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THE INDEX OF SIGNATURE OPERATORS
ON LIPSCHITZ MANIFOLDS

NicoLae TELEMAN

Introduction

Before discussing the results of this paper we shall say a few words about its genesis.

In 1970, I. M. Singer [9] presents a comprehensive program aimed at extending
the theory of elliptic operators and their index to more general situations: to ‘ non-
smooth manifolds, non-manifolds of special type and to a context where it is natural
that integer (index) be replaced by real number .

The author focused on the following problems from Singer’s program: producing
a Hodge theory and signature operators on circuits (pseudo-manifolds) [11] and on
PL manifolds [12] looking for a possible analytic proof of Novikov’s theorem about the
topological invariance of the rational Pontryagin classes. A couple of years later, the
author produced a Hodge theory and signature operators on PL manifolds, in [13]
and [14].

In 1977, D. Sullivan [10] formulated the problem of constructing an index
theory—which would lead to a new analytic proof of Novikov’s theory about Pontryagin
classes—on Lipschitz manifolds; the same problem was proposed to the author by
D. Sullivan in a letter (1979).

The interest in studying Lipschitz manifolds derives from the following two
desirable, but conflicting features (1) of the Lipschitz homeomorphisms in R", see [10]:
they preserve a rich analytic structure, whereas, from the topological point of view,
they are very manageable. H. Whitney’s [15] results show that any Lipschitz manifold
has a complex of ¢ flat forms” which satisfies some basic properties; the theory of
Hausdorf measure and dimension on lower dimensional subsets—with important geo-
metric consequences—is available.

The topological property we referred to, implies the following fundamental result
due to D. Sullivan [10]: any topological manifold of dimension # 4 admits a Lipschitz
structure which is unique, up to a Lipschitz homeomorphism close to the identity.

Partially supported by the NSF Grant 3 MCS 8102758.
(1) Unlike other known categories of manifolds.
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40 NICOLAE TELEMAN

The main result of this paper is the Theorem 13.1: for any closed Lipschitz
Riemannian manifold M and for any Lipschitz complex vector bundle § over M, there
exists a natural signature operator D} : W (M, &) > W5 (M, £), where W#(M, £) are
Hilbert spaces of Ly-forms on M with values in £; this operator is a Fredholm operator,
and its index is a Lipschitz invariant of the pair (M, £). (When M is a smooth
Riemannian manifold, this operator is precisely the signature operator of M. F. Atiyah-
I. M. Singer [3] defined on the Sobolev space of order 1.)

Although all techniques and results of the paper are necessary for the proof of
this theorem, many of them are interesting by themselves. They include: Lipschitz
Hodge theory (Theorem 4.1), a Rellich-type lemma (Theorem 7.1) and an excision
property of the index of signature operators (Theorem 12.1).

The Lipschitz Hodge theory we present here is a slight modification of our combi-
natorial Hodge theory [14]. D. Sullivan [10] had pointed out that on any Lipschitz
manifold L,-forms, exterior derivatives and currents may be defined; all these objects
are basic for the Hodge theory. In this construction, results due to H. Whitney [15]
are involved. '

The Hodge theory suffices for the computation of Index Df when £ is a trivial
bundle. The computation of this number when £ is an arbitrary vector bundle requires
substantially more analysis. In the second case the compactness of the inclusion
WE(M, ) & WF(M, £) must be invoked. The proof of this result requires new ideas,
see §§ 7, 8.

Another serious difficulty arises in proving that Index D} does not depend on
the Riemannian metric on the base manifold. The starting difficulty consists of the
fact that a change of the Riemannian metric produces a drastic change of the Sobolev
space of order 1, Wi(M, £). The desired result will be derived from the Excision
Theorem 12.1. ‘

The author thanks I. M. Singer and D. Sullivan for the problematic they created,
and which has led to this paper, and for useful conversations.

The author thanks D. Sullivan and P. Trauber for their criticism on an earlier
version of this paper. :

* The content of this paper was produced at the California Institute of Technology
Pasadena, California, and while the author visited Scuola Normale Superiore di Pisa,
Italy. Partial financial support was provided by the Rome University, Italy.
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LIPSCHITZ HODGE THEORY

All manifolds considered throughout this paper are compact, oriented topological
manifolds without boundary, with Lipschitz structure.

A Lipschitz structure on a topological manifold M of dimension 7 is a maximal
atlas U ={U,,®,},cp, where ®,:U, -V, < R* is a homeomorphism from an
open set U,CM onto an open subset V, of R”, and the changes of coordinates @ o ®;!
are Lipschitz functions, i.e.

[@g 0 @ (%) — @go D7) < Kep | ¥ — ]

for any x,y € ®,(U, n Ug), with x,3 a constant.

It is known, see D. Sullivan [10] that on any Lipschitz manifold, L,-forms, exterior
derivatives and currents can be defined. These objects are basic for this paper, so we
shall define them from the beginning.

1. Differential forms
Let M be Lipschitz manifold as above.
An L,-form o of degree r on M is, by definition, a system
W = {ma }a EA?

where each «, is a complex L,-differential form of degree r on the open subset
V, =®,(U,) of R" and they are required to satisfy the compatibility conditions:

(r.x) (@0 D7) 00 = @,

(the pull-back (®go®;')* is defined component-wise).
This definition makes sense in view of the following result (see e.g. H. Whitney [15],
p. 272):

Theorem x.x (Rademacher). — Let f: U — R be a Lipschitz function defined on an
open subset U of R". Then:
(i) the partial derivatives Of|0k* exist almost everywhere on U, 1 <i< n,
(ii) ofJok* are measurable and bounded.

The space of all Ly-forms of degree r on M will be denoted by Li(M).
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THE INDEX OF SIGNATURE OPERATORS ON LIPSCHITZ MANIFOLDS 43

If 6 is any Ly-form on an open subset U of R", then ¢ is said (classically) to have
distributional exterior derivative do in L, if there exists an L,-form denoted do in Li+1(U)
such that for any CG®-form ¢ with compact support in U:

(x.2) chdcp: (— I)d°g°+1fdc/\cp
dego +dego + 1 =n.

If ©={w}ses €Lj(M), and if do, e Li*'(R") for any « eA, then we say
that o has distributional exterior derivative do = {dw,},c, in Li*'(M). Of course,
in order to check that this definition is correct, it remains to verify that the forms do,
satisfy the compatibility conditions:

(x.3) (@g 0 D) derg = do, .

The relation (1.3) follows from the following:

Proposition x.2. — For any Lipschitz mapping f:Q, — Q,, where Q, and Q, are
relatively compact open sets in R", and for any form « € L3(Q,), the form f* o belongs to LI(Q,), and

(x.4) d(f*0) =f*(do) e L3*1(Qy).
Proof. — (i) It was proven by H. Whitney [15], Theorem 9C, p. 305, that (1.4)

holds for Lipschitz mappings f and flat forms o (a form e is flat if © and de have bounded
measurable components).

(ii) A fortiori, (1.4) holds for Lipschitz mappings and smooth forms.
(iii) To prove (1.4) for an arbitrary Ly,-form o, we approximate « by smooth
forms, and we apply (ii). For a complete account of this last step, see the Appendix 14.0.

2. L, De-Rham Complex

We introduce the spaces

(2.1) QM) = {0 | @ e Ly(M), do e L +!(M)}.
The exterior derivative d satisfies

(2.2) d® = o;

therefore

(2.3) QM) ={...0—>Q(M)5Q{(M) 5 ...

- QM) 5> QpH(M) - ...}
is a cohomology complex.

Let L'(M) denote the vector space of complex flat forms of degree r on M. The
wedge product of any two flat forms is still a flat form, and hence © L(M) is a graded

differential algebra. It follows from this that the wedge product induces a structure
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44 NICOLAE TELEMAN

of complex algebra on the homology of & L’(M). On the other hand, L*(M), the

complex of flat forms on M, is a subcomplex of the complex Q}j(M).

Theorem 2.x. — (i) If i denotes the inclusion
(2.4) 1: L'(M) - Qj(M),
then the induced homomorphism in homology:
(2-5) i, 1 H(L'(M)) - H,(Q;(M))
is an isomorphism.
(i) H,(L*(M)) and H,(Q;(M)) are canonically isomorphic to H*(M, C).
(iii) If @ and o are arbitrary cocycles of complementary degrees (say, r and dim M — r)
in Q}(M), then
(2.6) (@,0) P [Lore
induces a non-degenerate pairing:
(2.7) H,(Q(M)) X Hyp — ((M)) - C
(L,-Poincaré duality).

Proof. — (i) and (ii) Notice that L'(M), Q}(M) are modules over the algebra of
Lipschitz functions on M, and hence the associated differential sheaves of germs L*(M),

Q;(M) are fine. These sheaves are resolutions of the constant sheaf G (Poincaré lemma).

The proof of the Poincaré lemma for the sheaf L*(M) can be performed as in the smooth
case; for the case of the sheaf Qj(M), see e.g. [14]. The generalized de Rham theorem

applied to these sheaves and morphisms proves (i) and (ii).
(iii) If @ is a coboundary and o is a cocycle in the complex Qj(M), then Lemma 4.1
below gives:

(2.8) meAc::o;
this shows that the pairing (2.7) is well defined.

We know from (i) that any cohomology class in H,(Qj(M)) may be represented
by a flat cocycle. On the other hand, (2.6) defines also (for @ and o flat forms) a pairing

(2.9) H,(L'(M)) X Hymy—,(L°(M)) - G.

Itis well known that the pairing (2.9) is non-degenerate, and hence the pairing (2.7%)
is non-degenerate. For the reader’s benefit, we recall here, briefly, why (2.9) is
non-degenerate. H. Whitney’s theory [15] implies that, by means of the correspondence

{ﬂat form = flat cochain, fM = evaluation on [M],
wedge product = cup product]

the pairing (2.9) becomes the topological Poincare’ pairing, which is known to be
non-degenerate.
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THE INDEX OF SIGNATURE OPERATORS ON LIPSCHITZ MANIFOLDS 45

3. Riemannian metrics

A Riemannian metric on M is a collection I' ={T',},c,, where I, is a Riemannian
metric on V, = ®,(U,) € R", with measurable components, which satisfy the compa-
tibility conditions
(3-1) (@0 @) Ty = T,.

In addition, the Riemannian metrics I', are required to define L,-norms on V,
which are equivalent to the standard Ly-norm, i.e. there should exist two positive
constants k,, K, such that, for any smooth form o with compact support in V,

(3-2) Folloll < Mol < Kqloll;

here || || and || ||, denote the usual Ly-norms:

ol =|oAr*o
(3-3) f

ol = [orr,a,

where * and *,, are the Hodge star operators of the Euclidean metric and of the metric I',,
respectively.
Any such Riemannian metric T' will be called a Lipschitz Riemannian metric on M.
This norm derives from the scalar product

(3-3) (9:0) = [9A%5, 9,0 eL(M).

We show now that any compact Lipschitz manifold M has Lipschitz Riemannian
metrics. For, we choose a finite Lipschitz subatlas {U;, ®;};, .;.x on M such that
all U; have boundaries of measure zero. We partition M by the sets:

T, =1,
i—1

T,=U\UU, 2<i<N,

and we transfer on each T; the standard Euclidean metric of R"* via the coordinate
map D,.

For any Lipschitz Riemannian metric

r ={Pa}aeA’ and for any w ={(’)a}¢eA GL;(M)’

the form *pw defined by
(34) *I‘w—:{*ama}aeA
is an Ly-form of complementary degree on M ; we define by means of it the Ly-norm of e:
(3-5) ol = [ or*roe;

if there is no danger of confusion, the subscript I' might be omitted in the sequel.
This is a norm on Lj(M) which makes Lj(M) a Hilbert space. Two different
Lipschitz Riemannian metrics on M define equivalent norms on Lj(M).
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46 NICOLAE TELEMAN

4. Hodge Theory on Lipschitz Manifolds

Let T' be a Lipschitz Riemannian metric on the manifold M™ of dimension m,
and let * be the operator (3.4). This operator is an isometry:

0 Li(M) -~ L37"(M)

and
(4.0) $nty = (— 1)),

The operator §, acting on forms of degree r is introduced formally as in the
smooth case:

(4.1) 8, = (— 1)™r++lydy,
Its domain of definition is the space
(4.2) (M) = *Q3~"(M) CLy(M).

The following spaces Wj(M) are the Lipschitz analogues of the Sobolev spaces
of forms of degree r and order one:

(4.3) WIM) = QM) 1 Q3(M) ={a | @ e Li(M), with do, dxe & Ly(M)}.
Remark, as a new feature, that the spaces W] depend ('), by means of the
x-operator, on the Riemannian metric; this dependency is effective, as shown by
Proposition 2.4 (ii), in [14].
It is easy to check that Wi(M) is a Hilbert space under the diagonal norm || |y
(4-3") [l = =P + [ldu P + || 8u]P.
We define now the spaces of harmonic forms:
(4-4) HM) ={o| o e W{(M), do =0, 3w = o}.
Any harmonic form is a cocycle in the complex Qj(M); the homomorphism:
¥ H'(M) - H'(M, C)
(4.5) o [0]
will be called Hodge komomorphism.

Theorem 4.x (Hodge Theory).

For any closed, oriented, Lipschitz Riemannian manifold M™, and for any degree r:
(1) the Hodge homomorphism

¥ H'(M) - H'(M, C)

() In contrast with the smooth case.
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THE INDEX OF SIGNATURE OPERATORS ON LIPSCHITZ MANIFOLDS 47
s an isomorphism:
(i) *=: H'(M)—> H"""(M)
15 an isomorphism;
(iii) there is a strong Hodge decomposition
(4.6) L; = H'(M) @ dQ;™ (M) @ 3Q3+1 (M),
whick is a direct, orthogonal decomposition by closed subspaces in Li(M).
Proof. — The proof is based on the following Lemmas 4.1-4.4.
Lemma 4.x. — Suppose o e Li(M). Then o € Q)(M) if and only if there exists
do e L3 Y(M) suck that, for any ¢ € QP "T1(M),
(4.7) fuco/\dcp = (— 1)'+1fMdmA¢.

Proof. — By a partition of unity argument via Lipschitz functions, checking (4.%)
can be reduced to an analogue problem where  is supported in an open set in R™
There the result is well known and can be proved by a little convolution argument.

Lemma 4.2. — Ker d" is closed in Ly(M).

Proof. — Let o; € Qy(M), i €N, do'=0, lim «'=w. Let ¢ be any element
in QF~""Y(M); we have, using (4.7),
Jondo = i [ do = (= 57 i [
) = (= i fone = o
from Lemma 4.1 we deduce that dw = o.

Lemma 4.3. — Imd"~! is closed in Li(M).

Proof. — Suppose that o; = df;, and ‘_l_i>n°1° o; = o. Then w; are cocycles, and
from Lemma 4.2, we deduce that o is a cocycle. For any cocycle £ we have, again

llSiIlg (4"7))
(4.9) [onrt=lim [wnf = lim [d8aE = lim [6,ndf = lim 0 = o,

$+—> 0

which implies, in view of Theorem 2.1 (iii) that the cohomology class of  is zero, or
that » is a coboundary.

Lemma 4.4. — he H(M)<{heKerd,h1Imd ~*}.

Proof. — h1Imd'~' <0 = (do, h) = J.dcp/\ *h for any ¢ € QF~"~'(M), which,
by Lemma 4.1, is equivalent to d(*k) = o.
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48 NICOLAE TELEMAN

The Lemmas 4.2-4.4 imply the statement (i) of Theorem 4.1. The statement (ii)
is an immediate consequence of the definitions, and of (4.0).

For which regards the proof of (iii), we already know that dQj~'(M) is closed
(Lemma 4.3). Similarly, by (4.0),

SQEFH(M) = »dx(+QF 7" H(M)) = »(dQ7~ "1 (M),

which is closed because * is an isometry and dQ7~"~!(M) is a closed subspace, as seen
before. Finally, H"(M) is closed in Lj(M) because it is finite dimensional (Hodge
isomorphism).

The fact that the three subspaces H'(M), dQ;~'(M), 3Q;**(M) are mutually
orthogonal is a consequence of Lemma (4.1) along with (4.0). Any element in Lj(M)
which is orthogonal to dQ;~*(M) ® 3Q;**(M) is, for the same reason, a harmonic
form. The proof of Theorem 4.1 is completed.

For a proof of the combinatorial analogue of Theorem 4.1, the reader can refer
to N. Teleman [14]. For a different approach and construction of Hodge theory on
¢ admissible ” pseudo-manifolds which are smoothly triangulated, see J. Cheeger [4].
See also J. Dodziuk [5] for Hodge theory on non-compact smooth manifolds.

Earlier abstract treatments for Hodge theory are due to G. Fichera [6] and
M. Gaffney [7].

5. Signature Operators

In this section we present a first application of the Lipschitz Hodge theory.
For the sake of uniformity of notation we agree to denote Lj(M) by Wj(M).
We introduce also, for j = 1 or o,

dim M
(5-1) wiM) = D wim),
and

dim M
(5.1) H'(M) = @0 H'(M).

The operator
D=d+3

(5-2)

D: (WiM), || [l) - (We(M), [| |[)
is clearly a continuous operator.

Proposition 5.x. — The operator D is a Fredholm operator.

Proof. — It is easy to check that
(5-3) Ker D = H*(M).
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THE INDEX OF SIGNATURE OPERATORS ON LIPSCHITZ MANIFOLDS 49
Indeed, if u € Ker D, then the strong Hodge decomposition (4.6) gives:
o= ((d + d)u, (d + d)u) = (du, du) + (du, u),
which shows that
du=o0, du=o,

that is, » is harmonic. The reverse inclusion is obvious.
We are going to determine the range of D. We shall check that

(5-4) Im D = dQ3(M) @ 3Q3(M),
where QM) = EB (M),

and

(5-5) Q;(M) = D Q5(M).

Once (5.4) is established, the strong Hodge decomposition (4.6) will supply
that D has closed range, and

(5.6) Coker D = H*(M).
It is clear, from the very definition of D, that
(5-7) ImD < dQj(M) @ 3Q5(M);
conversely, let a be any element in Qj(M); then (4.6) tells that 2 may be decomposed:
(5.8) a=h -+ dax + 3B,
where he H'(M), «eQyM), and BeQ3M).

As a, h, da belong to Q3(M), it follows that 3B belongs to the same space. In addition,
3B € Q3(M), because 3 = o, and hence 3B € Wj(M); then, from (5.8), we get

(5-9) da = d3 = D(3g)
which shows
(5.10) dQ;(M) < Im D.
We can prove similarly that
(5.1x) 3Q5(M) = Im D.
From (5.10) and (5.11) we get
(5.-12) dQ3(M) @ 3Q5(M) < Im D,
which together with (5.7) implies (5.4).
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50 NICOLAE TELEMAN
Proposition 5.2. — The space Wi (M) is an infinite dimensional separable Hilbert space.

Progof. — Wy(M) is separable and infinite dimensional. The Proposition 5.1
along with the open map theorem completes the argument.

From now on we suppose that dim M = 4u.
The operator D splits out [8] in a direct sum of two operators:

(5.13) D =D &D*

by means of the involution

(5-14) TLWHM) > Wt = DR /T
© keeps the subspace Wi(M) of Wi(M) fixed and
(5-15) D = — Dr.

Let WE(M), resp. WE(M), denote the eigenspaces in Wi(M), resp. Wi(M),
corresponding to the eigenvalues + 1 for the involution = in Wj(M), resp. W;(M). One
defines D* to be the restriction of D to W (M), and these operators act as in the smooth

case [3]:
D% : WE(M) - W7 (M),

I
(5-13) D = D~ @D+,

Theorem 5.3 (Signature Theorem). — For any closed oriented Lipschitz manifold M
of dimension 4., with Lipschitz Riemannian metric, D% are Fredholm operators and

(5-16) Index D* = dim Ker D* — dim Coker D* = Sig M.

Proof. — D is a Fredholm operator by Proposition 5.1, and from (5.15) we get
that its sumands D™, D* should be Fredholm operators also.
The computation of Index D* follows from Hodge theory, see Atiyah-Singer [3].

The operator D* is called signature operator.
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GENERALIZED SIGNATURE OPERATORS
AND RELLICH-TYPE LEMMA

6. Signature operators with values in vector bundles

We keep all notations from the previous sections.

Let £ > M be a Lipschitz complex vector bundle of finite rank over the closed,
oriented Lipschitz Riemannian manifold M.

We introduce the following spaces:

L(M) = algebra of complex valued Lipschitz functions on M.
L(¢) = L(M)-module of Lipschitz sections in &.

(6.1) WM, &) = Wi(M)®yyyL(E), j=oor1, o<r<dimM,

Wi (M, &) = WE(M) 8, L(E), j=o or 1.

T, = t® I, is an involution in Wj(M, §).

We intend to define signature operators with values in £, see M. F. Atiyah, R. Bott,
V. K. Patodi [1] and M. F. Atiyah, I. M. Singer [3]. To this aim, we take a vector
bundle embedding V:& >N, where N —> M is the product bundle of rank N on M.
Considering N endowed with the trivial Hermitian structure, & itself will become a
Hermitian bundle by restriction, and we will refer to V as a linear connection in &.

Let &1 denote the orthogonal complement to £ in N.

We have for j=o, or 1:

(6.2)

N

D Wi (M) = WEM, N) = WE(M, £) @ Wi (M, EY).

The relations (6.2), entitle us to introduce a Hilbert space structure on W;(M, &)
and Wi (M, £) given that they are closed subspaces of the direct sum of N copies of
the Hilbert spaces: Wj(M), Wit(M).

Let p, i, peL and 71 denote the obvious projections and inclusions:

Pg Pg
(6.3) Wi(M,8) €5 WM, N) 5 WM, &Y.
i el
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52 NICOLAE TELEMAN

The operator

(6.4) Df = .0 (DO ... ®D)oig: WH(M, &) > Wy (M, &)
N

will be referred to as signature operator with values in E.

The basic problem of this paper consists in showing that the operator Df is a
Fredholm operator and that its index depends only on the Lipschitz structure of the
bundle £ and its base manifold M. In the remainder of this paper we will provide
all the necessary analysis for the proof of that statement.

Notice that the operator D depends on two arbitrary structures, in addition to
the Lipschitz structure on M: 1) a Riemannian metric on M, and 2) a connection V in &.

7. The inclusion Wi(M, §) - W (M, §) is compact
In the forthcoming sections § 7-8 we shall prove the following Rellich-type result:

Theorem %.x. — For any Lipschitz vector bundle ¥ over the oriented closed Lipschitz
Riemannian manifold M™ of any dimension m, the inclusion:

(7.1) (WM, &), [ [l) = (W5(M, &), ] [[)

is compact.

Corollary 77.x. — The signature operator DY is a Fredholm operator, and its index
Ind Df = dim Ker D} — dim Coker Df

does not depend on the connection V.

Proof. — It is easy to check that
Df ®D} =D + A, where Dy =D*® ... ®D* (N times),

and A is a bundle homomorphism having, locally, bounded measurable coefficients; hence
||Aw||p < Const. ||w||; for any © € Wj(M, &). From the Proposition 7.3 below along
with the Theorem 7.1 we deduce that the operator A is compact. By Theorem 5.3,
D*, and therefore also D, are Fredholm operators. Therefore D} @ Df, is a compact
perturbation of a Fredholm operator, so it is a Fredholm operator itself, and so is D .
If V, V' are two connections in &, and D, D;* are the corresponding signature
operators, for the same Lipschitz structure and Lipschitz Riemannian metric, then

Dit =Df + A,
where A is an operator of the same type as before, and so it is compact. Hence the

index is unchanged.
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THE INDEX OF SIGNATURE OPERATORS ON LIPSCHITZ MANIFOLDS 53

Proof of Theorem 7.1

By means of a Lipschitz partition of the unity on M, we may reduce the problem
to a local one in R™; for the same reason we may suppose that the bundle £ is trivial.
Let U denote a relatively compact open set in R™ with boundary of measure
zero. We shall use on U two Lipschitz Riemannian metrics: the standard Euclidean
metric I', which in some instances will be thought of as defined on all of R™ and an

~

arbitrary Lipschitz Riemannian metric I'.

The metric I" defines a star opertor *, a scalar product (3.3’) and norm (3.3).
The coresponding objects deriving from T will be indicated by adding ~.

Set Li(U)CLy(R™ for the subspace of forms of degree r with support in U.

Both norms || ||, || ||~ lead to the same spaces of Ly-forms on U, with equivalent norms.
For any r we introduce:

(7.2) Wi(U) = {a| a e L{(U), such that da e L;+}(U) and d % a e LP—"+1(U)},

d being the distributional exterior derivative, and we define on W1(U) the diagonal norm:

(7-3) lalli = [lall* + || da|[* + || d % o]

which is equivalent to the || ||; -norm.

We shall check that {Wj(U), || ||z} is a Hilbert space. Notice then, that the
obvious inclusion Wj(U) CL}(U) is continuous.

For, let {a,,},,CW;(U) be a Cauchy sequence in the diagonal norm. Then
{a,},, {da,},, {d ¥ a,}, are Cauchy sequences in L,(U) and so they converge here; say

lim a, = a.

n —> 0

For any smooth form & with support in U,
[nands =1lim [ a,ndb=(—1)**lim | da,nb
— (— p)k+1 :
= (—1) fn"' '!I_E%da,,/\ b,

and [m¥ands =lim [ Fandp=(—r)n ki

li *
R"'n—-l;r}od an A b,

which show that a € W/(U), and
da=}i_{r3°da”, d;a=3i_£1}x>d§an.

In the sequel F:Lj(R™) < will denote the Fourier transform, componentwise
defined by

(7-4) (Fa)(x) = (2m)="® [ % a(¥)dE,
The proof of Theorem 7.1 is based on the following two propositions.
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Proposition 7.2 (Basic Estimate). — For any relatively compact open set U CR™ with
boundary of measure zero, and any Lipschitz Riemannian metric I' on U, there exists a positive
constant K such that

]

(7.5) lall* < K
for any a e Wi(U), o< r<m, where r:R™—>[o0,0) is the Euclidean distance to the
origin (r*(x, ..., x™) = 2 ).

! paa|’ 1 || X Fas
r p * a

The constant K may be taken in accordance with (8.4).
If U is the Euclidean metric, then the inequality in (7.5) becomes equality with K = 1.

The proof of Proposition 7.2 will be deferred to Section 8.

Proposition %7.3. — Let S and T be two continuous linear operators from the separable Hilbert
space X into the Hilbert spaces Y, Y,:

8 Y,
<

Y,

Suppose (1) T is compact, and (ii) there exists a positive constant K such that, for any x € X,
[|S2|| < K || Tx||. Then S is compact.

Proof of Proposition %7.3. — Take any bounded sequence {x,},czCX; we shall
prove that there exists a subsequence of {Sx,}, c which converges in Y;.

The operator T being compact, there exists a subsequence of {Tx,}, oz (which
we suppose to be the sequence itself) converging in Y,; this sequence is, a fortiori, a
Cauchy sequence. The hypothesis (ii) implies that {Sx,},cz is a Cauchy sequence
in Y;, and therefore it converges in Y;. This proof is due to A. Schep.

Now, we can pass to the proof of Theorem 7.1. For, let us consider the following
operators:

S and T: Wj(U) - Ly(R™ ® Ly(R™),
(7.6) S:at(aa),
T:ab (1 Fia, X Fa5 a).
r T
We will check that S and T verify the hypotheses of Proposition 7.3. We discuss

first the case m > 3.
The operator S is, clearly, continuous.
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In order to verify that T is continuous and compact, it is enough to show that
the operator

Q: Li(U) ~L;R"), o<r<m,
Q: ai—»%Fa

is defined, continuous and compact because T can be factorized:

89 Lr" o Lymm),

(a,a%)

Wr(U) 22 L+ Uy @ Lp-r+1(U) 23

and the first operator is continuous.

In order to study Q , we decompose it in two operators Q = Qo 4 Q. These
operators are

Q.o = FQ.: and Qoo = (I _ F)Q.s

where F:R"™- [o, 1] is a C®-bell function, with compact support, identically 1 on
a neighborhood of 0. We show that Q, and Q . are defined, continuous and compact.
The operator Q, is:

(Qua)o) = ()= [ T P e gz,

The Ly-norm of its kernel on the compact set U X Supp F is:

P —-m F(x) —53 E —_
(2 ) J‘Ux SuppF dde S (21:) fSuppF r2 x) J‘ E

7(x)
If m>g, J dx < o0, and therefore Q, is a Hilbert-Schmidt operator.
BuppF r (x)
In consequence, it is compact.

Concerning Q ., notice that F~1Q _ is a pseudo-differential operator of order — 1,
and therefore it is compact. Hence Q) and T are compact.
It remains to check (ii) from Proposition 7.3. We have:

lISal* = 2 [|a]?

|| Ta|[* = H;Fda

2 1 ~ 2
+||;Fd*a

The basic estimate (7.5) supplies the fulfillment of condition (ii) of Proposition 7.3.
Therefore, Proposition 7.3 says that the operator S from (7.6) is compact; a fortiori,
the inclusion of W/(U) in Li(U) is compact, and Theorem 7.1 is proved for m> 3,
once Proposition 7.2 will be established.

Before discussing the proof of Proposition 7.2, we intend to show that Theorem 7.1
proved only for m > g implies that same Theorem in any dimension.

267



56 NICOLAE TELEMAN

For, let M be a Lipschitz Riemannian manifold of any dimension, and let T
denote the 3-dimensional torus endowed with the standard Riemannian metric. The
space W;(M™, €), j = 1,0, may be thought of as a subspace of Wj(M” x T? & x T%)
through the isometric embedding

(7-7) 0P OQIn, © eWJ’-‘(M, £).
Now, dim M x T®*> g and so the inclusion:
Wi(M % T% £ x T%) <> Wi(M x T% £ x T%)

is compact; therefore, the restriction of the inclusion ¢ to the subspace Wi(M, &) will
be still compact, which completes the discussion.

8. Proof of Proposition 7.2. (Basic Estimate)
Lemma 8.1. — If H is any Hilbert space, then:

(8.1) lla+8]1*>~[lall— 21515 for any 0, € HL.

Lemma 8.2. — Let Py, P, be two complementary, orthogonal projectors in the Hilbert
space H, i.e.

(8'2) P,2=P, i= 1,2, P1+P2= Ig
(Pya, Pyb) = o0 for any a, b € H.

Let A be any bounded, strictly positive operator in H.  Then there exists a positive constant K
such that

(8.3) llall* < K{||Pwa|[* + || PoAc|[*}, any a e H.
One can take
(8.4) K = (C* +3|[A]]* + 2)/C,
where C defines the positivity of A:
(Ag,a) > Clla]l2, o< C<1.

Proof. — As PH, i= 1,2, are complementary, orthogonal closed subspaces
in H, any element a e H can be uniquely decomposed as a = @ + a,, 4 €PH,
and ||a]|2 = ||a.]|® + ||4;]|%. For any real constant %, we have, using (8.1),

(8.5) k|| Pya||® + || PeAa||® = & || a]|* + || PeAa; + PyAa,||?

1
> k(| Payl* + 2 | Paay |2 — 2 || oAy

1
> (k= 2AIE) el + 5 I PaAm
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This inequality proves the lemma for @, = 0. So, we may suppose a, * o.
As a, € P,H, Parseval’s equality, along with the positivity of A, give

®.6) IRyl | (Aay, 220 "> €2 ey
2

Now, (8.5) becomes
(8.7) ElIPallt + (1 PaAalf*> (= SAIR)-llallt + 2 C2 o]

If we take & =écz +§||A||2+ 1 in (8.7), we get
k(|| Pia||? + || PyAa|[?) > & || Pya|[® + || PyAal|?
I I
> 2 C¥(|[ar||® + || 2] = 2 G2 ||all?,

which completes the proof.

Lemma 8.3. — Suppose a € Ly(R™) is compactly supported and has da € LyT'(R™).
Then:
(8.8) Fda = irdrn Fa, i=4/—1.

Proof. — By a convolution argument you can show that there exists a
sequence {a,},cz of smooth forms with compact support in R, such that

}1_{1}0 a,=a, lim da, = da, in L,(R").

Therefore, as F is continuous on L,,

(8.9) Fda = F lim da, = lim Fda, = i lim X #*dx* A Fa, = i lim rdr A Fa,,
n —> o n —> 00 n 1 n —> 0

>0 ko=
the third equality being easy to check. But, {Fa,}, is a sequence in Lj(R™) whose
limit is Fa. In consequence, (8.9) shows that

Fda = ¢ lim rdr A Fa, = irdr A Fa,
7 —>
which proves the assertion.

Lemma 8.4. — Let | denote the Euclidean interior product. Then:
(i) the operators Py, P,: Li(R™) — Li(R™)
Pa = dr | (drna),

(8.10)
P,a = dra (dr ] a),

are well-defined and continuous,

(i) Py, P, are projectors,
(i) Py + Py =1,
(iv) (Pya, Pyb) = o, for any a, b € Li(R™).

269



58 NICOLAE TELEMAN

Proof. — The Euclidean metric induces a scalar product ¢, >, in A*(T;R"), the
exterior algebra over the cotangent space T:R™ Notice also that dr is a C*-field of
vectors of length 1 on R™ —{o0}.

We will say that a differential form & is ‘ pointwise orthogonal to dr” if
(b(x), dr(x) AA*(T;R™>, =0 for any x e R™ —{o}.

Any differential form a on R™ may be uniquely decomposed:

(8.xx) a=drab +c,

where & and ¢ are pointwise orthogonal to dr. The operators P, and P, are differential
operators of order zero, and they act on a form (8.11) in this way:

(8.12) Pa=c¢, Pua=drnab.

Notice that drab and ¢ are point by point orthogonal.

We need some more elementary local considerations.

Any form which is pointwise orthogonal to dr, can be expressed, locally, as an
exterior polynomial in m — 1 forms of order 1, which are pointwise orthogonal to dr,
say oy, ..., 0,_1; We may also suppose that these forms are orthonormal point by point
and that

drAv A ... ND,_y =dx'A ... AdX™

We define a natural star operator (¥) on the algebra of forms which are pointwise
orthogonal to dr:

(8.13) RGN AG, =0 A AT AL AT,

i ik/\.../\vm_l

”~ ”~

where ¢ is the sign of the permutation of m — 1 indices (Z;, « .., G, I, oo vy Oyy o vey By o vy
m — 1). Obviously, (¥) does not depend on the particular orthonormal base v;, .
The operators * and (%) are related by the formula:

(8.14) *(drnb + ¢) = (®b & dr A (%),

.oy vm_1.

where b and ¢ are pointwise orthogonal to dr.

Lemma 8.5. — For any a € Ly(R™), we have

(8.15) P,xa = + dr A (%)Pya,
(8.16) | Paa|| = [|dr aal],
(8.17) ||@®Pa|| = || Pal].

Progf. — (8.15) is an immediate consequence of (8.12) and (8.14). For which
concerns (8.16) and (8.17%), notice that for any form a e L,(R™),

[|a]|2 = fnm<a(x), a(x)>dxt . .. dx™,

270



THE INDEX OF SIGNATURE OPERATORS ON LIPSCHITZ MANIFOLDS 59

and that the equalities:
(P, Pa), = <{drna,drnaa),
{(®Pya, ®)Pa), = (Pia, Pia),
hold point by point in R™ —{0}. The lemma is proved.

We are now in a position to prove the basic estimate.
Let A:L}(R™ — LI(R™ be the operator

(8.18) Aa) = (— 1)™ xF¥F a.

The operator A is continuous because F, *, * are continuous.
We show that A is a strictly positive operator:

(Fa, A(Fa)) = (— 1)"™")(Fa, *F%a)
= (— 1)fm—" q — Faa.
=(—1) ijFa/\ *xFxa = fanaAF*a,
and as F is an isometry, we have further

(Fa, A(Fa) = [, an¥a=lall > Cylall’

the last inequality being granted by (3.2). On the other hand, Lemma 8.4 says that
the operators P;, P, defined by (8.10), together with A given by (8.18), satisfy the
hypothesis of Lemma 8.2. From this lemma we deduce that there exists a constant
K> o such that

(8.19) llallt = || Fa]| < K{|| ByFa]|? + || P,AFa]|?)
— K{[|P,Fa]|? + || PyeFiall2).

We compute, separately, the last two terms. By (8.16) and (8.8), we have

(8.20) || PFal| = ||dr A Fa| = “—:-Fda

H

and by (8.15), (8.16) (used twice), (8.17) and (8.8),
(8.21) || PpxFa|| = ||dr n @P,Fxa|| = || L@®PF*a|| = || ®P,Fxa||

= ||PiF*a|| = ||dr A Fxa|| =

)

|1 Fd¥a
r

From (8.19), (8.20) and (8.21), we get:

lallr <X {

! Fda
r

2 1
+ ”;Fd*a

which proves the basic estimate (7.5).
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For which concerns the last assertion of Proposition 7.2, the new fact—which
otherwise characterizes the Euclidean metrics—is that F* = *F. In consequence, if
we represent Fa = drAb + ¢, with b and ¢ pointwise orthogonal to dr, we have

dranFa =drnc,
(8.22)
dr A Fxa = dr A xFa = dr A (%)b & dr A (¥)c) = dr A (%)),

and further, using (8.22) and (8.8),
llall* = [| Fal|* = [[dra b||* + ||c]|* = ||dr a ®b]|* + ||drac||?

2

= ||dr A Fxa||? 4 ||dr A Fa||? =

I1 Fdxa
r

2 1
+ II—Fda
r

9. Weak maximum modulus property

This section is independent of the remainder of the paper. We present here an
immediate application of the basic inequality (7.5).

Proposition 9.x. — Let Q be a relatively compact domain in R™, and let T' be a Lipschitz
Riemannian metric on Q. If o is a Lipschitz harmonic form on R™ with support in Q, then
is the zero form.
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THE EXCISION THEOREM FOR THE INDEX
OF SIGNATURE OPERATORS

10. Excisive triples

In the sequel we will show that, under certain circumstances, the indices of two
signature operators on two different Lipschitz manifolds, having a common open part,
are equal.

The following geometric situation is ever present in which follows, even if, later
on, additional conditions will be required.

Let £, be a vector bundle over the Lipschitz manifold M,, a« =1,2. Let I',
be a Riemannian metric on M,, and V, a linear connection in £,. We say that
{(Vy, TY), (Vy, T'y), U} is an excisive triple if:

(i) the base manifolds M;, M, have a common open Lipschitz submanifold U:
M, € USM,

(ii) 3| U=T,|U, and
(iii) a Lipschitz vector bundle isomorphism

All

E1|U_>€.»2!U

is given, which carries the connection V; | U into the connection V,|U, and
preserves the hermitian metrics.

We write A, for A;;'. Note that since A,g is hermitian on each fibre, A}z = Ag,
(pointwise adjoint). This isomorphism will be called identifying isomorphism of the triple.

Given an excisive triple as above, let f,: M, -~ C, « = 1,2, be two Lipschitz
functions so as

(r0.1) suppf,CU, UCM,nM,, f|U=£f|U=4f
For any je{o,1} and «, B e{1,2}, let w(f,, As) be the multiplier
w(fo Apa) + Wi (M,, &) > Wi (Mg, &),
(r0.2)
P-,'(fa,Aaa) Dok Ag, fio.
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Observe that y,(f,, Ag,) is well-defined because the Riemannian metrics agree on U
(recall that W, depends on the metric).

If S and T are two continuous operators, we write S~ T if T — S is a compact
operator. If T is a continuous operator, T* denotes its adjoint.

Proposition x0.3. — For any w(fy, Ago), j=0,1,
(10'3) ("'j(f:v Aﬁa)' = (J'j(fTB: Aaﬁ) = LL,(JF, Aaﬂ)'

For this reason, the multiplier w(f,, As,) will be simply denoted by A, f, and
p’j(f;u Aﬂa). by (Aaaf)'-

Proof. — The proof of (10.3) for Ly,-norms is immediate and, in fact,
(r0.4) to(So> Aga)” = tto(fis Aag)-

We discuss the case j=1 now. Let xeW[(M,,&,), and ye Wj(Mg, &)
be arbitrary elements. A straightforward computation (in which the cancellation of
some terms is involved), along with the Schwartz inequality give:

(r0.5) [ (% [ba(for Apa)® — (S5 Aup) N1
= l(p'l(f;’ Aea)xa)’)l - (xa p‘l(.fa’ Aaa).y)ll
< C{lf#[lo- 1121l + [#]ls- 117 llo}>

where C is a constant depending on the Sup-norm of grad f.
In order to simplify the notation we introduce

K= P‘l(f;’ Aﬁa). - y’l(ﬂ’ Aua)‘
We take x = K(y) in (10.5), and so we have, for any y € Wi(Mj, &),
(r0.6) 1B 113 < C{IElo- 121l + [1Kp[le-1]71lo}-

Let {5,},ex be a bounded sequence in W, (Mg, &;). As K is a continuous
operator, there exists a constant G, > o such that

1oalls < Gy

(r0.%7)
IKs,ll < Gy, for any neN.

The inclusion W;(Mjg, &) <> Wy(Mg, &;) being compact, there exists a sub-
sequence—which we suppose to be the sequence itself—of the sequence { ,},cx Wwith
the property that it converges in Wy(Mjg, &;). In the same way, we conclude that a sub-
sequence—which we suppose again to be the sequence itself—of the sequence {Ky, },cn»
converges in Wy,(M,, &,).

The inequality (10.6) gives for y =3, — 5,, in view of (10.7),

(x0.8) K (In — I |} < 2C.Ci{|| K (I — Iu) llo + 1| I — Inllo}-
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The right hand side of (10.8) converges to zero as m, n tend to infinity. Therefore
(10'9) lim ” K(ym _.}’n) “% = 0,

m, n—> o

which shows that the sequence {Ky,},cx converges in W,(M,,£,); therefore the
operator K = p,(fy, Ape)® — w1(fa> Agp) 1is compact.
This completes the proof of Proposition 10.1.

Proposition 10.2. — Given an excisive triple as above, we have, for any «,B €{1, 2},
(i) D:EtaAeafa = ABafaD:E’:a : WiE(Maa Ea) - WG:)F(MB) EB)
(r0.10)

(]1) Aaﬁﬁ(Dg:a)‘ = (DEEG)' 1] .f;i : W(:)F(MB’ EB) —-> WiI:(Ma, E.m:)'

Proof. — (i) Taking into account that the operators Dg,, D¥, are first order
differential operators (and hence, local) along with the fact that £, is a Lipschitz function,
we find that there exists a positive constant C (depending on grad f) such that:

(Io.ll) “(Dg:BAﬁafa —AaafaDg:a)xHOS G ”x”O’

for any x e WE(M,, &,).
We know that the inclusion 7:W; < W, is compact (Theorem 7.1). The
Proposition 7.3 applied to the operators

Dé:pAﬂafa - AﬂafaDgzaa is
which are related by the inequality (10.11), concludes the argument.

(ii) follows from (i) along with Proposition 10.1, by passing to adjoints.

11. The index of Skew-adjoint operators

If £ is any bundle over M, we introduce (compare G. G. Kasparov [8]):
(1) the Hilbert space

(xx.1) H, = W} (M, £) ® Wy (M, £);
(ii) the continuous operator
— (D
(1x.2) DE=(0 ( F')')
D} o

associated with the signature operator Dy ;

(iii) the involution

1 W)

(xx.3) JE=( ): H; -~ H,.
o —1

We have

(11.4) DE OJE = —JEODE.
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Clearly,
(xx.5) Dy = — D;.
More generally, given an infinite dimensional separable Hilbert space H, we

consider all pairs (D, J), where J is a Hermitian involution in H, and D is an operator
which has the properties:

(i) JoD=—Do]J
(xx.6) (i) D'~ —D
(1ii) D is a Fredholm operator.
The involution J splits out H in an orthogonal sum
(xx.7) H=Ht®oH",
where H* are the 4+ 1-eigenspaces of the involution J.

The requirement (i) implies that D, relative to the decomposition (11.%), has
the following matricial description:

(xx.8) D=(0D+ ]o)_)’

where D*: H* - HT,

while (11.6) (ii) gives that (D*)*~ — D~.
Notice that for any D satisfying (11.6) (i)-(iii),

(D——D‘)"____D—D*
(11.9) ) =-==
and

D—-D
(xx.9°) > ~ D.

D being a Fredholm operator, Ker D is finite dimensional, and (11.6) (i) ensures that
J carries Ker D into itself.
Let Ker* D denote the + 1-eigenspaces of the involution J in Ker D. Then:

(xx.10) Ker* D = Ker D#,
If D'=— D, as (D*)*= — D¥, we have
Index D* = dim Ker D* — dim Coker D*
(xx.11) = dim Ker D* — dim Ker D~
= dim Ker* D — dim Ker~ D.

These considerations suggest to introduce the following definition.
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For any pair (D, J) satisfying (11.6) (i)-(iii), we define:
D — D D—D

(xx.12) Index (D, J) = dim Ker* — dim Ker™ P
and then:
(1x.12") Index (Dy, J;) = Index Df.
With the pairs (D, J), the following basic operations may be performed:
(11.13) —(D,]) = (=D, =),
(rx.14) (D1, J1) + (Dg5Jo) = (D1® Dy, J1©],) 5

by the way, this would allow us to define K-homology groups [8], but the use of that
terminology will be avoided in the sequel.

Theorem xx.x. — The index of skew-adjoint pairs (11.6) has the properties:
(1) #f K is a compact operator which anticommutes with J, then

(xx.15) Index (D + K, J) = Index (D, ]);

i) if t (Dy,]), telo, 1], is a continuous homotopy of pairs (11.6), then
(xx.16) Index (Dy,]J) = Index (Dy, ]);

(i)

(xrx.x7) Index [(Dy, J1) + (D, Js)] = Index (Dy, J;) + Index (D,, J5);
(iv)

(xx.18) Index — (D, ]J) = — Index (D, ]).

For (D,]) a pair (11.6), the homotopy [8]
Dcost —sint -
(xx.19) tH(( ,_]@-—J), te[o,—]
sint — Dcost 2

connects the pair (D, ]) + (—.D, —]J) with the zero element

e (7))

acting on H® H. Everything is clear here, except for the fact that the homotopy is
a homotopy by Fredholm operators. For that, it is enough to show that the operator:

Dcost —sint \2 D?%cos?¢ — sin2 ¢ o
(xx.21) . =
sint — Dcost 0 D2 cos?t — sin?¢
(D‘D cos?t - sin2¢ o )
B 0 D*D cos?t + sin? ¢

(cf. (11.6) (ii)) is Fredholm.
The fact that the last operator from (11.21) is a Fredholm operator is a particular
case of Lemma 12.2 below.
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12. The excision theorem for Index Dy

Theorem 12.1 (Excision). — Let M,, « = 1,2, be closed, oriented Lipschitz manifolds
with Riemannian metrics T, and let €,, 0, be two Lipschitz vector bundles over M, with linear
connections V,, V. Suppose that U is an open Lipschitz submanifold of M, and M,, and that
VCU is an open subset with VCU. These objects are required to satisfy the following
hypotheses:

(@) {(Vi, Iy), (Vg, Ty), U} s an excisive triple with identifying isomorphism
G| U5, | U
(b) {(Vi, ), (Vs, Iy), U} is an excisive triple with identifying isomorphism
| U= 6,| U
(€) {(Va, T, (Vo, T, M\V}, @ =1, 2, is an excisive triple with identifying isomorphism
—. Zq _—
& | (Ma\V) —> 0, l (Ma\V);

(d) the identifying isomorphisms are compatible, i.e. the diagram
A!l

£] (U\V) — & ]| (U\V)
(x2.1) x, z

J— A’n —
8| (U\V) — 6,] (U\V)
is commutative.
Then,
(12.2) Index Df — Index D, = Index D§ — Index Dj.
If moreover,
(e) 0, and O, are trivial bundles, and

(®) Sig M, = Sig M,
then
(12.3) . Index D} — Index D, = o.

(Compare with the Excision Axiom of M. F. Atiyah and I. M. Singer [2].)

Proof. — Notice first that (12.3) is a consequence of (12.2) along with Theorem 5.3;
in fact, if (a)-(f) hold, then

(12.4) Index Df — Index Df = Index D{ — Index D
= Rank ﬂl.Sig Ml -_ Rank ez.sig Mg = 0.
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We are going to prove (12.2). For that purpose, we shall show that
(12.5) Index {[(Dy,, Je,) — (Dg,,Je,)] — [(Do,5Jo,) — (D, Jo,)1} =0

and then (11.12’), (11.17), (11.18) Will complete the proof. Finally, in order to
prove (12.5), we shall perform homotopies of the operators in the two brackets of (12.5),

and ultimately, a homotopy of their difference.
Let

Pas Yot M, =>[0,1], a=1,2
be Lipschitz functions having the following properties:
(x2.6) (a) Supp ¢; = Supp ¢, CU,
and for any x e U, o,(x) = ¢u(x),
(x2.6) (b) for any x e M,, @i(x) +¢i(x) =1, a=1,2,
(12.6) (c) Supp ¢, C (M\V), «=1,2.

A system of functions having these properties may be constructed as follows.
Let -

Al I_.I—>[0,E:|
2

be a Lipschitz function with the properties:

72|80 =0 and A|V=§.
We extend A by zero on M,\U, and we get such a Lipschitz function 2,, « = 1, 2.
The functions

P, = Sin A,

a=12
¢y = COS A,

have the required properties.

First step. — We will deal here with the first bracket of (12.5).

By means of the functions ¢,, ¢, , we shall split out D,_into a sum of two operators:
one with support in U and the other with support in M,\V in such a way that those
with support in U agree, modulo compact operators. The homotopy (11.19) will
serve in order to cancel out these two operators which agree on U with each other.

We will focus on the operators D, . Proposition 10.2, with M; =M, =M,
£, = &3, Ay, =1, implies that:

(DE. o ) (q)l D, o, o ) («.];, Dy .y o )
(x2.7%) ~ + .
o —D 0 — @2 D; 0 0 — $g.Dg . ¢
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We consider the homotopy:
Dy .p;cost — Apgisint
(12.8) ALy, B) = (<P1 £, P1 12 P2 t)

A21<P§ sin ¢ - <P2Dz,q’2 Cos
D o
n (4‘1 A ), ‘e [0’ E]
o - ‘l]z.DE'.q) 2

A&y, Ep) : H; ® H, -~ H; © Hy,

with H; defined by (11.1).

It is easy to check that (A(§;, &), J;,® —J,) satisfies (11.6) (i), (ii). Now,
we verify (11.6) (iii). We have:

where

(@1Dg, @y cos t + §y. D . dy)2 — (@1Dg, @1 cos ¢ + 1D by) A sin £
— i3 sin’ 2| + Ap,e3sin t(‘PzDazq’z cost + 4‘21)5,4‘2)

(r2.9)  Aj(%;, &) =
Ap ¢t sin t(<P1Da1<P1 cos ¢ + %Dgl%) (‘PzDaz‘Pz cost + %Da,%)z
— (@2 Dy,p; cos ¢ + ‘pzD&;,%)Azl‘P% sin# — ¢i.93sin¢ /

(9% cos t + 3)°Df,

— @lg? sin® ¢

1

(by (r0.10)) (%)
(93 cos t + ¢5)°Dg,

° — oipp sin® ¢
(D, 1) (De, /) + 81-& o
~ — (by (10.10), (11.5)),
o (Dg, f2)"(Dg, /o) + 83-8
where
(12.10) fo=dkcost+ {2 a=1,2

&y = Psin &,

() Notice that, for any x € U,
®1(x) = @a(x),
P1(%) - P1(x) = @1(%) . ba() = () . $1(%) = @p(x) . $5(#).
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Lemma x2.2. — The operator

(x2.11) U = (Dg, fo)' (D, Jo) + 828 Hy, > Hy,

is a Fredholm operator for any te [0, 1—;]

That statement remains valid for any two Lipschitz functions f, and g, such that
« + &, does not vanish on M,.

Proof. — Indeed, if x € Ker U, then

(x2.x2) 0 = (Up%, A, = (Ds,fus Deofuilm, + (8 £utliy,
which shows that

D, fux=o0
(12.13)

gX = 0.

Then

D; (fa + £)% = 0,
or
(12.14) (fe + 8)% €eKer Dg_,
which says that
(x2.15) Ker U, c Ker D; _(f, + £)-

But Ker D;_ is finite dimensional, and the operator defined by the function
fo+ 8o = @i(sint + cost) + ¢3

is invertible (because this function is strictly positive on M,); then (12.15) shows that

dim Ker U, < dim Ker D, (f, + £)-

The operator U, is self-adjoint, and then Coker U, = Ker U,, provided that
the range of U, is closed in H,_, which we check here.
From (12.15) we get, by passing to orthogonal complements,

(x2.15) (Ker Uk, 2 [Ker Dy (f + )], »

where the second space of (12.15’) is of finite codimension in the first one.
We have then:

(r2.15") U, (He,) = U[(Ker Uy,)z, ] = Uq([Ker Dg, (f; + £2)]5, )
+ U, (finite dimensional space).
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Therefore, in order to show that the range of U, is closed, it is sufficient to show that
U, ([Ker Dy, (£, + 21k, )

is closed in Hy,.
To do this, it is sufficient to prove that there exists a positive constant K such that

(12.16) IU.x]| > K ||%]|, for any x € [Ker Dg (f; + &) -
Suppose such a constant did not exist. This means that there would exist a sequence
(12.17) {#}nenC[Ker De (fo + 815, » &l =1,
such that
(12.17) }1_130 U,x, = o.

We then have, as in (12.12),
(x2.18) 0 = lim (U, %) = lim {|| De, fura | + Il g},
which implies, in view of (12.17) and (12.1%’) that
lim DEa‘f;xn =0

n -0

(12.19) .
lim g, x, = o.

These last two relations, along with the continuity of D imply that
(12.20) lim D, (f, + g)%, = o.

7 —> o

But (12.20) leads us to a contradiction. In fact, because the operator D; ( f, + £.)
is a Fredholm operator, it is invertible on the orthogonal complement of its kernel.
Therefore (12.17) and (12.20) imply that li_I)l}o x, = 0, which contradicts the second

relation (12.17). Therefore, the lemma is proven.
Theorem 11.1 (i)-(iv) now implies, by means of the homotopy (12.8),

(x2.21) Index Df, — Index D} = Index (A, (&, &), Jg, @ — Jz,)s
2
where
D — A, 02
(12.22) Ag(in £) = (4‘1 ?.214’1 12 P2 )
2 Ag - %D&z‘l’

Second step. — Dealing with the second bracket of (12.5) in the same way we have
dealt with the first one, we obtain

(12.23) Index Dg, — Index Dg = Index (Ag(ﬁ1 » 02), Jo, ® — Jo,)s
where
WDl — Ayeh
(12.24) Ay (B, 6;) =( ' 621‘1’1 1295 )
2 Az 91 - %Dez‘l’
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Third step. — We now pass to the proof of (12.5). To this aim, we consider the
homotopy of the operator (A(E;, &;) © — AL(6,, 6,):
2 2

(12.25)
4y Dy §ycost — Ayy0; — S '2sint o
Ay, £, 6y, 05) = Ay 9l — $p Dy Yy cos £ o — I3 'jsin¢ ’
S {2sin ¢t o — §;Dg Yy cost Ajy9p
° Zy¢; sin ¢ — Ay} 4o Do, §, cos ¢

which maps H; ® H;, ® Hy, ® H,, into itself, for te [o, g] .

(Notice that this homotopy acts effectively on H; ® H, and on H, ® H,).
We verify now that A&, &,, 0, 0,) is a Fredholm operator. In fact, we have
(see Appendix):

Fredholm
Operator ° ° °
Fredholm
o Operator 0
.26 A&y, Ba, 0y, 05)2
(x2.26) 1(E1s Bas 01, 05) Fredholm
o o Operator
Fredholm
o (o]
Operator

A direct calculation shows that:
(x2.27) By(Ey, €z 045 05) 0 (nge—Jaz®—Jel@Jez)
= — (.]El ® "‘J&z ®— Jol @Jez) o A&, &a, 0y, 05);

explicit computations are given in the Appendix.
We will show that

(x2.28) Index (A (%, &2, 015 02), Je, @ — Jg, @ ”‘Jel ® Jo,) = 0,

T
2

and then (12.5) is proven.
We have, by Proposition 10.1,

AE(EI’ €55 01, 05) = A,
2

where
/ 0 — (Apg))"  — ()" o
(x2.29) A— Ayt o o — 275
PIRVH Y o 1292
o (TR —(Ape)T o
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The operator A anticommutes with J =J; ® — J;, ® — Jo ®Jo,. To show this,
it is sufficient to observe that

(x2.30) Jie =Jer (Jo)' =Jop» 2=1,2,
(see (11.2) (iii)), and

Azﬂ’ﬂal =J52Az1<P%,

Aiz‘PﬁJez =J01A;2<P§,

21‘1’?.]&1 =Jelz1¢'§;

Z5 5T, = Je, T3 1455
if we pass to adjoints in (12.31), and take into account (12.30), we get
ng(AzlfP%)' = (A21<Pf)'.]g,,
J e,(Aiz ?)° = (AL92)"J 02
Je (B0 = (B0d1)Te,s
Jo, (B2 14)" = (25 74A) T,
The Theorem 11.1 (ii) tells us that

Index (A (&1, &o) 015 92), J, @ — Jg, @ — Jo, ©Jo,)

’ — Index (A, J;, ® — J;, © — Jo ®Jp,)-
The operator A is skew-adjoint, and hence, by (11.12),

(12.33) Index (A, J) = dim Kert A — dim Ker™ A.

(12.31)

(12.32)

We show that Ker A = o, and then, a fortiori, Index (A, J) = o, which ultimately
will prove (12.28), and so (12.2) will be proven. Let (x;, %5,,,9,) € Ker A; then

) {AZICP?.xl —Z e =o0
Zydin + Aol =0,
(1) { — (An D)% — (Zdd) =0
(B3 15 % — (ALgd)n =o.
To solve the system (I), we multiply the first equation by A;,¢2, and the second

by Z7'¢? to eliminate ,. Indeed, this works because the commutativity of the
diagram (12.1) is equivalent to

(12.34)

(r2.35) (Arp92) (Z5143) = (27 1) (AL, 95),
and then x, has to satisfy the equation
(r2.36) [(A92) (Aa9t) + (Z7741) (Z490)]% = o,

which implies x, = o (recall (12.6) (b)).
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Then, we eliminate »;, by multiplying the first equation by Z,¢2, and the second
by Aj 92 to get, in a similar fashion, that y, = o.

The system (II) is solved in the same way, being aware of the extra complication
due to the presence of the adjoints. For that purpose, we multiply the first equation (II)
by (27'¢%)*, and the second by (A;¢?)*. The equality

(x2.37) (Z7 10" (Apr9l)" = (Ag9))" (23 43)"
allows us to eliminate x,, and then y, has to belong to the kernel of the operator
(x2.38) (EHD (24D + (As )" (ALz98)",

which turns out to be invertible; therefore, y, = o.

To check (12.37), notice that it follows from the commutativity of the dia-
gram (12.1) by the passage to adjoints. On the other hand, the operator (12.38) is
invertible because its adjoint is invertible.

Finally, we eliminate y, by multiplying the first equation (II) by (A;,93)* and
the second by (Z,¢2)*; invoking the same kind of arguments, we get x, = o.
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INDEX D} IS A LIPSCHITZ INVARIANT

13. Independence of the Riemannian structure

Theorem x3.x. — For any Lipschitz complex vector bundle £ over an oriented, closed
Lipschitz Riemannian manifold M*, Index D is a Lipschitz invariant.

Proof. — Corollary 7.1 asserts that Index D does not depend on the linear connec-
tion in & It remains to show that Index Dy does not depend on the Riemannian metric
on M,

We shall prove that Index D remains unchanged when the Riemannian metric T
is modified on an arbitrary small closed disc D* in M?*; let I'" be the new Riemannian
metric. We choose a linear connection V in &, and then {(V, I'), (V, I'), M\D*} is
an excisive triple, with identifying isomorphism x,. Because D* is contractible, the
bundle £ is trivial over it; we choose such a trivialization T, and we may choose V so
that V| D* be carried by T into the trivial connection V, in the product bundle 6,
Rank 0 = Rank &.

Then

o

{(V, T), (¥, T"), M\D*}, {(V,, T), (Vo, I"), M\D*},

(x3.1) ) , N o
{(V’ F)a (VO: F): D u-}, {(V’ r )> (Vm r )> D u}

are excisive triples with identifying isomorphisms, respectively,
1, | M\D*, 1, | M\D?,

13.2
(3-2) T, T.

The hypotheses (a)-(f) of the Excision Theorem 12.1 are verified for:
My=M,=M, §=E=E 06 =0=0,
=T, TI;=I V,=V,=V, Vi=V,=Y,,
U=MD* V=MD
and the specified identifying isomorphisms; here D**CM is a closed disc with

D2 C Interior D*.

The Theorem 1g.1 is completely proven.
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Remark 13.2. — Theorem 1.2 of [12] asserts that any smooth structure on a
PL-manifold may be characterized by means of metric data derived from Riemannian
metrics. Therefore, a (Lipschitz) Riemannian metric may be thought of as a generalized
smoothing. This explaines why proving that Index D} is independent of the Riemannian
metric is a delicate step toward the proof of the #opological invariance of this number.
The topological invariance of Index Df is proven in a joint paper with Dennis Sullivan
in the same volume of this journal. In the same paper it is shown that the topological
nvariance of Index D} implies the topological invariance of the rational Pontrjagin
classes (S. P. Novikov).

Remark 13.3. — The same scheme of proof may be used to show that Index DF
is invariant under elementary cobordisms (surgery).

14. Appendix

14.0 We show here that if the relation (1.4) (see section 1)
(14.1) d(f* ) = f*(do)

holds for Lipschitz mappings f and smooth forms e, then it holds for Ly-forms w.
For, let » €L]; then, by a simple convolution argument, we can find a sequence
of smooth forms {w,},cy, such that:

(14.2) 1}1_130 ®, = o, }1_{2) do, = do.

By (14.2) and (14.1), and recalling that f* is a bounded operator between
L,-spaces, we have ~

(14.3) f1lde) = f*(lim do,) = lim f*(d,) = lim d(f*a,).
These relations show that if we set f*o, =10,, we have

(r4.4) 0, eLi, lim 6, =jf*o,

(x4.4') do, e Lyt 31_1}}0 db, = f*do.

Let £ be any smooth testing form. We then have, successively by (14.4), (1.2)
and (14.4'),

(14.5) [fronde=lim [6,nde = lim (— 1)7+! [0, A%
= (— 1)+ [ frdng;
in view of the very definition of the distributional exterior derivative, (14.5) says that
Hd(f* o) = f"(dw),
which completes the proof of Proposition 1.2.
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14.1 We compute here A&y, &,, 0,, 0,)2.

Hereafter, (Jl) denotes the i-column and j-row entry of A,(&;, &, 0, 0,)2. We have

I .
(1) = Dot cos 7 — o6l — it sin s

~ Fredholm Operator (Lemma 12.2)

2
( ) = — ¢1D514’1A12?§ cos t + Ay 93¢ Dy ¢y cos ¢
= - ‘l‘%q’zDalAm‘Pz cos t + Alz‘l)g‘PzDE,(Pz cost~o0

because i, = {29, and by Proposition 10.2.

(3) = — {; Dy I Y] sin £ cos ¢
+ Z7'iDy §,sintcost ~ o (Proposition 10.2).

4

h ATy teddlsint — S ALYEeEsint =0 by (12.1).

I

2 =A21<P1‘~l’1 5‘-[’100“

— 3Dy yAp0icost~ 0 (Proposition 10.2).

2 ¢; + (P Dg, §; cos £)® — Yasin’ ¢

2
~ Fredholm Operator (Lemma 12.2).

= — An@iZ7'Yisint + Ty 3sint Ay9f =0 by (12.1).

— I 13Dy psintcost~ 0  (Proposition 10.2).
1

3 Z,¢isin ¢ Dy ¢, cost

— $, Dy $, 3, i costsint ~ o (Proposition 10.2).

2

3 — T {2sin £ A8 + ALeiZ,asint =0 by (12.1).

— $idisin® ¢ + (§,Dg, Y4 cos t)* — 9i9;

~ Fredholm Operator (Lemma 12.2).

()=
(=)
(:)--
()
(%) = vaDedu cos 571 44sin
(s) -
(3)-
()=
()

‘; = — {, Dy, ¢, cos t AL}
+ Al @3 Dy Yy cos t ~ 0 (Proposition 10.2).
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(;)=Ezq)§sintA21<pl AL @S isint—o0 by (12.1).

4) — Z03 Dy, Yy sin £ cos ¢
+ $p Dy Y253 sintcost ~ 0 (Proposition 10.2).
) Aé1<P1‘~I’1De y cos ¢
— $pDg, dy cos t Ay 9i ~ 0 (Proposition 10.2).
) = — sin®t — gied + (baDo, b cos )?
~ Fredholm Operator (Lemma 12.2).

3
4
4
4

Therefore,
Fredholm
[v) (o]
Operator
Fredholm
° Operator ° 0
) Ay(Ey, Egs 0y, 05)2 =
(14.1) (815 B2 01, 0) Fredholm
o (o]
Operator
Fredholm
o Y o Operator

14.2 We now check the anticommutativity of A,(&,, &,, 0,, 0,) with

J= Jal@ —.]52@ _Jel@.]ez-

We have:
(14.2) Ay(815 €25 01, 05) o
$iDg b cost ]y ApiJe, Zitsin ¢} Jo, o
B An9ile, b Dy, g cos ¢ J, o — Xy tsin g §5J,,
| Busine iy, 0 Do,y cos £ Jo, AlzoiJ,
o — Zpsint 3, Ag9i)e, $a Do, §s cOs £ Jo,
and
(x4.3) J o A€y Ess 0y, 05)
/Jal‘plDal‘pl cost  — Jg A9 — Je, 27 WYisin ¢ o
| Je, Z19t Je, Y2 Dg, by cos & o sin ¢ J 543
| = Jo, Zysin ¢ i o Jo, 41D brcost  — Jo, 1293
\ Y sin ¢ Jo, Za g — Jo, A 0t Jo,¥2Ds, 2 cos ¢

The operators J;_, Jo, (« = 1, 2) from (14.2) and (14.3) commute with ¢,, {, as
given by (12.32) and they anticommute with D;_, D, by virtue of (11.4), hence (12.27).
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