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PADE-GALERKIN METHODS FOR PARABOLIC PARTIAL
DIFFERENTIAL EQUATIONS

Nabil R. NASSIF

Mathematics Department, American University of Beirut, Lebanon, and
Département de Mathématiques, Ecole Polytechnique Fédérale de Lausanne, Suisse.

ABSTRACT

The variational formulation of Padé methods for solving linear parabolic equa-
tions is studied. Optimal error estimates are derived. The efficiency of a time
discretization with respect to the initial condition is then considered. A
starting index is defined which shows considerable advantage in using under-
diagonal Padé discretizations. Some practical aspects of the methods are also
presented.






I. INTRODUCTION

In [11, Descloux and Nassif have derived a class of one step methods for the
numerical integration of the initial-value problem

y' = f(tyy) .

The principal feature of this class of methods is that when applied to the
Tinear case f(t,y) = Ay , it reduces to the family of Padé approximations to
exp(At). Precisely let

(2+r-k)! (&)

= - < <
% = @) = T (ot T 0k
and d, =c,(r,2) . Then it is proved [ibid], that if y € citrel
A 2
k k
Y} (1) C\ y( )(t+1) -7 (T)k d, y(k) -
k=0 k=0

(1)

t+1
= f (s-t)l(t+r-s)r y [t<2>,(t+r)<r>,s] ds ,
t

where y[t<2>,(t+1)<r>,s] is the usual notation for the divided difference as
available in [2]. In particular when f(t,y) = Ay , one obtains from (1)

2(ts1) = Ry (A1) z(t)
-
where Rl,r(x) = k-z-o d, x /k

is the (2,r) entry of the Padé table, and z(t) the approximating solution
to y(t) .

r
_o\K
ZO ck ( X) ?

We shall systematically apply (1) to obtain fully discretized schemes for the
evolution parabolic problem. These schemes will be semi-variational, in the

sense that the space discretization is of the Galerkin (or finite element) type.



We note that these schemes can be also derived by the usual Galerkin semi-dis-
cretization followed by the approximation of the system of ordinary differen-
tial equations that is obtained. See for example [2] and [3]. This new approach
is however more natural and will directly yield the necessary error estimates. At
first, we shall introduce the problem together with few notations. Let V and

H be two Hilbert spaces such that VC H . We shall respectively denote by

and |||*]l] » the norms on H and V and we assume as it is currently
done (for example in [4]) that the identity mapping from V into H 1is bounded
i.e. that ||v] glllvlll, ¥YVvEV ;5 (+,+) and ((-,*)) are respectively the
inner products on H and V.

Ck([O,T] ; X) , with X=V or H 1is the space of k continuously differen-
tiable functions from [0,T] into X .

We are interested in obtaining u(t) € V such that

(2) u'(t) + Lu(t) = f(t) ,
u(0) g,

where f(t) and g are given in H and L 1is a continuous linear operator
from V into H , independent of t satisfying a strong V-ellipticity pro-
perty, namely that

a(vav) = (Lv,v) 2 vg IMIZ » ¥ vEV vy >0
Existence, uniqueness and regularity of the solution to (2) has been discussed

by several authors. See for example [4] . Note then that (2) can be written
in the equivalent semi-variational form,

(2') (u' (t),v) + afu(t),v) = (F(t),v), t >0
(u(0),v) = (g,v), ¥ VEV

Although the formulation is weak the solution wu(t) to (2)-(2') will be
assumed sufficiently regular. In fact if u € C2+r+]([O,T] ; V1, then using

(1), we may write



% t+
@ T enfeu®en - T Kq ) = [ 0 eren) e, (o)™ s1es
k=0 k=0 t

Simultaneously, these regularity assumptions on u and henceforth on f allow
us to write

@) Wy +a® D),y = 15D 4),v), vvev, 20, 1<k gmax(2,r)
Now let M = Mh C V , be a finite-dimensional subspace of V , with a "good"

approximation properties for elements of H and V , as h-~+>0 . Let us also
define a partition of-the interval [0,T] ,

(5) 0= t0 <7t] <<t = T,
. ) i} i k - . (k) k _ £(k)
with tj+] tj Ty - We shall write us = u (tj), and fi fk (tj) .
Define then the Padé-Galerkin method as follows. We construct, Uj €M,
(U; = U, 0gkgP,0gign, such that
([ r ' 2
k k k k .
YV (-t;) ¢y (Uiqsv) = F1.d (U;,w)=0,0%3,YvEM
koo 3T K I ggd kT
(6) 4 (Uo,v) = (g,v) , YVEM
k+1 k k .
P + A = .y eEM, 2 .
L (UJ V) a(UJ v) (fJ v) Yv jzo

Of course this scheme can be defined without the introduction of the derivatives
of f . We may clearly replace fg by some difference approximation that is
consistent with the order of accuracy of (1).

Let us now give examples of this scheme, for the particular cases that have
been so far used :

(i) 2 =1, r =0 . The application of (6) gives

(Uj+],v) - (Uj,v) - rj(Ué,v) =0
(UO»V) = (g,v) »

(U},v) + a(Uj,v) = ‘fj,v) R



(111)

which reduces to

U.+]- U.
(—3 , v) +a(U.,v) = (fv) ,¥YVEM,J20
Tj J J

(Uo,v) = (g,V) ¥VEM.
Which is the classical Euler-Forward scheme. Similarly

£ =0,r=1, gives the fully-implicit or Euler Backward scheme.
Precisely,

e Tl
T,
J

(UO,V) = (g,v) , YVEM.

,V) + a(Uj+],v) = (fj"l']’v) »YveM, jz20

2=1,r=1, is the well-known Crank-Nicolson introduced and analysed
by Douglas and Dupont [5] . Similar calculation as above yields,

U, . =-U. U. - +U. f.+f,
_Qil___!_,v) - a(.éil___J.,v) = (_Q___!iﬂ_,v) ,¥YVEM, §20
Tj 2 2

(Uo,v) = (g,v) YVEM,

(

The case 2 =r =2 has been used in [6] and [7]. Formula (6) gives

2
T

2 ]
(Uspqav) = (15/2) (U}+],V) + T%~(U§+],v) = (Ujqa¥) + (15/2) (Ug5v) +

12

YA

+ > (Uj,v) YVVvEM

(Uo,v) = (g,v) YVEM

W) + a(Uiav) = (Foov),and (Wov) + a@lv) = (Flv) w520 vven
3’ j’ NI J J J = .

which can be rewritten in a simplified form as
1 1

U, y-U., u. . +U, U, -Uu. f.+f.
(.g:%___;.,v) + a(_g:j?r_g.,v) + 1 a(_l_iigii.,v) - (_g_ifiil, v) +
J 1- ¢l

£l - fl

+1 )
+ Tj(__‘]___]_zg__.,v) s J

2

1



(Uo,v) = (g,v) YVEM

(U:I."’V) + a(UJ'sV) = (fJ,V) YvEM, ] 2 0.

(v) More recently, in [8], several advantageshave appeared from the use of
(6) with 2 =0, r=2,and £=1, r = 2 ., We shall directly write these

schemes. They are respectively

U. 5, -U. T T.
j+1 J _d _ __d £l o
and
U, ,-U. T. T.
3*1 75 2 1 -4 . = (2 Te ¢l
G—;;——,ﬂ-+a%ﬂﬁﬂ+3lbw) GaUGH,ﬂ "(3fy4+3fj 5 G+PV)
YVvEM.
with (u},v) b a(Uv) = (Fv) LY VEM, §20.
and (UO’V) = (g,v) .

Let us now introduce the linear operator L : M+ M defined by

(7) (Lw,v) = a(w,v) , YV EM

Note then that

(7') (o) 2 g lIvIIE  vvew

implying that (a+L)-] exists for all a , with Re(a) 2 Yg -

Let also for @ € H, @ be its projectionon M, i.e. ,

(8) (0-¢,v) =0 ¥ VEM

It is then possib]e to write the above schemes in the following form,

nwv

0



where ?j corresponds to the discretization of the non-homogeneous term f .
To illustrate, let us take the Crank-Nicolson and the Padé (2.2). For the first

R p(2) = (242)/(2-2) , and f, = (?ji-? )/2 and for the second

R, o(2) = (12+62+22)/ (12-62+22) and

j+

Fo=d (74 3

- _] -
557 (F5+f500) * 1

-f. .+ L¥f

-] -
J Jj+l ij)

j+1
From (7'), it is clear that (2+L)"1 exists and also (3+i/3 + L)'] , where
3+ i/3 are the roots of 22 + 6z + 12 .

As for the algorithmic implementation of (9) when r 2 2 , complex factoriza-
tion is necessary. We shall return to this point in the last section.

Our paper will be divided as follows. In the next section we shall derive esti-

-~

mates on uj-Uj , in terms of those on UJ.--Uj » Where ﬁj is the V-projec-

tion of “j on M , which is known to be optimal in most practical cases.

We will restrict ourselves to those cases shown above, i.e. for 2 Ssrs2.
However, the modification of our arguments to higher order cases can be done
and we shall avoid if for simplicity. We shall rely hedvily on a concept of
strong stability, thus avoiding the use of the A-stability. test, as it ic done

by Crouzeix in [9]. In section 3, we consider the starting problem in parabo-
lic equations, and we show by defining a starting index how the accuracy can

be increased at the initial stage when we use Padé under diagonal schemes.

They have indeed a particular feature, that seems to lack in most other schemes,
in the sense that they provide a good approximation to exp(-x) both near zero

and at infinity. In the last section, we consider the numerical inplementation

of the Padé schemes. We shall see in particular that they are considerably ef-
ficient when we use complex arithmetic.



2. STABILITY AND ERROR ESTIMATES

2.1. Stability

From (9), we have the following easy lemma

LEMMA 1
U J'()132. J'R()*
.+= [ T R -t, L)1 U, + o[ I -t; L)1 f
j+l k=0 L,r* 'k 0 k=0 k $2k+] L,r i k
J
(with I R, (-15L) =1, when k=j ).
i=k+1 Z,rt
DEFINITION
Let
(10) g; = “Rl,r(-TiL)ll’ T = m?X{Ti} sy T = m}n{ri} .

We shali assume the partition {Ti}i to be regular, i.e.,
an) t/t ¢ § (constant)

The scheme (10) is said to be stable, if there exists 6] >0, 62 >0, and
o real such that

(1z2) inf {min [(1-95)/7,13}2 w,
1g6] i
h§62
If
(1) Ho < 0 the scheme Uj+] = Rz,r('TjL) Uj + T ?j » 1s said to be weak]y

stable

(i) If uy >0, it is strongly stable.



REMARK
This definition of stability stems from the well-known Von-Neumann condition
of stability and also from Kreiss definition of dissipative difference opera-

tors, [ 9] in the case of strong stability.

We can state the following theorems.

THEOREM 1
A necessary and sufficient condition for stability is that there exists a real

number Y, , and positive numbers §&,,5,, such that,

J+r-1 .
- - , Yi,r, 768, ,hs8
(13) kzj g, S exp { Yl(tj+r tj)} 1 2
PROOF
Stability implies
< 1- <6, h<6,,
9; = 1-¥gTys T2 2

and therefore g. < exp(-ugt;) , which gives immediately condition (13), with

'Y'|=I-10-

Conversely if we put in (13) r = 1, then we have

(=]
IA

. <
exp(-vy15) » T % §» h2$,
and therefore

1-9; 2 1-exp(-v175) -

Using the relation exp(-x) = 1-x + %T e % ,0<08 <1 wehave if v, >0,
and by taking Tj < min(dl, ?%J

N
(1-g)/ =20

N

A

§,. lLast, for y]<0 R

For y, =0, it is obvious that g; £ 1 , for TS8 ,hs6,.

taking T5 < min(él,l) , we find easily that

2 -
(]-gJ)/TJ 2 'Y-I - ['Y] exP('Y])/Z] = Llo .



We have next

THEOREM 2
(i) If the stability is strong then

6 ~
(14) Ul £ expl-upts) gl + o= sup |[f, ]l
(i1) If the stability is weak then
< £ = -

(15) Ul S explugty) LlIUGIT+ ¢y Osigg_]llfkﬂl (g = -¥g)
PROOF

Lemma 1 implies

(16) U g0l ( : ) 11,1l % . Il

1 . s(n g Ut + t, [ T q.1lif

N R =" N S FOPE B B

First, let us suppose the stability to be strong i.e. Hg > 0 . Then the first
term in the right hand side of (16) is bounded by exp(-uotj+]) ||U0“ . In

the second term, note that

J

(7) g s (e
i=k+1
"Therefore
» T N :
105115 expiougt o) gl « <03 (g™ sup 17
Clearly kio (1-u0¥)j'k < ﬁ%?

and therefore
6 -~
““j+1“ £ exp(-ugts ) Yl + i S:p IR

which proves the first part of the theorem.
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The second part relies simply on theorem 1, since (16) implies

J J -
fUsqll 8 (1 og) NIUll+ (T ) sup [Ifll - =&
j+1 k=0 k 0 k=0 k .k

02ksd

As a result of theorems 1 and 2, our task is reduced to the estimation of

9, =||R£’r(TiL)l|. As we shall see in the case when L (and therefore L) is
symmetric, one can arrive at a great deal of information about 9; > for all
the Padé table. Unfortunately when L and, L are not symmetric, an impor-
tant tool introduced by Crouzeix [8], that relies on a spectral theorem due
to Von Neumann, can give in some cases the same strong results obtained for
the self-adjoint problem.

We assume the following well-known facts
A = (L 2 F 2 2 >0
(A1) a(vov) = (Lvov) 2 ypllivillE 2 v IvIl® s v

(A2) L isa 2mth order elliptic operator, i.e.

r@m)CVCrﬂm);H=L2m),QCRP,

where H'(@) = {v]|D* € LZ(Q) s o] §m}
Hy(@) = (v € H'(Q) | D% =0 on 82 , |a) S m-1}
with Hvlﬁ = J [Dav|2 dx .
|ajsm ‘Q

(A3) The largest eigenvalue of L , X
is 0(1) .

y 15 0(h72™ , and the first A

We can then state

THEOREM 3
Suppose L is symmetric, i.e.,

a(v,w) = a(w,v) YvweEV,

and let A], A2, A3 be satisfied.



-1 -

Then

(i) The Padé under-diagonal schemes (2<r) are unconditionally strongly
stable.

(i1) The Padé diagonal schemes are unconditionally stable. Furthermore if
T = O(hm“), o 2 1, this stability is strong.

(iii) The other Padé schemes (&>r) are stable for t = O(h®™) , e 22 .

In some cases this condition entails strong stability.

PROOF
For the Padé under diagonal schemes, and for fi
g9; = Rz,r(-rix]) » Where A] is the first eigenvalue of L , with A1 2 g -

Thus it can be easily proved that 95 £ 1 and ]-g{ = 0(t), which implies (i).

sufficiently small, we have

r r
For 2 =r ,wehave ¢, =d, and R(-x) = ] ¢ (-x)k / Y ¢ XX .
k k k=0 k k=0 k
This clearly implies, that
g; = max {R(-15,), |R(-11AN)|} ,
and 1-g. = min {1-R(-t;2;), 1- | R(-T52\) ]}

Note then that

r r
1,-k -k -
REx) = T e (D™ 7 T (T =g
k=0 k=0

with Qy) =

=
il ~~1°%
o

C,._k(-y)k / cr_k(y)k -

=
f t~1%
o

It is then easily checked that |[1-Q(y)| = O(]y]) as y = O . We may then have
three cases : (i) T = 0(h®™) , a 2 2 , and then |R(-tikN)l § <1, & inde-
pendent of 1 and h , and then 1-g, = {1-R(-rikl)} , for T sufficiently
small, implying strong stability since l—gi = 0(t) , or (ii) T = O(ham) R

1Sag2, and then [1-R(-tyh)| = [1-Q(50)] = 0(H8™®)™) | implying that
ity

nA

(2-20)m

(18) [1-R(-t 2] / 74 = O(h ) , -2 $2-20 <0
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thus (]'gi)/Ti = [1- R(-Til])]/Ti = 0(1) , hence strong stability.

Finally for (iii) t = O(ham) » 0<a 1, then (18) is still valid with
2-200 2 0 , and thus

(1-g;)/75 = |1~ R(-rixN)l / 1;>0 as t(or h) ~0 .

i.e. no strong stability. This completes the proof of the second part of the
theorem.

For the last part : & >r , let (0,2) be the interval such that

. . a
IRL,r('X)I 1, for x € (0,a), then by choosing tAy $a , i.e. 1, §<X§ ,
we obtain the stability of the corresponding scheme. Suppose now that T,

is choosen such that T, AN a3, <2, and thus ( T, AN) <86<1, then

for T, sufficiently small we have

9; = Ry p(-T32y) and 1-gg = T-R, " (-t4dy) = O(ry) 5 i.e.

strong stability. [ ]

We assume now that L and L are not symmetric. Then it is no longer possible
to write

95 = m:x |R1 poT5 A1)l
However according to a theorem of Von-Neumann [8, pp. ], because
2
(Lv,v) 2 Yo ”V“ or (Re(Lv,v) 2 Yo”"“ )

it is still possible to write that

(19) | g. ¢ sup  |R, (-T.:2)].
I 7 Re(z)zy, Y
This important contribution is however conservative, in the sense that it res-
tricts the results to those methods where |R£ r(-z)l $1 for Re(z) 20, i.e.
]
methods that are by definition A-stable.
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For the Padé table, Ehle [9], has proved that when 2=r , r-1, r-2 , then
le r(—z)l <1, for Re(z) 2 0 . Furthermore for & < r-2 , this property is
not true in general.

Thus we can state

THEOREM 4
Suppose L is not symmetric, i.e., a(v,w) #a(w,v) for some v,w €M and let
(A1), (A2), (A3) be satisfied, then

(i) The Padé under diagonal schemes £ = r-1 ,%= r-2 , are strongly stable,

(ii) The Padé diagonal schemes &= r are weakly stable.

PROOF
Using (19), and Ehle results, we have if &=r-1, r-2 ,

HA

sup. (R, (-1j2)] £ 1

9
Re(z)zyv,

Following a proposition of Crouzeix [8, p. 31] , there exists a positive cons-

tant 0 such that

sup IR, (=T.:2)| < exp(-v;7.:)
Re(z)ary 7 Y '

Using theorem 1, we cbtain therefore strong stability. This proves the first
part of the theorem. For the second part, it is a well-known result of Birkhoff
and Varga [10] that

sup |R, (-2)] £1 for & =r,
Re(z)20

with Ry ((-2)] =1, if z=1dy.

This immediately yields the weak stability. [ ]
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2.2. Application to error estimates

2.2.1. Preliminaries

We are now prepared to obtain error estimates for the methods described in §1 .
We shall consider successively the cases 2 ¢ r =1 and 2 $r =2 . The first
case has been analyzed by many authors ([11], [12], for example) ; our analysis
will be based on the results obtained in §2.1., and the V-projection of ug s

-~ J
k$1,on M. Specifically we define U? € M, such that

(20) a(Ug,v) - a(ug,v) YVEM,C ks max(e,r)
It is known that D; satisfies best approximation properties. We shall then
k _ ~k k . k _ ~k k .
om .= U - U, €. =U, ~u, . F .
compare e, UJ UJ with j YUJ uj rom (1), we need to define
= A,r _ a8 <>
oj (t) - oj (X,t) - U(X,tj ’tj"’] ’t) .

It can be also easily proved that

L+r+]

(21) if u€cC ((0,T) 5H) » then o, € C((0,T);H) .

Wesshall also need the divided-difference

(22) Auj = (“j+]"uj)/Tj .

Note from (20), that

-~

-U.,v) = a(u

a(Uj+] ; -uj,v), YvEM

Jj+1
and hence

(23) a(AUj,v) = a(bug,v) Y VEM.

If a depends on t this property is no 1ohger true.
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2.2.2. The case 2=0 , r =1

We have then

Uyer -5 ; . L tn
( Tj ,V)+a(Uj+],V)=(fj+] ,V)+(Auj-Auj,v)+;:]TJ

(t,

Jﬂ-s)(cj,v)ds Yve M

J
and therefore

®5+1 & 341
(——-—;—J_———,v) + a(ejﬂ,_v) = (AGJ.,V)+L‘ (tj” -s)(cj.v)ds s YVEM
J
i.e.
(I-*th)eJ+] = ey + 'rj-fJ
where
L e )
= AE +— | - (tiq-s) &, . Al S |86L ]| + s
fJ o8 + T Jt. (t3+1 s) oJ(s)ds and lllel_ l|a J||+ Ty sgp HoJ|| ]
J

From theorems 3 and 4 and from (21), we can state

THEOREM 5
Under the assumptions of theorems 3 and 4, and if u € C2 [(0,T); Hl then
there exists o > 0 such that for all 1t , and h ,

~ - 1 - v
- < - . - b4 —— .= U, . . .
0= g1 £ expCougty) 1~ Dol + 5 {sgp Iatuy - Tl + x5 s nan}

and therefore

~ ~ ] -~
(24)|luj Uj” < ”uj Uj” + egp( uotj)||U0 UOH + ™ sgpﬂlA(uj Qj)||+ T ‘laj” }
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2.2.3. The case &= r =1 (Crank-Nicolson)

Similarly we have here

U...-U,
J+1 J 1 ~ ~ _
("‘"rj V) +ga Uy Upv) =

t.
1
_ 1 ~ Jt
=3 (fj” +fj,v) + (AUJ' Auj,v) + ?J— Jt. (tjﬂ -s)(s-tj)(oj,v)ds YVEM
J

and therefore

€417 & 1 1 g
(—T,v) t 52 (e:i +ej+],v) = (AGJ.,v) + -T-; J (tjﬂ - s)(s-tj)(oj,v)ds .
J
yielding
T T5 .
(I+-§- L) €4y * (I - > L) ey + T fj s
. L [ -
with fy = a8y + -{; ft. (ty47 - S)(s-t5) oj(s)ds
J
r: 2
| < €. X Al
thus Fyl < toegli s <5 svplisll - m

Theorems 3 and 4 allow us to state

THEOREM 6
Under the assumptions of theorems 3, 4 and if u € C3[(O,T) ; Hl , then :

(i) if 1 = O(ham) ,a21,and L is symmetric, there exists a positive
constant Mo such that

25 gty € gy + expCge) Tl i {surouy Byl + < sup oy}

(i) Gtherwise, if 1= 0(h®) , @ <1 or L is not symmetric, then

(zsylluj'ujlii “uj-Uj” + ”Uo'ﬂ0|l+ tj {Sgpllﬂ(uj'ﬁj)|l+ 12 S;P‘lcj‘l} .
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2.2.4. The case & =0, r =2

1t

We have here

Uy, - U, _ T )
(———;——l,v) + a(U S £l ev) + (80 - Bugv) 4

Tj _"l
; 172 YY) = By =2 Ty
1 tj+1
+ ;S.Jt. (tj+]-s) (cj,v)ds YVEM .
J

with

-1 ~ 1
(Uj,v) + a(Uj,v) = (fj,v) + (Gj,v) YVEM.

Thus we may write

t.
€:,1~ €. T, hEa!
j+1 7 3 O 1 . _en
(———777———,v) + a(ej+] > ej+],v) = (AUj Auj,v) = (tj+1 s) (qj,v)ds
J J tj
and (e! v) + a(e;,v) = (G!,v)
3’ J’ J
so that
€541 85 IR L 2 _
—--T—.——+ Lejﬂ -3 Lejﬂ = AGJ. +-%—_-[ (tjﬂ-s) oj ds
J J -tj _
1 _ =l
and ej+ Lej-ej
The last two equations give
12
d 2 = F
(I+rJ L+ L )eJ+] e MRTIRE
with N _ : tj+1 ) _ Tj B
J
., =R -1, 4+ T. G
and eJ+] 0.2 ( 1JL) eJ T gJ
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t,
with §. = R. .(-1.L) [AE, + — Jﬂ(t )25, ds]+ YR (1. ) 1. LT
J 0,2 °J Iyl J+1 J 2 0,2' % j i+
J
Let Qz) = 2R, (-
e (z) = 5 0’2( z) .

Then from maximum principle considerations it is easily verified that,

|Q(2)]

uA

1 for Re(z)

nv
o

-~

2 ] ~
. Al < =AU+ T . + 1 = U, .
So that HgJ]Ig ||AuJ AUJH TJ HoJll HuJ+] UJ+]H . |

Thus we may state

THEOREM 7
Under the assumptions of Theorems 3, 4 and 6 tnere exists g > 0 such that
for all 1t and h we have

1,511 S exp(-ugts) gyl + u‘—o sup w20, + < flogl + 110}
and therefore,
(27) llug=Us Il € llug-Us i + exp(-ugt ) flug-Ull+
+ L sup %IAU.-AD.” + rzl|o.||\ + ”u!-ﬁ!]& .
My j A i) i3
The same study can be made to the

2.2.5. The case =1, r =2

We write directly in this case

€. = R]’z(-TjL) ey + 15 85

j+
2 t.
21. T, Jj+]
. s j i 21 [ = 1 N et VT 1 =1 }
with gj (I+—=L+ 3 L") {AGJ. +_Tj (tj+] s) (s tj)cjds+ g erGJ.ﬂ

J
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~ ~ 3 1
and 1350 < Noug - 8001+ <3 llogll+ NE,q

since it is also easily verified here that

l 2/6
1+22/3+2%/6

<1 for Re(z) 20,

thus we can state :

THEOREM 8
Under the assumptions of theorems 3, 4 and if u € ¢t [(0,T) ; Hl , there exists
Hp > 0 , such that for all 1 and h we have

~ ~ ] ~ 1~
.= Ul & - . - + — . - . . .~ U,
and therefore

o = 1 o 3 1_+
.- U1 .= U, ~uat ) U, - U, — . - AU, . = ULE .
lug = Uzl lug = Ul + exp(-ugt U = Ul + i sgp{HAuJ AUl + o™ flogll + fluy UJII} E

and finally we look at

2.2.6. The case & =r =2

We have €4 = Rz’z(-er) &5 *+ 15 9;
where
2 t,
T, T Jj+
- j i 21 [ = 1 el e 2= 1 -4}
% "(I+7TL+T§L ) {Aj +¥;[t. @iﬂ s)(stj) qjds+T§erA% s
J
. ~ 1
A g [|A€, Jlo. .
with 1311 < llag; 1+ <flogll + <y llasgll

which allows us to state

THEOREM 9
Under the assumptions of theorems 3, 4 and if u € Cs[(O;T) ; Hl , then if

i) L 1is a symmetric and 1 = O(ham) » @ 21, there exists u, > 0 , such that
0
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I L sup{HAu -l + <* flogll + < leu] - o33
and
Hus-Udl < flus-O1 + exp(eugt Ug-Tgl + = sup{uAu.-Aa.u + 7 ||oy) +'rHAu].—AU].H}
NI LR B 07370 Ho 5 NI J 3
(ii) Otherwise,
U, =T < f|U-T ] + ¢, sup{uAu.-AU.” + 7t ||o.||+r||Au‘.-Aﬁ‘.||}
g 3 ="0 "o J TG J 73 J J

J

and
- ~ ~ 4., .
~U. ~U. - . .-Adl] + i -
oyl 5 DugTyl + Hug-Tgh + ¢ sup f1ug - 881 + <*llog i1+ <liau] - o0y}

REMARK

In theorems 5-8 , the estimates depend on AuJ -AU , and in theorem 8 also

on Au} -Aﬁ} . It is not difficult to estimate these

REMARK

In theorems 5-8 , the estimates depend on Auj -Aﬁj » and Au} -Aﬁ} (as in
theorem 9). To estimate these, we shall see that the regularity of wu(t) (with
respect to the space variables) imply that of Au? . We shall prove

LEMMA 2

Let W be a closed and dense subspace in H , with |||, , then uGCkH[(O,T) ;W]
implies that Auk €EW.

PROOF

It is sufficient to note that

¢ 1 0 e
Au; =;—J u( )(s) ds
J j tj
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and therefore

HA

swp sy,

<
FECE

Ak
laus]l,
which yields our assertion. B

H3(2) , M= M(h,p)CWCV and for v E WC V

1

Let us then assume that W
inf Jlv-zll+ nlllvezlll} £ chSlivll,, s e
ZEM

We shall prove

LEMMA 3

Assume u € C2[(0,T) ; W] , then

loug -8l € on° sup_flu' (e}, > s € pol
0<tsT
and HAU}-AU;H s ¢ sup [lu"(t)]l, »s $ pHl

0stsT

PROOF

The proof of this lemma follows easily from lemma 2, equation (23) and a similar

one for Auj » specifically,

a(AU},v) = a(Au},v) YvEM.

The estimates in the lemma become then striaghtforward.

Replacing these estimates in theorems 5,6,7,8 and 9, plus the (same) correspon-

ding one for ug— ﬂk , k = 0,1, we get the expected order of corivergence,

namely [0(h®) + 0(12+r)] .
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3. EFFICIENCY WITH RESPECT TO THE REGULARITY OF :THE INITIAL CONDITION

In parabolic equations, the regularity of the initial condition can affect the
accuracy of the method at the first stages of the computation. Even if the me-
thod is unconditionnaly stable and with a high order of convergence, the first
and second stages of the computation may exhibit a loss in accuracy. This has
been recently observed by Zlamal [12], with respect to firts order, one-step
methods.

To simplify our study, let us consider the case when

(i) L s symmetric
(i1) the homogeneous case f =0

We consider the one-step discrete scheme that corresponds to the rational func-
tion R(x) , provided by a Padé scheme or by others (for example a Runge Kutta
method). Let Tj =1, ¥j , and let us consider the exact and approximate solu-
tions at the first time step. We write first

(28)

c
"

e
1 = exp{ rL)u0
R(-TL)U

[amn
"

0

and the identity
(29) uy - U] = [exp(-TL) - R(-1L)] U0 + exp(~tL) [uo- UO] + [exp(-tL) - exp(-T1L)] U

Clearly the first term of the right hand side corresponds to the time discreti-
zation, while the second and the third correspond respectively to the discreti-
zation of the initial condition and to that of the operator L , and therefore
independant of R(x) .

Thus for methods that have the same order of accuracy, and for any type of ini-

tial condition, there will be a gain in accuracy when

llexp(-tL) - R(~TL)|] 1is minimized.

0
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Clearly, under our above assumptions

(30) llexp(-TL)~R(-tL)|| = max |exp(-rli)- R(-tki)|

i
where Ai is any eigenvalue of L . Therefore, if we put no restriction on 7t ,
a good estimate that follows from (30) is

-~ (31) Jlexp(-tL) - R(-tL)]| ¢ sup |exp(-x) - R(-x)] .

0<x<e

On the other hand if 'rAN < M, then

(32) llexp(-tL) - R(~tL)]| ¢ sup |exp(-x)-R(-x)] .

0<x<M
Since (31) does not depend on T , and since we are considering unconditionally
stable schemes, we shall use it to define an index that will indicate a gain or
(loss) of accuracy at the initial stages of the computation.

DEFINITION
Let R(x) be the rational function associated with a one-step discrete scheme
for solving the evolution equation (2) ; the starting index, SR » of this

scheme, is defined by*

SR = sup |exp(-x) - R{-x)]
0§x<m

Hence, we shall look for high order methods with low starting indices. Cleariy,

the Crank-Nicolson and the Padé diagonal schemes cannot be "good starting" me-
thods since for these SR = 1 . On the contrary the Padé underdiagonal schemes
have substantially better indices. In table 1, we show SR for 2srs<3,
and in table 2, the abcisse Xy € (0,») at which SR is attained. These have
been obtained numerically by Gerald Wanner at Geneva University.

* SR is also the Chebyshev constant. See Varga R.S., "Functional Analysis and

Appraoximaticn Theory in Numerical Analysis”, SIAM Publication 3.



- 24 -

L L
r r
o | 1 0 | =
1 0.208 1 1 3 ©
2 0.068 |0.098]| 1 2 3 8 ©
3 0.027 {0.024]0.064] 1 3 3 7 18 o
Table 1 : Values of SR for 2srg< 3 Table 2 : Values of X € (0,°) ,

where SR is attained.

1+8
Re(X) = Toroayx -

[t

Next, we consider first order methods that correspond to R(x)

Note that for 6 =0 and 6 =1 , one obtains respectively the Padé (0,1) and
(1,1).

Estimating numerically |exp(-x) - Re(x)| , for 0 £ x £ 100 , Wanner found this

quantity minimized for 6 = 0.122 , which is close to the 8 = % given by Zlamal.
Hehce, there appears to be a considerable advantage in using Padé underdiagonal
schemes since they nave low starting indices and thus will improve the accuracy
at the first stages of the computation. Moreover as we shall see in the next
section, they are quite efficient from the computational point of view.
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4. EFFICIENCY WITH RESPECT TO COMPUTATION

This has been discussed already in [6] . We shall briefly review it here. As
it is known already, the Padé (0,1) and (1,1) do not present any problem since
they involve only linear factors. However the Padé (0,2), (1,2) and (2,2) in-
volve the quadratic factors,

2 2 2
(1+1L +T7 12y, (I+-§— L +16- 1%y , and (I+%L +1]f—2- L), (respectively).

Unfortunately, there have complex conjuguate roots, and necessitate the use of
complex arithmetic if one is to avoid working with full matrices. Let us suppose
we are tn solve the system

2
(33) (I+1L+12—L2)Z=Y,

as in the Padé (0,2). By considering the roots o« and a of the polynomial
(1 +z~+%—) ,» With a = 1+1 , we can rewrite (33) as

%(a+tLH&+tL)Z=Y
which decomposes into

(o + L) Z] =Y
and (@+tl)Z=2Z, .

Noting that in the last equation Z is real ; then by equating its real and
imaginary parts we obtain

2= oy ™(Zy)

which reduces (33) into the solution of oné complex system of equations, namely
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(o + TL)YZ,=Y and Z =

Im(Z]) .

] Im(a)

Thus, using thistechnique one proves that the Padé (0,2),.(1,2) and (2,2) require
the solution of one complex system of sparse linear equations at each time step.
See [6], [7] for details and numerical results.
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