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1. Introduction

Let p be a prime number, and let V be a finite dimensional vector space over the
field Q of p-adic numbers. We write GL(V) for the group of Q ,-linear automorphisms
of V. Let Gy denote a compact subgroup of GL(V), so that Gy is a p-adic Lie group.
We write H(Gy, V) for the cohomology groups of Gy acting on V, which are defined
by continuous cochains, where V is endowed with the p-adic topology. We shall say
that our representation V of Gy has vanishing Gy-cohomology if H(Gy, V)=0 for
all 7 > 0. More generally, if V' is any finite dimensional continuous representation of
Gy over Q,, we shall say that V' has vanishing Gy-cohomology if H{(Gy, V/)=0 for
all £> 0. The first interesting example of such V with vanishing Gy-cohomology which
occur in arithmetic geometry is due to Serre [26], where Gy is the image of Galois
in the automorphism group of the Tate module of an abelian variety defined over a
finite extension of Q. One of the aims of the present paper is to establish a broad
class of new examples arising from the étale cohomology of smooth proper algebraic
varieties defined over a finite extension of Q,, and having potential good reduction.

Throughout this paper, F will always denote a finite extension of Q,. Let Y be
a smooth proper variety defined over such a field F. As usual, we write Y@ for the

extension of scalars of Y to the algebraic closure Q of Q,. For each 7> 0, let
Hflét(Y@ 5 Q/’) = Hf:t(Y@ 5 Z/J) % in

denote the étale cohomology of Y@ with coefficients in Q,. We shall also consider

the standard Tate twists of these cohomology groups by roots of unity. Put

Tw=lm p,, V) =T,HOQ,.
4
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In general, if V is any finite dimensional vector space over Q, on which the Galois
group Gy acts continuously, and j is any integer, we define

V)=V % Vi)™

endowed with the twisted Gy action given by 0@ ® a)=0() @ 0(e). When
V:H;t(Y@, Q,), we have a canonical isomorphism of Gg-modules

V() = Hy(Yg,, Q) =lim H,(Yg . 1) 2 Q,.
4

These cohomology groups are finite dimensional vector spaces over Q,. It will be
convenient to write

) p: Gr — GLH,(Yg,, Q,())))

for the homomorphism giving the action of Gy on these vector spaces. Again, let V
be any representation of Gy on a finite dimensional vector space over Q,. We recall
that a Galois subquotient of V is a representation of Gy of the form V,;/V,, where
Vi D Vy are Q, -subspaces of V, stable under the action of Gg. If V' is such a Galois
subquotient, we again write Gy. for the corresponding image of Gy in GL(V’). We
can then consider both the Gy-cohomology and Gy/-cohomology of V'.

Theorem 1.1. — Let Y be a smooth proper variety defined over ¥ with potential good
reduction. Let 1> 0 and j be any integers such that i +2j. Put

2) V=H,(Yg,. Q). Gv=pG).

Then V' has vanishing Gv-cohomology. Moreover, of V' s any Galois subquotient of 'V, then V'
has both vanishing Gv-cohomology and vanishing G -cohomology.

It seems worthwhile to record the following corollary of Theorem 1.1, which was
not known before. Let A be an abelian variety of dimension g defined over F, and let
Ay(n=1,2,..) denote the group of p'-division points on A. As usual, we let

TyA)=lim Ay, VA)=T/A)©Q,.
4

If A has good reduction over F, we write A for the formal group of A over (7, and
A for the reduction of A. We have the associated Gy-subspace Q/:V/,(/Q) C V, where

AN

A A A A
3) T=T,A)=lim Aj,, V,(A)=T,A) ® Q.
4

and the quotient V=V/ - V,(A).



ON THE EULER-POINCARE CHARACTERISTICS OF GALOIS REPRESENTATIONS 109

Corollary 1.2. — Let A be an abelian variety defined over I with potential good reduction.
Then N =V ,(A) has vanishing Gy -cohomology, where Gy denotes the image of Gy in GL(V).

Moreover if A has good reduction over ¥, then the Galois representations V= Vp(z&) and V=V,A)
both have vanishing G -cohomology.

We shall prove in §5 that V =V, (A) has vanishing Gy-cohomology for all elliptic
curves A over F, irrespective of whether A has potential good reduction or not. We are
grateful to R. Greenberg for pointing out to us that this condition however is not true
for all abelian varieties. Indeed, as Greenberg remarked, the group H'(Gy, V,(A)) is
not zero, when A=E; x Ey, where E; and E, are non-isogenous elliptic curves defined
over F, with split multiplicative reduction. The non-vanishing of H'(Gy, V,(A)) is easily
seen by looking at the inflation-restriction sequence for H'(Gy, V,(E,)) relative to the
kernel of the action of Gy on V,(E,).

Again, let V' be any finite dimensional continuous representation of Gy over
Q,. The main theme of the present paper will be the calculation of a certain Euler
characteristic, which we now define. Let 1" be any Z,-lattice in V', which is stable
under the action of Gy. Then V'/T’ is a discrete p-primary divisible Gy-module.
Assume now that V' has vanishing Gy-cohomology. As is well known (see [33]), it
follows that H(Gy, V'/T’) is finite for all 7 > 0. Moreover, since Gy is a p-adic Lie
group, it has finite p-cohomological dimension if and only if Gy has no element of
order p (see [19], [24]). Assuming that Gy has no element of order p, we can therefore
define

@ X(Gv. V)= []# H(Gy, V//T)) V.

=0

It makes sense to write X (Gy, V') in many cases which arise in arithmetic geometry,
since we shall prove in §2 (see Lemma 2.1) that, provided Gy admits a quotient
isomorphic to the additive group of p-adic integers Z,, the right hand side of (4)
is independent of the choice of the Gy-invariant lattice T. It seems to be an
interesting question to calculate X (Gy, V') under the above hypotheses on V' (see
[30], [34], [8] for earlier work in this direction, and [7] for the original motivation,
coming from Iwasawa theory). We mention here that Totaro [34] has shown that the
Euler characteristic of a finite dimensional Q ,-representation of a p-adic Lie group
is usually 1, if it has vanishing cohomology. Our work proves the vanishing of the
cohomology for a large class of finite dimensional representations of p-adic Lie groups
which come from motivic Q ,-representations of the Galois groups of p-adic local fields,
and also that their Euler characteristic is indeed 1, by totally different methods. In
general, it is not easy to compare our results with Totaro’s because it is not known
when the image of Galois in the automorphism group of such a motivic representation
satisfies the conditions imposed by Totaro [34, Theorem 0.1]. The main local result
of this paper is as follows:
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Theorem 1.3. — Let Y be a smooth proper variety defined over ¥ with potential good
reduction. Let V and Gy be gwen by (2), and assume that Gy has no element of order p. Then,
Jor each odd integer 1=1, 3,5, ..., we have

<5> Xf(GV: \/> =1L
If V' is any Galois subquotient of 'V, we also have X (Gv, V')=1.

The following corollary is a partial local analogue of the global result proven in
[8]. Let Ay~ denote the group of all p-power division points on an abelian variety A

over F. If A has good reduction over F, we write Apoo and A~ for the group of all
p-power division points on the formal group of A and the reduction of A, respectively.

Corollary 1.4. — Let A be an abelian variety defined over ¥ with potential good reduction.

Let V=V,(A), and let Gy denote the image of Gy in GL(V). Assume that Gy has no element of
order p. Then

6) X(Gv, Ap)= 1.
Further, of A has good reduction over ¥, then X (Gv, Apm) =1 and X (Gv, pr) =1.

We prove in §5 that (6) is true for all elliptic curves A over F, irrespective of
whether or not they have potential good reduction. Here, of course, X/(Gv, Ay~) is
defined by the right hand side of (4) with V'/T" = A .

We prove Theorem 1.3 using the technique of [8]. We recall that this technique
exploits the fact that, under the hypotheses of Theorem 1.3, the p-adic Lie group
Gv has a quotient isomorphic to Z,. Let F,, denote the Z,-extension of I contained
in the field F(W,~), where W, denotes the group of all p-power roots of unity. We
put Hy =p(Gy_), where Gy denotes the Galois group of @ over F. As in [8],
Theorem 1.3 1s an easy consequence of the following result.

Theorem 1.5. — Let Y be a smooth proper variety defined over ¥ with potential good
reduction. Let NV be gwen by (2), and let Hy =p(Gy_), where Gy denotes the Galois group of
@ over the cyclotomic Z,-extension Yoo of ¥. Then, for each odd integer i=1,3,5, ..., V has
vanishing Hy -cohomology. If V' s any Galois subquotient representation of V, then V' has vanishing
Hy -cohomology.

We are grateful to J.-M. Fontaine for pointing out to us that the following
corollary of Theorem 1.5 is a well-known consequence of Serre’s description in [25]
of all p-adic Hodge-Tate representations for which the image of Galois is abelian (see
also Imai [17]).
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Corollary 1.6. — Let Y be a smooth proper variety defined over ¥, with potential good
reduction. Assume NV is gwen by (2). Then, for all odd integers 1=1,3,5, ..., and any Galois
subquotient representation V' of V, we have H(Gy_, V') =0, where Gy_ denotes the Galois group
of Q over the cyclotomic Z,-extension of F.

The case when V=V,(A), where A is an elliptic curve with split multiplicative
reduction, shows that the hypothesis of potential good reduction is necessary. Indeed,
in this case, the Tate curve shows that H(Gy_, V,(A))=V, (W) provided u, C F if p is
odd and py C F if p=2.

We now briefly discuss global analogues of these results that arise when we take
a smooth proper algebraic variety Y which is now defined over a finite extension K
of Q. Let Yg denote the extension of scalars of Y to Q. We take

V= H21<Y§a QP(].) >a Gv = p(GK>’

where Gk is the Galois group of Q over K. It has long been known (see [27, 2.4])
that the global analogue of Theorem 1.1 is true without any hypotheses on Y about
good reduction at the primes dividing p. However, we stress that it is still unknown at
present whether V is a semisimple Gg-module (although this result has been proven
by Faltings [11] when Y is an abelian variety and i=1; the H' for an abelian variety
are all semisimple Galois representations as they are exterior powers of H'). Thus the
global method of [8] cannot be applied to study the Euler characteristic X,(Gy, V) in
the global case. Nevertheless, the proof of Theorem 1.5 leads to the following new
global result.

Theorem 1.7. — Let Y be a smooth proper algebraic variety defined over a finite extension
K of Q. Assume that Y has potential good reduction at at least one prime v of K dividing p. Let

V=H,(Yg, Q). Gy =p(Gk),

and assume that Gy has no element of order p. Then, for each Galois subquotient V' of V, we
have X (Gv, V')=1 for odd integers i=1, 3,5, ...

Since this paper was written, a variant of the method here has been used in
[32] to prove Theorem 1.7 without the hypothesis that Y has potential good reduction
at at least one prime v of K above p.

Finally, we mention a somewhat more technical result which emerges from our
arguments (see §3 and §4 for a full explanation). The analogous global result when V
is the étale cohomology of a smooth projective variety defined over a finite extension

of Q is classical and due to Deligne (see [27, §2.3]).

Theorem 1.8. — Let p : Gy — GL(V) be a potentially crystalline Galots representation
such that the endomorphism ® of the filtered module D(V) attached to V has eigenvalues which are
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Weil numbers of some fixed weight w, where w 0. Let L(GY) be the Lie algebra of the algebraic
envelope Giig of Gy =p(Gy). Then L(Gi}g) contains the homotheties.

Corollary 1.9. — The Lie algebra L(G%&g) contains the homotheties when NV =V ,(A) for an
abelian variety A over ¥ wuth potential good reduction, or more generally when V 15 any Galois
subquotient of Hy (Y q, Q,())), where Y is a smooth proper variety over ¥ with potential good

reduction, and 1 > 0, ] are integers with 1 £ 2J.

We remark that it is not true, under the hypotheses of Theorem 1.8, that
the Lie algebra L(Gy) of Gy itself always contains the homotheties. Indeed, consider
V=V,(E)) x V,(Ey), where E; and E; are elliptic curves over I with good ordinary
reduction. Let u be the p-adic unit eigenvalue giving the action of Frobenius on

Vp(Ei), where E; denotes the reduction of E;, i=1,2. Assume that u/us is not a
root of unity, so that the p-adic logarithms log(x;) and log(uy) are distinct. Then the
homotheties cannot belong to L(Gy), since the logarithm of the image of Frobenius

acting on V,(E;) x V,(Ey) is not a homothety.

The paper is organised as follows. In section 2, we state the results in an abstract
setting of Lie algebra representations. The results in this section establish sufficient
conditions for vanishing of cohomology and the triviality of the Euler characteristic, in
terms of the existence of certain special elements in the Lie algebra and is inspired by
the methods in [26]. This approach allows us to work with representations that are not
necessarily semisimple. Section 3 forms the heart of the paper and uses the theory of
semistable representations due to Fontaine [13], [14], to construct such special elements
in the Lie algebra of the image of the Galois representation. The paper [21] of R. Pink
provided the initial inspiration for this approach. These results are applied in section
4 to prove the results announced in section l. Finally, in section 5, we consider the
general case of elliptic curves with semistable reduction.
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2. Abstract setting

In this section, we describe in a general setting the arguments from Lie algebra
and Lie group cohomology, which underlie the proofs of the results described in
§1. These arguments are similar in spirit to those used in [8], but they have the
fundamental advantage that they apply to representations of p-adic Lie groups which
are not necessarily semisimple.

As in §1, let V be a finite dimensional vector space over the field Q, of p-adic
numbers, and let Gy denote a compact subgroup of GL(V), so that Gy is a p-adic Lie

group.

Lemma 2.1. — Let V' be any finite dimensional Q ,-representation of Gv, with vanishing
Gv-cohomology. Assume that Gy has no element of order p, and that Gy s ether pro-p, or Gy
has a quotient isomorphic to Z,. Then the Euler characteristic giwen by the right hand side of (4)
does not depend on the particular choice of Z,-lattice 1", which is stable under the action of Gy.

Proof: — The essential point of the proof is the fact that, under our hypotheses
on Gy, we have

<7> Xf(GVJ M) =1 5
for all finite p-primary Gy-modules M, where, as usual X(Gy, M) denotes the Euler
characteristic
X(Gv, M)= T # (H(Gy, M)~
=0

here the cohomology groups on the right are finite because Gy is a p-adic Lie group.
Now it 1s well known that (7) is true when Gy is pro-p [29, Chap. I, Ex. 4.1 (e)].
To prove that (7) is true when Gy has a quotient ' isomorphic to Z,, we use the
argument of [8] (see the proof in [8] after Prop. 2). We give this argument in the
proof of Theorem 2.4, and do not repeat it once more here. The key observation is
that, writing Hy for the kernel of the homomorphism from Gy onto I', we again have
H/(Hy, M) finite for all i > 0, because M is finite and Hy is a p-adic Lie group, and
(7) then follows from the Hochschild-Serre spectral sequence as is explained in [8].

Here is the standard argument required to prove Lemma 2.1 from (7). Let T”
denote any Z,-lattice in V', which is stable under the action of Gy. For each n#0
in Z, it is clear that multiplication by n on V' maps T’ isomorphically to T" =#nT",
and induces a Gy-isomorphism from V'/T’ onto V'/T”. Hence, if T| and Ty are any
two Z,-lattices in V' which are stable under the action of Gy, we may replace T by
n'T') for a suitable non-zero integer n, and so assume that T} C Ty. Then we have the
exact sequence of Gy-modules

8) 0—-M—=V/T, - V/Ty —0,
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where M=T,y/T, is a finite Gy-module. Now, as V' has vanishing Gy-cohomology,
all Gy-cohomology groups of the modules occurring in (8) are finite, and so
we conclude from (7) and the multiplicativity of the FEuler characteristic that
X(Gv, V'/T)=X,(Gv, V'/Ty). This completes the proof of Lemma 2.1.

We now explain the basic argument from Lie algebra cohomology, due to Serre
[26] and Bourbaki [3, Chap. 7, §1, Ex. 6] which we use to prove the vanishing of
cohomology. Let K denote a field of characteristic 0, and U a finite dimensional vector
space over K. Let & be a finite dimensional Lie algebra over K. Suppose we are given
a Lie algebra homomorphism

T : & — EndU).

As usual, we write H(&, U) for the Lie algebra cohomology groups of U, which are K-
vector spaces, and we shall say that U has vanishing &-cohomology if HY(&, V)=0
for all £> 0. Let ady : & — End(®) denote the adjoint representation of &. Suppose
m is the dimension of U over K, and 7 is the dimension of & over K. For an element
X of &, we write M, ..., H,, for the eigenvalues of 1(X) and Ay, ..., A, for the eigenvalues
of ad4(X), repeated according to their multiplicities, in some fixed algebraic closure of
K. We shall say Serre’s criterion holds for the representation T of & if there exists
an element X of & with the following property: for each integer £ with 0 < £ < n, we
have

9) W—A, +..+A)F0

for all integers j with 1 < j < m and all choices of 7, ..., 4 with 1 <3 < < ..
<4 < n (when k=0, this should be interpreted as p; £0 for 1 <j < m).

When the representation T is faithful, we shall work with the original criterion
used by Serre [26]. If X is in &, write A(X) for the set of distinct eigenvalues of
1(X) in an algebraic closure of K. We shall say that the faithful representation T of &
satisfies the strong Serre criterion if there exists an element X of & as follows: for
every integer £ > 0, and for each choice ay, ..., 0y, By, ..., Brr1 of 2k+ 1 not necessarily
distinct elements of A(X), we have

(10) ap + ...+ £+ .+ B

(when £=0, this should be interpreted as meaning that every eigenvalue of T(X) is
non-zero). For faithful 1, the strong Serre criterion for & does indeed imply the Serre
criterion because, in this case, the eigenvalues of ad4(X) are of the form p;, —; (see [3,
Chap. 1, §5.4, Lemma 2]) where p;, W; are elements in A(X). We refer to [3, Chap. 7,
§1, Ex. 6] for the proof of the following result.

Lemma 2.2. — If T satisfies the Serre criterion, then U has vanishing ®-cohomology. In
particular, of T is_faithful and satisfies the strong Serre criterion, then U has vanishing &-cohomology.



ON THE EULER-POINCARE CHARACTERISTICS OF GALOIS REPRESENTATIONS 115

Returning to our finite dimensional vector space V over Q, and our p-adic Lie
group Gy C GL(V), we write L(Gy) C End(V) for the Lie algebra of Gy. Let Q, be
our fixed algebraic closure of Q,. For any vector space W over Q ,, we write W@ for
W® Q,.

Q, %

Proposition 2.3. — Assume that L(Gv)@ C End(Vc—zp) satisfies the strong Serre criterion.

Then NV has vanishing Gy -cohomology.

Progf: — It 1s well-known and easy to see that

HY(L(Gy) =HYL(Gy), V)5 (k> 0).

g V) g

Hence Lemma 2.2 implies that H{L(Gy), V)=0 for all £ > 0. But, by a basic result
of Lazard [19], HYGv, V) is a Q-vector subspace of HYL(Gv), V) for all £ > 0. Thus
we conclude that V has vanishing Gy-cohomology, as required.

We write det : GL(V) — Q7 for the determinant map, and, as usual, SL(V) will
denote its kernel. The following result is the basic one we use to establish the principal
results of §1. It is parallel to Theorem 1 of [8], but with the basic difference that the
hypothesis of semisimplicity is replaced by Serre’s criterion.

Theorem 2.4. — Let Hy =SL(V) N Gy, and let L(Hy) denote the Lie algebra of Hy.
Assume that L(HV)@ C End(V@) satisfies the strong Serre criterion. If det(Gv) is infinite and
Gy has no element of order p, then we have X (Gv, V)= 1, where X (Gv, V) is defined by (4).

Progf: — Assuming that L(Hv)@ C End(Vc—zﬁ) satisfies the strong Serre criterion,
the same argument as in the proof of Proposition 2.3 shows that V has vanishing
L(Hy)-cohomology. Hence, by Lazard’s theorem, V has vanishing Hy-cohomology.

Now assume that det(Gy) is infinite. As det(Gy) is a closed subgroup of Z), it
must therefore be isomorphic to Z, X A, where A is a finite abelian group. Hence there
exists a closed normal subgroup Jy of Gy, which contains Hy as an open subgroup,
such that ' =Gy/Jv is isomorphic to Z,. Since Hy is open in Jy, the Lie algebra
L{Jv) of Jv is equal to L(Hy), and hence V has vanishing L(Jy)-cohomology. Again, by
Lazard’s theorem, it follows that V has vanishing Jy-cohomology.

Suppose now that Gy contains no element of order p, so that it has finite
p-cohomological dimension. As in [8], we now complete the proof by applying the
Hochschild-Serre spectral sequence. We pick any Z,-lattice 'T' in V which is stable under
Gy, and put B=V/T. Since I =Gy/Jy is isomorphic to Z,, it has p-cohomological
dimension equal to 1. Hence the Hochschild-Serre spectral sequence yields, for all
k> 1, the exact sequence

(11) 0 — HY(, H"'(Jv, B)) — HYGy, B) — H T, H"Jy, B)) — 0.
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Now the fact that V has vanishing Jy-cohomology implies that HX(Jy, B) is finite for
all £> 0. In turn, this implies that

# (H'(M, H'(Jv, B)))=# (H'(", H'(Jv, B))) for all k> 0.

Denoting the common order of the above groups by /4, we conclude from (11) that
Hk(GV, B) is finite of order /- 4, for all £ > 1. We deduce that V has vanishing
Gy-cohomology, and that

X(Gvs V)=t - (hohn)™" - (ah) - (hyhs) ™" = 1.

This completes the proof of Theorem 2.4.

By a Gy-subquotient of V, we shall always mean a quotient of a Gy-invariant
subspace of V by another such one contained in it. We now discuss the analogues of
Proposition 2.3 and Theorem 2.4 for an arbitrary Gy-subquotient V' of V. We write
Gy for the image of the natural map of Gy in GL(V'). Let Hy, =Gy N SL(V’) be
the elements of determinant 1 in Gy/. Note that we can now consider both the Gy
and the Gy/-cohomology of V'; of course, the representation of Gy on V' is no longer
faithful in general.

Proposition 2.5. — Assume that L(GV)QJ C End(V@) satisfies the strong Serre criterion.
Then, for every Gy-subquotient V' of V, we have H'(Gvy, V') =H'(Gvy:, V))=0 for all i > 0.

Proof. — We claim that the hypothesis of the proposition implies that L(Gv/)@ C
End(V% ) also satisfies the strong Serre criterion. Indeed, if X is an element of
L<GV)C_2,, C End(V@) satisfying (10) for all £ > 0, then its image Xy in L<Gv'>§p C

End(V% ) under the natural map also satisfies (10), because the eigenvalues of Xy, form

a subset of the eigenvalues of X. Hence V' has vanishing Gy,-cohomology.
Next, let

T : L(GV)@ — End(V’qj)

be the representation obtained from the original representation. Let X be as above,
so that T(X)=Xy. Since the eigenvalues of ad; ,_ (X) are of the form p; —w; [3,
',

Chap. 1, §5.4, Lemma 2] where {j,} denotes the eigenvalues of X, it is clear that the
strong Serre criterion for X implies that (9) is valid for 1(X). Thus HY(1(Gy), V')=0 for
all k> 0, whence H¥(Gy, V/)=0 for all £ > 0. This finishes the proof of Proposition 2.5.

T heorem 2.6. — Assume that L(HV)QJ C End(V@) satisfies the strong Serre criterion. Let
V' be any Gy-subquotient of V. Then the following assertions hold:
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(1) V' has vamishing Hy -cohomology.
(ii) If det(Gy) us infinite and G has no element of order p, then X (Gv, V')=1.

Proof: — Assertion (1) follows as in the proof of Proposition 2.5. Assertion (ii)
follows from (i) along the lines of the proof of Theorem 2.4, as Gy has a quotient
isomorphic to Z,.

3. Construction of elements in the Lie algebra

Let p be a prime number, I a finite extension of Q,, and Gy the Galois group
of Q, over F. We suppose that we are given a continuous p-adic representation

(12) p: Gr — GL(V),

where V is a Q ,-vector space of finite dimension 4. As before, we write Gy =p(Gg). If
we are to successfully apply the Lie algebra criteria of §2 to study the Gy-cohomology
of V, we must be able to construct elements in the Lie algebra

LGv)g, = L(Gv) é@ Q,
»

The aim of this section is to take an important first step in this direction when V is
a semistable Galois representation in the sense of Fontaine [14].

Let Fy denote the maximal unramified extension of Q, contained in F. We recall
that V is said to be semistable if

D(V)= (B, ® V)°F
Q)

has dimension d over Fy, where d= dimg, (V); here B is Fontaine’s ring for semistable
representations (see [14]). Assume from now on that V is semistable. Then D(V)
is a filtered (¢, N)-module in the sense of [13], [14]. We recall briefly the main
properties of D(V). Firstly, D(V) is endowed with an Fy-linear endomorphism N,
called the monodromy operator. Recall that the representation is said to be
crystalline if N=0. Secondly, D(V) is endowed with an isomorphism of additive
groups ¢ : D(V) — D(V), which is o-linear in the sense that ¢(av)=0(a)p(v) for a in
Fy and v in D(V); here 0 denotes the arithmetic Frobenius in the Galois group of Iy
over Q, (i.e. 0 operates on the residue field of Fy by raising to the p-th power). Let
ky denote the residue field of F, and suppose that ky has cardinality ¢=p’. Hence

13) >/

will be an Fy-linear automorphism of D(V), and we shall refer to it as the Frobenius
endomorphism associated to the filtered module. Recall that we have

N® = gdN.
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By definition, ® is an automorphism of a vector space on which Gyg acts trivially. It
is therefore somewhat surprising that we shall show, using the Tannakian formalism
of [9] and an elementary fact about Fontaine’s theory for unramified representations,
that @ gives rise to interesting elements in the Lie algebra L(GV)@ of Gy =p(Gy) of
our original Galois representation.

We recall the extension of the p-adic logarithm to the multiplicative group of
@. Let ¢ denote the ring of integers of Qp, " the group of units of ¢, and m
the maximal ideal of ¢@. The usual series for log z converges on 1+ m. Let g denote
the group of all roots of unity of @ of order prime to p. Then O = x (1 +m). We

extend log z to I by specifying that log(4) =0. Now fix any non-zero element Tt of
@ whose absolute value is less than one. If x is any element of Qﬁx, we can write

x=Tr"y, where ¢ € Q and y € . We then define log(x) = log( »). Note that this is
well-defined as the ratio of any two such » must be a root of unity.

Theorem 3.1. — Assume that V is a semustable Galois representation, and let D(V) be
the associated filtered (¢, N)-module. Let Ny, ...,N; denote the roots in @ of the characteristic
polynomial of the automorphism ® =&/ of D(V). Then there exists X in the Lie algebra L<GV)Q,

of Gy = p(Gy) such that the characteristic polynomial of X on VQP has roots log (A1), ..., log (A,).

We will also need an analogue of this result for the Lie algebra L(HV)@,

where, as before, Hy = Gy N SL(V). We recall from [13], [14] that the F-vector space
D(V)p=F®D(V) is endowed with a canonical decreasing filtration Fil'D(V)p (i € Z)
Fy

of F-subspaces such that Fil'D(V)y=D(V)y for i sufficiently small and Fi/'D(V)p=0
for ¢ sufficiently large. This filtration enables us to define the so called Hodge-Tate
weights of D(V). These are a family of integers

(14) i<y < o <

which are defined as follows. Any integer /4 occurs in (14) if Fil"D(V)p % Fil"*'D(V),
and when / does occur its multiplicity in (14) is the F-dimension of the quotient
Fil'"DV)p/Fil" 'D(V)p. We define

d
(15) t=> i
h=1

Let det : Gp — ZS denote the character of Gy obtained by composing the
representation p with the determinant map. We write & : Gy — Z, for the cyclotomic
character of Gy, i.e. the character giving the action of Gy on T),(H). As V is a semistable
Gyp-module, it is known (see [14, Prop. 5.4.1]) that the restriction of det to the inertial
subgroup Iy is equal to the restriction of &' to Iy, where ¢ is given by (15). Further,
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the p-adic valuation of the determinant of @ is equal to that of ¢'. If we set det ® = ¢'u,
with # € Fy a unit, then det : Gp — Z; is N€~! with N an unramified character and,
moreover, 1 is of finite order if and only if # is a root of unity.

Theorem 3.2. — Assume that V is a semistable Galois representation, and that its determinant
character det : Gy — Z coincides on an open subgroup of Gy with &' where & is the cyclotomic
character, and t 15 given by (15). Let Ay, ..., Ny denote the roots in Q,, of the characteristic polynomial
of the automorphism ® =7 of D(V). Then there exists X in the Lie algebra L(HV)QP of
Hy = p(Gy) N SL(V) such that, for a switable ordering of Ny, ..., N4, the roots of the characteristic
polynomial of X on VQ) are given by log (\iq™"), ..., log,(Ai g~ ), where q=p’, and 1, ...,1
denote the Hodge-Tate weights (14).

Before embarking on the proof of these two theorems, we recall some basic
definitions about algebraic groups, and the p-adic logarithms of their points. Let W
be any finite dimensional vector space over some finite extension K of Q,. We write
GLyw for the general linear group of W, considered as an algebraic group over K.
Thus, for each finite extension M of K contained in Q, the group GLw(M) of M-
points of W is the group of M-automorphisms of W%M If J denotes any algebraic

subgroup of GLy, we write L( J) for its Lie algebra, which coincides with the Lie
algebra L( J(K)) of the p-adic Lie subgroup J(K). Now take 0 to be any element of
GLw(K). We can write 0=su, where s i1s semisimple, # is unipotent, and s and u
commute. As u is unipotent, some power of « — 1 is zero, and so we can define log(x)

0o
n=1

by the usual series log(u)= > (—1)”*1(”;”1)'2. We define log (s) as follows. We can write

Q, ®k W= @ W,, where W; is some subspace on which the semisimple element s acts
via some eigenvalue a;. We then define log,(s) to be the endomorphism of Q Xk W,
which operates on W; by log (a;). In fact, it is clear that if T belongs to K, log (s)

belongs to the endomorphism ring of W over the original base field K. We finally
define

log,(8) = log,(s) + log(u).

The automorphism 0 topologically generates a compact subgroup of GLw(K) if and
only if its eigenvalues a; are units. If this is the case, then log (), and therefore log, (6),
do not depend of the choice of the a;. In fact, we can define log(6) in a more natural
manner. Let 7 denote the cardinality of GL,(k), where m is the dimension of W over
K, and £ is the residue field of K, and put B=60". Our hypothesis on 6 shows that
0 must stabilize a lattice in W, and so it is clear that the matrix A of B relative to
a K-basis of W coming from this lattice must satisfy A = 1 mod Tk, where Tk is any
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local parameter of K. We can then define

& A1y
log®)= - > 1y~ 21

7,ﬂ:l n

The following lemma is well-known (cf. [3, Chap. III, §7.6, Propositions 10 and 13]).

Lemma 3.3. — Let W be a finite dimensional vector space over K, where K s a finite
extension of Q,, and let 8 be any element of GLw(K). If 8 topologically generates a compact
subgroup of GLw(K), then log () = log(0). If J is any algebraic subgroup of GLyy, and © belongs
to J(K), then log.(B) belongs to the Lie algebra L(]) of J.

Proof of Theorem 3.1. — If H is any subgroup of GLy(Q,), we define H"S to be
the Zariski closure of H in GLy i.e. the intersection of all algebraic subgroups J of
GLy such that J is defined over Q, and J(Q,) contains H. As earlier, let Iy denote the
mnertial subgroup of the Galois group Gy. We put

Gv=p(Gy), Iv=p(p).

We then have the algebraic groups G and I&¥ in GLy, and we can consider the four

Lie algebras L(Gvy), L(Ly), L(Gi}g), L(Ii}g). By a basic result of Serre and Sen, [23], we
have

(16) L(Iy) = L{IY).
Hence we have the inclusions

(17) LI € L(Gy) C LG

By definition, the image of the Galois representation p of Gy is contained in Gi}g(Qp).

. . lo . . . .
Thus, for each representation o of the algebraic group Gy* in a finite dimensional
Q,-vector space Vg, we obtain a new Galois representation:

(18) Pa : Gr — GiA(Q,) — GLy, (Q,) = GL(Vy).

The main idea of the proof of Theorem 3.1 is to work with this new Galois
representation Py for a suitable choice of a. We first note that, for every such a,
the Galois representation pq is also semistable. Indeed, it is known [9, Proposition
2.20] that the representation o of G%]vg is a subquotient of a finite direct sum of copies
of tensor products of the tautological representation of G%lyg and its dual. But it is
also known that the category of semistable representations of Gy is stable under the
Tannakian operations in the category of finite dimensional p-adic representations of
Gr and so py must be semistable, because p is semistable. For simplicity, we write Dq
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for the filtered (¢, N)-module associated with py. In general, we write a subscript a on
each object associated with the original representation p to denote the corresponding
object attached to pyq.

We put Gy, = pa(Gy). The algebraic groups 1o, GY¥ clearly act on Vg, and we
denote the images of these groups in GLy, by Iili, Gi&i , respectively.

For the rest of the proof, we fix the following representation of Gi}g. As I¥ is

clearly normal in Gi}g, there exists a representation 0, of Giﬁg in GLy,  whose kernel
is precisely Ii}g. For simplicity, we write V instead of V,, po instead of py,, and so
on for all objects attached to the representation py,. We write Fr for the arithmetic
Frobenius in Gy/Ip. Thus po(Fr) topologically generates Gy, = po(Gy). Hence the Lie
algebra L(Gy,) of Gy, is the one dimensional Q ,-subspace of End (V) generated by
log(py(FT) ); note that log(py(kr)) is defined as explained earlier because py(Fr) generates
a compact group. Clearly Géf is the smallest algebraic subgroup of GLy, containing

Po(Ir), and is abelian. Let Tt : L(Gi}g) — L(Géﬁ) denote the natural surjection. Since
LY = L(Iy), we evidently have

(19) L(Gy) =1 "(L(Gy,)).

There are two basic steps in the proof of Theorem 3.1. The first uses all the
representations o of Gi}g to construct, via the Tannakian formalism, an element in
the Lie algebra L(Gi}g)@ having the same eigenvalues as the endomorphism log (®)
of D(V). The second step exploits the unramified Galois representation P, arising
from a( to show, using Fontaine’s theory in the modest case of unramified Galois
representations, together with the key fact (19), the existence of the desired element X
n L<GV>§,,'

We now give the first step. Denote by Rep(G%}g) (respectively, Rep(Gz}i)) the
category of all finite dimensional Q ,-representations of the algebraic group Gi}g
(respectively, Gilvi). Since a gives rise to a homomorphism from Gilg to G%]%, we can

identify Rep(Gi}i) with a sub-category of Rep(Gilyg). We refer to [9] for the following
basic facts about Tannakian categories and their associated formalism. We note that
Rep(G:;g) is a Tannakian category, and that Rep(G%li) is a sub-Tannakian category. Let
Vecy, denote the category of all finite dimensional vector spaces over the field Fo. We

have two fibre functors over F,
wg : Rep(Gf) — Vecy, wp : Rep(G¥) — Vecy,
which are defined by

(*)G(a)zvcxg) ko, wp(a) = Dq;
74
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we recall that Dy is the filtered (¢, N)-module attached by Fontaine’s theory to the
semistable Galois representation py. It is proven in [9, Proposition 2.8] that we can
identify G?}i over Iy with the group of ®-automorphisms of wg restricted to the
sub-category Rep(GaVl“:) of Rep(Gi}g). We define Gf)lg to be the algebraic group of
®-automorphisms of the fibre functor wp. Let Gﬁi denote the algebraic group of
®-automorphisms of wp restricted to the sub-category Rep(Gi%). Both Gla—;g and G?)li
are defined over Fy, and GaDli is the image of Gﬁg in GLp,.

Write Qs for the affine algebraic variety of ®-isomorphisms from wp to wg, and
Ssq for the variety of ®-isomorphisms from wp and wg restricted to Rep(Gé\‘}f). The
variety g is a right torsor under G}‘%ﬁ, and a left torsor under Gi}i Now the choice
of a point ¢ in %s(@) gives, for each a, a point z4 in %su(@). This point ¢ gives rise
to an isomorphism

0 i IDU Q -l a)o =V Q
<2 > n o] % Qp (V >Q{7 a (,%i), QfJ
which induces an isomorphism of algebraic groups
GExQ,~G¥ xQ
Da o Qg Va Q, Q{)
and an isomorphism of Lie algebras

alg D o~ algy
L(Gp,) % Q, = L(Gy,)g,:

Moreover, a different choice of the point : has the effect of changing these two

. . . . al . .
isomorphisms by an inner automorphism of G]Si(Q_ﬁ) or an inner automorphism of

alg
Gva(Qy)-
For each a in Rep(Gi}g), we recall that the associated Galois representation pPg

1s semistable, and that the filtered (¢, N)-module D, attached to py has the Fj-auto-
morphism ®y =¢J. Thus the family of all ®, define an automorphism of the functor

Wp, and so we obtain a canonical element of Ggg(Fo), which we again denote by ®.
Recalling the definition of log (®) given earlier, it follows that it belongs to the Lie
algebra L(Gf)lg) of the algebraic group Gi)lg. Now fix any point ¢ in %5(@), and let n;
denote the isomorphism (20) for the tautological representation of Gi}g in GLy. We
define the endomorphism X; of V@ by

(21) X, =n;olog (®)on; .

As log (®) belongs to L(Ggg), it follows that X; belongs to L(G;gg)@. Moreover, if
A1, ..., A; denote the eigenvalues of ® with multiplicities, it is clear that the eigenvalues
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of X; with multiplicities are log (A1), ..., log, (A,). This construction of X; completes the
first basic step in the proof of Theorem 3.1.

To finish the proof of Theorem 3.1, we must show that X; belongs to the Lie
alg

subalgebra L(GV)Q{J of L(Ga]g)% Here we make use of the representation oy of Gy,
Let L(ap) be the map from L(GV) to L(GLVO)@ induced by ay. In view of (19), it

suffices to show that

Q
(22) L{@o)X;) € L(Gv,)g,-
Let # denote the point in §5a0(§1) arising from . We have

(23) L{a)(X;) = nj, o log(®g) o ',

where @)= ¢{ comes from the filtered (¢, N)-module Dy. Since the representation p, of
Gy 1s unramified, it is well-known that @, fixes a lattice (see [13]). Hence ®, generates
a compact subgroup of GLp,(Fy). Thus log (®,) = log(®) is independent of the choice
of T Moreover, Gy, is topologically generated by py(Fr), and so Gilg is abelian, whence

Gﬁﬁ X c_l,, is also abelian. In view of the remark made earlier, we see that the right
Fo

hand side of (23) does not depend on the choice of i in %s(@) nor on the choice
of Tt In fact, we see that the right hand side of (23) is the same for any choice of g
in §sq, (M), where M is any extension field of Fy. We now make a suitable choice of
M and ¢, which will enable us to compute explicitly the right hand side of (23).

We will use the following lemma about Fontaine’s theory for arbitrary unramified
Galois representations Y : Gy — GL(W), where W is a Q,-vector space of finite
dimension. Let K denote the maximal unramified extension of Q,, and write K for
the completion of K. In the following, Gy acts on K g? W by 1(a ® w)=1(a) ® 1(w) for

Z

ain K and w in W.

Lemma 3.4. — Assume that the Galois representation Y s unramified. Consider the Y-
subspace of K ® W gwen by U= (K ® W)SF. Then W is crystalline in the sense of Fontaine

[13], [14] cma’ the associated filtered (¢, N) -module is D(W)=U. Moreover, the ¥y-automorphism
P = 4 of DIW) is given by
(24) Bo®yoB ' =YFEr ),

where Yr us the arithmetic Frobenius in Gg/lp, and B : K@U~KQW is the wsomorphism
Fo Q,p
obtained by extending scalars on the ¥o-subspace U of W.
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Progf: — The fact that B is an isomorphism is, of course, not obvious, and we
refer to the Appendix of Chapter 3 of [25] for a proof. Also, K is naturally included
in Fontaine’s ring B, and so U is an Fy-subspace of D(W) (see [13], [14]). But the
fact that B is an 1somorphism shows that the Fy-dimension of U must be equal to the
Q,-dimension of W, and hence D(W)=U. Let ¢p denote the action of Frobenius on
the Fontaine ring B (see [13], [14]). We write 0 for the arithmetic Frobenius in the
Galois group of K over Q,. The restriction of ¢p to K is the arithmetic Frobenius o.
Let 1w denote the identity map of W. By definition, ¢y is the restriction to U of the

map 0 ® ly. Hence the o-linear extension 0 ® §w of Py to K®U satisfies
Qp Q.p Fo

[3 o (O’®¢w> o [371 =0Q® lw.
Fo Q.p
Raising both sides to the power f and extending ®y linearly to the whole of K®U,

Fo
we conclude that

(25) Bo(@/®@1y)odyoP =0/ ® ly.
o Qp

As the restriction to K of the action of Gy on B is the usual action, U is the
Fo-subspace of K ® W fixed by the 0/-linear extension of (Fr) to K @ W. Extending
Q.p Q—P

W(FY) lincarly to K @ W, it follows that
Q
(26) Bo(o/@1y) 0P =(07 ® L) o Y(Er).
Fo Qp

The equation (24) follows on comparing (25) and (26). This completes the proof of
Lemma 3.4.

We can at last complete the proof of Theorem 3.1. We apply Lemma 3.4 to the
unramified Galois representation py of Gy in Vy. We have the isomorphism

27) By: K@Dy ~K®V,,
Fo Q,

and the analogous isomorphisms for all the unramified Galois representations in the
Tannakian category generated by pg. Thus these isomorphisms define a point 7, in
Ss0(K). On applying log to both sides of (24), we deduce from (23) that

(28) L(0t)(X,) = log po(Fr™").

As the right hand side of (28) is clearly an element of L(Gy,), the proof of Theorem
3.1 now follows from (19).
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We shall need the following lemma for the proof of Theorem 3.2. Recall that
¢ : Gy — Z; is the cyclotomic character.

Lemma 3.5. — Assume that NV is a semistable representation, and let det : Gy — Z, be
its determinant character. Then the following statements are equivalent:

(i) The map det coincides on an open subgroup of Gy with &', where t s given by (15).
(il) If 8=8(®D) denotes the determinant of the endomorphism ® =7 of D(V), then

(29) log (8) = logn(qt), where q= /)f .

In particular, when t £0, these equivalent assertions imply that the image of det is infinite.

Proof. — Recall that d is the Q ,-dimension of V, and put W=(A"V)(). As the
restriction of the determinant character of Gy to Iy is equal to &/, we see that W
is an unramified representation of Gy of dimension 1 over Q,. Let ¢ : Gy — QJ
denote the character giving the action of Gp on W. We can compute @y in terms
of & as follows. We have that D(W)=Z[—{], where Z =A’D(V), and Z[—{] means that
the automorphism @, of Z is replaced by the automorphism ¢ ‘®;. Hence @y is

multiplication by 6.¢7/, and we recall that d.¢7°

is a p-adic unit. Now assertion (i) is
equivalent to saying that Gy/Iy acts on W via a finite quotient. Hence the arithmetic
Frobenius Fr in Gy/Iy must act on W via a root of unity, and therefore we have
W(F)" =1 for some integer n. Applying Lemma 3.4 to W, we conclude that ®y, = 1.

Hence (i) is equivalent to
d.q'=¢,

for some n-th root of unity {. The lemma is now obvious as log ({)=0.

Proof of Theorem 3.2. — Assume now that the hypotheses of Theorem 3.2 hold for
V. Then Ay, ..., A, =0, where 9 is the determinant of ®. By Theorem 3.1, there exists an
element X in L(Gy)g , whose characteristic polynomial has roots log (A1), ..., log (A,).

Recall that Hy =Gy N SL(V), so that L(HV)@ consists of the elements of L(GV)@ of

trace zero. But, by Lemma 3.5,
d
(30) o(X)= 2 log,(\) = logy(¢).

d
Hence, as t= 3 g, it suffices to find another element Y in L(GV)@, whose characteristic
=1

1=

polynomial has roots

(31) log (A1g™"), ..., log (Asg™"),
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for a suitable ordering of A}, ...,A,. Since V is semistable, it is of Hodge-Tate type (see
[28, §2]), and we now exploit this fact. Let C denote the completion of @ We consider
Ve=C®q,V, endowed with the semilinear action of Gy given by 1(c®2) =T(¢)®1(y) for
all Tin Gy, ¢ in C, and v in V. Tor each m in Z, we write Vc{m} for the F-subspace
of V¢ consisting of all » such that 1(») =&"(1)o for T in Gy. Put Vg(m)=C ®p Ve{m},
again endowed with the semilinear action of Gy. To say that V is of Hodge-Tate type
means that we have a direct sum decomposition
(32) Vo= @ Vg(m),

me]
where J is some finite set of integers. It is well-known [13], [14, Theorem 3.8] that
the integers in J are the negatives of the distinct integers occuring in the sequence
of Hodge-Tate weights (14), and that the C-dimension of V¢(m) is equal to the F-
dimension of Fil""D(V)g/Fil """ D(V)g. Moreover, the direct sum decomposition (32)
allows us to define a homomorphism
(33) h: G,—LEfxC

Q)

of algebraic groups over C, where, for ¢ € C*, p(c) 1s the automorphism of V¢ given
by the formula

H(e)(x) =" x for all x in V¢ (m) (m € ]).

As is explained in [28, §1.5], the image of M is contained in Ii}g Xq, C.
As in the proof of Theorem 3.1, let S5 denote the affine algebraic variety of
®-1somorphisms from the fibre functor wp to the fibre functor wg. Again, we fix a

point ¢ in J(Q,), and we write n; for the isomorphism (20), when a is taken to be

the tautological representation of Gi;g in GLy. Put
<34> Q:nioq)or]i_ly

where ® is given by (13). Thus Q belongs to Gi}g(@) Now it is well-known [2,

. . . 18/
Theorem 4.4] that there then exist commuting elements s and « in G%g(Qf) such that
s 1s semisimple, « is unipotent, and

(35) Q = su=us.

Let © be the smallest algebraic subgroup (over @) which contains s. As s
is semisimple, © is a multiplicative group (see [10, Chap. IV, §3]). Let @° be the
connected component of © so that @ =0" X P, where P is a finite group. Suppose that
I’ is a finite extension of F such that the residue field extension has degree a multiple
of #P. Passing to the extension F' and working with the @ and s associated to F', we
may clearly assume that the multiplicative group © is a torus.
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Let T denote a maximal torus in Gi}g Xq, Q_ﬁ containing the torus ©. Returning
to our homomorphism P coming from p-adic Hodge theory, we choose a maximal
torus in Gi&g Xq, G containing the image of W. But all maximal tori in Ga{lyg Xq, G

are conjugate [B, Prop. 11.3], and so there exists g in Gilvg((]) such that g’ =gug~! has
image in T. Moreover, the induced map p' : G, — T is necessarily defined over Qp

(see [2, Proposition 8.11]). Hence W(¢g) belongs to T(Q,).
We recall that we are seeking to construct an element in the Lie algebra L(Gv)@,

whose characteristic polynomial has the roots (31). To complete the proof, we use once
. alg . . . I!
more the representation oy of Gy* in GLy,, whose kernel is precisely Iy®. The torus

T acts on G Xq, Q, and its normal subgroup I8 Xq, Q, by inner automorphisms,

and so also on the quotient Gavli Xq, Qp As Géf Xq, Qp is abelian, T acts trivially on

it by inner automorphisms. Given an algebraic group M over Q ,, let M@ =Mxq,Q,

denote its extension to Q For an algebraic group H defined over Qp we write H, for
its unipotent radical [2, §11.21] and L(H), for the corresponding Lie algebra. Now we
have the exact sequence of Lie algebras over @

al, al, al,
0 — L{0¥)g )y — L(GFg)u — LG )u — 0
[2, Cor. 14.11]. The action of T on the algebraic groups induces the adjoint action of
T on the Lie algebras. We denote with the superscript T the maximal Lie subalgebras
on which T acts trivially. Then, since representations of a torus are semisimple, we
have the exact sequence

(36) 0 — L((IV)g,) — L((GY

— 0.

. — L((GY?

)Qp)u )@)u

Here we have used the fact that T acts trivially on the Lie algebra L (G$§>Q])u’

as Gy, 1is abelian. Let u; be the image of u in (Giﬁi)@ and let 7’ be an element
in 1 (G@lg)@)f which is a lift of log(ug). Consider the element ' =exp(n); clearly o
commutes with elements of T'. In particular, we have now arranged that the elements
W(g), s and &' commute. It is plain that the roots of the characteristic polynomial of

Y = log,(s.1(g).4)

are as in (31). As X and Y have the same image in L(G\%i)Q’ by Theorem 3.1 and

(19), we conclude that Y lies in L(HV)@, as required. This completes the proof of
Theorem 3.2.
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4. Applications

The main aim of this section is to show that the results of §3 apply to a large
class of motivic Galois representations V, thereby enabling us to show that V has
vanishing Gy-cohomology. We continue with the notation of the previous sections, so
that p : Gp — GLy 1s a p-adic Galois representation of F, with image Gvy; here, as
always, F denotes a finite extension of Q,. Further, Hy =Gy N SL(V) and ¢=p' is
the cardinality of the residue field Az of F. Let w be an integer. Recall that a Weil
number of weight w (relative to ¢) is an algebraic number all of whose archimedean
absolute values are ¢*/2, and the z-adic absolute value is one for any non-archimedean
prime v, which does not divide p.

Suppose p : Gy — GL(V) potentially crystalline and let w be an integer. Let us
define purity condition (P,) for p. If p is crystalline, p satisfies (P,) if the associated
endomorphism @ of the filtered module D(V) (see (13)) has eigenvalues which are Weil
numbers of weight w. In general, we say that p satifies (P,) if its restriction to Gy does,
where F' is a finite extension of F such that the restriction of p to Gy is crystalline
(this definition does not depend on the choice of I).

Proposition 4.1. — Assume that p : Gy — GL(V) s a potentially crystalline Galois

representation and suppose that (P,) holds for the representation NV where w is a non-zero integer.
Then, for every Gy-subquotient ' of V, we have H'(Gvy, V')=H/(Gv, V')=0 for all i > 0.

Progf. — We choose the number “m” used to define log_ to be transcendental
over the rational field Q. The beauty of such a choice is that it guarantees that log,(z)
i1s non-zero for every element z of Q, which is algebraic over Q, and which is not
a root of unity. We check that the strong Serre criterion holds for the representation
Gy C GL(V). We can replace I by a finite extension and suppose that p is crystalline.
For any set

)\17 ---7)\i+l> Mis s Mt

of (2¢+ 1) eigenvalues of ®, the product

-1 -1
A Ay e B

is a Weil number K of weight w # 0. Therefore K is an algebraic number which is not
a root of unity, hence log (K) #0. This implies, by Theorem 3.1, that there exists X
in the Lie algebra L(GV)@ which satisfies the strong Serre criterion. The proposition

now follows from Proposition 2.5.

Proposition 4.2. — Suppose that p : Gy — GL(V) s a potentially crystalline Galois
representation and that (P,) holds with w an odd integer. Suppose we are given a finite extension ¥’
of ¥ such that the restriction pw of P to Gy is crystalline. Let ® be the associated endomorphism of
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the filtered module associated to Pypr. Suppose further that the determinant d(®) of the endomorphism
® is a rational number. Then L(Hy) C End(V) satisfies the strong Serre criterion. In particular, for
each subquotient N' of 'V, we have X (Gv, V')=1 1f Gy has no element of order p.

Progf- — As before, we can suppose F=F" and choose Tt transcendental. The
rational number &®) is a Weil number whose p-adic absolute value is the same as that
of ¢/, where ¢ is given by (15). Therefore it must be equal to £¢'. Let Fr € Gy /Iy be the
arithmetic Frobenius. It follows from Lemma 3.4 that Fr acts on the Tate twist A(V)(f)
via multiplication by +1. Hence by Lemma 3.5, there exists an open subgroup of
Gy on which the determinant character coincides with &/, where & is the cyclotomic
character. Now assume (P,) holds, with w odd. We have ¢{=dw/2 and hence ¢£0. It
follows that the image of det(Gy) is infinite. By Theorem 3.2, there exists an element
X, in L(Hy) whose eigenvalues are as in (31) where the integers ¢ are the Hodge-Tate
weights (cf. (14)). If (A1, ..., A1, M, ooy W) 18 @ family of 27+ 1 eigenvalues of X, then
it is easily checked that A} + ...+ Ay — y — ... — 1 is equal to log (K), for kK a Weil
number of weight m/2, with m an odd integer. In particular log (K) 0, and hence the
strong Serre criterion holds for the representation L(Hy) C GL(V). The proposition
now follows from Theorem 2.4.

Remark 4.3. — If w is an integer and V is a potentially semistable representation
such that the eigenvalues of ® are Weil numbers of weight w, then V is potentially
crystalline and therefore satisfies (P,). We give a proof of this well-known statement.
Obviously the proof reduces to the case where V is semistable. We must show that the
endomorphism N of D(V) is equal to 0. We can clearly extend scalars on D(V) to Q
and write WZD(V)@' For each eigenvalue A of @, and each integer n > 1, we put

E(\, n) = Ker(® — A)".

Since W is a direct sum of such spaces E(A, n) for suitable n, it suffices to show that
N vanishes on E(A, n), and we now proceed to prove this by induction on n If v
belongs to E(A, 1), then v is an eigenvector for @ with eigenvalue A. As N® = ¢PN, it
follows immediately that u=No satisfies ®(u)=ru, where r=A/g. But r does not have
complex absolute value equal to gw/ 2, and so we see that u=0. Assuming that we have
already shown that N annihilates E(A, n), take v to be any element of E(A, n+ 1). Thus
z2=(® — A)(v) belongs to E(A, n), and so N(z)=0. But, again using that N® = ¢®N, we

obtain
0 =N(z) = ¢®N(v) — AN(v)

and so we see that N(v) =0, completing the argument.
The above propositions can be applied to a wide class of motivic Galois
representations. We list a few of them below; these will cover Theorems 1.1-1.7 stated
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in the introduction. By the above remark, the representations occuring in the examples
are necessarily potentially crystalline.

Examples 4.4

1) Let X be a smooth and proper scheme over F with potential good reduction.
Let 7 > 0 and j be integers. If i 4 2j, Proposition 4.1 applies to V:H;t(X@, Q7))
To see this, we may suppose that X has good reduction. Let X be a smooth proper
scheme over the ring of integers ¢ of I whose generic fibre is X. Denote by X,
the special fibre of X. Let Fy be the maximal unramified extension of Q, in F; it is
the fraction field of the ring of Witt vectors W of the residue field Ay. The crystalline
cohomology groups Him(%o JW)®w Fy [1] possess a natural filtered ¢-module structure,
which we call D. More precisely, it has an action of the Frobenius ¢. One has an
isomorphism of H. ;. (X,/W)®w F with the de Rham cohomology of X and the Hodge
filtration on the de Rham cohomology gives the filtration. By the C; conjecture
proved by Fontaine-Messing and Faltings (cf. [16]), the representation V is crystalline
and the associated filtered module D(V)g is canonically isomorphic to D.

It i3 known that crystalline cohomology is a Weil cohomology theory, hence the
purity results for crystalline cohomology imply that the eigenvalues of the Frobenius
automorphism ® are Weil numbers with complex absolute value ¢ (the eigenvalues
are the same as for ladic étale cohomology groups, [+ p). When X is projective, this
follows from results of Katz-Messing [18] and for X proper it is a consequence of
results of Chiarellotto-Le Stum [5]. Furthermore, as the characteristic polynomial of ®
has rational coefficients, we can apply Proposition 4.2 when 7 is odd and Gy has no
element of order p.

Let V' be a subrepresentation of V. If ¢ is odd and Gy, has no element of
order p, we can apply Proposition 4.2 to V' and prove that X (Gy:, V')=1 provided
we know that the determinant of the Frobenius ® on D(V’) is rational. We mention
one particular case, as it is closely related to motives arising from modular forms. Let £z
be a correspondence of degree zero on X, ie. z is a Q-linear combination of cycles
of dimension equal to the dimension of X in X Xy X modulo rational equivalence.
Suppose that the p-adic étale class ¢(z) induces a projector on V = H;t(X@ , Qy(7)) and
let V' =¢.(2)(V). Let us prove that the determinant of the Frobenius @' is rational. The
correspondence z comes from a pullback of a correspondence z on X, whose pullback
zo to the special fibre X, is the specialisation of z. Let ccris(.zo)_be the crystalline class
of zp [15]. It is known that c.(20) corresponds to c¢(z2) in the p-adic comparison
theorem [12, Lemma 5.1]. Thus we have D(V’):ccris(zo)(HiriS<(3€o /W) @w F)(j)). As in
[18, §3], the purity results of [18] and [5] imply that the projection from the whole
crystalline cohomology H?. (Xo/W) @w F of X, to H,  (Xo/W) ®@w F is given by the
class of a correspondence on Xj, which is in fact a polynomial in the Frobenius @
with coefficients in Q. Furthermore, one knows that crystalline cohomology is a Weil
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cohomology theory in the strong sense [15]. Therefore the Lefschetz trace formula
implies that the characteristic polynomial of ® on D(V’) has rational coefficients
(which are in fact integral if j=0), and hence the determinant &®’) is a rational
number. Thus our claim that X (Gy-, V/)=1 is established.

2) Let A/F be an abelian variety of dimension g and

T,A)=lm A, VA)=TAN)9Q,
/4

Then V=V,A) is a Q,-vector space of dimension 2g. There is the natural Galois
representation p : Gr — GL(V) and we let Gy denote the image, as before.
The representation V is dual to the representation induced by Hét(A xp F, Q). It
is potentially semistable always and potentially crystalline if A has potential good
reduction. Assume that A has potential good reduction over F. Then V has vanishing
Gy-cohomology and X (Gv, V)=1 whenever Gy has no element of order p. There is
a “natural” Gg-invariant subspace W of V=V (A) defined as follows: W is the G-
invariant Q ,-subspace of V of minimal dimension such that some open subgroup of
finite index of the inertia group Iy, acts trivially on V/W. It can be checked that W
exists and is unique (cf. [6, p. 150]). Let C be the image of W in Aj~. If A has good

reduction over F, W is none other than OZVp(zQ), where A is the formal group over

O C :gpoc’ and the quotient V/W is the Galois module V =V, (A) associated to the

reduced abelian variety A. Applying Theorem 2.6, we can conclude that both W and
V/W have vanishing Gy-cohomology and X (Gy, C)=1=X/(Gy, Ay~ /C) whenever Gy

has no element of order p and A has potential good reduction.

3) Let K be a finite extension of Q. As for the proof of Theorem 1.7, let Dy be
the image of the Galois representation restricted to the decomposition group. Then by
the above results, the representations restricted to Dy satisfy the strong Serre criterion.
It suffices to observe that therefore the original representation of Gy satisfies the strong
Serre criterion. Further, the image of the determinant character is clearly infinite, and
Hy satisifes the strong Serre criterion too. Hence Theorem 1.7 follows from Theorem

2.6.

Remark 4.5 — Observe that in Example 4.4 1), we can show that X (Gy, V), when
defined, is equal to 1 only for the cohomology representations V with odd degree .
When : is an even positive integer, a similar result would hold by our result on the
vanishing of cohomology in conjunction with a theorem of Totaro (see [34, Theorem
0.1]), if one knew that the dimension of the centraliser of every element in the Lie
algebra I(Gy) has dimension at least 2.

We state a more general theorem below. As before let p : Gy — GL(V)

be a potentially semistable representation with image Gy and let G%}g be its Zariski
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closure in GLy. Given a linear representation o of the algebraic group Gi}g in a finite
dimensional Q ,-vector space V', and composing p with the morphism

Gy — GL(V))

induced by o, we obtain a p-adic Galois representation p’ : Gy — GL(V’), which is
again potentially semistable (resp. potentially crystalline if V is potentially crystalline).
As before, the proof of the theorem below reduces to the case when the representation
is crystalline.

Theorem 4.6. Let w, w' be two integers. Suppose that the representations p and P’ salisfy
condition (P,) and (P, respectively, where, as explained above p' comes from any representation of
the algebraic group G%%g i a finite dimensional Q ,-vector space N'. Then:

() If W £0, V' has vanishing Gy -cohomology.
(1) Suppose that W' is odd and the determinant d(®) of the endomorphism ® of D(V) s

equal to ¢'.€, where t is given by (15) and € is a root of unity. If Gy has no element of order p,
and 1" C V' 15 a Z,-lattice stable under Gv, then X(Gv, V/T)=1.

Progf: — Let @ be the associated endomorphism of the filtered module D(V’).
We claim that the eigenvalues of @ are products of eigenvalues of ®. Indeed, let M
be a torus over an algebraically closed field, W a faithful representation of M and W’
another representation of M. As W is faithful, the characters X; of M in W generate
the character group of M. Given a character X' of M in W’ therefore, X’ can be

written as a finite product Hx?i, n; € Z. Hence, given an element m of M, we have
i

X' (m) = Hx?i(m), and thus the eigenvalues of m in W’ are products of the eigenvalues

of m in W. Let s and s' denote respectively the semisimple components of ® and @'
The claim now follows on considering, as in the proof of Theorem 3.2, an element
which is a power of ® and a torus M in G%lvg containing s, and noting that s is the
image of s under the composite

M C G — GL(V".

Let Gy be the image of p’, Gy is a quotient of Gy. Applying Theorem 3.1,
we therefore obtain elements X and X’ respectively in the Lie algebras L(GV)@ and

L(GV/)@ whose eigenvalues are logarithms of the eigenvalues of ® and @' respectively.

Now, the discussion above allows us to deduce that the eigenvalues of ® in V' are

!

products of eigenvalues of @ in V'. Thus if @' is not zero, w is also non-zero and

hence one checks that the element X satisifes Serre’s criterion in the representation

L(Gy) — End(V'). Assertion (i) now follows from Lemma 2.2.
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As before, let Hy = Gy N SL(V). We have the natural representation
(37) L(Hy) — End(V")

induced by p’. The hypothesis of (ii) along with Lemma 3.5 imply that Theorem 3.2
can be applied to V and V'. We argue as in the proof of (i), noting that ' odd
implies w odd. One then checks (cf. proof of Proposition 4.2) that the representation
(37) satisfies Serre’s criterion and therefore V' has vanishing Hy-cohomology. Using
the Hochschild-Serre spectral sequence as in the proof of Theorem 2.4, assertion (ii)
follows. This completes the proof of Theorem 4.6.

We give an interesting application of the above theorem. The examples consid-
ered above in 4.4 are all of algebraic varieties with potential good reduction. In the
case of an arbitrary abelian variety A over F, it is known that V=V ,(A) is potentially
semistable. But even in the case of elliptic curves with potential multiplicative reduction,
any element in the Lie algebra L(Gy) has at least one eigenvalue zero [25, Appendix].
Thus the methods of this paper fail as Serre’s criterion cannot be applied. Indeed,
as mentioned in the introduction, it is not true that V has vanishing Gy-cohomology
for arbitrary abelian varieties A over F. Nevertheless, we now show that our methods
give a partial description of the Lie algebra L(Gy) as a semidirect product of certain
Lie subalgebras. Recall that, for every abelian variety A over F, there is a canonical
filtration of V by subrepresentations [22, Exposé 1]

(38) W_o(V) C W (V) C V;

here there is a finite unramified extension F’ of F such that the absolute Galois group
Gy acts on W_o(V) via the cyclotomic character, and on the quotient V/W_(V) via
the trivial character. Moreover, the one remaining quotient W_;(V)/W_5(V) can be
explained as follows [22, Exposé 9, §7]. There exists a second abelian variety A,
over I with good reduction such that there is a canonical Galois isomorphism from
W_(V)/W_s(V) to Vj(A,). Let G, denote the image of the Galois representation

pr : Gr — GL(V,(A))).

We write L(Gy) and L(G,) respectively for the Lie algebras of Gy and G,. The natural
surjection of Gy onto G, induces a surjection

1 L(Gy) — L(G,))

and we denote its kernel by 91. As M=MN" N L(Gy), and N is the kernel of
the natural map L(Gélvg) — L(Galg), M is an ideal in L(Gilyg). Recall that a special

r

automorphism of a Lie algebra is an automorphism of the form exp(adX) [3, Chap.
1, §6.8], where X is in the nilpotent radical of the Lie algebra.
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Proposition 4.7. — Let A be an arbitrary abelian variety defined over a finite extension ¥ of
Q. and let V=V ,(A). Let A, be the abelian variety over ¥ with good reduction, which s attached
as explained above, to the canonical filtration (38) of the Galois module V. Let Gy and G, denote
the respective images of Gy in GL(V) and GL(V,(A,)). Then the natural surjection T, from L(Gy)
onto L(G,) has a section, and 1(Gv) is the semidirect product of 1(G,) and the kernel N of Tt.
Moreover, the section of Ty s unique up to a special automorphism of L(Gv).

Proof. — The filtration (38) induces a filtration on 91 which we denote by
(39) Woo(0) C W, ()=,

where W_,(1) consists of all elements X in L(Gy) such that X(V) C W_,(V) and
X(W_1(V))=0. This filtration is stable under the adjoint representation of L(Gy) and
L(G‘P{ig) For U equal to either V or M, we define

gr'(U)=W,U)/W,_n(U)  i=0, — 1, —2,

where it is understood that W_3(U)=0. Now the representation gr'(V) satisfies the
purity condition (P,) with w=: for i=0, — 1, — 2. Since we have inclusions

gr'(9) © & Hom(gr'(V), gr'™(V)),

it follows that the representations gr' (M) satisfy (P,) for w=1, with i= — 1 and —2.
Hence we can apply Theorem 4.6 to the adjoint representation of L(G,) on 91/W_o(MN)
and W_,(M). As the filtration (39) is stable under the adjoint representation of L(Gi}g),
we can conclude from assertion (i) of Theorem 4.6 that HYL(G,), /W _,(M)) and
HYL(G,), W_y(9)) are trivial for all £ > 0. In particular, it is trivial for k=2. But
HA(L(G,), /W _,(N)) classifies the set of equivalence classes of extensions of L(G,)
by M/W_o(N) (cf. [4, Theorem 26.1]). Therefore, we see that L(Gy)/W_,() is a
semidirect product of L(G,) and 91/W_y(M). Denote by M, the inverse image in
L(Gy) of so(I(G,)) where s, is a section in the above semidirect product. Then as
H2(L(G,), W_5(91)) =0, the extension

0—W_oM) — N — LG,) — 0

is a semidirect product. This implies that L(Gy) is a semidirect product of 91 and
L(G,). The uniqueness of the section up to special automorphisms now follows from
the vanishing of the corresponding H'-cohomology groups and this completes the proof
of the proposition.

We close this section by proving Theorem 1.8.

Proof of Theorem 1.8. — The proof is entirely analogous to the classical case.
We first observe that the hypotheses along with Theorem 3.1 gives an element in
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L(Gy) whose eigenvalues are the logarithms of the eigenvalues of the Frobenius ®. As
the representation is potentially crystalline, the purity condition (P,) holds with w % 0.
Arguing as in [27, 2.3], we see that this is sufficient to guarantee the inclusion of the
homotheties in the algebraic envelope L(G@g).

5. Elliptic curves

In this section, we complete the proof that X (Gv, Ay~)=1 for all elliptic curves
A over F, where, as always, I' denotes a finite extension of Q,. We also discuss some
interesting results about the Euler characteristic X(Gv, Ay~(n)), when A is an elliptic
curve over I with split multiplicative reduction and 7 is any integer not equal to =1,
which were first remarked to us by B. Totaro.

We assume for the rest of this section that F is a finite extension of Q,, and
that A is an elliptic curve defined over I with non-integral j-invariant (in other
words, A does not have potential good reduction over F). We consider the Galois
representation V=V,(A), and again write Gy for the image of the Galois group Gg
in the automorphism group of V. We observe that if p£2, the group Gy has no
p-torsion. This follows from the fact that Gy can then be represented as a subgroup
of the upper triangular matrices in GLy(Z,). We shall prove the following two results.

Theorem 5.1. — Let A be an elliptic curve defined over ¥, with non-integral j-invariant.
Then N =V ,(A) has vanishing G -cohomology. Moreover, if Gy has no element of order p, then
X(Gv, Ape)=1.

If M is a Z,-module on which Gy acts, and 7 is any integer, we define the Tate
twist as usual, by

M(n)=M Rz, Z,(n),

endowed with the natural Gyg-action. Put Q=Q,/Z,, endowed with the trivial action
of Gy, and denote its n-th Tate twist Q,/Z,(n) by Q(n).

Theorem 5.2. — Let A be an elliptic curve which has split multiplicative reduction over F.
Let n be any integer not equal to 1 or —1. Then, if V=V ,(A), V(n) has vanishing Gy -cohomology.
Moreover, if Gy has no element of order p, then

(40) X (G, Ape () = # Qn + 1)(E)/# Qn — 1)E)

We are very grateful to B. Totaro for pointing out Theorem 5.2 to us when
n£0. Indeed, the representation V in Theorem 5.2 is one of the simplest cases in
which Gy is a p-adic Lie group of dimension 2, [25, Appendix A.l1] but in which
there exists an element in the Lie algebra L(Gy) whose centralizer has dimension 1.
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This is precisely the situation in which Totaro’s general method [34] for proving the
Euler characteristic is 1 breaks down. But, as Totaro explained to us, his arguments
in [34, Proof of Theorem 7.4] work beautifully to calculate the Euler characteristic
in this exceptional case, and give precisely the result (40) when F is replaced by a
suitably large finite extension. We do not use Totaro’s method here, but instead prove
Theorem 5.2 by direct arguments with Tate curves, as in the proof of Theorem 5.1.

Assume that 1, C F if p is odd, and p is contained in F if p=2. Then F(W,) is
a cyclic extension of I of p-power order for all » > 1, and it follows easily that

(41) # Q)(F)=# Q)FP" " (n#0).

Hence we obtain the following corollary of Theorem 5.2.

Corollary 5.3. — In addition to the hypotheses of Theorem 5.2, assume that W, C ¥ if p is
odd, and Yy C ¥ if p=2. Then, for all integers n £ + 1, we have

<42> Xf(GV , Apoo (n) ) :pordp(rz+1)—0rdﬁ(rl,— 1).

In particular, by choosing n appropriately, we obtain examples of representations
where the Euler characteristic is either a strictly positive or a strictly negative power
of p, even though the associated motives have odd weight. This illustrates the completely
new phenomena which arise if one seeks to extend Theorem 1.3 to algebraic varieties
which do not have potential good reduction.

We now turn to the proofs of Theorem 5.1 and 5.2, beginning with a well-known
lemma.

Lemma 5.4. — Assume that Gy has no element of order p. If v is any wnteger such that
H*(Gv, Ay (1)) is finite, then H*(Gvy, Ay (1)) = 0.

Proof. — We choose n so large that p" kills H*Gy, A<(r). Taking Gy-
cohomology of the exact sequence

0— A

(1) = Ao D A () = 0,

we obtain the exact sequence

(43) H Gy, A () 5 HE(Gy, Ap() — HGrv, Au().

Now the group on the right of (43) is zero because Gy has p-cohomological dimension
equal to 2 as dimension Gy is 2 and we are assuming that Gy has no elements of
order p. The image of the map on the left of (43) is zero by our choice of n. Hence
(43) gives H*(Gy, Ay (r)) =0, as required.



ON THE EULER-POINCARE CHARACTERISTICS OF GALOIS REPRESENTATIONS 137

We now prove Theorems 5.1 and 5.2, beginning first with the proof of
Theorem 5.2.

Proof of Theorem 5.2. — We assume for this proof that A has split multiplicative
reduction over F, and so is isomorphic over I to a Tate curve with p-adic period g¢a

[31, Chap. V, §5]. Put
Foo =F(Ap), Hoo = F(lyee).

We can then identify Gy with the Galois group of F., over F, and we define
T =G /Hu), ¢ =GHL/F).

We have the diagram of fields:

Feo
)
Gv| Hy
)
F

Now the theory of the Tate curve shows that F., is obtained by adjoining to H., the
p'-th roots (n=1, 2, ...) of gs. Hence, by multiplicative Kummer theory, we have an
isomorphism of ‘& -modules

(44) 6 = Hom(], W),

where J is the image in HY ® Q,/Z, of the tensor product with Q,/Z, of the
subgroup qi of HX . Since ¢4 lies in F, it follows immediately from (44) that we have
an isomorphism of % -modules

(45) 6 = Ly(1).

Now, as A is a Tate curve over F, we have the exact sequence of Gp-modules
0= Wy — Ape — Q— 0.

For each integer n, this gives rise to the exact sequence

(46) 0—Qn+1)— Aype(n) — Qn) — 0.

Now .7Z is isomorphic to Z, as an abelian group, and hence .77 has p-cohomological
dimension equal to 1. Taking .7-cohomology of (46), and recalling that from
multiplicative Kummer theory, the connecting map from Q to H'(7, Hye), whence
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also the connecting map from Q(n) to H'(F#, Q(n+1)), are isomorphisms, we conclude
that

(47) HY(F, Ape(n))=Qn + 1), HY(F, Ay (n))=H' (T, Qn)),

and that H'(7, A,<(n))=0 for i > 2. Since .7% acts trivially on Q(n), it follows from
(43) that

(48) H(F, Aj=(n))=Hom(F, Q(n)) =Q(n — 1).
We need the following folkloric lemma, whose proof we include for completeness.

Lemma 5.5. — Let ¥ be a fimte extension of Q,, and put Ho, =F(U). Whiite
& =G(Hy /F). Let r be a non-zero integer. Then H{(G', Q(r)) s finite for all i > 0, and

# H(%, Q) —# H(%, Q)
Jor all integers © > 1.

Proof. — We have ¢ =A x ', where I' is isomorphic to Z,, and A is a cyclic
group (in fact, A has order prime to p, unless p=2 and M4 is not contained in F).
Since 7+ 0, we claim that

(49) H(T, Qn)=0 for all > 1.

This 1s automatically true for ¢ > 2, since ' has p-cohomological dimension equal to 1.
For =1, we have

H(T, Q)= Q0)/(y — DQG),

where y denotes any topological generator of I'. But, as r£0, y— 1 is surjective on
Q, (1, and therefore also surjective on Q(r)=Q ,(r)/Z,(r), proving (49) for :=1. In view
of (49), and the Hochschild-Serre spectral sequence where we view A as a quotient of
¢, we immediately get

(50) H'(%, Q()=H(A, B) i>0),

where B=H’(", Q(»)). But B is clearly finite because 7+ 0, and so we deduce that the
H/(%, Q(n) are finite for all r > 0. Moreover, as A is cyclic and B is finite, we know
that H(A, B) and H*'(A, B) have the same order for all ¢ > 1. In view of (50), this
proves the second assertion of Lemma 5.5.

We can now complete the proof of Theorem 5.2. We claim that Lemma 5.5
implies that H(Gv, Ay<(n)) is finite for all n# =+ 1. Indeed, since H(F%, Ay~ (n))=0
for ¢ > 2, the Hochschild-Serre spectral sequence gives, in view of (47) and (48), the
exact sequence

(51) H(%, Qu+ 1)) = H(Gy, A=) — H™ (%, Qn— 1)) (> 2)

3
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When =1, (47) and (48) show that (51) remains exact by the usual inflation-restriction
sequence. Hence Lemma 5.5 proves that the H(Gy, Aj=(n)) are finite for all i > 0.

Suppose now that Gy has no element of order p, so that Gy has p-
cohomological dimension equal to 2. Since H*(Gy, A,<(n)) is finite, Lemma 5.4 shows
that H(Gv, Ay~(n))=0. Thus the usual inflation-restriction exact sequence, together
with (47) and (48), yields the exact sequence

0— H' (%, Qn+ 1)) — H(Gy, Ape(n) —

52 H(%, Q@n— 1)) — H}(%, Qn+ 1)) — 0.

In view of Lemma 5.5, we conclude that

(53) # H' (Gy, A=) =# H(Z, Q0 — 1)).
Combining (53) with the fact that (47) gives

(54) # H Gy, A=(n)=# H(Z, Qn + 1)),

and the proof of Theorem 5.2 is now complete.

Proof of Theorem 5.1. — We shall use the following standard notation. Let M be
a Gp-module. If L is an algebraic extension of F, we write

M(L)=H(G(Q,/L), M).

Suppose that @ : Gy — Wy is a continuous homomorphism. Then M(@) will denote
the twist of M by ®@, i.e. M(@) is the same underlying abelian group as M, but
with the new action of Gy given by 0 o m=®(0)o(m), where o(m) denotes the original
action of 0 in Gy on m. Suppose first that A has split multiplicative reduction over F.
Then Theorem 5.2 with n=0 implies Theorem 5.1 because, in this case, Q(1)F) and
Q(—1)(F) are clearly dual finite abelian groups. Hence they have the same order, and so
X(Gv, Ay=)=1. Assume for the rest of this section that A has potential multiplicative
reduction over F. Then, by the theory of the Tate curve, (see [31, Chap. V, Lemma
5.2]), there exists a quadratic extension K of F such that A is isomorphic over K
to a Tate curve. Let @ be the homomorphism from Gy to My corresponding to the
quadratic extension K over F. The theory of the Tate curve shows that we then have
the exact sequence of Gp-modules

(55) 0 — Ql)@) — Ay — Q@) — 0.

In particular, (55) shows that K is contained in Fo =F(A,~), because @(G(@ /Fo))=1
since Q(m) is a quotient of Aje.
We now define

Lo =K(~), .9 =G(Fy/Ly), & =G(Lu/F).
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We have the diagram of fields:

Fy

Loo = K (pip)
Gy

K 5

F

Since A is defined over F, its j-invariant lies inside F, and thus the Tate period ¢a
of A over K actually lies in F rather than K. Hence, just as in the proof of (45),
multiplicative Kummer theory shows that again .7# =~ Z,(1) as a % -module, where
we stress that & now denotes the Galois group of L. =K(u,~) over F. Taking .7-
cohomology of the exact sequence (53), an entirely similar argument as before shows
that

HY(J, Ap)=Q)@),  HY(I, Ap) = Q- (@),

(%6) HI(#, Ape) =0 (i > 2.

Lemma 5.6. — Let Lo =K(W), and put & =G(Lo/F). Let 1 be a non-zero integer.
Then H(, Q(r(@)) is finite for all integers i > 0.

Proof. — We now have /& =D x I', where =D X I', where I is isomorphic to
Z,, and D =G(K(uy)/F). Unlike the proof of Lemma 5.5, D will not now generally
be a cyclic group. However, since 7+ 0, exactly the same argument as in the proof of
Lemma 5.5 shows that

57) HIT, Q@) =0 (i 1),
Hence we again obtain from the Hochschild-Serre spectral sequence that
(58) H/(%, Q(@)) = H(D, B),

where now B=H"T, Q()@)). But B is finite, and the assertion of the lemma is now
clear.

We continue with the proof of the theorem. Assume from now on that Gy has
no element of order p, so that Gy has p-cohomological dimension equal to 2. Since
H*(Gy, A=) is finite, Lemma 5.4 shows that H*(Gy, A,~)=0. The argument now

breaks up into two cases.
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Case 1. — Assume that either p is odd or p=2 and K=F(u,). We claim that in
this case, we have

(59) # H'(%, Ql)@)) = # HY(%, Q(l)@)).

If p 1s odd, this is immediate from (58), since D is of order prime to p, and so both
groups have order 1. If p=2 and K=F(u,), then D is a cyclic group of order 2. But,
as D is cyclic and B is finite, we have that H'(D, B) and H*(D, B) have the same
order, and so again (58) implies (59). Once we have (59), we can complete the proof
of Theorem 5.1 in exactly the same way as that of Theorem 5.2. Again, using (56)
and the fact that H¥Gy, A,<)=0, we obtain the exact sequence

0— H'(%, Ql)@)) — H'(Gv, Apx) —
H(%, Q(—1)@)) — HX%, Q(1)(@)) — 0.
Hence, in view of (59),
# H'(Gy, Ap)=# H(Z, Q(—1)@)).
Also, (56) gives
# H'(Gy, Ax)=# H(Z, Q(1)@)).
But since @ ' =@, Q(—1)@)F) and Q(1)@)F) are dual finite abelian groups, and

hence they have the same order. Thus X (Gy, Aj<)=1 in this case.

Case 2. Assume that p=2 and K FF(W), so that D=G(K(u)/F) is a product
of two cyclic groups of order 2. Our earlier argument to prove (59) breaks down in
this case, and we proceed as follows. Since Q(1)(@)(¥)=Z/2, it follows from the first
equation in (56) that

(60) H'(Gy, Aye)=Z/2.
To prove the analogous statement for H'(Gy, Ay=), we first consider
Gy =GFo/K), %' =GK()/K).

By the definition of K, A has split multiplicative reduction over K, and hence (52)
holds for A over K. In particular, when n=0, this gives the exact sequence
0 — H'(%] Q@) — H'(Gy, Asx)

<61> 0/t VR ell
— H'(%] Q- )@)) — BY(Z Ql)@)) — 0.

Put A'=G(K(uy)/K), so that ¢’'=A" x I'. Applying Lemma 5.5 to the extension
K(po=)/K, (50) gives, for r= =+ 1, that the non-trivial element of the cyclic group A’
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of order 2 acts on B by —1. Hence it follows that

(62) H'(< Qn(@))=2Z/2 (1=0, r==x1).

It follows immediately from (61) that

(63) H'(GY, Ag)=2Z/2.

But, as H*Gy, Ay~) =0, we have the inflation-restriction sequence

0 — H'(@, Ao~ (F)) — H'(Gy, As=)

<64) Lyt 2 /

— H{(Gy, Ag)  — HY(A, Agee(l)) — 0,

where A= G(K/F). Now Ay (F)=2Z/2 and A is of order 2, whence we conclude from
(63) and (64) that

(65) H'(Gy, Ag) = Z/2.

Hence (60) and (65) show that X (Gy, Ag~)=1 in this case. The proof of Theorem 5.1

1s now complete.
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