3 nonajia Ha (5, 5). Torna Zi, oTOBHjmo, 6yaeT cocTOHTb HS BepmHH
6, 6, 7, 7, 8, 8. Op6nTa Z^ nonaaaeT na onHy H3 nap B JICBOM CTOji6u;e; JierKO BnaeTb,
qTO MOWHO CHHTaTb 66 HapOH I, T.

PasfiepeM Tenepb cjiyqan, Korna ecTb jinmb oana op6nTa H3 6 BepmHH. nycTb
^==6, ^=2^, j^2. MMeeM npe?Kae Bcero 6/^=2°7si, J4= i. ECJIH /si+o, TO 1^==^,

/ls=2aJ~ l; eCJIH BCe / ig+O, TO S /ig==- S ^==5» HTO HeB03MO?KHO, H60 L>0.
8^2 2 s^2

3HaHHT, njin HeKOTopbix s HMeeM /is==o. TaK KBK ^==6, KBK 6bijio 3aMeqeHO
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Bbime, TaKoe s mower 6biTb TOJIBKO OHHO, cnameM, j=2, H ffjin Hero ^== 2 -
Op6HTbI Zi H Zg KBK BbIUie, MOHmO CHHTaTb HCTOpIIbIBaiOIHHMH IIpaBblH CTOJI-

6en. Pa36neHne jieBoro CTOji6na Ha op6nTbi, ecjm OH He Becb HBJIHGTCH op6HTOH,
MoweT 6biTb TOjibKO Buna 4+4 HJIH 6+2. BTOPOH cjiyqan ywe pa3o6paH. noKaweM,
HTO nepBbm HeBOSMOweH. j];encTBHTejibHO, nycTb ^==4. OWBHBHO, /33=i. Bocnojib-
syeMcn B 3TOM MecTe TCM, HTO name pasSneHHe onpeaejieHO rpynnon. TaK KBK y
nee ecTb op6nTa H3 6 ajieMCHTOB, ee nopunoK aejiMTCH na 3; noTOMy ona conepn^HT
HHKJiHqecKyK) nonrpynny nopH,o;Ka 3, H Bee OHH conpn^KeHbi. TaKan rpynna neH-
CTByeT na KaHOHnqecKHfi rpa$, nanpHMep, TBK: HHKjinqecKn nepecTaBjmeT Tpn
BepxHHe CTpoqKH. CjieffOBaTejibHO, y nee ecTb 4 opSnTbi no 3 HecoenHHeHHbix aep-
mnHbi H 4 op6nTbi no onHOti Bepunme. JIioQan op6nTa rpynnbi r nojinma 6biTb oS-be-
aHHeHHeM TaKnx op6HT: HO jierKO BHneTb, HTO op6nTa c a ===4, 1= i aTOMy ycjiOBHio
He yaoBjieTBOpneT.

SaMenaHue. — B ycjioBHnx jieMMbi 3.21 rpynna r o6fl3aTejibHO HMeeT nop-
HffOK s^01. B caMOM aejie, HHaqe ee op6nTbi 6bijin 6bi oS'bejnmeHHeM op6nT HHKJIH-
HecKofi 5-noffrpynnbi, HO nocjiejmne, KBK HeTpy^HO BHffeTb, conep?KaT 5, 5, 5 H 1
BepmnHy, TBK HTO nojiy™Tb oS-beaiiHeHHeM op6HTy H3 neTbipex HJIH nByx BepmnH
HeB03MO?KHO.

3.22. JIEMMA. — IIycrnb r-QonycmuMaH zpynna, op6umbi Komopou Ha €^
cocmofim Ka^cQan 113 2a ajieMeHmoe. TozQa cyiuecmeyem u30MOp(pu3M S^ Ha KanoH-
imecKuH zpacf), npu KomopOM pa36ueHue Ha op6umbi ebizjifiQum oQnuM u3 cjieQyioinux
cnoco6oe:

(3.22.1)
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HoKasamejibcmeo. — CoxpanneM o6o3HaHeHHH jieMMbi 3.21. ECJIH Bee ^==2,
OTo6pa3HB onHy H3 op6nT B i, T, nojiyHHM pa36neHHe IV.

IIycTb max ^=4. FloKa^KeM, HTO ecjin ecTb op6nTa Zy c Z^==2, TO 72=4,
a^==... =^4 ==4 H /^=2 HJIH Bcex r = = i , . . . , 4 . (ECJIH ^==1 HJIH Bcex r, TO
KBK jierKO BHneTb, nojiyqaeM cjiyqan V-IX; /^>2-HeB03MomHo).

riycTb max ^==4. OTo6pa?Kan Z^ B ( i , T, 5, 5), y6ewnaeMCH, HTO jiio6aH aep-
mnHa coeaHHeHa c Zi. noaTOMy /is^i ffJin Bcex s>i; HO S ^=5—/u=3; 3HaHHT,

s>l
op6nT <4; B coeaHHeHHH c max ^==4 H S^=i6 3TO ffaer ^ = = . . . = = ^ = = 4 .
rioKa^KeM, HTO /22= 2 (n aHajioruHHO, ^==2 HJIH Bcex 7-^2). HHane ^^^ OTOS-
pa3HM Zg B KaHOHHHecKHfi rpa(||) TBK, HTo6bi Zg nonajia B (i T 2 2). Torna y Zi HBC
BepmnHbi 6yj];yT cjieaa OT qepTbi, a jiBe-cnpaBa; BepmnHbi cjieBa He coenHHeHbi c Zg,
a cnpaBa-coeaHHeHbi; no3TOMy TaKoe pa36neHne He cooTBeTCTByeT HHKaKoft rpynne.
TeM caMMM, ^==2 HJIH Bcex r , / ^== i npn r=t=^.

B 3TOM cjiyqae MoryT nojiyquTben HBa cymecTBeHHO pa3Hbix pa36HeHna. TaK
KBK Z^== i, onpeaejieHO OTo6pa?KeHne Z^->Z^. Ha30BeM 3TH nBe op6nTbi npaBHjibHO
coenHHeHHbiMH, ecjin 3TO OTo6pa?KeHne nepeBonHT coejumeHHbie BepmnHbi B coeffn-
neHHbie.

ECJIH Bee op6HTbi nonapHo npaBHjibHO coejmHeHbi, OTo6pa?Kaa oaHy H3 HHX
B (i, T, 5, 5), HaHneM, HTO y ocTajibHbix Tpex op6nT no KawnyK) CTOpony OT BepTH-
KajibHOH qepTbi nojiwHa jiewaTb napa coenHHeHHbix BepmnH. riojiyHMM KOH^nry-
pau.Hio X.

IIpeffnojiOTKHM Tenepb, HTO Zi H Z2 coennHeHbi HenpaBHjibHO. OTo6pa3HM Zi na
(i, T, 5, 5); Torna y o6pa3a Zg 6ynyT nBe HecoeffHHeimbie BepmnHbi cjieaa H HBe-cnpaBa;
MOTKHO cqHTaTb, HTO 3TO 6yji;yT (2, 3, 6, 7)- EaHHCTBeHHaH nonrpynna CHMMeTpnft
rpa^a, HaTHHyToro na BepmnHbi Zi H Zg, nJiH KOTOpoti Zi H Zg HBJIHIOTCH opSirraMH,
H30MOp(j|)Ha ZgXZg n nopomaeHa cjieayioupiMH noffCTaHOBKaMH:

a : (i T) (55) (23) (67),
P : (i 5) (^5) (2 7) (3 6).

H3 paccMOTpeHHH KaHOHHqecKoro rpa$a jierKO yBnaeTb, HTO OTo6pa?KeHne r-^ZgXZg
(rne r-nonrpynna, ocymecTBJiHioman naHHoe pa36neHne na op6HTbi) He HMeeT aapa
(TO ecTb aBTOMOp(j|)H3M rpa$a, ocTaBjiHioinuM Ha MecTe BepuiHHbi i, T, 5, 5, 2, 3, 6, 7?
TpHBHajien). IloaTOMy, ecjin a H [B npOffojDKaiOTcn w aBTOMOp(j[)H3MOB KaHOHiiqecKoro
rpa^a, TO oji;H03HaqHO. Ha caMOM aejie TaKoe OTo6pa?KeHne cymecTByeT H 3anaeTcn
TBK:

a : (2 3) (6 7) (4 4) (8 8),

P : (2 7) (3 6) (4 8) (4 8)

HTO npHBOjun' K pa36neHHio XI.
B cjiynae, Korna a^==Q H / n== i , nojiynaeM pa36neHHH XII-XV, OTo6pa>Kan

ouHy H3 nap op6HTbi Zi na 5, 5 B pe3yjibTBTe Hero BCH Zi nonaaaeT nanpaBO OT qepTbi.
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Cjiyqaii a^=8, l^==2 HeB03MO?KeH. B caMOM nejie, cTpon rpa(j|) TaKofi op6nTbi
nocjieHOBaTenbHO, jierKO yfiejnrrbCH, mo ona nojinma HMeTb BHH jinSo nayx neco-
enHHeHHbIX KBanpaTOB, JIH60 BOCbMHyrOJIbHHKa. C KBaapaTOM B KaHOHHWCKOM

rpa$e coeanHeHa jiioGan BepmnHa, noaTOMy nepaoe HeaosMOHmo. IIycTb opSirra
d e

'<———VHBJIHeTCH BOCbMHyrOJIbHHKOM . OT06pa3HM (fl, b) B ( l , l ) . C TOHHOCTbK)

^<_____^S
a h

W nepeHyMepOBKH MO^KHO CTOTaTb, HTO {d, e) -> (2, 2), ^->3. 06pa3bi BepmiiH f, h
nOJIWHbI OaHOKpaTHO COeHHHHTbCH C 3 H OHHOKpaTHO-C CHCTeMOH ( l , T, 2, 2), HO TaKHX

BepmHH B KaHOHHqeCKOM Fpa^e, OHeBHHHO, HCT.

CjiynaH ^i==8, ^11^4 HeB03MOH<eH: CTpOH op6nTy nocjieaoBaTejibHO H yqHTbiBan

OTcyrcTBHe TpeyrojibHHKOB, npHxoji;nM K HeBOSMOWHOMy noarpa$y x\. -B HCM
yme 9 BepmHH. ? < *

OcTaeTcn pa3o6paTb cjiyHaH ^i==8, l^==3. Tipeww Bcero, /ig=t=o npn s>i.
^eficTBHTejibHO, B Zg co,o;ep?KHTCH coennHeHHan napa, a c Hen He coejuiHeHbi TOjibKo
6 BepmHH. IIoaTOMy, y^HTbiBaH, HTO S/^=2, HMeeM: jinfio ^==3, ^=^3==4, jinSo

o s^2
n=2, a^==Q.

nycTb n==3, ^==^==4. Torna /^==^3=i; ^=^===2. IloKa^KeM, HTO cjiyqafi
/22 == I HeBOSMOTKeH. HHaqe /ai + /22 + ̂ 3 == 5 => ^3 = ̂  == 2 ; î + l^ + ^33 == 5 => ^33 = I .

OTo6pa3HM Zg Ha (i, i, 2, 2); TBK KBK /32=2, jiioSan BepmnHa 23 jie^KHT enpaaa OT
qepTbI; TBK KBK /33==I, MOmHO CqHTaTb, HTO Z^ OT00pa7KaeTCH Ha (5 5 6 6) . OCTajIbHbie

BepmHHbi cocTaBjimoT Z^; HO BTO HeB03MO?KHO, nSo, CKaweM, 3 coenHHeHa c Zs,
a 7-HeT.

CjieffOBaTejibHO, npn a ^==8, /ii==3, H a^==a^==4. HMeeM l^==l^=^; OTCioaa
/23==/32==I . nOKaHWM, HTO KBaapaTbI Zg H 23 npaBHJIbHO COeUHHeHbI; T0rj3;a, OT00-

pan<aH Zg na (1,7,5,5) , a 23 Ha (2 ,2 ,6 ,6 ) , nojiyHHM pasGneHHe XVI. B caMOM
nejie, ecjiH Zg H 23 coeflHHeHbi HenpaBHjibHO, TO MOTKHO CHHTaTb, ^TO

z^ (I. T. 5. 5). 2:3= (2, 3, 6, 7);
Bee ocTajibHbie BepmHHbi aojinmbi o6pa30BaTb Zi, HTO HeB03Mo?KHO, nGo KBK noKasaHO
npn pasSope pa30neHHH XI, rpynna c opSnTaMH Zg H 23 pasSnBaeT nonojiHeHne
Tampe na aae neTBepKH, a He TpaHSHTHBHa Ha HCM.

HaKOHen, nocjienHHH cjiyHaH (sa HCKJiioqeHHeM TpHBHajibHoro XIX): 72=2,
^==^=8, ^l l==^22= =3• npen^ae Bcero, B Zi ecTb KBaapaT. (Hna^e, CTpon Z^ nocjie-

^
HOBaTejibHo H yHHTbiBaH OTcyTCTBne TpeyrojibHHKOB, HatiaeM noj];rpa$ ./^^a
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ii a He c TOM coeaHHHTbcn). OTo6pa3HM 3TOT KBanpaT B (1 ,^ ,5 ,5) . JIio6an apyran
BepmHHa coeammeTCH c BTHM KBaapaTOM; nBawnbi coeffHHHTbcn He MOHWT, n6o B Z^
eine 4 BepuiHHbi, H HJIH /u==3 aroro Majio. 3HaHHT, H3 Bcex ocTajibHbix BepmHH
KawnaH coeffHHena c OHHOH H3 BepumH (i, i, 5, 5), H caMH OHH OHeBHjnio, oSienuHeHbi
B KBaapaT. ECJIH OH npaanjibHO coenHHeH c nepBbiM KBanpaTOM, nojiynaeM paa-
SneHHe XVII.

riycTb Tenepb OH HanpaBHjibHO coenimeH c nepBbiM KBaapaTOM. Torna nojiyqnM
pa36neime XVIII. IIoKa^KeM OTHOCHTejibHo Hero cjieayiommi pesyjibTaT.

3.23. JIEMMA. — IIycrnb r-zpynna aemoMopcf)U3Moe KaHOHvmecKOzo zpacpa,
ocytnecme^iHioufaR pa36uemie XVIII. TozQa r co9ep3Kum nuKJiuuecKyio noQzpynny
emopozo nopfiQKa, pa.36u.eHue QJIR Komopou u30MOp(f)HO pa36ueHUio IV.

HoKasame^ibcmeo. — PaccMOTpHM op6nTy Zi==(i , T, 5, 5, 2, 6, g? 7)' Ona HBJI-
neTCH « KOCHM Ky6oM »: HBa ocHOBaHHn ero-KBaj];paTbi-coej];nHeHbi HenpaBHjibno. rioa-
rpa$ Kocoro Ky6a, HaTHHyToro Ha 4 BepmiiHbi, He coeaimeHHbie c jiio6on aaHHOH, HMeeT
BH,O; •——•——•——•. rioaTOMy CTan;HOHapHaH noarpynna BepmiiHbi H30MOp(j|)Ha Zg;
TBK KBK rpynna aBTOMOp(j|)H3MOB KOCOFO Ky6a TpaH3HTHBHa na BepmnHax, ee nopnaoK
paBeH 16. 06pa3 orpaHnqeHHH rpynnbi r na nepByio op6nTy HMeeT nopnaoK jin6o 8,
jin6o 16. Bo BTOpOM cjiyqae OH HBJineTCH nojiHOH rpynnoii aBTOMOp(j|)H3MOB Kocoro
Ky6a H noTOMy conepmuT HUKJiHqecKylo noarpynny, nopo}Kj];eHHyio ajieMCHTOM
(i 5) (2 6) (3 7) (i^ 5)- IIpoo6pa3 3TOH noarpynnbi B r nopo^aeH ajieMeirroM (i 5) (2 6)
(3 7) (4^) (7 5) (26) (37) (48) n, KBK jierKO BHaeTb, naeT pa30neHne Buna IV.

ripennojio^KHM Tenepb, HTO o6pa3 r HMeeT nopHj];OK 8. B TaKOM cjiynae OH He
coffep^KHT CTaHHOHapHOfi noHrpynnbi Ha offHOH H3 BepmHH Kocoro Ky6a. 3™ aep-
mHHbi pa36HBaiOTCH na qeTbipe napbi (i, 5), (2, 6), (3, 7)5 (^ 5)^ 3.neMeHTbi Kamnon
napbi H TOjibKO OHH HMeioT o6inyio CTai(HOHapHyio nonrpynny. Cjie^OBaTejibHO, aBTO-
MOp$H3M p, nepeBOffniHHH i B 5, nepeBonHT 5 B i, nSo OH He MO>KeT pa36nBaTb BTH
napbi. KpOMe TOFO, OH He ocTaBjineT Ha MecTe HH oaHy H3 BepmHH. MHon^ecTBa (2 6)
H ( ^ 7 3 5 ) HBJIHIOTCH 06'bejl.HHeHHeM Op6HT HpH neHCTBHH nHKJIHHeCKOH rpyHHbI,

nopo^KffeHHoU p, nSo nepBoe MHO?KecTBO COCTOHT H3 BepmHH, coeAHHeHHbix c (i, 5), a
BTOpoH-He coenHHeHHbix. j],ajiee, p nojiweH nepeBOjurrb 2 B 6 H 6 B 2. ECJIH p K
KOMy we nepeBOffHT B ceSn Kan^ylo H3 nap (T, 5), (3, 7), TO OH coBnanaeT c a n noTOMy
nopo^KaaeT pa36neHHe IV.

B npOTHBHOM cjiyqae OH noji^eH MeHHTb MecTaMH napbi (T, 5) H (3, 7). IIoKa^KeM,
HTO 3TO HeB03MO?KHO. B caMOM flejie, BepmHHa 3 coennHeHa c 5 H 6. SHawr, npoo6pa3
aoji^KeH 6biTb coeauHeH c i H 2 H QbiTbT HJIH 5, HTO HPOTHBOPCTHBO. JIeMMa noKa3aHa.

3.24. JIEMMA. — nycmb r-zpynna aemoMOp(f)U3Moe KaHOHunecKozo zpaffta,
Qaiouian pa36ueHue XII. TozQa F co9ep3icum QonycmuMyfo noQzpynny, 9aioutyio mi6o
pd36ueHue IV, jiu6o pa36ueHue, u30MOpcf)Hoe VI.

HoKa3amejibcmeo. — IIpe^KHe Bcero, r HBjiReTcn 2-rpynnon. ^eiicTBHTejibHO, ee
3-noffrpynna H 5-nonrpynna ocTaBjiniOT Bee BepmHHbi cjieaa OT qepTbi Ha MecTe H
noTOMy TpHBHajibHbi. Hajiee, nycTb peF. ECJIH p TO^KffecTBeHHO cjieBa OT qepTbi,
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TO (B TpHBHajIbHO. JIeFKO BHj];eTb, HTO B npOTHBHOM CJiyqae (3 HeTpHBHajIbHO ffeHCTByeT

jiH0o na Bcex qeTbipex, jingo Ha nayx napax jieBee qepTbi. B nepBOM cjiyqae rpynna,
nopo?Kji;eHHaH (3, aaer pasSneHHe IV. Bo BTOPOM cjiyqae us TpaH3HTHBHOCTH r Ha
opSHTax jierKO cjieayeT cymecTBOBanne ajieMeHTOB (^ n (B^r, KamffbiH H3 KOTOpux
HeficTByeT HeTpHBHajIbHO na HByx napax cjieaa, a HX nponsBewHHe-Ha Bcex napax
cjieBa. npHMOH noncHeT noKasbiBaeT, HTO ecjin p HeTpHBHajien Ha nayx napax cjieBa,
TO OH nepecTaBjineT « 6e3 nepeKpyHUBaHHH » we cocenHne napbi cnpaBa H nepe-
CTaBjineT c nepeKpyquBaHneM we apyriie napbi cnpaBa. IIoaTOMy noarpynna r,
nopo^neHHan ^ n pg, naeT pasSneHHe Tuna VI.

3.25. JIEMMA. — UocmaeuM e coomeemcmeue ecuKOMy noQzpacpy KaHOHunecKOzo
zpa^a HUKJI us noeepxHocmu F®I, fiejiRwinuucR CIJMMOU npHMbix, coomeemcrneyio-
IHUX ezo eepuiuHaM. TozQa zpynna zjiaenbix Queusopoe, HamRHymbix Ha npRMbie,
nop03fc9eHa nonapHbiMu pasHocmRMU nuKJioe, coomeemcmeyioulux noQzpacftciM-Kea-

QpamaM

HoKasamejibcmeo. — Bee Tnnbi KBaapaTOB B KaHOHnqecKOM rpa$e nepeHncjieHbi
HH?Ke:

af ^ i JJ ) . i^K4.5</^8;

6. (^, i^ z'i+4? ^ 2+4)5 i^z ' i+^^4^

^ {h,h,J\+^J2+4^ ^hJi.J2)-^. 2, 3,4);

a- {h,hJi+4,J2+4), {h^2,J\j2)=={^ 2, 3.4).

HeTpyjmo y6enHTbca, HTO HHneKC nepeceTOHHH jiio6oH npHMOH c HHKJIOM jiio6oro
KBaHpara paaeH I. Ha cjieffCTBHa K TeopeMe 3.4 BbrreKaeT Torna, HTO pasHocTH HHKJIOB
KBanpaTOB HBJIHIOTCH FJiaBHbIMH HHBH30paMH.

rioKa^KeM oSpaTHoe. CTHHyB nnTepKy npHMbix na F0~k B nHTb TOHeK, OTO-
6pa3HM F(x)A Ha P^. PaCCMOTpHM Ha P| j];HBH30pbI, HBJIHIOIHHeCH HOHapHbIMH

pa3HOCTHMH HpHMbIX Hepe3 napbi TaKHX TOTOK HJIH pa3HOCTbK) KOHHKH (wpe3 5 TOHeK)

H cyMMH HByx npRMbix. Ha reoMeTpnqecKHx coo6paH<eHHH HCHO, HTO oSpaTHue
o6pa3bi 3THX HHBH30pOB Ha F®A; nopOTKffaioT BCK) rpynny roaBHbix ffHBH30pOB,
HaTHHyTyK) Ha npHMue. Ho, B o6o3HaTOHHHx jieMMbi 3.18, 3TH o6paTHbie o6pa3bi
paBHM

Q.+^+^-(Lol+Lo2+^)=(Q4-A<3+^+L3J-(Lo,+L^+L3,+^),
H+^+^—^i+^+x,)=^+L^+x,+^)—(Q^+L^+x,+x,),

H, 3HaT^HT, HBJIHIOTCH pa3HOCTHMH HHKJIOB KBanpaTOB.

3.26. nycTb naHo pa36HeHne D : U Z, KaHOHHwcKoro rpa$a na nonrpa$bi

op6HT. nycTb ^-HHCJIO BepmHH Z,, a?=H.o.K (^,). 06o3HaTOM Hepe3 C0 rpynny Hyjib-
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MepHbix neneit rpa$a <^ H nycrb Np : C^C^TOMOMOP^HSM, onpeffejieHHbm ycjio-

BneM: Nj^=- S ̂ , rne ^-BepmHHa Z,. Ha rpynne C0 onpeaejieHO cnapHBaime

B Z, cooTBeTCTyiomee imneKcy nepecewHHH. IIyc-rb P-nnpo 3Toro cnapHBaimH.
Ha JICMMLI 2.9 jierKO cneayeT.

3.27. JIEMMA. — IIycrnb D-pa36ueHue KaHOHmecnozo zpacpa Ha op6umbi,
coomeemcmegioutee k-noeepxHocmu Qejib IIeimo F cmeneHu 4. TozQa, e o6o3HcmeHunx
n. 3.26.

H l(/; ,N(F))=NDCOnP/NDP.
Tenepb MH npHBeneM Ta6jinny 3HawHHH NDC^P/NDP .HJIR onncaHm>ix Bbime

neBflTHaOTaTH pa36neHHH D. OSpasyioinne rpymibi ND^OP npHBeaeHbi B Tagjmu.e
(Mbi nnmeM Z, BMGCTO S x: CM. jieMMbi 3.21 H 3.22); nonrpynna N0? JierKO Bbnm-

x (=Zi

cjineTCH ajiH KaHW)ro pa36neHHH c noMomhio JieMMbi 3.25. B nocjienHeit rpa^e Ta-
6jiHiu>i yKasaHO, HBjineTCH JIH noBepxHOCTb 6npannoHajibHO HeTpHBHajibHofi, ecjin
Mbi Mon<eM 3TO ycTaHOBHTb. B npHMeHaHHH K TaSjinne yKasaH npHMep rpynnbi,
naioineH pa36neHne Tnna II, y KOTOpofi jiio6aH co6cTBeHHan nonrpynna He HBjiReTcn
aonyCTHMOH. j];JIH COOTBeTCTByiOIHefi MHHHMajIbHOft nOBepXHOCTH, CJieaOBaTejIbHO,

roMojioriiHecKHft KpHTepHfi He nosBojineT pemnTb aonpoca o 6npaHHOHajibHoft HeTpH-
BHajIbHOCTH.

3.28. TaQjiima rpynn H1^, N(F))

Tun
pasSneHHH

I

II

III

IV

V

VI

CBo6oj];Hbie oSpasyiouiHe
rpynnbi ND^HP

Z2——3Z1

Z2-3Zi
^——3^2

^2-3^1

^—^l? ^=2, . . ., 4

^•--^ j=6, • • • , 8

2(Z,.—Zi), 2=2, . . ., 4

Z7——2Z5

2(Ze-Z,)

2(Z,—Zi), i=--2, . . . , 4
Ze-Z,

NDC-nP/NnP

0

0

0

Za+Z^

Z^

Z.

BnpaHHOHajibHbiH Tun
nOBepXHOCTH

?

p

p

HeTpHBHajibHa

HeTpHBHajibHa

HeTpHBHajibHa
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3.28. Tagjinna rpynn H^A;, N(F)) (suite)

Tan
pa30HeHHH

VII

VIII

IX

X

XI

XII

XIII

XIV

XV

XVI

XVII

XVIII

XIX

CBoSonHbie o6pa3yroinHe
rpynnu Ni,C°nP

2(Z,-Zi)
Zs—aZi
2(Z6-Z,)

Zg——2Z4

2(Z,-Zi)
Z3—2Zi

Zs-Z,

7 7Zjg ^^

7 7Z^4 ^3

Z,—Zi, ?==2, .. ., 4

z<-z,
2 ==2, 3, 4

4(Z.-Z,)
(=2, 3,4

2(Z3-2Zi)

4(Z,-Z,)

2(Z,-Z,)

0

2(Z,-Zi)

Zs—sZi

Z,-Z,

z,-z,

0

Ni)C°nP/NDP

Z^

Z^

Z^

Za+Z^

Zs,

0

0

0

0

Z^

z^

0

0

BHpai];noHajibHbin Tun
nOBepXHOCTH

HeTpHBHajibHa

HeTpHBHBJIbHa

HeTpHBHajibHa

HeTpHBnajibHa

HeTpHBHajIbHB

HeTpHBHajibHa B cnjiy
jieMMbi 3.24

?

?

?

HeTpHBHajibHa

HeTpHBHajibHa

HeTpHBHajibHa B cnjiy
jieMMbi 3.23

?
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UpuMenaHue. — PaccMOTpHM rpynny aBTOMOp(j|)H3MOB r KaHOHH^ecKoro rpa^a,
nopo^KneHHyK) cjienyioinnMH nepecTaHOBKaMH BepmnH:

a: (i T) (23) (2 3) (44) (55) (67) (67) (88)

P : (2 3 4) (2 3 4) (5 6 7) (5 6 7)

Ona naeT paafineHne Ha op6HTH Tnna II, TBK wo njin cooTBeTCTByiouneii noBepxHOCTH
H1^, N(F)) ==o. .Hajiee, a(Ba"'"l==(B2, TBK HTO nopHHOK r paaen 6; jiioSan ee
HeTpHBuajibHan coScTBeHHan nonrpynna conpmKena (a) HJIH (p) H noTOMy ne HB-
jiHeTcn nonycTHMOft. CjienoaaTejibHO, ^(K, N(F)) ==o TaKme ajin jiio6oro pacuiH-
peHHH KD/;.

4. 3aMe^aHne o painiOHajibHbix TOHKax

4.1. riycTb A-KBasHajireGpanqecKH saMKHyToe nojie (HanoMHHM, wo, no
onpenejieHHio, BTO osnaHaeT cymecTBOBamie A-TO^KH Ha BCHKOfi A:-rnnepnoBepx-
HOCTH B P^, CTenenb KOTOpofi ^n: CM. JIeHr [n]). KaK noKasbiBaioT pesyjibTaTu
n. 2, aToro CBoHcTBa HBHO He nocTaTOHHO HJIH TOFO, HTo6bi BCHKan pannoHajibHaH
A;-noBepXHOCTb 6bijia TpHBHajibna, wme Korna k KOHCTHO. C ffpyrofi CTOpOHbi, MHC
Ka^KeTCH npaBffonoffofiHOfi cjienyioman.

rHnOTE3A. — BCUKCLR panuoHajibHafi k-noeepXHocmb F UMeem A-mowy, ecjiu
nojie k Kea3uajize6paunecKU saMKHymo.

B CHjiy TeopeMbi 3.12 3Ta rnnoTesa Bepna njia KOHeHHux nojieft. HesaBHCHMO
OT npennojioTKeHHH KOHeHHOCTH Mbi Mon<eM noKasaTb cjieffyiomnfi qacTHHHbiH pesyjib-
Tar:

4.2. TEOPEMA. — IIycrnb k-6ecKOHeuHoe Kea3uajize6paunecKU saMKHymoe
noM. runomesa 4.1 cnpaeeQjiuea QJIR panuoHajibHhix noeepxHocmeU c nyuKOM npuebix
po9a nyjib, Qjia (ftopM a6cojiiomHO MUHUMajibHbix MoQejieu u QJIH noeepxHOcmeii Qejib
nenno cmeneHU ^=t=5.

noKasamejibcmeo. — ECJIH Ha panHOHajibHofi A-noBepxHOCTH F ecTb nyqoK
KpHBbix pona nyjib, TO 6a3a 3Toro ny^Ka 6npainiOHajibHO 3KBHBajieHTHa P^ H TO we
OTHOCHTCH K Ka^KHOMy CJIOK) Hafl; A-TOHKaMH 6a3H: 3TO CJieffyeT H3 TpHBHajIbHOCTH

rpynnbi Bpayapa nojiH A. OTCioaa cjienyer, HTO MHO^KCCTBO A-TOTOK Bciony njioTHO
Ha F. ECJIH noBepxHOCTb F®A A-MHHHMajibHa, TO F HBjmeTCH SHperyjinpHon
$opMOH P2. jinSo PlxPl, JinSo jiHHefiqaToft noBepxHOCTH. B nepBOM cjiynae pesy-
jibTaT CHOBa cjieayeT H3 TpHBHajIbHOCTH rpynnbi Bpayapa. Bo BTOpOM cjiyqae F
BKjianbiBaeTcn KBK KaanpHKa B P3. rioc.iieji.HHn cjiyqan yvKe pasoQpaH.

nycTb Tenepb F-noBepxHOCTb nejib nenHO CTeneHH n. B cnjiy TeopeMbi 3.7
cjiyqafi n ==g H 8 CBonnTcn K pasoSpaHHbiM, a cjiyqait n==j TpHBnajieH. IlpH n==6
TeopeMa 3.10 noKasbiBaeT, wo F conepmHT OTKpbiToe A-MHO^ecTBO, H30MOp$Hoe
rjiaBHOMy offHopo^HOMy npocTpancTBy Han HeKOTOpbiM nayMepHbiM TOpOM; HO Bee
TaKne npocTpaHCTBa Haa KBasHajireSpanqecKHM aaMKHyTbiM nojieM TpHBHajibHbi
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(Cepp [20]). IIpH w = = 3 F HBjineTCH Ky6HHecKofi noBepxHOCThio B P3, H Tpe6yeMoe
cjienyer H3 onpeaejieHHH.

HaKOHen, npH ^==4 noKameM, HTO npn aHTHKaHoimqecKOM Bjio^KeHHH F B P4

noBepxHOCTb F flBjineTCH nojiHUM nepeceneHHeM ffByx KBa.o;pnK. Ms TeopeMbi JIenra
[n] (H saMCTaHHH HaraTH, CHHMaioinero nonojiHiiTejibHbie orpaHHqeHHH Ha nojie k)
6yneT cjieaoBBTb Tpe6yeMoe.

TaK KBK (cop.<op)=4, nocTaTOHHO noKasaTb cymecTBOBaHne HByx pasHbix
rnnepKBanpHK, coHep^Kainnx F. Pa3MepHOCTb npoeKTHBHoro npocTpancTBa Bcex
rnnepKBanpHK B P4 paBHa 14. IIoKa^KeM, mo dim ^(F, (Op"2)^ 13. BTO jierKO cjieneTy
H3 npencTaBjieHHH ¥®k B BHne oSpasa nnocKOCTH P^ npn MOHOHnajibHOM npeo6pa-
30BaHnn c neHTpoM B IIHTH TO^Kax B nocTaTOHHO o6meM nojiomeHHH: cncTeMa I co^2!
npeBpamaeTCH B ;nHHeHHyio CHCTeMy KpHBbix mecTofi CTeneHH, nByKpaTHO npo-
XOffHIHHX Hepe3 Ka^KnyK) H3 IIHTH TOHeK.

B cjiyHae xapaKTepHCTHKH nyjib MO?KHO BOcnojib30BaTbCH TeopeMoti PHMana
Poxa H KpHTepneM KonaHpbi njin ji;OKa3aTejibCTBa Toro, HTO dim H^F, op"2) ==0,
OTKyna TaKH<e cjieayeT Tpy6yeMoe.
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